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Ler U=0 be the equation to the curve with which the curve V=0 has an “ m-pointic
contact ;”>in other words, let the curves U and V have m consecutive points in common.
The degree of contact of which V is capable is equal to the number of independent con-
stants contained in its equation; 4. e. to the number of terms in its complete expression,

(n+1)(n+2)
e L

If the curves U and V have only a single point in common, then the only conditions
are

less one. Thus if # be the degree of V, the degree of contact will be =

U=0, V=0. . . . . . . . . ... (L)

If they have two consecutive points in common, then beside (1.) we have also

d-{— d—l— dz_O

(2.
d + d+ dz-—O

which, as is well known, lead to the conditions

oU 23U dU
dr Ty dz
‘ N D)
_oV 23V v
=dr " dy Tz’

and if V be linear, =lz-+my-+mnz, (3.) will suffice to determine the ratios /:m:n, and
fix the position of the tangent V. The conditions (3.) may be expressed by a single
equation thus: if &, 3, ¥ be any arbitrary quantities, then the equation

e B oy =0, . .. .00 4)
oU 93U 9dU
oV oV oV
dr  dy  dz

considered as identical in «, 3, y, may be regarded as an expression for the required
conditions.
The developed form of (4.) is
/ 90 U\ adVv U  dU)\ oV oU BU dV
(7@"37.?)%—‘_(“75 de) (Ba’w ) ==0 . . . (5)
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42 MR: W. SPOTTISWOODE ON THE CONTACT OF CURVES.
so that, writing
U 30\ 3 U  dU\dV, /,9U U\ d __
(73;-43 @) P (w d—z—ﬂ/z,;) ‘gy‘+(l3 *g;—“—gﬁ =0 . . (6)
the effect of the operation O upon V is equivalent to the elimination of da, dy, dz,
from (1.) and their differentials (2.), and is expressed by the equation

If the curves have three consecutive points in common, we have, in addition to former
conditions,

oU oU oU., ,o°U,, o°U, , 0o°U,, 0°U 0’0 0*U |
szd?x—l-'*gg/—d?y_{_gg—dlz—{—mdx —I-'agé—dy -+ 72 dz +2 <Wdydz+md2d$+mdxdy> =0,
oV 0?

OV o, V., V., W W 2V
%d .Z'—l-@dy-l—‘d‘z—d Z—I-—de +Wdy —[—"072—de +2<

from which dx, dy, dz, d*z, d%, d*z are to be eliminated by the help of (1.) and
(2.), or (3.). Instead, however, of differentiating (2.), we may differentiate (3.), or,
what is the same thing, (4.); and we shall then have an expression free from d’,
d*y, d*z.

The results of the elimination may, moreover, in this case be grouped into a single
expression. Writing for convenience

U dUDd_p dUD _BUD_5 U2 DD _, .
dy dzT dz dyT Y dz da” dr dzT P dw o dy dy deT ¥ ¢ (9.)

(3.) may be expressed by any two of the equations
DV=0, D,V=0, D,V=0.. . . . . . . . (10
Differentiating these and combining their differentials with the first of (2.), we may form
the quadratic system,
Div =0 DD, V=0 DD/ V=0
D,DV=0 DV =0 DDV=0 ;. . . . . . (11L)
D,D, V=0 D,D,V=0 DiV =0,
all of which are comprised in the one equation
ov=0 . . . . . . . . . .. (12)

And generally, by a similar train of reasoning, the constants of a curve V, having an
m~pointic contact with U, will be determined by the equations

V=0, OV=0, ..0"V=0; . . . . . . . . (13)

V=(a,b,.. k{2, vy, z)" }

—n0V 70V VvV
_a%+b%+ ..lcm{—,

and if

. . (14)

v
s e+ gpedo+ Qo dedy ) =0,

(8)
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then a:b:.. k
- v VAV
da b dk
oV oV oV
O 55— O ..0O5
da db dk (15.)
m-—lav m—lav m— bv !
e s K el & A3

The equations (11.) are, however, not all independent. In the first place, as in (10.)
any one of the three equations is a consequence of the other two, so in (12.) any one
column or row is a consequence of the other two. Secondly, if any pair of binary com-
binations of the Ds, e. g. D,D,V and DZDIV; be developed, they will, with the help of
(10.) or (3.), be found identical. This reduces the system (12.) to three independent
conditions, of which |
DiV=0, DD,V=0, DVv=0 . . . . . . . (16.)
is a type; as it should do. These three equations will suffice to determine the three
independent constants of V, when it is capable of a 3-pointic contact, and no more,
with U.
The actual calculations may be considerably simplified by using, instead of (18.), the
following system,
V=0, DV=0, D*V=0
(where, as before, D stands for any one of the symbols D, D,, D,). Of this system (16.)
is a consequence.
By way of example, we have for the ordinary tangent
V=ax+by+cz=0,
DV=aDz+4Dy4cDz=0,

whence
a:b:c
vy = (17.)
Dz Dy Dz
=yDz—:zDy : 2Dx—2aDz : 2Dy—yDax
_3U, dU 3U. U
—y‘Ty—l—zEz- : -—.Z‘*d:; -
oU 93U »U

The equation of the circle of curvature may be put in the form
hr*+2(ayz+bza+cxy)=0;
to which are to be added,
kD 7*42(aD yz~+8D za+cD 2y)=0,
hD*r*+2(aD*yz+ 0Dz +cDxy)=0,
G 2
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whence
h:a:b:c
7* 2yz 2z 2xy
Dr* 2Dyz 2Dza 2Dxy |. . . . . . . (19.)
D 2D%z 2D%x 2D%y;
also :

oU 93U
Dr? =2<z71?7——y7;>,

=] (5) + (2) (0 - L),

oU oU
Dyz =y g —% &>
Diye= dy dz Tty D D?z—’

Dza =xa—d§/l D*%x=aD %y—’

Dzy = —x%—g Day= -—xD%IZ—I-

Moreover the minors formed from the first two rows of the matrix, and from the
columns below written, have the following values :(—

2 s 20U oU dU
o, 2y =x{—(y —?) g Ty —xz%},
U U U
? oU oU 2 2
oU

22, 2ay=24" ",

oU
2zy, 2yz =2xy" 5 -

29z, 220= 2xz2%g;

whence, finally,
h:a:b:c

oU dU ?U
4a’m dy dz +(

L)LY 2oy
2|
|

Qxyz

(—dg) +(7;> }+(—w2+92—z2)(r:17zH
ou (%2)24- (%%)2}+(_x2—y2+z2)(7_f—1—)§H, L. . (20)
where H is the Hessian of U.
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Proceeding by the same principles, we shall have merely to replace O by D in (15.),
and there will result a system of expressions for the constants of the curve V having an

m~pointic contact with a given curve U.

The following method of reduction may sometimes be used with advantage. ILet
g1, ¢ .. @, % + stand for the powers and products of the variables forming the various
terms of V. Then the coefficients of the curve V having an m-pointic contact with U
will be proportional to the determinants of which the following is a type:

D% D™y .. Dl
Dm—2§ Dm—2ﬂ .. Dm-—2ﬂ’b

3 7 .. .

But this
=__§Dm—2§ Dm—-lﬂ Dm—lg . Dm—-l¢ =_2Dm-—2ED Dm—zn Dm—2g .. Dm-—2¢
Dm—sn Dm——az .. Dm-—3¢ Dm——s’? Dm—-s& .. Dm—3¢
7 - L .. J 7 ¢ .. o]

=(_)22Dm—2§ DE Dm—3’7D Dm—ag .. Dm——sx Dm—s_ﬁbh
Dm—4z .. ])m—4X Dm-——4,¢

g .. X ¥
=(_)22Dm-—2§ 2 Dm—sn D2 Dm-—-az .. Dm—ax Dm-—-2\‘b
Dm—4§ . Dm—4x Dm—4,4/

g x W

=(=)"* 2D"7% 3D"% .. 3Dg D"*| Dy D*Pl (el
x ¥
In the case of the conic of 5-pointic contact this becomes
—3D*%*3D%3D2°D* | 2Dzx 2Day
2 xy

I now proceed to the calculation of the conic of 5-pointic contact. This may be
effected by any of the three methods indicated above, viz. (1) by means of the symbol I,
getting out the factors («x4By+y2z)’; (2) by means of the symbols D; (3) by the
reduced formula (21.). As most of the steps have been calculated by two methods, T
subjoin some of the leading formule and transformations which occur in the process.
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Writing for convenience

_dU d3U U U dU  dU
e A L e A

and putting
V=(abofghXzyz),

the general expressions (13.) become

0= (abefghXayz)",

= (abofgh 0w Y 2yz),

0= (abofyghXnmw)*+(abefgh Y OADOw O Y ay2),

0=3(abefyhY OAD wO»Y A )+ (abefyhy G O°w O ayz),

0=3(abefghY O 10O wOv)*+4(abofgh) O*A O 2w O % Y 2w )+ (abefghY O°A D O %Y xyz2),
whence

a:bic:frg:h=
s(OaP+4Oxr+20 . . 60wOv+4(wO»+H0O%)+y0O%+20% .
SAOA+20% .o 8(pwy+vOp)+yO*+20%
N4z On .o 2p+yOv+420p . - (22.)
N . Yty . .
s ¥ 2 2yz 222 2ay.

The most convenient method for developing these formule is to begin with forming the
15 minors derived from the last two lines; and by means of them, the 20 minors derived
from the last three lines; and so on. It may be noticed that in order to pass to the
corresponding expressions in D, e. g. D,, it is only necessary to make =0, y=0, and to
divide out the «s. This gives
oU oU
r=0, p="- y=—
The results of the calculations are as follow: the third minors, formed from the two
lower lines of (22.), and from the columns the lower constituents of which alone are
written down, will be

U U ,
Y, = —g/z%, 2, ﬁ:wzw%, 2t Y= —xg/a—dg,

2z, ny=2xﬂ%g, 2xy, 2g/z=2y2%g, 2yz, 2zx=2z2§EU‘,

2’ 2yz=2x (y%g—Z%), a?, 2zx=aﬁ% Y TES __xaa_ag,

oU °oU 23U\ , U
¥ 2yp=—y* s o, 2ew=y (zgg-xﬁ> o, 2wy=g"’ad—za
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Similarly, for the second minors,
x*, 2uy, 2oz =a*(n—1)"H,
2xy, y* , 2yz=9(n—1)""H,
20z, 2yz, 2* =2*(n—1)""H,

&, 29z, 200= 2( )BU —za*(n—1)""H,

a*, 2ay, 2y2 =2~ —yx’(n—1)"*H,

oU @E)
20y, y*, 2ew=2 (%)2%—ma2<n—1>-2ﬂ,
22z, gf 2y2 _2BU(B —zy(n—1)"*H,
20U

2y, 292, # =2(%) G —yn—1)"H,

2zx, 22y, @ _Aadg (Zg) —az (n—1)""H,
¥, 2, 2yz= (%—g) R
v, 2, 2= —{(%)23‘1—3+yz2(n—1)"2 H},
ys 2 2ay=—{(%) G tyn—1)"H},
2, &, 2yz= —{ ad—g-l—zzx(%—l)'zﬂ},
2, 2, 2= ‘ %yqf,
2, a*, 2ay= —{ ad_g ’ %g+zx2(n—1)“2ﬂ},
a2, 9, 23/z=—{<%zq 2%}+wy2(n—1)‘”H},
dU\?0dU

2, ?/2 ’ 2z% =_{(% —Jy_""'wzy(n—l)_gH}’

e voam= CD).

@, ¥, = Bdg ad[; adg —ayz(n—1)~H,
2yz, 22z, 20y=—2 %g %E/—I é—g—ng/z(n 1)~°H.
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Similarly, for the first minors,

JU oU oH
at gty 2% 2yz= dx{i’z(a’y dz
2%, 2% 2ea= BU{BU (BU oH

Tody | dy

oU /oU oH

@, 2 2y = dz {d— A Ay T
; dU /U dH
9, 2%, 2z, ny_ in {*@< I de
~20 2y 21
dz \dv "dy
Y%, 2% 2ay, Qyz_._ I {%— <B_Q oH_
9, 2 2, QyZ— {B(]_U oU BH
22, &%, 2ay, sz—*—{d—U B;(/J Bdil
2, o, 2ay, Zyz_ % {B BU BH
_oU,0U oH
T de \dy dz T
v, 2gn, 2er= B0 ROV DM
oU /oU sH
2%, 2, 2amw, 2o0y= dz{ T
- U[foU /U dH
oo 29 22y = 5 (% % —
% 7, 2z, 200 = %{ g(_yU oH
oU/oU dH
—Wy_<h2 Az T
2yz, 2zx, 20y, &° _-2a Z—E(ad bd_H
2yz, 22z, 2zy, y* ._.ZBU %(%— %}1
2yz, 222, 2y, 2 ——2% ad—y@if %Ij

BU oH
dy dxdz

T de dz 3H< dz dyde™

BV 21
dy dx

W)=
BU 5H>
)

_3H(d,z dedy ™
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U 27U dU U
311 (% S M)}

oU 9°U 0oU 9°U
dx dydz)

oU 92U dU 22U
dy dzdx)}’

oU BH) 3H<BU 0*U oU BQU>

dx dz dz dydx"

Tdr dydz

QU aH QU 22U 3U 3%

&y aw )H3H <E dedy ™ dy dzdx)} 1)2’
oU dH SH U 92U 09U 22U

dz dz) (W de® T dx J.z_'d—z)}

_oUoH oU 9%U 0oU »%%2U

T dy a’w) 3H< de dedy™ dy da® >}

oU oH oU 9°U oU 3°U

& )=y e )}

_QU M\ . AURU 3V U

T %)~ oy i)

BU oH oU 22U 93U %°U H?
& —>+3H( dy dode™ dz dxdy>} Ser ey
oU oH oU 2°U_9oU 9°U

Ay ) 8H< dv dy* T dy di Jd.Z‘)}

dU >N’ oU 9°U 9aU »°U

dz dy) 3H< dy df T dz dzdy)}

_dUdH dU U dU U

dz dz) <dz dzdz™ dz dz2>}

_oU bH _SH o0U9%U 93U 3%U

dz (dy dedz™ dz dxdy)

oU dH oU9%*U dUDdU H?
b a’z>+3H &o dyds ™ dz dydz)} 34 019
oUoH oU\?9°U /0U\2d%U
) —m{() = - (%) W)
QURHY o[ DU\*2?U_ 3U\:p*U

dw ( dz ) da® ™ ("d?) 7}9

W)=
oU BH>

oU\?*9°U
dy dz —3H (T)

dyg -
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Proceeding to the calculation of the final expressions for the coefficients @, b, ¢, £, ¢, &

of the conic of ﬁve'-pointed» contact, which is given rather more in detail, we have,

dU du dU _
writing ——=u, &y =0 =W

=a?, o, 2%, 2zx, 20y=D"a*(y’, 2%, 22z, 22y)
+D*(2?, 22z, 22y, 2?)
+D*2?(2zz, 22y, 2°, y?)
2D za(2ay, 2%, o, 2°)
+2D4xy(a:", %, 2, 22)
= —(3(Dw)*+4wDw—yD*w)y (v D H—3HD v )
+(8(Dv J+4v D* ++2D% Jw(wD H—3HD w)
—( aD% Juw(wD,H—3HD,w)
~( +D'w)y (v D,H—3IID,w)
= 8(w(Dv) — (D)) DEH + 4o (D — D) DEL
+ (2D 4%y D*w)DH — a(w*D*D,H+o"DwD, H)
+ SH {3DvDaw(vDw—wDv)+ dow(DoD*w— DuD)
—g,vaDg v—zwaDf"v-l—valvD% +awD,wD%*}
=3(wDv— vaw)D(vw)DH + 4vwD(wDwv —va)DH
—9(wDv—vDw)DvDwH +12vw(DvD*w —DwD*)H
+ D {w*(:DH —ngH)'— SHw(sz —aD,w)}
+D*w{v’(yDH—aD,H)— 8Hu(yDv—2D,v)}
=(n—1)"%*{3D(vw)HDH 4 4vw(DH)*— 9DvDwH *}
~+12vwH(DvD*w—DwD%)
4+ SvwHD*(vDw—wDv)
— SuwH(DvD*w—DwD%),
which, omitting the common factor (n—1)%?,

=3D(vw)HDH+4vw(DH)2+ 9(n—1 )-—%nﬂss;dg-{— duwdH?
0-2),

+9= S ow@H? — 9~ ZowH (ﬁ% +# %grk@ Z—E) ~ SvwHDH.
MDCCCLXII. H
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But
3(n—2)

H H H
8D (vw)HDH+6 = ow@H?— 6 —~= ol (gad_x+ B %y_ +6 %;)
H H H
=3(vDw4wDv) (va—dz —w B_dy >H+6pw (Dwad—;l._l)v%z_) H
oH Tyy— dH
=(3v"Dw+3vwDv— GD%UD’U)H—E-; — (3vwDw+ 3w’ Dv— 6vwDw)H dy

=3Hq;(va—va)%£—I—3Hw(va-@Dw)%yE.

=.-3(n-1)-2x2H2(wad—f+vad—f>.

Hence, excepting the common factor (n—1)~%2? the total expression for f

- s 0°U - oUDdH 93U dH
=0(n—1)"wE T~ Sn— 1) (G G+ d—y)

iy ? (qOH 3 0H | g0HY 3(n—2)
—mv{?)H (D H+m(ﬁ 7 Th 7?7+® _d?) — =1
And comparing this with Mr. CAYLEY’S expressions in arts. 14 and 15 of his memoir
“On the Conic of Five-pointic Contact,” in the Philosophical Transactions for 1859,
pp- 876, 877; and bearing in mind that in his formule we must make A=1, p=0, »=0,
in order to institute a comparison; and lastly, dividing throughout by (n—1)%*9H?,
and multiplying by 2, the expression above written becomes
QU_21 RHRU_JHBV)_, UV
W'—gH(dy & T dy )T dy de’
which is in fact the coefficient of YZ in his general formula, viz.

3 vd g0\ (21 (dH LOH  3H 3V, U , 3V
(XZ,;+Y o+ %) U-—(§ I—{<X%+Y d—y+Z7~z—)+A(X~Jw—+Y 7?7+z-5))

Hﬁ) —-4(DH)2}.

2

oU oU oU
X (X‘%—[—Y d—y—]—z —d?) =0.

The identity of the expressions for f, as deduced by the present method, with that
deduced by Mr. CAYLEY having been thus demonstrated, it is unnecessary to pursue the
calculations further.

The following are the principal subsidiary formule used in the foregoing calculations.

d=ax+fy—+vz
~oU ou oU
Pr—2p=0"", zk—wu=3d—y, Tp—YN=0-1~

oU oU ‘ U
yOr=—20p=00"7-, z0X—20v=00 E rOp—yOA=30 %;

oU oU oU
$D75+yD—a§/~+zDW= .
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Also writing
mpULIN. d P49 =1,

we have
wy—yOp=cll, yOXA—=ADOv=0II, A\Op—pOA=yII;
also '
—II= | 2°U ?°U U U . u
de  dedy dadz dz % | T T (n—1)

0°U 93*U 9°U 23U
dydz  dy* dydz dy B

2°U ?°U U U
dedz  dedy dz° dz 7

oU U 29U
dz dy dz

« B y 0 0

0 0

where H is the Hessian of U. The corresponding reduced form of this expression,
i.e. when =1, 8=0, y=0, is

dU\ 2 _, 00 QU DU _ AUV __ a o
(75) T4 dz T dy dydz+(dy> A2 T T (a—1)?

And by means of these we may deduce the following :—

wDy—v Dw=(n—1)"%*H, wDw —vDu=(n—1)"?ysH, wDy —v Dw=(n—1)"%zH,
uDw—wDu=(n—1)""2yH, uDw—wDu=(n—1)"%*H, uDw—wD,u=(n—1)"%2yH,
vDy—uDv=(n—1)"*azH, v Dy —uDw=(n—1)"%z H, v Dy —uDw =(n—1)"%*H.
Again, .

yD,H—2DH= 3(n-—2) H, :DH—2D,lHI= 3(n—2)d =—H, 2D H—yDH= 3(71,—-2) dz
yDu—2Du=(n—1) (”d?[) R ZDw—xDzw=xD,v—yDv=(n—1)§dl;— th

To which may be added,
OAD v+ OpD v+ 0OvD w=28HA],
OADu+ OpD,w+ OsDw=3Hp,
OADu+ OpDw-+ OvDw=3Hp>,
uDv4vD v+ wD,p=0,

Dru=—(n—1)~*2 (2*H)—3Au-+ 30H,
D"v-—-—-(n—-l)"2 (w’H) —3Av,

Dw= —(n—-l)—’a—z-(w’H)—- 3Aw,
o2
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uD*% +vDDw 4wDD,w =—(n—1)""vzH,
uDw —+vDD,w +wDD2w =-=(n—1)"'waH,
#DDu~+yDDw +:DDw = (n—1)"2ayH,
‘yDv  —2Dpw =aDw—zDw=—(n—1) wvw,
vDDw —wDDju=D{(n—1)"%yzH} —(n—1)""oyH,
DDy —uDDw = D{(n—1)""yzH} —(n—1)"'wzH,
Doy —yDpu =— (a—1)"w,
DvDw=—(n—1)"22*H %% —owdq,
DyD*w—DuD=(n—1)"s*{ Dw 21— Do % —aml,
Dw %1~ Dy %:(n—l)—l{g(n_Z)gli—x<g e +e%)],
whence

Dszw—DwD%:(n—l)—zw%{ (3—(75"_;12) —1) qu— -2 ('ﬁ CALE a—?‘-%—@%f—) }

to which many others might be added.




