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XXII. Researches in physical astronomy. By Joun WiLLiam LusBock, Esq.
Fellow of the Royal Society.

Read April 29, 1830.

IN the first volume of the Mécanique Céleste, Larrace has given expressions
for the variations of the elliptic constants, which are true when the square and
higher powers of the disturbing force are neglected ; and he has proved, upon
the supposition that the planets move in the same direction, in orbits nearly
circular and little inclined one to another, that the eccentricities and inclina-
tions vary within small limits, thereby demonstrating within these conditions
the stability of the planetary system. But these conditions are not necessary
to the stability of a system of bodies, subject to the law of attraction, which
obtains in our system. I have given in the following investigation the expres-
sions for the variations of the elliptic constants, which are rigorously true
whatever power of the disturbing force be retained; and it is easy to con-
clude from the form of their expressions, that however far the approximation
be carried, the eccentricity, the major axis, and the tangent of the inclination
of the orbit to a fixed plane, contain no term which varies with the time;
their variations are all periodic, and they oscillate therefore within certain
limits. This theorem is no longer true if the planet moves in a resisting
medium.

I have also given some equations which obtain when an angle is taken
for the independent variable, which in the elliptic movement is the eccentric
anomaly, which are of remarkable simplicity, and which, as far as I know,
have never been noticed, and the development of the disturbing function
R to the quantities involving the squares and products of the eccentricities
inclusive.
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328 MR. LUBBOCK’S RESEARCHES

Let @, y, x denote the rectangular co-ordinates »
o distance from the sun
r ...... distance from the sun projected
upon the plane z, y
*\ ...... longitude reckoned upon the plane
of its orbit
A ...... longitude reckoned upon the plane

zY
S ... tangent of the latitude
v .... avariable, which in the elliptic the-
ory is the eccentric anomaly of the planet m.
the mass
@ ...... semiaxis major
€ ... eccentricity

% ...... longitude of the perihelion

¢ ...... longitude of the epoch

v ...... longitude of the ascending node

4 ...... inclination of the orbit to the plane
ry

@ .... a constant quantity which accompa-
nies v J

M. ... the mass of the sun.

M+ m=p, E = n.

a3

& = r'cos X', y = rsin &', g = r's, and in the elliptic motion »2dA* = A d

R=m x-l',+yy,+zz,_ 1 }
: {o 497+ 212}% {(—aP+(y—9)+ (z— zz)%}?§
_ r{cos (N = X)) +s5} 1
L s {2+ =207 {cos(N=n) +s5} +721 +si“)}%}

#* Laprace uses the letter v to denote longitude, » the eccentric anomaly, and ¢ the inclination of
the orbit to a fixed plane; but as v is very frequently used to signify velocity, and ¢ geogra-
phical latitude, and as the letters of the Greek alphabet are generally used for angles, I have taken the
letters A, v, and s for these quantities.
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1
m -+ 4”\3 {1 + 8cos(2A —2A) + 12s5s,cos (A" — 7)) — 2%}
r\3 \ X
= —m, +m{3(1—4s9)cos(7\‘—A,)+5cos(3A—SA,‘)}
+ 527‘5 {9 + 20cos (27 — 24)) + 85cos (4 A" — 4A))}
)
(dR) —m {cos (A=) +ss,+ (1 + s%) — 7 {cos (\'— A)) + s5,}
- 72 (1 + s7)% {r2(14+s2) =277 {cos(\'—= 1)) +s5}+ 72 (1 + s,")}%}
(d ) {r sin A'—a, 77, sin (A — A))
d»/— 72 (1 +s2)F {r‘z(l +5)—27" 7 {cos (\'—A) + 55} + 7,2 (1 + sﬁ)}%}
dR) m{ r's s —r'r's
ds/ ™ 72 (1 4 s2)F { 72 (1 + ) =277 {cos (A=) + s} + 72(1 +sﬁ)}%}

Let P be the place of the planet m, S the place of the sun, S N the intersec-
tion of the orbits of m and m,, S L the line from which longitudes are reckoned,
P;, the projection of P, upon the plane of the orbit of P; then if the plane x y
coincide with the orbit of m, SP=r, PSL=2NSL =), PSN 4+ NSL
=21, PSL=2,SP' =»,SP=r=r (1+s?*

R=m, SPXSSP,I::;)SPSP,_ 1 I}
] {SP?—2SP x SP,cos PSP, + SP?}*
dR)__ SP'cosPSP/ SP—SP/cosPSP/
(— - SPp? +{SP2—-QSPxSP,‘cosPSP,‘+SP,2}%}
dRy SP x SP,cosPSP, SP?—SP x SP,cosPSP,
(—)— { SP/ +{SP2—-2SPxSP,‘cosPSP,‘-;—SPﬁ}”}}
( ) SPxSP'snPSP; SP x SP'snPSP
- SP? " {SP*—2SPxSP cosPSP +SP} }
LE _m{SPxPP SP x P,P;
{SP2—~QSP><SP,‘cosPSP,‘-{-SPﬁ}%}

cos (A — 1) = cos (A — ») cos (A, — ») 4 cos s sin (A — v) sin (A, — »)
= coszé cos (A — A) + sin? ~'2- cos (A 4+ A, — 2)
tan (A — ») = cos s tan (A, — )
cos i tan (A, — v)
(1 + cos®stan®(a, — »))%
2vu2

sin (A, —») =
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1
(1 + cos®stan® (A, — v))*
rr;sin(A—2')=7rr {sin A cosA — cosAsinA}
cos A, = cos (A — v) cos v — sin (A — ») sin»

cos (A, — v) =

cos (A, — v)cosy — sin (A, — ») sinv (1 -2 sinz-;—)

—

(1 — sin®ssin® (A, — ¥)¥

. b . .
cos A, + 2 sin® - Sin (A —v) siny

(1 — sin®ssin® (A, — ¥))*

sin A’ = sin (A — ») cos » 4 cos (A — ) sin v

sin (A, — v) cosv (1 — 2 sin® -z;—) + cos (A, — ) siny

(1 — sin®ssin® (A, — v))+
sin PSP} = sinssin (o, —»), r, =r,cos PSP} =7, (1 — sin?ssin2 (o — ) )*
therefore,
rrtsin (A—2) =7, {sin (n — &) + 2 sin? & sin (3, — ») cos (A — ») }

=rr, {cos2 —‘2-— sin(A — ) - sin? —;— sin (A + 2, —-2»)}
similarly it may be shown that '
rr) cos (A—~) = rr, {cos2 '5 cos (A — ) 4 sin? —‘~ cos (A 424 — 2 v)}

SP = a,(1 —¢?) a, (1 —e?)
| +e,cos(P SN+NSL m',) 1 + ¢;cos (A, — @)

Ea eIy = ry (B £Z i
B (e Bt (G)-e G
‘2d23°+d7”‘2(l+52)+27 sd# dS+7"2d-‘>’g + +%/dR"‘O

d# r (1 + s‘a)i
d R being the differential of R with regard only to the co-ordinates of the
planet m.
Er(1+s)—rda?+2sdrds+ 7 sd®s " (d_R
a7 oo T
“"dA

+ (@

frsdgr‘+2r dr'ds+7r2d2%s ( )
=0
dtg + 7'(1 _I_SQ)’? +
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rd¥ —r2d A% dR
rd%r—r )=0

v (1B d B
a7 +r\(1+se)%+r(dr‘) —s\T

red?s+2r'drds—r2sda? (AR dR
+ (1 +Sg) (—(T.;) —-7‘\8('(17) =0

d#
a*.r%(1 +§°) d
2d¢ —r(l +S’2)7’+ -{"2‘/&}3_‘-7 (d
Making A the mdependent variable instead of #,
a2 dr'd*¢ o AA®

Pr 5 drdi © s (L2 (__
2~ 2748 —r? d# +r(1+se)é+r(d7" — S \ds

dA;Q =h2 — f r? (((1:1 ) d 2, k being a constant,

2 d\22
4:7‘\3d7“\%%§’-—27'\ E}”:-w( )dh‘

. 1
{(}E.Ig""ri‘}{]’”%ﬁ\g )dx} h9(1+s2)?
S R DR R P
‘2+8}{1“h"f (gR)dx}
oo (BB 6D - (D} =0

When the disturbing force is neglected
. 1
. — s

doda r 1 ® —
—ar =% o T T T haieE gets=0

of which equations the integrals are,

r2da = hdt, 1 _ !“303‘ {(1+39)2+ecos )\*w)}

r

s = tan s sin (A" — ).

Ifdt = -Z-r‘ d v, and v be taken for the independent variable

e g d2° w N (dR (
A} \) N — — —_—
"z rdr dzf3 dz + (1 + s°)F T dr ds

331
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d2 ¢ = (1)%(17"(10

dzr d rs ar dR

a—u—@‘-l— ) (1+Sg)ﬁ'+r+ {2de+7‘( —S(—&-;)}-_—O.
If the orbit of the planet m coincide with the plane x y, s is of the order of

the disturbing force, of which therefore neglecting the square, 7 = r, X' = A

ggg a+r+ar 2de—|—r( )} = 0.

When the disturbing force is neglected, the integral of this equation is
r = a {1l — ecos (v — a)}, v being the eccentric anomaly.
nt+e—w=v—0a—esn@—ae)

A—T _ 14e¢ ';- v —

tanT— {]_e} tan
If Q be put for the quantity ar { 2fd R+ (d—E) } and the constant «
“ dr 4

which may afterwards be replaced, be omitted for the present,

r=ua{l —ecosv} —sinvf Qcosvdv4+cosv/ Qsinvdov
dt:\/%{a{l—ecosv}—sinu Qcosvdv -4 cosv Qsinvdu}du
nt+e—w:v—esinu—%{f&du-—-cosv Qcosvdv—sinv Qsinvdv}

Ifv=1(nt -+ ¢ — =) in the elliptic theory, then neglecting the square of
the disturbing force,

v__f(nt-l-e—w‘)-l-wl{‘/ﬂldv—cosv Qcosvdv —sinv Qsmu} dv

If 3 v, 8 r denote the values of those parts of » and » which are due to the
first power of the disturbing force,

Bv—andt {dev—cosv Qcosvdov —sinv Qsmvdv}
Br.—_-aesianu;-sinvacosvdu+ cosvasinudu
sm v e — cos v .
l—ecosqu {e-cosu}dv—f‘—’;‘c—as—quSIHUdv.

In the elliptic theory,

nd¢ cosv — sinv (1 — e?)% .
dov= s Bv—Te == COS A, .__".(~_)~=s1n7\
1 —ecosv 1 —ecosv 1 —ecosv
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therefore,
ancos)‘\/.sm;\ {?ﬁiR+7‘ (dR> } dt—ansm):/‘cos)\ {?/lR+r (dR) } d t}
o p(l—e)*
which is the equatlon X of the Mécanique Céleste, vol. i. p. 258.
2r2d A rdaz

Multiplying the equation of p. 114, L. 2, by =57, and integrating, ——-

)an =het, if 1 = ke — 2 fre (§) A, & being variable,and f the

+2/r2(g5

value of hata given epoch, hd b = — 72 ($) dn, 122 = 1 d #,and making »
the independent variable instead of £, 2 d P d X =d hd ¢+ hde¢

(&P rdrd fdae . (dR (g_}g
rIE— dF — aF Tiars tr\@) s\
&\ | rdrde 2redrida e N (@ (gg
dz‘z) +%aE — adr o — a4 trarer T §
d?
’ (32) _, (32) _ 1 @By 1) _
dA‘2+ —FATe) { —s\a) —7\ax)ar ¢ =0
e (88) . (48— () 8] o
d)\‘2+s+}£2 ( +S) dy(e —

If all the constants in the elliptic integrals are supposed to vary, subject to
the condition that they still satisfy these differential equations, and that the

N ?1;\" remains unaltered,
a.t

T cos 2 s ds . ds .
d}\\=P’;&9 {(1+89)12.a’;\"‘681n(7\—w)}, a;\=ta.nzcos(7\—v)
—2{(Q 4+ )F 4+ ecos (M — =)} {Msinsds+ cosshdh}
-+ h*cosicos (M\'— w)de-+ h2cossiesin (A —wm)dw =0

form of the first differential coefficients g

9 {stantcos(il—”) — esin x‘_w)}{hzsinldl'l‘ cos s hdht
(1 + )7

— R cosisin (M — @) de 4 A2cosiecos W' — =) dw

-Ep et o (- (5 - (D @)}
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R - () - 2D (D) an o

— tanscos (A' —»)dyv =0

.o d:
sin (A — ) o=

cos (A'— )cos‘-l-tan:sm()\ u)dv—l— {(1-|— )(%1:) (C:lf) (dR ;\)}dx‘=0

hdh=—r2(55)an
Whence by elimination,
tan i scos (A'— v) sin (A'— =)

N b o _
I3 COSId€+2{(1 +82) COSO\ W)+e (1+s)‘r

{sm;cos?w%cos(x v){(l-l- )( )—s( ) ( )( )}+cosn~( )}dz,‘

+€cos~‘(113ir;9(;5“ w){(l_;. 2)( }dx

B \ dR 1
% €OS i Sm(k*ﬁ{’"('&? —S(’cﬁ -7 875 37[‘ }dk =0

-+

2 cossedw+ 2{(1 + &) sin (0 — @) +

stanicos (A — v) cos (A — @)
(14 )7

{amacos?:rzcos(x—v){(1+s (—* - ("‘)_(%%) ((1}\)}-1—00511" \)}d%f‘
__scos:(rlf:ssg(;i—w){(l_-psz’) (E? _r‘(?ﬁ _ Ti_)f‘ d_i‘)}dx

hgr\ \ \ dR dR 1 dR d7‘\ .
~ mcoss cos (V' — =) {’" (‘d‘;\ - S'(Es— alibey (ﬁ) (d—“}\\)}d?\ =0

d‘+r2cos: cos (A'—v) {(1 + 2) (dR) dR )}d?\-—()

TR e (48 < (88) - () () Far =0
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If o = 7 Cos A _ rsin A o rs
(1 + )Y v= (1 +8)% 1+t
2 ds‘l .
dre 4 T ___.+a>92)
1+ s*\1 4+ s° 2w 7 _
s ~F+ b+ ar=0
ds2 2
o o (FrEr) L (o2
de — 1+¢ dz + 5+ @
72 dA‘

1-{-3g (

O 23 2
r*d?s + 21‘drds4—£f—fil—s..-{—r%dk‘g

T +0+ 92 () =0

Of which equations the integrals are

1 2 1
d Y =+hdt Tz}#{Tc%_s;—g)—%{(l+s2)2+ecos(7\‘—-w)}

1+59

s = tan ¢ sin (A" — »)

Ifdt = % r d v, and v be taken for the independent variable

ggl;-——a+r+ar 2de+ ( )}-——O

u

r=a{l — € cos (v — )} in the elliptic motion.
¢ is accented for the present in order to distinguish it from e.

If the constants in the elliptic integrals are supposed to vary, subject to the
condition that they still satisfy these differential equations, and that the form

. . . d .
of the first differential coefficient a—: remains unaltered,

rdvda rd?r rdr? rdrd®t
dzt—zva +\/‘d’"d"" d#g = d¢@ — T dF

&r ar? drde _
dv® = —a+r+ - ( —Qaduﬁ_—o

(l—e’cos(v—oa))da—-acos(v—oo)de’~ae’sin(u—u)dm.—:o

ésin(v—a)da+asin(v—e)de —aédcos(v—0)da
MDCCCXXX. 2x



336 MR. LUBBOCK’S RESEARCHES
“”()d +Zfsin (v — @) AR =0
da=—— d R
d¢=2(2¢ -—-2cos(v—a)—-e sin (o — 2%} d R— Lsin (v — o) Gare

edtz—'—sm(u-—oo){e cos(v—-oa)-—2}dR+-—cos(v oa)( )dv
fndt—l—e—-w:u-—-u-—esm(v-—w)
demdo=—da—sin(v—e)de + €cos (v—a)de.

The equation of condition which obtains between the constants a, e, =, v, «
and % may be found from the equation

P#ds
ar+ ——s——§+dxe)

145 2 [
az -5 te=0
s P o2u .
a—t‘z+1@cosﬁ_7+-&."'0

which gives
M COS I

- { ctcostisin® (= w) — {1+ ecos (=)} {1 — ecos (¢ — @)} | + 5 = 0
Equating the values of » which have been found,

Ryl +s?
peos P{V 1+ s+ ecos(A—w)}

=a{l — €cos (v—a)}

since the origin of the angle v is arbitrary, we may suppose A — = = 0, and
v — o = 0 at the same time,

72 &/ 1 4 tan #sin (w — v)°
peos #{ 4/ 1 + tansin(w —v)° + e}

so that =a(l —¢)

All the equations which have hitherto been proved are rigorously true,
whatever powers of the disturbing function be retained. They are susceptible
of simplification when the square and higher powers of the disturbing function
are neglected : in this case, if the orbit be supposed to coincide with the
plane x y, tan + = 0, and if the longitude be reckoned from the perihelion of
the planet P,

hgde+{2cosk+e+ecos7\2}rz(d )dx-!-kwsm"(

)d7\=0
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Redw=m 4 {2 4+ cos A} sinhr2<3—-f) dA — A2r2cos A (@(TI;) dr=0
dig IO (A7) 4y g
PP ICED T R
by equation, p. 336, line 12, » a (1 — ¢%) = A?, and by equation, line17, e = ¢
=—Z—{23 — 208 (v—a) — esin (v — a)z}dR— Zsin (o) (52) do
ed ——{ecos(v—a)—-2}sm(u—u)dR+——cos(u—-u)( )dv

fndt+e—w=v-—a-—esin(u—w)

de—do=—{l —ecos(v—oa))de —sin(v—oa)de
de—dw=_}7£1_-—.—_—;5dw— {a(l—t_eg;+l}sin(u-oc)de
L
1+ecops'()\ w)—a{l — ecos (v— &)}
andt
de= — ;—71——{2cos(l—w)+e+ecos(7\-1:r)2}(

— M.__.mn ()\--w)(

edw= — jnld_tee{g + ecos (A — zzr)}sm - w)(
+a—---—-—-——--’g"d"l“/1 cos (A—-w)(
de — d o = "\/1—'—' ézdw+ Qaen(l—-eﬂ)dt

p{l + ecos(r — =)}

If the longitudes be reckoned from the perihelion of the planet P,
7sinA —7'sin A 3
{r* —2rr/cos(A = A)) + 7,237 |

o

de an(cosA+e) maQnVI—eQ{rl‘
d

sin A
b1 —é rp +

2x 2



do ansina (dR man V1 — é& r,‘cosA,‘_I_ 7COSA — 7, COS A,
df~ Ty 1=¢ }
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da 23 7 {r* =277 cos (A — ) + 77}

. r
andsincend¢= _d v,

(lf__: r(cosa+e) (AR mary/1—2¢ {7,51nA, + rsin A — 7, sin A
dv 1= [ {r* =277 cos (A —A) + r2}F
edw_ 7 sin A (d]g)+mlarV1—g {7‘, cosA,+ 7 COSA — 7, COS A,
do vV 1l—¢ w {r* —2rrcos(r —A)) +r2}F
de—dw r? d= r . de
dy T T avi—sde {&’(T—‘-e?)"‘ 1}smva;
da=—224dR

andsincer2d2\=~/p;a(l—eZ)dt=aJl~e7-’rdv

di , a1 —¢ércosa (dR _
&t p T) =0
dy | eV 1T =rsina (dBY _
E;+ 7> ( S = 0.

The last six equations serve to determine the perturbations of a comet.
Let (A e), be the variation of any element e during the variation A v of v

at any given epoch n, neglecting the square and higher powers of A v,
(A, = de) Av

If the values of (A e) be calculated for the epochs 0,1,2...m corre-

sponding to the values v, v 4 ¢ Av, v 4+ 27 A v, &c., differing from each
other by ¢ A v, then the whole variation (3 e) of v corresponding to the varia-
tiont A vofv

=z{(A e+ (Ae)y....... + (A e)m 1}

. (A e)o} (Z——ll)ézl—kl){(Az —_ (A23)0}+ &e.
=i{ %g)o-l-(g‘g)l ....... -+ a-i)m_l}Av

+ 5 { @ - @) fo e - e @ - 2 (@), f 40

&

j
j
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When the interval A v is indefinitely diminished, ¢ A v is still equal to the

variation of v between the epochs for which the quantities (g—g) R (3—5) &e.
0 1
are calculated, and

ve=iao (1) + (19, -+, {0 -}
-wia(§), - ( >}+&°}

If the radius be taken for unity, and ¢ A v is the mth part of the circum-

2 x 814159

ference; ¢ A v = ——_——, or, in other words, the resulting values of 3 ¢ and

9 @ in the equations given above must be multiplied by 2 X 3.14159, and di-
vided by 360° expressed in the same unit as ¢ A v.

n is equal to the angular circumference divided by the periodic time ex-
pressed in the same unit as #; so that if a degree be taken as the unity of
angular circumference, » = 360° divided by the periodic time expressed in
the same unit as 2.

In the elliptic movement or first approximation

A = nt -4 ¢ -4 a series of sines of arcs multiples of » ¢ &c.
A, = mn, t 4 ¢ -+ a series of sines of arcs multiples of %, ¢ &c.

a o .
-~ = constant -4 a series of cosines.

s = a series of sines.

s, = a series of sines.
- . . . . . de d#
T'hese values being substituted in the equations of p. 334 give T T and

dw dv

d
I €ach equal to a series of sines without any constant quantity, and — T Ix

de . . .
and I each equal to a series of cosines -4 a constant quantity.
In the second approximation the values of A, » and s retain the same form ;
and it is easy to see from the form of the expressions for g—j:, g%, &c. p. 334,

that the form of the values of these quantities is not altered however far the
approximation be carried.
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If the sun or primary be a spheroid, » the angle which the plane of the sun’s
equator makes with the plane of the orbit of the planet ; and if the longitude
be reckoned from the line of intersection of the sun’s equator with the orbit

8sin*wsin®A — 1

of the planet; R is increased by the quantity ¢ { — }, c being a

constant dependent upon the figure of the sun; but the partial differential co-
efficients of this quantity, which are introduced into the values of d e, d =, &c.
do not change the form of the expressions for those quantities.

If the planet move in a medium which resists according to any power » of

the velocity, if ¢ be a constant and v the velocity, the term 2 ¢ /;; n+1d ¢ must
be added to 2 f d R,

v"! {(1 +S2) dt +r sg;}‘to (d—R s

d.r's dR
n -1 \2 n=1 .\
cv to( , and cwv r—q7 to ds)

in the equations of p. 330.
If the orbit of the planet be supposed to coincide with the plane x v, so that
s = 0, then by the equations of p. 337 after reductions

n+1 n+41
da= _2c¢2(%)7{1+ecosu}T(1—ecosu)dv

1 —ecosv n
-1
1 +ecosv ’-1-5—' 1---e2
=-2c( ) T Zeons cosvduyu
-1
___ (#\"2 §1+ecosvy /1 —
edw_-26<a) {l—ecosv} “sinvdov

n -1
_ #\"z f1l4ecosv] 5 sinv (1 —-escosv
de—dw=2c(L) {I_ECOSU} F i

The form of these equations differs from that which obtained before, now
the variations of e, = and ¢ are periodical, while that of @ has a term which

. . . d .
varies with the time. Eg contains only odd powers of cos v and for that reason

has no constant term. The periods of the periodic inequalities of all the elliptic
constants due to the action of the resisting medium are fractional parts of the
periodic time of the planet.
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If the origin of ¢ coincides with the instant of the perihelion passage, by
LAGRANGE’S theorem . ‘

_ ; inm £ e d.sinn# e d’.sinng* et d’sinnt’ &
COSv =COSRl— €SMNE" = 5. —{ 7z — 2.3 (d.ntf  2.8.4 (d.nP '
. . . e d.sinnt®cosnt & d*.sinnPcosni e* d.sinnt‘cosnt
sine =smnéfesmnicosnt+ g =g T35 (i T2.5.4  (d.n)
. 1—cos2nt . 3sinnt —sin8nt
sinn 2 = ——5——, sinn = 7

. 3 —4cos2nt+ cosdnt . 10sinnt—~5sin3né+4sinsnt
sin n ¢4 = : sinn =
8 ’ 16
d.sinng __3cosnt—38cos3nt
d.nt 4

d.si . . o o g "
sin 7 ¢ 2sin2nt —sindnt d(d511r;;z): —2cos2ni—2cosdnt

d.nt 2 s
d.sinn# __10cosnt—15cos8nt 4 5cos5nt
d.nt — 16
d%sinn #° = 10sinnf 4 46sin3n¢— 25sin5nt
d.nif — 16
~d.sinng® __ —10cosn¢ + 135cos3nt — 125cos 5nt
(d.nt) — 16 '
. e e e® (Scosnt—3cos3nt e
cosu—_cosnt—?+?cos2nt—-§-{ ” }—m{2cos2nt~2cos4nt}
et — 10cosnt + 135¢cos 3nt — 125cos5n ¢
T 2.3.4 16

If the origin of the time does not coincide with the perihelion passage, n
=+ ¢ — = must be substituted for » ¢, but as ¢ always accompanies = ¢, it may
be suppressed at present for convenience, and afterwards replaced.

3 5et e e 2
cosv = {1 — 5+ 153 cos(nt—-w)-—2—+—2—{l - ~—3——}cos(2nt-—2w)

3 15 & 125 .
+ 5 e2{ 1 — 1—; e2}cos(3nt-—3w)+ 3 cos(4nt—4m)+ o7 ¢t cos(bnt—5a)

d.sinnts__ cosnt —cos3nt d.sinntgcosnt__-sinnt-l- 3sin8nt
3d.nt — 4 > d.nt - 4

sinnfcosnt=
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d.sinnt*__ 2sin2nt —sin4dnt d.sinnt‘*’cosnt_cos?nt—cos4~nt
4d.nt — 8 2 d.nt - 2

sinn B cosn =
d®.sinn#cosnt . .
W—— —sm2nt+ 2sm4dnt

. d.sinn 2cosnt— 3cos8nt 4 cosbnt
smnt“cosnt:m fnd

16

d.sinnttcosnt _ — 2sinnt+ 9sin8nt— 5sins5nt

d.nt - 16
d*.sinn#*cosnt __ —2cosnt + 27cos8nt —25cos5nt

(d.ne)? - 16
d*.sinnt*cosnt __ 2sinnf—8lsin3nt+ 125sin5nt

(d.nz)? - 16
. . e . e (—sinnt4+3sin8nt e . .
sin v=sinnf- - sin 2 nt45 { 4 } +2—_—§ {~—sin2n¢-42sin 4n¢}

et 2sinnf—81lsin3nt 4+ 125sin 5 nt
+2.3.4 16

and replacing n¢ by nt — =

e* .
smv-u{l 'y +1926“}sm(nt—-w)+ { 2§}s1n(2nt——2w)
2¢° e,
+{ 8 19234}&11 (nt — ») + ¢ sin(2né—2a)
%
+ l—jez}sin(?)nt—?) w)+%sin(4nt—-4w)+\;:—§7;e4sin(5nt--5w)
+ 2. Letsin@Bnt—3w)
cos(u+w)={1 +64« cos nt — ——cosw-l— {1 }cos(Qnt-w)
S e 3 e S nt—2@)+% cos (4 nt—3 )+ 122 ehcos (5 nt—4
+gfql—7pe cos B3nt—2m)+ (4n @)+ 355 €'cos (b nt—4 @)
{1 12}cos (nt—2w)— cos(2nt—3w) 28(’4008(3121‘-—4&7)
sin (v4w)= {l 4 + 64 sin nt---—‘snrxr.r-l-2 {1 }sm(2nt—-—w)

+-8— 32{1 -5 ez} sin (3 nt—2 w)—l——s—sin (4nt—3=)+ @e“sin@ nt—A4w)
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I e\ . e 9 .
+5 (1 — fé) sin (nt—2a) + 15 sin (2né—38s) + 155 € sin (3nt—4=)
cos(v—a)= (1= ) cos (nt—2m) — & cosm-5 cos (2t —3m) -+ cPcos (3nt — dm)— 5 cosnt
cos(v—m)= 7 )cos(n 7 CO8@ -+ cos (2nt —3w) +5-€?cos (3nf — =) — 5 cosnt

2 . 2
sin(v—=n)= (1 ——‘f;—) sin (nt —2=) —l——g-sinw —l——;—sin (2nt—3=) +—2—eﬂsin (3nt—4w) -+ %—sinnt

rcosh =rcos (A — =) cosw —rsin (A — @) sinw = a { (cosv—e) cosw— (1 —e€?)Esinvsina}

rsinA =rsin(A — =) cosw +rcos (A — @) sinz = a { (1 — €?)isinvcosw - (cosv—e) sinz}
. 82 e'! e‘Z 62
rCOSh = a { (l -4 - TE) cos (v+m)—ecosm+ - (l + —4—) cos (v—m) }
rsinA=a { (1 4 16) sin (v+4=) —esine — — (1 +5 ) sin (v—=) }

7 COSA __ cos 8ecos £ 3 5\ cos
rsina {(1 )sm nt— 2 sin® @+ 2 (l 4 e) (2nt—=)
3 cos € cos 125 , cos .
+ 5 ¢ (1 — ez) Si(; (But—2m) + 5 G, (4nt—3m) + 357 €t  (5nt—4=m)

e e e
3 (1 + g) S (nt—2) T 5 S (2nt—3w) t - 128 et 8 (3nt—4w)&c.}

sin 24 sin sin

COS ‘l COSs -
7 =)= {(1 )(1 )Sm(nt —n,t)

cos 4 I e\ cos
T2 (1= D) Do+ 5 (-5 ) (1 - %) % @ut—nt—=)

2
+ —Z~e2 1 — e2)(1 — %) o5 (Bnt—nt—2m) + 5 °°S(4nt—n,t—3w)

sin sin

12 2 2 2
+ o0 % (Spp—mt—dw) T (1 + %) (1 - %) O (nt+nt—2w)

3 3
T S @nt+nt—3a) T g @ O (Snttnt—4w)

&\ cos 9 cos
24 (1 - _f) sin (=) + 3 e gy (@—m)
3 3 cos 9 cos
-3¢ (l -7 ) sin (2nt w—w) — 15 €2€, g (Bnt—2m—7)

€’e; cos cos — €%¢, cos
- _2—1 sin (408 — 8@ — ) 4 +1 ——-ezel sin (1t — 2@ +=) + TGJ sin @nt—37+ =)

MDCCCXXX. 2y
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e, 3 €*\ cos -3 3 cos
+5 (l ———4—e,2)(1— ?)sin (nt—2nt+=) _I_;k—ee,(l -7 )Sm @nt—w—w)

3 3
+%’(1—262)(1-—ze )005(2% 2n,t— 73'+T/5‘)+1682 e, (3nt—2mnt— 2w+

sin sin
+ ‘féﬁgflf (4nt—2mt—3a+m) T 5 6/ 08 (nt2nt—2m—w)
‘ji—gg’;(wt—}-mt—sw o)+~ get(1—e?) (1 2);’1‘:‘5 — 8n,t+ 2
T % ee? (s:?ns (Bnt—m— 2@',)-]— — ee? glorf (2nt—3nt—=+2w)
4= -6% e’e? :ﬁf (Bnt—3nt— 2w+2wl) eQe,2 gions (nt+3n,t—2qm2%,)

€ cos —eef
+ 5 sin (nt—4nt+3w) + -21' (S::)ns (4nt—=—3w)

+ eé’; CcOs (27Zt 47’Lt—‘25’+3’35')+ ;22 4 Cf)s (nt"‘57llt+4w‘)

sin € sin
812 1 & 9 1 é CcOS ¢ 2 3 2 cos
+5 U+ 5e) (1= 7)o WiHnd—2m)— 55 ec? G, (nf+a—2m)
e_ef cos Int t 2 _‘?_ 9,9 COS 3Int —9
+ 16 sin @nt+nt—w—2w) + 64 €€ sin (Bnt-+4nt—2w—2w)

2
4 € 6’12 Ccos

T i sin (Wt 20+427) + 54 24  cos (nt+2nt—3w)

sin

— ee® cos cos
+ —l_é sin (27lt+w 3731) + 71<—8L sin (2nt+2n,t-—m-—3w!)

+ = et %O (nt4-3nt—4m) + &e.
128 “1 sin

cos € + ¢?\ cos
7, gn MR} = e, {(l - ') g (En, 1)
3 e
— e (nttm)+ 5 G @ntnt—n)

8 2 COS (a4 t—9 +egcos
+ g€ (Bnttnt—2w=) (nt—nt—2w)

8 sin 8 sin
3 cos cos cos
- ? ! sin (nt+w‘) + € sin (W + wl) - € sin (Qﬂt-—'m'—*—'w‘,}
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€ 3 . ‘
+ 5 2?; (nt+-2nt—w)— ,cs?rsl 2nt+w—w=) + 4’ (;?n (2nt 420t —w—m)
e e ;
r lcs?r? A2, —23 —aal{ (1 - 7") (;(i); (nt+nt—2v)
— 2 % nptw—2) + O @uttnt—m—2)

€53

cos + € cos
-+ —8— e n (Buttnt—2w—2) T = o (nt—nt—2w+)

e, 5% (nt4w—2) + % /Z?ﬁ (@4, —2v)

! s

I
o]

("3

— 08 (2nf— wtw—2) + 5 Q L Co3 (nt42nt—w,—2v)

€ sin sin

3
— e, 5 @ntta—m—2) + 5 (22t —w—w,— ) +&e.

4 €, sin sin

&
r=a {1 + = 3 (1 _—— e2) cos (nt—w) — (1 — ) cos (2nl—2w)
9 4
— & € cos (3nt—3w) — % cos (4nt—4w) + &ec.
3e e e e
r? = g2 {1 + 5 —2e (1 - —S—)cos-(nt—w) — 5 (1 - g)cos (2nt —2w)
e et
— 1 ¢os (3nt—3w) — & cos (4nt—4w) 4 &e.
P8 =g 1+—3-e2(1+§)+3e(1+9—2) t
= 2 5 g €*) cos (nt—wm)
e2 ( 1 — cos 2nt—2= + < 2 & cos (3nt—3w)
31
+ 7 ¢ cos (4nt—4w) + &c.

If the coeflicient of cos » ¢ in the development of { 1 - %ﬁ cos 4 -+ Z}
1 1

according to cosines of arcs mulitples of ¢ is called b,
m,n

o= 14 ()54 (21 (3 5 4 e
2Y2

+&c.

bl /4
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b= Gt it st e

he= 5o r et Rt &

b= 3 T e g+ e
ho=1+(3) G+ (G S+ (35) 5 + &
b3’1= +32345 Z?’s+3254345b7 Z“:_}_&

. 3.5 a® 3.8.5.7 a* 3.5.8.5.7 af
b=+ 240 a*+2446.8&75+&c'

3.5.7 & 3.3.5.7.9 a® 8.5.3.5.7.9.11 &

bs,s=“z,—6“zﬁ 2.4.6.8 af 2.4.4.6.8.10 a,7+&
2 a® 2a4’ 5.7.9\2 at

bs,o=1+(_)a2+( +(246)a6+&
5.5.7 a® 5.7.5.7.9 a°

bsn = +24 a“+ 2.4.4.6 a5+&°'

5.7 a® 5.5.7.9 a* 5.7.5.7.9.11 af
bss = 4aﬁ+ 2.4.0 a*+ 2.4.4.6.8 a6+&

5.7.9&3 5.5.7.9.11 b 5.7.5.7.9.11.13 a"
3

bss = 4.6 aq + %168 af 2.4.4.6.8.10 a
— a b 1 b a 1
bS,l =3 7 5,0 q Us2 bl,l = ‘a—‘ b3.o — ‘E bs’g
8 a 1 a
2 bs,ﬁ =g "a—l{bil - bﬁ,S} 2 b= 5 _d_‘{b:?,l - bs,a}
3 a 1 a
3 bys = 7 71{55,2 — 55,4} 3 b= 2 g {bs,g — 173,4}
_ rr cos (A —A)) 1 -
R-—m,{ r} {2 =271 cos(n —A) + 72}t
and since

rr)cos(A—2n)=rr, {cos2 - cos (A—2) 4 am2 - COS (7\+ A—2) } p. 330 ;
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R=m, rr,{coss —'é’—cos (A=Aa) + sing—;’— cos (A + A,-—Qv,)}

3
7y

{W—er, {cose——cos(A ,)+sm9 L cos (A + A —-2:1,)} +r,} }

Neglecting the cubes and higher powers of e

R= et e t—nf)— 2
mla, (1_51112 5 )cos(n —nt)—5 € cos(nt—wm) — e cos (nt—w,)

+ 5 cos 2nt—nt—mw) + —cos (nt —2nt+=) + ezcos (Bnt—mnt—2w)
3 2
+ —é-egcos (nt—3nt+2 =) + cos (nt+nt—2w) -+ %—cos(nt+n,t-- 2w)
9 3 3
+ Zeecos(w—w) —-¢e,cos(2nt—m—w) — — e cos (2nt—w—w)
+ %cos(2nt—-2n,t—w+w‘) +sin2-é—cos(nt+n,t—2v) } { 14 % e
+3ecos(nt—w=) -+ —g— e2cos(2nt—2w)) + &e. }
. 2
- m,{a2 {l + % e?—2ecos (nt—w) — —% cos(2nt—-2w)}
29 ‘I ee + eﬁ 3
- 2aa,{ 1 —sin?g-— —5— ] cos (nt—nt) — 5 ecos(nt—w)
- % ecos(nt—w=) + 4 = cos @nt—nt—w)+ 3 L cos (m‘—2n,t+w,)
+ —g— e%os(Snt—-n t—2w) + —e2cos(nt 3nt+2w) + cos (nt +nt—2w)
3
-+ -——cos(nt+n t—2w) + ee,cos(w—w)) — 4 ee,cos(2nt—v—w)
3 ee
— T eecos(2nt—w—wm)+ 7' cos(2nt—2nt—w+w)

: 3
+ sin? - cos (nt+nlt—2y)} +a? { 145 e?

2 I
— 2ecos(nt—w) — 52’— cos(2nt—2w )+ &c.} }2
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= terms independent of b

_ % { b1+ by cos (nt—nyt) + bigcos (2nt — 2nt) + &c. }

+ 5 Qa {bs,o + by, cos (nt—mnit)+by, cos (2nt—2nt) &e. } {az {—-— e?
— 2ecos(nt—w)— 3 cos (2nt—2w)} —-2aa, (—-sinQ—%—— T)cos (nt-—nt)
3 3
- —;— ecos(nt—w) — 5 ¢cos(ni—w) + & cos(zm—-nt—w)
3 3
-+ -gi cos(nt—2nt+w,) + 5 e?cos(3nt—nt—2w) + 5 e2cos (i —3nt+2w)
& ef 9
+ 5 cos(nt+nt—2w)+ ¢ cos(nt+nt—2w ) + - e¢,cos(w—m)

3
4eecos(2nt-—w~wl)—— eecos(?nt-—w—-w,)—l— cos(2m‘——2nt—w—|-w)‘

2
+sin? o cos(nt-+n, t—2/,)} +a? { -e2—2e,cos(n‘t-—w,) —% cos(2nlt——2wl)&c.} }

—1.3m

7445 { b+ by, 1c08 (nt—nt) + bs,cos (2ne —2n ) + &e. } { 2a%ecos (nt—w)
— 3 aa,ecos (nt—w) —3aa,ecos (nt—w) -+ aa,ecos(2nt—nt—w)

2
+ aa e cos (nt—2nt+w) + 2 a?e cos (nlt—wl)} + &ec.

{2 a?ecos (nt—w) — 3 aa, ecos (nt—w) — 3 aa e cos (nt—w)

+-aa,ecos 2nt—nt—w) + aa,e,cos(nt—2nt+=) + 2a2 ¢ cos (nt—w) } ’
=2a'e®+5aa2(2+ e?) 4+ 2ae?+ a*(2a% — 3 a?)e? cos (2nt—2w)

+ % a?ate’cos(2nt—2w) + 5 2 &a a2e?cos(2nt—2w )+ Ifgezcos (4nt— 2n,t-—- 2w)
+ a—;—‘ ¢?cos (nt—dnt+2e) + a?(2 a2 — 3 a2)e? cos (2nt—2w,)

4 (a? e + a?e?)aa, cos (nt—nf) — 6 a3 a, ¢* cos (nt-+4nt—2w)
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— 6aape?cos (nt+nt—2w,) — 6 (a® 4 a?) aa,ee cos (w—w) .
—2(8a2—a?) aa,ce,cos 2nt—w—w,)—2(3a’—a?)aa,ece,cos (2nt—w—w)
+2 a3 a,e’ cos Bnt—nt—2=) + 2aa?¢? cos (nt—3nt+42w,)
+ 2(a?4-a?) aa,ce,cos (2 nt -2 n,? —w+w)+9a%alee cos(nt—nt+w—w)
+ 14a2a2ee cos (nt+ni—w—w,)—3a?a?(e24e¢?) cos (2nt—2n 1)
— 302a2ee,cos(nt—3nt+w+tw,) — 3 a2a?ce cos (Snt-}zlt—m—wl)

—2a%a2ee, cos(nt—nt—w-tw) -+ a*a?ee cos (3nt—3nt—w-+tw,)

Replacing ¢ which accompanies n?,

\ by (@ + aled) e’ + ef
R:ml{'—‘—d—;‘l-?) 2.2&,3 3’0+2 (Sn22+ 2 )bs’]_

1.3
2. 4.ap (2“4e2+ ba?a?(e*+e?) +2al4e,2) b5,o+ 7 4 (a232+ a’e?)aab;,

1.5.3a%af

+a g (Ped)bs [0%]
e + b . 2+ 2
{ { 71'_ Qel}“'jll’ll"‘%{ﬂnz;“"*'e—%f“} {53,0-{—%63,2}

3(a%e® + ale?) 1.3.4
.b,ag' by + 55 5 10 (a e+ale?) aa b,

' 1.8.2
4 {2a4ez+ < @Pal(e’-e)+-2ate, ,( bsy + QZ Py (a%e-a2e?)aubs,

33 a,

% (ez+e2)b53} cos(nt—nt-+4e—e) [1]

b . . 2 ,2 2,2
+m { =t ‘”"{ T T} (bt b} 2D

1.3.8a%a2 (e
+ 2.4 ap

1.3. Q(ageg—]-a, e})
ab

g+ L

aabs,

# The numbers at the side serve to distinguish the arguments.
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e2+5a2a2(+e2)+2at e,z} bse

+ 5(aze2+a2e2)b53 cos(2nt—2nt 4 2¢—2¢) 2
3. ( s , - [2]

2,2 2
3(a*e®+ae

S 80 [ « oy  E+¢ )
+m, { 13+ o8 {sm "é‘-l""‘é'—l} bs,z'l‘wbs,s

1.3.3 d’a}(e® +e,2) 1.3. 2 (ageg+a9eﬁ)
+3a2 ap b5’1+ daf a, by,

1.3
-7 2ate? +502a2(®+¢2) 420/ e?) } bss } cos(3nt—3nt-+3:—3¢) [3]

bugea . ok e + ) 1.3.3 a’a(e* +¢)
+nz,{——z+ga‘3{81 2 }b3,3+2 4.2 ab bﬁ,fz

1.3.2(a%* 2p2
+ i (a% ;}:a, e )aa,b5,3}cos(4nt-—-4n,t+4e—4e/) [4]
1.3.8 a%a?(e* +e
+m, {.__l.é_l_g - (a,5 1)653}cos(5nt-—5n,t+5e-—5&,) [5]
3ad a®
+m aa+ Qasbs,o oalsbs, 2.0 48 ‘Za 632 €COS(7LIt+£I—-w) [6]
a® aa
+ m,{ - bso + g;l-l'.:, bs,l}GCOS(%t—l—e-—m') [7]

1 aa
—I—m{ “Q é—t;l%bs,o Qasbs, + = af‘ bs, }ecos(Qnt-—nlt—[-—Qs—s,-—w) [8]
3
+m { Qasbs,l 25‘13 bse + m% bs,s}ecos (Bnt—2nt + 3¢ —2¢, —w) [9}
L/ N o
+m,{—- 2.¢ap Vs gq3 s ¢ cos (4nt—3nt + 4e— 3¢, —w) [(10]

...m,2 ga 5 bsg e cos (bnt—4nt -+ 5e— 4s —w) _ (1

3 aa a®
—}-m,{2 5 aslbs,l_é—'a—%bs,g o Qa 63,3}ecos(m —2nt4c—2¢, +w) [12]
3 aq,
m’ 3 U39 — 5,3 ¢ CCOS(2nf—3n E=—OE w . 13
+ 22(16 Qab (2t31+2 3¢,

3 )
+ m, Q-_Z_%g 63.3 ¢ CO8 (3?2t-— 4”/ + 3¢— 4EI+ w) . [14]
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a? aa ’
+ m,{ — E;‘s by — 2—‘11’3 bs,l}e,cos(nlt-l- £—1) [15]

Sad, a? aa
Fm,\ Ty b — 2a3 bis — 5o 53'3}"’1‘305(2”""”/'*‘25”%—“’1) [17]

3aaq b a? b -+ 3¢ — 2 —
tm, 2.2a7 732 T ggp Uss (6C08 (8nt—2nt+ 3¢ —2¢,—=)) [18]
3a —
+m, 5 zas bss e, cos (4nt —3nt+ 4e— 3¢, —w)) [19]

2 3 A
+m,{a—'§- ;—Zgbs,o 20363,+2 gza 632}ecos(nt-2nt+e ~2¢+w) [20]

aa a?
+m,{ 5 2;363, 2a3 3,2+2 Qa3633}e,cos(2nt—3n,t+25—3e,+wl)[21]

+m, { 3 2a3 bsg — 203 bss} e, cos (3nt—4nt+3¢— 4¢ +w) [22]
—m, 5 2a3 bss e, cos (4nt —5nt-+4-4e— be,+w) [23]

+m{ T84 "'Q-fafb e essza'b&f* Tie 22? 65,0+]23‘;3‘3:—?15J
— 2] 43.’ 2(2 ag;z_‘ga’s) atb;, — ; Zaaf' 65,3}82 cos (2n¢-4-2¢,— 2w) [24]

a aa, a® 3aa 3 6 a* a,
+ml{8a,2—2.4a,363’°—2.4a,3b3" 2.8a} b“+ 2.4 bso

1.30% (44° 4+ 3af) 1.84d%q,
55,1 65,2

T 2.4.4 a’ 2.4 af
1.3 a%a? 2
Tad 5 bss ¢ €2 cos (nt4nt+e+te —2w) [25]
a® aa, .30°(24*> — 3a?)
+m:{"2 2a} 5050 — czasbs» 2 4'""—2,_”_'"1’5’0
"1.3.Qa3a, 1.8.56a%°a .
+ 2.4 af 65. 2.4.2 af bs,sz €2 cos (2nt+22—2w) [26]
3 a 3 aqa a® 1.8.2a%a
+m4{~8~a_2_§ aﬁl 63,0 2 4[1 63, 2.8&363’2 2.4 aﬁlb5,0

1.3a° (4a° — 5 ap)
T 2.4.4 af bt =53 a? bse

MDCCCXXX. 22
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1.3. 2
- 57 2 aa;:’ 65,3} e?cos (3nt —nt-+3¢—¢,—2w)

Saaq aa, 1.3a%a}
+m,{ 2.84} 3051 = 5748 4a 3bss — 3 saﬁbs-s 2.4.2a5 0o

1.34° a,b 1.3a2(2a2-3af)b.
T 2.4 q” T 2.4.2 ap 52

+ 2543 aaa’b“}e-cos(zmt 2nt+4e — 2¢,— 2w)

: Saa, 1% 1.3 d*af 1.3 d®q,
+m,{ 2.8a} 5 bas — 2.4a,363’3_ 2.4.4 af box ~ 573 ab V52

1.8a* (24° — 8ap)

b5,3} e2 cos (5ht —3nt-+5e— 3¢, — 2w)

T 2.4.2 ap
+m, { - 23 gi bss — 2%45.34 a:?g bss
; 2 aafa, bss } e’cos(6nt — 4n - 6c — 4, — 2w)
m g . f 7 aaf’ bss € cos (7t — bt +7e— be,— 2w)

aa, a® 1.3.9d%a? 1.3.34° a,
+ml{ 2.8a} 3052 — 2.4a,3b3’3_ 2.4 af bsy + 5 4 af a7 Uss

1. 3a9(2a"‘—-3a,
T 242

aaq, 1.3.9 a®a?
"'m:{"‘ 2.8af‘63’3 T e 4.4 o bss

)b }ezcos(m‘ 3nt+4e—3:,+2w)

+

139aa,
M, o 4.4 Taf

> 3 3 : :a' 65,3} ¢ cos (2nt—4nt -+ 2 — 4t +2w)

bss € cos (3nt—>5n t -+ 3¢— 5z, 2w)

aa .a.Qaa 132(a + af?)
+m { 2. 2 a" bSl+ ‘ 65,0+ al5 ! a’ 65’1

1.8.5
-2 aﬂ“’ 65,2}68cos(nt—nt+e—-e-—w+w)

' a aa, aq 1.3.2(a° +a,9)
+m/{aﬁ"'2 zasbss" 2 4 af bia— 55 af aa, bsy

(27]

[28]

[29]

[30]
[31]

[32]

[33]
[34]

[35]
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1.3 &op 1.8.8 ¢ + a? .
‘548 e bat s ap b

; 2 9 a‘ 65,3} ce,cos (2nt—2nt+2—2¢,—w+w,) | [36]
+m,{ 2. 4a3b3' 294 ‘fzal bss— 2. 4“2‘? bso— l 3(“ :‘5“1) 65’1+2 Zaa? 55,2
12?43 aQZa, aa 653} ee,cos(3nt—3nt+3¢—3s,—w -+ ) [37]
+m, {"‘ 9?40;,3 bas — 21432 a::, ba— ¢ .i (’L;zt,ﬁ@ aa, b
-+ ;‘Z @ e 65,3}ee,cos(4nt——4n,t+4&—45,—w+w,) [38]
+m, { - 2.‘1::;,3 by — 1432 ajzal bas
é j (agj;a' ) aa, bss }ee,cos(5 nt—5nt~+5e—>bs,—w+w,) [39]
; ZZa bss cos(6nt—6nt—w+w) [40]
_ ; i(aﬂ:l-af a,0 b ;2—1‘—?4—3.5%‘—,1;65,3} ee,cos (w—w) [41]
b, d = g Sy — g b= T T b Ty s by

.3a%a? 1.3 (a’4a
~|—2 1 abl bso— 5 4%-'———’-—%653}ee,cos(nt—n,t-l-e—e,—}—w—wl) [42]

9 aq “Qaa, 1.3.3(a® + ap)
+m/{ 2. 4a36» 2.4.2 ap bsa + 2.4 a} ad, s,
1.
+ 55 i“a‘f 1753}% cos (2nt—2nt + 2%—2,+ v — ) [43]
1

9 ag 1.3.9a° a,
+m/{’z.45,§53»3 2.4.2 af bss

2
+- 2?43 (‘L?”) aa, by, } ee,cos (3nt—3nt+3e—3e,+ = —w,) [44]
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‘; 2 Z g a’ —5- bs,3 ee,cos (4nt—4nt + 4e—4e,+ o —w) [45]

+ m, { F -l-Q 221353,04' 232‘2 bs,2+ L5 Q(S alalb <) aa, b;o — '12—%'%“‘:1 bs,
+ 55 1.3 (*’_“l_"_a_) aa, bss + 5 ‘Z Zaa‘:‘ b5,3}ee, cos (2nt -+ 2, —w—w,) [46]
+m'{232?zall’3’ %a ,al b5’°+1 S Q(a_:_—f'fh—)““lb"

+ 12343 aaa, bs.z} ee, COS (nt+n,t—|—e+sl-—w-—w,) [47]
o, { S ot g s o St bao— g e b

+1 1. 3(3_“/:_‘5_) aa b52+; Z Z “a‘f, bss }ee,cos(2m+2e-w-w,) [48]
+m, {234‘;‘?1;3, + bt T S b

+ 5 3 (3a2a-,— ) aa, bs;; — —1@%7— ‘%?'fbm

+353 19 (ﬂfa—) aa b5,3} eecos(3nt—nt+3t—¢,—w—w) [49]
+m,{£z(;§‘bs,2+ EL zaale b5, +l 3&‘&‘:“1‘@““ b5,

- -]—7;—4—7-2‘1’ 553} ee,cos(4nt —2nt + 4 — 2 —w—w,) [50]
+m, {204‘:1% bss + ;:Z:Z%z“al bss

+ 2' 3(3——a%_:—tf’—2aa 1253} ee,cos (5nt —3nt+5¢ — 3¢, —w —w,) [51]
+m, ;-—i—%aala‘ bs s ee, cos (6nt — 4nt -+ 66 — 4c,—w — ) [62]
] g 8 ot 5 4 bos o+ T e Do

+ L (Scz,a____?—___ag) a,b5,1 - 12‘.*?‘;_’7%‘:?65,2
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+ ; ’Z (‘Z_‘ﬁ——-)aa b5,3} ee,cos (nt — 3nt—+c—3¢ v+ w)

3 aq aa 1. 3-.)(1“
+m{2 4a3 b3,1+2 1a lbsz“*" ‘55,0
1.3(8a2 —a%) 1.3 (34 2)
+ “““"““’( las 65,1 + ("““;""‘ aa,b‘,sz
1.8. 7a a;

e d ap bs,s}eecos(Qnt mt 4 2—4e+o+w)

3 aog .3.3a%a?
+m,{maslbs,3+2 1.2 a}sl by

1.3(3
+32 ( /i P )aa 65’3}33308(372: 5nt 36— 5¢+w-+w)

:3.3
+m ngzﬁmwcw@m—&¢+@~%+w+@y

ap ‘ .3 (222 —530°) :
+ m,{ ~ graato—g g b= =3 T Whs

3 2 3.
+ 1.9 aa: S by, — a; 652}e cos (2nt+42¢,~2w)

[54]

[55]
[56]

[57]

2.4.2
a = ag a? Saa, 1.3. Ga
+m«{%?“%.4a,3[’3r°“2.4a,51’3»1 2. 8a3b3’9+ 'o bso
_ 1.8 (4a°+3af) a2bs 1. Saa@b
2.4.4 o Bl 9.4 gf Vo2
1.3 & @a? 9
R warTs bys ¢ eZcos(nt+nt+tete,—2w) [58]
. aag al 3 ag, 1.3.9a° a, .3 3 aa,
+mz{"‘9.8a3b% 2. 4a8[’2 2.8&?63’3 2.4.2 af @ bt gy bsa
1.8 (Qaﬁ-—Sa) .uaa, , :
~5a2 2bse— 53 ap —Fbys ¢ €2 cOS (2n¢+2su2w,) [59]

1.3.92%a}

: aq af 1. 3 3ata
+mf{"2.s;3[’3’9 2. 4asb&3“2.4.4 ap baat 2 '

5 b

1.3 (2a?—3a? .
- 52 2( L — )a}bm}e}cos(3nt-—n,t+3s-—e,--2w,)
.4, )

aa, 1.3.9a%}
+m.,{-— 2.5qp 092,44 ap Use

[60]
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1...3a a

+ 2.4 ab bs,s} 812008(47lt—2n‘t+45'—281—2'&}'1)

1 3.9 &®af

m, 54, i aﬁl bsse2cos (bnt—3nt 45— 3¢,—2w))
27 a Saaq, b al b _ag b 1.3.2a,3ab
BT 2.4ar"N T 2,407 " T 2.8a} 780 2.4 ap

1.3 (4a}—5a°) 1.8.3aa}

ap a, b5,1 + 5 2.4 a 65,2

T 2.4.4
3. ga a?
i b 65,3}e,zcos(nt—3n1t+5—351+2w,)

1.
~ 92.4.4 q

3aa, aa, 1.3 d’a}
+ml{ 2.8a} bs' 2. 4a3b3’ 2. Sa?’bs 2.4.2 a bso

1.3 aa}?
— q. 4(15

1.8 (2a¢f —3a°)
2
~ga3 o 4hs

by

.3.8
+ ) ‘ZZ‘ 65,}eecos(2nt—4nt+25-—4e+2m)

3aq, 1.3 aa’3 1.3 aa}
+m‘{—Q.8a bos — 2. 4af’b3’3—2.4.4 al bsa — 2.4'&75-b5,2

1.3 (24 —3a°)
_2.4.2( 'aﬁ - asts}eﬂcos(Sm—5nt+.5e—32+2w)
3 aaq 1.3 a%a?
+m’{—ma3b& 3.4.3 @b Use

1. oaa,

~2dar b5,3} efcos(4nt—6nt+4e—6¢,+2w)

l}aa,

e bs;s ef cos (bnt—7nt+5e—7¢+2w)

a 3 ao .
-+ m, {Eﬁ (1 + 3 e?) - ZZ?I bg,o} sin? —;L cos(nt+nttete—2)
anbslsln2—~cos(2nt+25 —2)
aa . J
m QZT; bs, sin? 5- cos (2nf +26—2y)

—_—n ﬁﬁ’s b ¢ sin2 7:‘— cos (nt 4 3nt-+¢—3¢,+42v)

“2a

[61]
[62]

[63]

[64]

[65]

[66]
[67]
[68]
[69]
[70]
[71]
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m,g——;ll_f,bs,g sinz’—g’ cos(3nt—nt-+3e—e—2v) [72]
,2 363,3 s1n2— cos (2nt—4nt -+ 2e—4s,+42v) [73]
- m,@ a?, L by 5 sin? - < Cos (4nt—2nt+4¢—2¢,—2y) [74]

In the development of R, I have supposed + = 0, so that 4 is the angle con-
tained between the orbits of the planets P and P, or P, and P,; in the ge-
neral case, when s, and 4, are retained, cos s, = cos cos 4, - sin, sin s, cos
(4, — 1), # and &, being the inclinations of the orbits of the planets P, P, to

any plane x y, of which the direction is arbitrary,
rrsin(N— 1) =rmr, {cos2 —'2‘— cos? ig— sin (A} — a,)
— sin? - cos? —'23 sin (A, + A, — 21) + sin? —'Qg—cos2 —'-2‘- sin(A) 4+ Ay — 2,)

2
in2 AL 2 t2 o A A 2 2
— sin? 5-cos? 5-sin (A, — Ay — 2, + 2 1)
LR \ \ — b by
rr {cos ™ =)+ ss,} =11 {cos2 - CO8% 5 €os (A; — 2y)
. 2 ‘ . [ 3
+ smz—% cosz—z—cos (M 42, — 2) + sin? 3 cos? 5 cos (A + 2y — 2 1)

-+ sin? —Q— sm2 cos (A, — Ay — 24+ 2,)

+ sin g sing, cos (Ay — Ay — v, 4 »,) — siny singycos (A + Ay — v — ) }

Errara.
In page 330, for « and v, read s, and »,.



