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XIX. On the Solution of Linear Differential Equations. By the Rev. B. BronwiN.
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IF we consider the very different forms which the solutions of Differential Equations
differing very little from each other frequently take, and the very different processes
often required in each particular case to obtain the solution, we shall be led to con-
clude that the discovery of any universal or general method of solving them must be
a hopeless case. We cannot therefore regard particular methods, especially when
applicable to a large number of cases, as useless speculations. The present paper
contains the solution of several classes of these equations effected by means of general
theorems in the Calculus of Operations adapted to each particular class. For expla-

nation of the symbols employed, let it be observed that D is put for El%’ and that

?, &, ¥, and X denote any functions of z, the independent variable, and are the same
as ¢(z), A(x), &c.; and in like manner ¢(D), A(D), &c. will be used to denote the
same functions of D.

I. FIRST GENERAL THEOREM IN THE CALCULUS OF OPERATIONS.

dz
Let 7'=e'/ 7, w=¢D-+A. We easily verify
(m+h)u=7"ws"u
by substituting for # and =, and then performing the operations indicated in the

result. Change » into (#+4%)u in the first member, and into its equal #~*a7*« in the
second, and there results

(k) u=s"a"c"u.
A repetition of this process will produce
(m+k)u=7"a’7"u.
In like manner similar equations will be found for higher powers. But the first gives
u=(w+k) v "wrtu.
Change » into =~ *#~'v*u, and we have
e = (w4+k)'u,

or transposing, ()~ kgg=1gh
@ =g~ u"—l u.

Now change » into (w+%)~» in the first member, and into its equal +*#~'¢*x in the
MDCCCLI. 30
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462 THE REV. B. BRONWIN ON THE SOLUTION OF

second, and the result is

(k) u=r"a"""u;
and so on. Therefore if f(=) be any function developable in integer powers of =,
positive or negative, we shall have '

J@+bu=+"f(w)7"u,
*flet+hu=f=)u.. . . . . . . . . (a)

o

The assumption ,,..../ ¢ gives 5—-~ and we may regard either = or ¢ as the quantity

given from which the other is to be found.

or

Application of the preceding Theorem to the Solution or Reduction of an extensive class
of Linear Differential Equations.

To abridge we shall put
(w4-a)(wtat-k)...(w4atnk)= {a—l—nlc}

and similarly in other cases. But it is to be observed that we may resolve the last
into

which in practice may be more convenient. The operations implied by the reciprocal
factors may be readily performed by a well-known theorem due to Mr. BooLk.

Thus <m+m>-‘X=(¢D+x+m>~IX=(D+“’”) p7'X
=/ e P
Now let
S@wutpf(@)(@t+nk)ru=X, . . . . . . . . . . (L)

where f(=) and f(w) are any rational functions of =, and % may be either positive or
negative. To reduce this, assume

w=(=+k)(w42k)..... (mnk)v.
Then by (a.)

Pu=r(w+k)....(zdnko=v(w+k).... (4 (n—1)k).
Substituting these values in (1.), and operating on both members of the result with

o (o). (k) =P{( ]

we find

f(m)v+pf(w)rv_P{nk} X, « oo @)
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which is one order lower than the proposed. All equations therefore of the second
order included in (1.) may be considered as integrated by this process.
Another form, distinct from the above, is

J@) (m+nkutpf(z)sde=X. . . . . . . . . (38)
To reduce this we must assume
u=(w+k)(z+2k)"....(w+nk) " v.
Then by (a.) we have
Fu=w"Yo+k) ....(@+(n—1)k) .
Substituting these values and operating with (w--k)...(4(n—1)k) on both
members of the result, we have

f'(za-)v-{—pf;(w)f’“vzp{gfn-l)k}x.. N €D

The observations made with reference to the former example might be repeated
here. I shall add, that as & may be both positive and negative, these two examples
include every variety of case of this form of equation.

Before I proceed to notice particular examples, it may be as well to give a few
more general ones, and thus to point out the whole series of them which are suscep-
tible of reduction by this method.

Let f(@)w(@+hutpf (@) (@Fnk)Pu=X.. . . . . . (5)

‘Make u=(w+2k)(w+3k).....(a+(n+1)k)v,
the common difference of the factors being %, as before, which here also may be both
positive and negative. This will give

*u=w(a+k).....(@+ @n—1)k)s",

and proceeding exactly as before, we shall arrive at the reduced equation,

f(m)(w—l—(n—}-l)k)v+pﬁ(w)72kv=P{gk}—lX. (6

Again, suppose

f@)(w+nk)(w+nk+but+pf(e)oru=X. . . . . . (7)
The assumption
u=(w42k) " (w+3k)"....(m+(n+1)k) v

leads to

f(m‘)(m+k)v+pf;(m')72kv=l){§tn_l)k}x. ()

The two last examples, like the former, are reduced an order lower; and when
they are of the second order, they may be considered as integrated. In order to
enable us to effect their reduction, it is necessary that we should have two operating
factors, as w(w+-k),in one of the terms, these factors having the difference £. I shall
only give two more examples, which will suffice to indicate the series of them before

mentioned.
302
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Let JS(@)a(m+k)(w+2k)utpf (z) (wtnk)r*u=X,

and
S (@) (k) (w+nk-+k) (w+nk+2k)utpf,(w)or* u=X.
The first of these, by making
u=(w+43k)(w+4k)....(z+(n+2)k)v,

will reduce to

flo) kot 1) ko 2Ry peo=P o] X,
and the second, by putting

u=(o+3k)"....(v+(n+2)k) ",

reduces to

S 1)+ 2o prro=P{ '~ DX,

It will be observed that the equations in the two last examples are of the third
order at the lowest, and those to which they are reduced of the second ; and if we
were to continue the series, they would rise an order at every step. But we will here

leave them and proceed to give a few particular examples.
In (1.) and (2.) make
S@=w+a, fi(m)=1;

w(w+a)u-tp(et+nk)du=X .
(w-i-a)v--l-]ofr"v=P{gk}—1 X.

and they become

The last gives
v:(w—l—a-l—pr")“‘P{gk} X,
and therefore

u::P{Zk} (w-l—a-l—-pr")“P{gk}ml X.

It is not necessary to reduce the value of » any further, as the mode of doing it has
been made sufficiently plain, and moreover it is quite as convenient as it stands. We

shall only observe that if, to abridge, we make

f‘i’%.j'_pllfzq),
we have
(mta+pe*) =D+ P) o = /HDfHig=1,

If we wish to see (9.) under the ordinary form, it is easily reduced, first to

wu+(a+pr)eut (n4 D kpru=X;
and then by substituting for » to

o' DPu-0(¢'+ 20404 pr*) Du+ (o2 + 224 (a+-pr* )+ (n+ 1) kpr*)u=X.

If we would deduce particular integrable equations from this, we may assume

. .1
7 and A any functions of « at pleasure, and the relation 5:;—

!
will give ¢. It will be
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observed that the accent upon =, 2, and ¢ is employed to denote differential coefficients.
But as this equation, and many more which may be deduced, contain two arbitrary
functions of the independent variable, the number of particular practicable forms is
immense. To select examples therefore would be very difficult.

Now make in (1.) and (2.)

J(@)=w+a, f;(w)zfar—[-b,
w(@t+)utp(e+b)(mtnk)dfu=X . . . . . . . (10.)
(w—l—a)v—l-p(m-l-b)T’“v:P{gk}—IX,

and we have

or

(w+a)v+]77"”(w+b+k)v=P{glc}—lX,
and therefore
(1 pP oot (ot (o Bpryo=P{ ] X,

To abridge make
a+(b+lc)pr"_q)
14psdr T 72

and the last equation becomes
(A4pr) (=+ (D)v=P{gk}—]X ;

whence

v=(o+@)"14p7) P} X, u=P{}} @) 04p {5 X,

Similarly, from (3.) and (4.) we derive

(@+a)(@+nkyutperdu=X, . . . . . . . . . (1L)
where

u=P{Zk}nl(w-l-a-{—pr")"‘P{%n_ l)k}X.
The last equation, reduced to the ordinary form, making c=a-nk, becomes
o Du+0(¢' 4+ 20+ c+p7*) Du+- (N +2°+ (c+p7*) A -nak 4 kp*)u=X.
From (3.) and (4.) we also deduce
(@+a)(m+nk)utpo(@tb)rdu=X . . . . . . . (12)
(w+a)v+}7(w+b)7"v=P{§fn—l)k}X.
From these, exactly as in (10.), we find

w=P{3] " @@y )P DHX,

where @ has the same value as in (10.). :
The examples (10.) and (12.), if reduced to the ordinary form, would be very dif-
ferent from those which have been so reduced, and they would be considerably more
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complex. And we may observe that if the functions f(=), f,(=) in (1.), (3.), &ec. have
suitable factors, the reduced equations (2.), (4.), &c. may be still further reduced by
the same means, the proposed equations in this case being of an order above the

second. ,
From (5.) and (6.), making f(=)=/,(=)=1, we have
o(w+kutptnk)esv=X . . . . . . . . . (13)

and
@+t DR+pro=P{0H X

whence
v=(e+ @+ D+ P X,
u=P{é’Z+1)k}{m+(n+l)lc—l—ptz'%}“‘P{gk}—lX.

Similarly, from (7.) and (8.) we find
(@w+nk)(@+nk+Eutparu=X. . . . . . . . (14)
v= (et hpety p{ DX,

| u:P{g;{I—l)k}ﬂ{w—l—k—}-pf”}‘IP{](:&_l)k}x.

The two last examples, reduced to the ordinary form, are

¢Du+0(¢ + 2+ k4 pr) Dut (1124 (h-pr) + (0 2 lpr*)u=X,

and
D 9(¢/+ 204 (2n+1) k-pr) Duh (91 4234 (2 1) A (k- A)pr*+ n(n+ 1)) u=X
respectively.

I shall only give two other examples, derived from the same source with the two

preceding.
w(w+k)utp(z+a)(z+nk)ru=X,

u=P{{F l)k}(w—l-‘F)“‘(l +p¢2k)-lp{g"}"x
- (o+nk)(@-++nk+kutpe(z+a)r*u=X,
u=P{ Gt V8 @) ey DR

where

(n+ 1)k + (a+ 2k)pre* k+ (a+Rk)pr2
Y= L B
- 1 +p.‘.2k B - 1 +p1.2/c °

II. SECOND GENERAL THEOREM IN THE CALCULUS OF OPERATIONS.

Make D=D,+D,, D, opebrating upon % only and D, upon  only. Then by TavrLor’s
theorem
1
S(D)=f(D,+D,) =f(D1)+D2f,(D1)+§D§ "D)+....
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This formula will be of frequent use in the subsequent part of this paper. By it
D) gD HEDS D+ MDD D+ = €] 4 K], £1(D),) 4 }e0,
Operate with both members of this upon {¢(D)2z+4Ar(D)}u, and we have

P {p(D)z+1(D)}u={p(D)2+A(D)+kp(D)f' (D)} u,
dropping the mark under D, as being no further needed, D everywhere now operating
upon all that follows it. Make

- dD
JD)=/ Zoy
then

D=5

and the last equation becomes

/5] o(D)2-+A(D) fu=1{ {0 (D)o 41 (D) + 1}/,
Now let / .
o(D)r+r(D)=v', /s=7,
which gives
1 1 4,

¢D)~+ 4D’
and the preceding becomes
' u=(a"'+k)7"*u.
Change » into 7 ~*u, and there results
*w'd Fu=(a'+k)u,
or
@+ k) u=7"a'"s""u
by transposing the members.
From the last equation, by the same course of reasoning by which (a.) was esta-
blished, we find '
A A (T (A
If in (a.) we change « into D and D into z, and also ¢ into ¢!, we convert (a.) into
(b.) ; and the same conversion of symbols will change (b.) into («.).

Application of the preceding Theorem.
The equations

JS@o'u+tpf (=) (&' +nk)d u=X,

J(@&@ +nk)utpf (@ )s'sFu=X,

; J@a (& + E)utpf (&) (&' +nk)e Hu=X, &ec.
by the assumptions

u={(a'+k)....(a' +nk)v,
u=(s'+k)"....(a'"+nk)""v,
u=(o'4+2k)....(s'+ (n+1)k)v, &c.
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will reduce to

f@ptpf(e)ero=P{} X,
f("""’)”‘l‘Pf('ar')r""v—-P’{(n" l)k}

F(@) @'+ (1 1) Ryo+-pf ()7 o = P’{"k} X, &c.

respectively, the reductions being made by the theorem (.).

But these equations and every step of their reduction may be derived immediately
from (1.), (3.), &c., and their reductions by the conversion of symbols before men-
tioned, which is not a little remarkable. Hence we may derive the solutions of the
one series from those of the other merely by the interchange of symbols.

In the equations of which we are now treating, (D) and A(D) must be rational
functions of D; and we must also have #~*=y(D), a rational function. Therefore
we must have

L XD
#(D)™ " kx(D)’
and
_ _ kx(D).
P(D)= x'(D)
In the values of # we have operating factors of the form

(/7)™ = (o(D)a-+AD) )= (o4 2O () o/ R g/ g ()

by a well-known theorem due to Mr. Boote. Now in order that these may be prac-
ticable in finite terms, or as it is usual to say, capable of interpretation, we must have

A(D)
o/ B = (D)o,
®(D) being a rational function of D, and m being any constant, positive or negative,
or nothing. This is the most general form possible, and it gives

AD) _m®(D) +®'(D)
¢~ @D °

and
A(D) =443} (m®(D)+ P (D)).

rk
The expression /%™ has been rendered practicable in making +'~* so.
The only other operating factor which we have to consider is

(@ +h4pr ),

h being some constant. Now putting for «~* its value before found, this will reduce to
A(D h D)

The exponentials depending on E ; (h D) have been considered, and it only re-
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mains to consider

XD) ) _r
2 S Fo 0 — RS _ T

- 1, ) .
by substituting for (D) its value. But ¢ #*” cannot be interpreted except when

x(D)=¢D. We have therefore, finally,
D ,
“+=(D, ¢(D)=—AD, A(D)=—g5;(n®(D)+P(D)).

This result narrows very much the limits of the practicable cases.
We may however obtain a small increase of generality by making x(D)=¢D+-r.
There is nothing to prevent this, since

P, _pr_py
¢ k(qD-\—r)___E kE kl)’

which makes no change in the interpretation of the results, the only difference which

_pr
it occasions being the introduction of the constant quantity ¢ ¥ into the value of u
where we should otherwise have unity in its place. Thus we shall have

“+=gD+r, o(D)=—k(D+%), ND)=—k(D+7) (mﬁ%

which values give .
@= —k<D+§> <x+m+%((—%)>-

By the conversion of symbols we derive from (9.),
o' (@' + a)u+p(a' +nk)d Fu=X,
—1
r-P’{ }(w +a+pr*)" ‘P{"k} X,
which by putting for #~* its value becomes '

& (@ +a)u+tp(@ +nk)(gD+r)u=X . . . . . . . . (15)
P{ }(w +pgD+pr+a)” ‘P'{nk}_lX.

From (11.) we derive in like manner

(' +a) (&' +nk)ut+ps' (@D+ru=X. . . . . . . (16)
u-—-P’{ } (o'+-pgD+pr+a)- lP’{(" ‘)’f}x

But (10.) and (12.) treated thus would lead to equations of the third order ; and
as we cannot notice those of all orders, we shall pass these by.

It would render the values of « too long and complex to substitute for ' its value
and reduce them further. But this is unnecessary, since the method of doing it has
been made sufficiently plain, and indeed is well understood. If we would reduce
these equations to the ordinary form, it can easily be effected by the formula

SD)=f(D,+D,)=f (D,)+D2f’(D,)+-D2 "(D)+&e.,

MDCCCLI. 3P
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where D, operates upon u, D, upon x. Thus we find
p(D)zu=2ap(D)u+¢'(D)u
?(D)xp(D)ru=a’p(D)*u+3xp(D)¢(D)u+o(D)¢"(D)u+¢/ (D).

But this reduction would lead to resulting equations of considerable length, unless
we give to ®(D) a particular form. This form should be such that negative powers
of D may disappear. Or we may make u=®(D)z, and so take away such powers,
and at the same time may introduce more arbitrary constants into the equation.
Thus we should find integrable equations of the second order, having coefficients of
the form a+-bax+-ca?, of considerable generality, owing to the large number of con-
stants which they would contain. The method will be found on trial well adapted
to the integration of such equations.

By changing £k into 2%, we shall have

#=qD-tr, p(D)=—2k(D+7), x(D)=—2k(D+7) <m+%,% ,

fe 7 @'(D) .
=t (043) (o 53)
With these values we derive from (14.),

(a'nk) (o' +uk+E)utps'(@D+ryu=X . . . . . . . | . . (7)
usP{ G (ol pgD - el A

Other examples might be given under this head, but I shall now proceed to the
solution of two equations somewhat similar to some of those which have been given,
but which cannot be solved in the same manner.

IIl. THIRD AND FOURTH GENERAL THEOREMS.

Make
=S5
e=¢/ ¢, 7, =0D+¥Y+ma,
and consequently
7, =0D 4+ ¥ +na.
We easily verify the equation
E”"Tm +al= Wm? 'nu
by substituting for ¢ and =,,.,, =, their values, and performing the operations indi-
cated in the result. Therefore by the process followed in the investigation of (a.),
we find

Ef(Fnin)u=fm)ew.. . . . . . . . . . . (c)

To establish the other general theorem, we make
(D)
d=/ 00", & =¢(D)a+¥(D)+mr(D),
#,=¢(D)2+¥(D)-+nr(D).

and therefore also
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But we have found
O ={14nD,f(D,)+ }"™.
Operating with both members of this on

{p(D)2+"¥ (D) ~+mr(D)}u,

we find

/P {p(D)z+¥(D)+mr(D)}u={p(D)z+¥(D)+mi(D)+no(D)f' (D)} u,
dropping the mark under D as no longer needed.

Make
\ D
J@D) “f;ED;dD

S(D)=53), ¢(D)f(D)=A(D).

Substituting this value of f'(D) in the last equation, the result will be equivalent to

then

e U=, .e"u.
Change » into ¢~"u, and transpose the members, and we have
T W=7 0 .
Therefore, as before, we shall have
¢ Fpnu=fz,)e ™. . . . . . . . . . (d)
By the interchange of the symbols # and D, the two general theorems (c.) and (d.)
may be converted the one into the other, ¢ at the same time being changed into ¢

Before we can employ these theorems in the way intended, we must find the rela-

tions between the arbitrary functions required in order that two others may subsist.
The first of which is

T F U=, Tu(n—m)agw. . . . . . . L L. (e.)
With the values given of #,, and =,, we easily find that

T T U=, tbF (n—m) PN
Therefore we must have

! A
ap=¢W, or a/ =0\,

Passing to the logarithms of both members,
log a+ /" %dx: log (on),
and by differentiation -

AL deN)
s ="0x

Hence we find successively

Wdz=d(p)), 5d()=d(pN), b+zni=g, and +=

which is the required relation or condition.
3p2
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From the last we find

/‘Adx—fb-f 1 = log <b+27\2>+ log c.

2
b+2A

We easily find c-- -, therefore ¢=

The other condition alluded to is
T U=T U4 m—m)ad " u. . . . . . . . . (f)
From the values of 7, 7,, we find
7w u=m,7u-+(m—n)p(D)A' (D).
Therefore we must have :
— /" =¢(DW(D), or —as~ " =g(D)N(D) ;
and as in the former case,

AD),py_ He(D)A(D)} :
— D D="25) > —MD)dA(D)=d{p(D)¥(D)}.

Therefore, also,

1 2__ ! 5= )
_§)\(D) __@(D)?\.(D)a and ‘P(D)—b-—%l(D)e,

which is the required relation between ¢(D) and A(D).

Also ;\(D) b_%;\(D)Q)

where we easily perceive that c=—a. Whence (= --ma'm
L D)=
2

Application of the four last Theorems and Formule.
Let manutpeu=X. . . . . . . . . . . . (18)
A single case of this equation was solved by Mr. BooLe in No. 7, New Series of
the Cambridge Mathematical Journal, the quantities ¢ and A being given functions
of the independent variable, and having a given relation, ¥ being nothing. In the
Philosophical Magazine, vol. xxxii. p. 257, I gave two similar solutions, but contrived
to introduce an arbitrary function of @, by which the solution was very greatly ex-
tended. Here that method is superseded and the solution rendered much more
general. To solve the above, make u=w,,u, ; then
T T Tty P, =X by substitution,
W’mV"nWm+17h+P‘7’m§u1=X by (C.),
TuT o ¥y +peu, =7,'X,
T 1T Uy +P1§u1=7";.lx by (e-)a Ph=p— a(n—-m— l)'



LINEAR DIFFERENTIAL EQUATIONS. 473

After ¢ transformations, we have

T o Tl PiUN =T sy eenens 7' X.
./ it+1 N .
If p,;=0, or p=ia{n—m——5- ), the equation is solved, and we have

p e =1 7=
U= T T ienenns X

From this we easily find «. The success of the method, it will be seen, depends
upon the value of p.

Other cases and solutions may be seen in the Philosophical Magazine in the article
before mentioned, but they cannot be given here.

Reduced to the ordinary form, (18.) becomes

o'D*u+0(¢'+2¥ + (m—+n)) Du+ (9(@'+nn') + (¥ +mn) (¥ +m1) +-pe)u=X

- If we were to substitute for ¢ and ¢ their values, this would become very compli-
cated. We see that it differs considerably in form from the plecedmg examples
which have been thus reduced.

There is one equation bearing some analogy to that which has just been solved
which deserves to be noticed here, although its solution must be effected by a very
different process. It is

Tamupe =X . . . . o L . o oo (19)
By (c.) this may be put under the form

" " U+ P M u=X.
Make u=¢""""v, and the last, by substituting this value, will become

" m o pr=X
Now let =,¢""=r, and the preceding will be reduced to

(@+pr=X.

A A :
P S SV RS

Whence

v=("+p) X =
where
A=

]
v =
If v=v,4-v,, we may evidently make

(r=pi/ = 1)o,=AX, (r+pi/—1)v,=—AX;
for these lead to the same result. And thus v is found from two equations of a lower

order than the given equation.
If we now put for 7 its value in the two last equations, we shall have

‘ﬂ'mfm‘nvl—lﬁ\/:‘_lvl:AX: Wmfmunvz"l_p%\/:—l-v?:—Ax'
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If we put ¢""v,=w,, " "v,=w,, these will take the more convenient form
Tl — [ﬁ,\/ =1 ", =AX, 7,0+ p%,‘/ —1 = —AX;

which are only of the first order, since =, is of that order. The equation (19.) may
therefore be considered as integrated.
By the conversion of symbols (18.) and (19.) will be changed into

Tum b +pg T u=X, }

20.
Tt pe =X (20,

These may be solved by means of the formula (d.) and (f.) in exactly the same way
as (18.) and (19.), and every step of the solution in the one case may be derived from
the corresponding step of the solution in the other merely by the conversion of sym-
bols. But every solution of these equations will not be a practicable one, or be
susceptible of interpretation in finite terms. The operations =}, however can be

performed if

/' ¥{D)+(m+r)A(D)

o) )ip=rmy®

b

x(D) being a rational function of D, and the constant ¢ being positive, negative, or
nothing. By differentiating the logarithms of each member relative to D, this will give

V(D) +(m+r)AD)__gxD)+x'(D)

o(D) - xD 7
or
D)+ (n+72(D) _ (D) +x'(D)
b——é}\(D)Q X(D)}‘a))

by putting for —= ( ] its value, and dividing the equation by A'(D). Therefore
¥(0) =B (4 (D)) — (mAa(D).

Such is the value which '¥(D) must have in order that the solution may be prac-
ticable, (D) being at the same time a rational function of D.
The value of ¥(D) is too complex for practical utility. But if we make

=3¢ A(D)=aD+,

we shall have

1 2
b—5A(D)

1
W: —gD(dD—l—QC).
If therefore x(D)=aD+2¢, then we find

Y(D)= —~an2-—- (am+ar+ cq+ )D—(cm+cv)
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Bt if %(D)=3D, we shall have

¥(D)= —%an2_ (am-[—ar—l— cq +—;-a>D— (em—+cr+c).

With either of these values, and by suitably assuming m and n, we may find con-
venient practicable forms for both the equations (20.). And perhaps we may succeed
with other assumptions. If we admit complex forms, we may have them in abun-
dance.

IV. SOLUTION OR REDUCTION OF ANOTHER SERIES OF EQUATIONS.

The equations here treated of are generalizations and extensions of one solved by
Mr. Booie in the Cambridge Mathematical Journal, No. 1, New Series. In that
equation the coeflicients are integer functions of x, here they may be any functions
of that quantity consistent with the conditions of integrability. Also the symbol D
is replaced by =, and arbitrary functions of this last are introduced.

In order to abridge I shall write », for w+a, and f(=) will denote any rational
function of w. This being premised, let

F@)f(o—k)a (ot Butpo, (ot @t DE)Pu=X. . . . . . . (21.)
u=(w,4+3k)(w,+5k)....(5, 4+ (2n+41)k)v,

the common difference of the factors being here 2k. Then by (a.) we shall have
(@, + 2n+1)k)r"u=(w,+k)....(w,+ (2n+1)k)7%v.
Substituting these values and reducing the result, we find
S = Rya(a+Botpm o Beo=P{ DX,

where the @ is suppressed in the factorial of the second member for brevity. If we put

S ko PG X=X,

Assume

we have
. @t hoe g <
Vi) w+hfl@—kw U=
or
w,+k ®a+k
v+ (Fiefio +8)” (o 1) o= by (@)
Make

w,+k "
Gerio+m)™=s
and the last becomes
v4pfr=X,.
The mode of treating this has been already explained. By it the proposed is made
to depend upon two others, each of which is of an order only half as high. In certain
cases therefore this reduction amounts to a solution. |
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Let us next take the equation

o, (o, +(2n+ Dh)u+tpf(@)fe—bo@+h)*e=X, . . . . . (22)
the arbitrary functions being put in the second term, for this only amounts te
changing them and X.

Assume
u=(w,+3k)"".....(@,~4 2n+1)k) 0.

Proceeding exactly as heretofore, we find
Jo) o+ k)fle—k)w 2

AR CET =
if
X, = o (w k)~ lP{(Qn—-l)k}
Making
@) (@ + k)

T etk 7 =&
by (a.) the last becomes
v+pfv=X,.
In the next two examples we shall put the equations under a somewhat different
form, on account of their complexity. Suppose

m’a(‘m‘u—l- k)('za'a+(3n+2)]g) .

Here we assume
u=(w,+5k)....(w, 4+ (3n+2)k)v,

the common difference of the factors being 34.

If
_plGut2)k) @t 2k N\,
XI“P{.sk } X, e=(fimjimtom)™

we shall have in this case
v+pelv=X,,
which may be replaced by three equations, each containing the first power only of ¢,
As a last example let '

u +f(m')f('ar——/c)f('w—— 2k)w (e + k) (w + 24)

& (@0t k) (@a+ (Br+ 2)) pru=X.
Here
2k
u=(m,+5k)"....(=, 4 (Bn+2)k) v, o= (f m+;k ))T,
and also

v4pelv=X
This series of equations may be continued at pleasure; and it is obvious that in
the whole series, if we change = into @, and = into #~', the resulting equations may
he reduced by (b.) exactly as these have been by (a.), and that the solutions or
reductions of the one series may be obtained from those of the other by the conver-
sion of symbols.
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Mr. BooLe’s general equation
X=u+af(D)eu+bf (D) f(D—k)e®u+.....
may be generalized and extended in the same way. Thus if

X=u+taf (=)7u+bf (@) flw—k)e*u+.....,
X=u+af (@) Futbf (@) f (o' —k)eHu-+....,

by making e=f(=)7* in the first, and ¢ =f(=')7"* in the second, we shall have
X=u4apu+-bgtu+...=(1—pe)(1 —pyg)....u,
X=u4adu+bd*u+....=(1=pe)(1—pf)....u.

And thus each equation, by the method explained further back, will be reduced to a

number of others, each of which is much more simple than the proposed.

It must be observed, that the method which has been applied to the solution of
each particular class of equations will not apply to either of the other classes. We
see the same thing when employing other methods, and we see no reason to suppose
that our means of integrating equations will ever be greatly extended otherwise than
by the multiplication or aggregation of particular methods. Such methods therefore
ought not to be considered as possessing little interest. The same thing may be
inferred from the various conditions of integrability at which we arrive in those cases
where we can treat the same sort of equations by different methods.

Some of the examples which have been given in this paper, when reduced to the
ordinary form, are very complex; but when particular forms are assigned to the
arbitrary functions, results sufficiently simple may be obtained. If we will accept
none but 'such as at first sight present themselves under a very simple form, we must
not expect any great extension of our present scanty means of integration ; for these
equations are usually very easily integrated. The following example may serve as an
illustration.

The theorem

or

oD "u=D"pu—nD""'¢'u +n———(n; I)D”‘2¢” u— &c.

is easily verified by performing the operations D", D*7', &c. in the second member by
means of the formula

D*=D;+aD, D+ DD+ e,
Now let there be given the equation

X=Yu+Y¥,Du+¥,Du+¥,Du+t.....

and let this, by the preceding theorem, be transformed into
X=Pu+DPu+D*Du+D°Du+-.....
We shall have
O=¥Y—-¥ +¥,—¥;+...

D =Y—2¥,+3¥;—....

MDCCCLI. 3Q
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If ®=0, the equation is integrable once, and we shall have
D' X=®u+DP,ut+Ddu+t....

If both ®=0, and ®,=0, it is integrable twice, and we have
DX =®,u+DDu-+...

Let us take as an example the following equation of the second order,

Y, Du+¥ Du+ (¥, —¥)u=X.

The transformed gives
DOu+4 D u=D"X,

or

¥, Du+(¥,—¥,)u=D"X,
and

. yl: wj
DX =~/ Hep-ry -/ BD-X,

v~
v,

This example was given by Mr. HarereavVE in the Philosophical Transactions, 1848.
But the proposed equation may at once be put under the form

D{¥,Du+(¥,—¥,)u} =X,
which is immediately integrable, giving
¥, Du+t (¥, —¥)u=D""X,
as before found, but this is far from being a solitary example.

V. FIFTH AND SIXTH GENERAL THEOREMS.

The theorems now to be given bear no resemblance to those which have been here-
tofore investigated, nor is their mode of application at all similar. Making

@% =X @Cx =Xos @Xa =Xss &e.,
n(n 1)

w" ;@u-—&c.. o e e (0’)

xo"u=o"yu—ns"""yu-t g

will be verified by putting for = its value pD -2, and actually performing the opera-
tions denoted by D, which may be readily done by the method which has now been
repeatedly explained.

Again, making

(D) (D)=x%(D), eD)x(D)=x(D), ¢(D)xo(D)=3:(D), &e.,
we shall have
(D)o "u=o"y(D)u4na"""y,(D)u + ’"""xz(D)uﬁ-&c .o (R

This also may be verified by putting for &' its value ¢(D)2+4A(D), and performing
the operations D, where required, by the formula

SD)=fD)+D.f(D,) +5Dif"(D,)+ &e.,

and afterwards dropping the marks of distinction.
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Application of the Theorem (g.) to Integration.

To apply the theorem (g.), let us suppose that we have given the equation
X=Yu+Vout+¥out+&e . . . . . . . . . (23)
Let this by (g.) be transformed into

X=0u+odPu+ta*d,u-} &c.
We shall have '
O =¥Y—¥ V-V ...

O, =¥"—2¥4-3¥—....

The figure at the top of ¥ denotes the place of the term in the given equation, that
at the bottom marks the term in (g.) corresponding to it*. By going alittle into the
operations, the meaning of these symbols will be easily understood.

If ®=0, or ¥=¥,— ¥4 ... the equation thus transformed will be integrable once,

and we shall have
o ' X=0u+oPu+=*Pu-t&ec.

If, moreover, ®,=0, it will be twice integrable.
Let us take as a more particular example the equation
VotutV'eut (¥ —¥)u=X,
which is integrable because ®=0. Putting for ¥, Vi their values, this becomes
ViolutV'out (V' —o ¥ —o¥u=X. . . . . . (24))
The transformed equation will be

&' Du+sdu=X,
or
o Du+Pu=s"'X;

which by substituting for = its value, is easily reduced to

LR S Ve S
Dt (B o= e
In order to abridge, make
D, A, D, A W ‘I’Q’___
3, ToTe0, =g tom~ v =0
then the last becomes
(D+0)u=(p¥")"'a"'X,
which gives
u=(D+0)~ (¢¥") =X,
or
oA g
u=£—ﬂ9d-z’D—lngd.z‘(¢\P2)—le_‘/5‘1‘2‘])_12./—5dm¢_lX‘ ‘
* The figures at the top of ¥ are not exponents of powers, but distinct functional marks,
3Q2
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If (24.) be reduced to the ordinary form, it becomes
] +2A ;J.|_ A2 +2) | PV s X

+’" PR (Pipa =
This would give a very large number of integrable equations by assigning parti-
cular forms to the arbitrary functions ¢, A, ¥, and ¥°. And indeed every one of the
equations treated of in this paper, by giving particular forms to the arbitrary functions,
would furnish a large number of particular ones. This circumstance makes the
chance of our being able to put a given equation under some one of these forms the
greater, and consequently in this respect enhances the value of the methods employed.

Application of the Theorem (h.).
The equations to be reduced by (k.) are of the form
X=¥YD)u+¥'D)s'u4+¥D)s"u+ &ec. . . . . . . . (25)
This is deduced from (23.) by the interchange of the symbols D and «, but the
theorems (g.) and (A.) by which the transformations are effected cannot be thus

deduced the one from the other.
The above will be transformed by (h.) into

X=0(D)u+'®,(D)u+a"®,(D)ut ...,

where
® (D)=¥(D)+¥(D)+ ¥ D)+ ¥ (D)+...
®,(D)=¥'(D)+2¥;(D)43¥(D)+....
@,(D)=¥(D)43¥{(D)+.....
@,(D)=v*D)+... &e.

If

® (D)=¥D)+¥(D)+¥(D)+...--0

or

¥ (D)=—-¥(D)—¥;(D)—....,
we shall have
o ' X=0,(D)u+s'Py(D)ut....
We might take as examples equations of a higher order than the second, but as
these last are of the greater importance I have hitherto selected them, and shall take
here the equation

V(D)o u+ ¥ (D)o'u—(¥)(D)+¥i(D))u=X,

which by putting for ¥}(D) and W;(D) their values, the figures here at the top and
bottom of ¥ signifying the same as in the former case, becomes

‘F“’(D)m’”u+‘F‘(D)w'u—_¢(D){T"(D)+¢’(D)‘I’2’(D)+<p(D)‘If2”(D)}u=X.. (26.)
The transformed equation gives
&' D,(D)u+P,(D)u=w""'X;
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which, reduced to the most simple form, is equivalent to
¢(D)@,(D)zu+{P,(D)+21(D)P,(D) — (D) Py(D) }u=w""'X.

Make D)
_ &, D) ®yD)
¥D)=zp)o,) (D)~ D)
WD), A(D) , ¥(D)
=D (D) T (D) T D)’

Substituting this value in the last equation, after dividing both members by ¢(D)®,(D),
or in other words, operating with ¢(D)~'®,(D)~* on both members, we have

{z4+0(D)}u={p(D)D,(D)} '»''X
and

u={2+4+4(D)}{o(D)¥*(D)} '='"'X,
where the value of ®,(D) has been substituted. By further reduction,

u=Efo(D)dDm-le—-fO(D)dD<¢(D)\Iﬂ(D))—15/%dDm_1£_f%%dD¢(D)_lX'

The equation itself requires that ¥'(D), ¥*(D), ¢(D), and A(D) should be rational
functions of (D) ; and that the solution may be practicable, we must have

(D)
20 P = D)o,

%(D) being a rational function. Also the term ﬂl%l‘%()m in the value of (D) requires

that we should have
w(D)dD

®(D) being a rational function. These assumptions give, by taking the differentials
of their logarithms,

! /
K(D)=9(D) (m-+5y), ¥'(D)=p(D) (D) (p+ )
If we were to substitute these values in (26.), we should have a very complex
resulting equation; but by giving suitable particular values to the arbitrary func-
tions, and perhaps by changing  into f(D)z, giving to f(D) a convenient form, we

might obtain resulting equations sufficiently simple, and we might obtain some very

general of their kind, remembering to introduce as many arbitrary constants as
we can.

Make

x(D)=¢(D), ®D)=¥*D);
then

A(D)=mg(D)+¢'(D), ¥(D)=0¢(D)(p¥*(D)+¥*(D)).

With these values (26.) becomes, dropping the figure 2 on the top of ¥, as being
no longer needed,

#(D)o"u+9(D)(p(D)+¥(D)s'u—p(D)75{ o(D)(p¥(D) +2% (D)) Ju=X, . (27
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which is of a remarkable form. Also
u=p(D)¥(D)%™ PP~ {o(D)¥(D)*} ' Pz ~'p(D) % "X.
The equation (27.) might very well be reduced to the ordinary form without parti-
cularizing the arbitrary functions.
If we make
x(D)=¢(D), ©(D=¢(D),
and change ¥* into ¥, we shall have

AD)=mo(D)+¢(D), ¥'(D)="¥(D)(pe(D)+¢/(D)).
With these values (26.) will become, operating with ¥(D)~' on both members,

-+ (po(D)-+ (D) o'u— G155 75| PRD)¥(D)+ 75 (0D ¥(D)) bu=(D) X, (28)

which is of a form not a little singular, and which might be put under the common
form, retaining the arbitrary functions.

The value of « in this example is

u=0(D)*¥ (D) PPz~ {p(D)¥ (D)} %P« 'p(D) %" X.

In the two last examples we see from the expression of the value of u that theyare
practicable, or that their solutions can be interpreted.

It may be well to observe, that if we make

¢(D)=e(D)x(D), ¥*(D)=p(D)2(D),
which give
A(D)=(D)(my(D)+(D)), ¥'(D)=a(D)BD)(D)(p®D)+P(D));

and if we eliminate both ¢(D) and A(D) from the value of @/, and ¥*(D), ¥*(D) from
(26.), our equation by the substitution of these values will then contain the four
arbitrary functions a(D), 8(D), x(D) and ®(D). These should then be made integer
functions of D; but after actual substitution the resulting equation would be very
complicated, unless we first give particular forms to the arbitrary functions. If this
be done, and as many constants as possible be introduced, particular integrable
equations of intevest and value, and of sufficient simplicity, may be obtained.

I shall terminate this paper by observing, that in our attempts at integration, we
are apt to seek for equations which immediately present themselves under simple

forms, and by this means fall chiefly, or altogether, upon such as could previously be
integrated.

Gunthwaite Hall, near Barnsley, Yorkshire,
February 4th, 1850.



