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XVIIL On a New Geometry of Space. By J. PLUCKER, of Bonn, For. Memb. R.S.

Received December 22, 1864,—Read February 2, 1865.

I. On Linear Complexes of Right Lines.

1. INFINITE space may be considered either as consisting of points or transversed by
planes. The points, in the first conception, are determined by their coordinates, by «,
¥, z for instance, taken in the ordinary signification; the planes, in the second conception,
are determined in an analogous way by their coordinates, introduced by myself into
analytical geometry, by #, 4, v for instance.

The equation

te+uy+vz41=0
represents, in regarding a, y, #z as variable and 7, », v as constant, a plane by means of
its points. The three constants ¢, u, v are the coordinates of this plane. The same
equation, in regarding 7, u, v as variable, @, 9, z as constant, represents a point by means
of planes passing through it. The three constants are the coordinates of the point.

A point given by its coordinates and a point determined by its equation, or geome-
trically speaking by an infinite number of planes intersecting each other in that point,
are quite different ideas, not to be confounded with one another. That is the case also
with regard to a plane given by its coordinates and a plane represented by its equation,
or considered as containing an infinite number of points. Hence is derived a double
signification of a right line. It may be considered as the geometrical locus of points, or
described by a point moving along it, and accordingly represented by two equations in
x, ¥, 2, each representing a plane containing that line. But it may likewise be con-
sidered as the intersection of an infinite number of planes, or as enveloped by one of
these planes, turning round it like an axis; accordingly it is represented by two equa-
tions in %, u, v, each representing an arbitrary point of the line. The passage from one
of the two conceptions to the other is a discontinuous one *..

2. The geometrical constitution of space, hitherto referred either to points or to planes,
may as well be referred to right lines. According to the double definition of such lines,
there occurs to us a double construction of space.

In the first construction we imagine infinite space to be transversed by lines them-
selves consisting of points. An infinite number of such lines pass in all directions
through any given point; each of these lines may be regarded as described by a moving

# According to this discontinuity, a plane curve represented by ordinary coordinates may have a conjugate
which disappears if the same curve be represented by means of line-coordinates. See ¢ System der analytischen
Geometrie,” n. 330.
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726 DR. PLUCKER ON A NEW GEOMETRY OF SPACE.

point. This constitution of space is admitted when, in optics, we consider luminous
points as sending out in all directions luminous rays, or, in mechanics, forces acting on
points in every direction.

In the second construction infinite space is likewise regarded as transversed by right
lines, but these lines are determined by means of planes passing through them. Every
plane contains an infinite number of right lines having within it every position and
direction, around each of which the plane may turn. We refer to this second concep-
tion when, in optics, we regard, instead of rays, the corresponding fronts of waves and
their consecutive intersections, or when, in mechanics, according to Poinsor’s ingenious
philosophical views, we introduce into its fundamental principles ¢ couples,” as well
entitled to occupy their place as ordinary forces. The instantaneous axes of rotation
are right lines of the second description.

3. In order to constitute a new geometry of space, we may fix the position of a right
line, depending upon four constants, in a different way. We might do it by means of
four given right lines, by determining, for instance, the shortest distance of any new line
from each of the four given ones. But all such conceptions were rejected, and the ordi-
nary system of axes adopted in order to fix the position in space of a right line. Thus
the new researches, indicated by the foregoing remarks, are intimately connected with
the usual methods of analytical geometry. The two fragments presented on this occasion
are only calculated to give an exact idea of the new way of proceeding, and to show its
importance, greater perhaps than it appears at first sight.

4. A right line of the first description, which we shall distinguish by the name of ray,
may be determined by means of two of its projections. We may select the projections
within the planes XZ and YZ, in order to get, without generalizing, the greatest
symmetry obtainable, and give to their equations either the form

r=rze,

y=82+0,}............(1)
or '

te+tv,2=1,

uy—}-vyz:l.}"""""'(?)

In adopting the first system of equations, the four constants 7, s, ¢, o are the coordi-
nates of theray: two of them, r, s, indicating its direction, the remaining two, g, o, after
its direction is determined, giving its position in space. The ray meets the plane XY
in the point

=p, y=c0.

In adopting the second system of equations, we get, in order to determine the same

ray, the four new constants 7, u, v,, v,, which likewise may be regarded as its coordi-

nates; ¢ and u <equal to % and %) indicating the reciprocal values of the intercepts
cut off on OX and OY by the two projections of the ray, v, and v, (equal to <—--r-)
8

and (—%)) the reciprocal values of the two intercepts cut off both on OZ.
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5. A right line of the second deseription, which we shall distinguish by the name of
aris, is determined by any two of its points. 'We may select the intersection of the axis

with the planes X7 and YZ as two such points, and represent them by the system of
equations

at +z,0=1,

yu+z,ﬂ)-—l,"'°""""(3)
or by the following equally symmetrical,

t =pv+=,

u=qu+t=. } ’ (4)

In making use of the first two equations, the four constants a, ¥, 2, 2, are the coordi-
nates of the axis, indicating the position of the two points within the planes XZ, YZ.

In making use of the second system of equations, p, ¢, =, z are the four coordinates
of the axis, this axis being fixed by the intersections of two planes, one of which is the
plane projecting it on XY, and determined by two of the four coordinates,

tma=, u=z=1>
—ﬁf——-xa %—-Z——y’

while the other plane determined by the two remaining ones,
4 Zu
t=pr=—""0, u=gu=—30,
and represented by the cquation

pr+qy+42=0,
passes through the axis and the origin.

6. If we consider the four coordinates of a ray as variable quantities, we may in
attributing to them any given values successively obtain any ray whatever transversing
space. But in admitting that an equation takes place between the four coordinates,
rays are excluded: we say that the remaining rays constitute « complex represented by
the equation.

In admitting two such equations existing simultaneously, those rays the coordinates
of which satisfy both equations constitute a comgruency represented by the system of
equations. A “congruency” contains all congruent rays of two complexes, it may be
regarded as their mutual intersection. If we admit that three equations are simul-
taneously verified by the four coordinates, the corresponding rays constitute a configura-
tion (Strahlengebilde, surface reglée) represented by the system of three equations. A
configuration may be regarded as the mutual intersection of three complexes, i. ¢. as
the geometrical locus of congruent rays belonging to all three complexes. Four com-
plexes or two configurations intersect each other in a limited number of rays. The
number of rays constituting a configuration, a congruency, a complex, and space, are
infinites of first, second, third, and fourth order.

7. If rays are replaced by axes, complexes, congruencies, and configurations of rays
are replaced by complexes, congruencies, and configurations of axes.

o H 2
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8. A configuration of rays or axes, represented by three linear equations, is, according
to the choice of coordinates, either a hyperboloid or a paraboloid. Let the three
equations of a configuration of rays be

Ar 4+Bs 4+C 4Ds +Eo =0,
Ar4+Bs+C +Ds +Ee=0,; . . . . . . . . ()
AIIT+BIIS+CN+DHO.+EHQ=0.

From these equations we derive by elimination six new ones, each containing two
only of the four variables. Let them be

ar+bs =1, . . . . o o 00 00 . (6)
e +de =1, . . . . . . . . . .0 .0 (D
drd+de=1,. . . . . . . . . . .. 0. (8
Ys+do=1, . . . . . . . . . . .. (9
dr+de=1, . . . . . . . . . . . . 0. (10

Ys+de=1.. . . . . . . . . .. ... (11)
In order to represent the configuration, the three primitive equations (5) may be
replaced by any three of the six new ones.
The equation (7) may be written thus,

cx+dy=1, . . . . . . . . . . .. 0 (T8
x and y replacing ¢ and ¢. It represents a right line within XY, intersected by the
rays of the configuration.

The equations (8) and (9) represent within X7, YZ two points enveloped by the
projections of the rays of the configuration; consequently the rays themselves meet two
right lines passing through these points, and being parallel to OY, OZ. From the
equations (8) and (9) if written thus,

1 _d
'c_,:?'y"l"fa
1 ¥
‘—1‘—,=—‘d—,.8+0',

we immediately derive
de=1, dz=d,
dy=1, d'z=0,
representing the two right lines.

Thus by selecting in order to represent the configuration the three equations (7), (8),
(9), and interpreting them geometrically, we have proved that all its rays intersect three
fixed right lines, one of which falls within XY, while the two remaining ones are parallel
to OY and OX. Hence these rays, meeting three right lines parallel to the same plane,
constitute a hyperbolic paraboloid. :

In determining the paraboloid, we may replace any one of the three equations we
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made use of by the equation (6), which indicates that all rays are parallel to a given
plane. This plane, if drawn through the origin, is represented by the equation

ar+by=z,

obtained from (6) by writing ga % instead of 7, s.

It may be sufficient here to state that a configuration of rays, if represented by
three linear equations, in which the coordinates 7, s, ¢, ¢ are replaced by %, u, v,, v,,
becomes a hyperboloid.

9. A configuration of axes represented by three linear equations would be a para-
boloid if the coordinates «, 7, 2, 2, were employed, but becomes a hyperboloid if these
coordinates are replaced by p, ¢, @, z. 'We shall here consider the last case only, and
may for that purpose directly replace the equations (6)-(11) by the following ones:—

ap +bg =1, . . . . . . . . . . . . .. (12)
o e T € 1)
adp+dw=1,. . . . . . . . 000 (14
Vg4+dz=1,. . . . . . . . . . . . . . (19
dpt+dz=1, . . . . . . ..o (16)
Vo+dw=1.. . . . . . . . . . . . .17

Any three of these equations, involving six constants, are sufficient to determine the con-
figuration.
If, after having replaced p, ¢, =, z by

—%, F, 101
x-’ y 2 5? ?’
we regard @, ¥, 2, 2, as variable, (14) and (15) may be written thus,
r=dz40,
y=bz+d,
representing within the planes X7, YZ two right lines (AA’, BB') which are the locus of
points (A, B) where the axes of the configuration meet the two planes.
In regarding = and x as coordinates of a right line, the equation (18), being written
thus,
ct4+du=1,
- represents a given point (E),
r=c, y=d,
enveloped within XY by the projections of axes. Therefore all axes of the configura-
tion intersect a third right line (CC') parallel to OZ and meeting XY in E. ‘
Hence we conclude that the configuration represented by the three linear equations is
a hyperboloid. Its axes meet three given lines, two of which, AA’, BB/, fall within
X7Z, YZ, while the third, CC), is parallel to OZ.
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The plane BOA passing through O and an axis AB is represented by the equation

z+qy+pax=0.

The equation (12) being with regard to p and ¢ of the first degree, indicates that all
such planes, containing the different axes of the configuration, intersect each other along
a given right line DD’ passing through O. Hence all axes meet a fourth right line,
itself confined within the hyperboloid.

The complete determination of the hyperboeloid presents no difficulties. "We may for
instance find its centre and its axes by determining the shortest distance of any two of
the axes generating it.

10. Let a congruency either of rays or axes be represented by two linear equations.
In adding to these equations two new ones, likewise of the first degree, there exists only
one ray or axis the coordinates of which satisfy simultaneously the four linear equations.
Two new equations of this description are obtained if, among the rays or axes of the
congruency, we select those either passing through a given point, or confined within a
given plane. In the case of rays, let (¢, 7/, #) be a given point, then we get

o' =rd+e,
Yy =sd+o
in order to express that all rays meet in that point. TLet
trtuy+vz4+1=0
be the equation of a given plane, then we get
tr4+u's+v=0,
totu'e+1=0
in order to express that the rays lie within that plane. Again, in the case of axes, let
(#, @, v) be a given plane, then we get the new linear equations

te41vz=1, - =pv +a,
or
wae4dz,=1, w=qv'+=,

in order to express that the axis is confined within that plane. Let in regarding 2/, 7/, 7
as constant, ¢, w, v as variable,

2t+yutdv+1=0

represent a given point, then we get

p+y'q+7=0,
dot+yz4+1=0
in order to express tnat the axes pass through that point. Hence
In a congruency represented by the system of two linear equations, there is one single
ray or axis passing through any given point of space, as there is one single ray or axis
confined within a given plane.
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11. In order to represent a congruency of rays, we shall here make use of the coor-
dinates ¢, u, v,, v,. Let
At +Bu +Cv, 4Dy, +1=0,
A't+Bu+Cv,+D'y,+1=0

be its two equations. By successively eliminating each coordinate, we get four equations
of the following form, »

at +bu +cv, +1=0,
ot +0'u +dvy +1=0,
d"t4dv,+dv, +1=0,
V'u4-c"v,+d"v,41=0,

any two of which involving six constants may replace the two primitive equations, the
remaining two being derived from them.

The first two of these equations, if ¢, u, v, and ¢, u, v, be considered as plane coordi-
nates, represent two points (U, V) the coordinates of which are

r=a, y=0, 2=¢, . . . .« .« . . . . (U
r=d, y=0, p=d, . . . . .. .. . (V)

Consequently the six constants upon which the congruency depends; if referred to the
three axes of coordinates OX, OY, OZ, are determined by means of the two points. U
and V. Hence is derived the following construction of rays of the congruency.

Trace through the two points U, V any two planes which intersect each other along a
right line confined in the plane XY, and meeting OX, OY in the points D, F. Let
E, G be the points where the two planes meet OZ. We shall get within the planes
XZ, YZ the projections of a ray of the congruency by drawing DE, FG. The ray (AC)
thereby completely determined will intersect the plane XY in the point C, the coordi-

nates of which are
o1

7=3=0D,  y=2=OF,

If a plane be traced passing simultaneously through both points U, V, both intersec-
tions E, G falling into one point A', the corresponding ray of the congruency A'C’
intersects OZ. If the right line UV be projected on YZ, XZ, the projections meet OZ
in two points A", A". In these points OZ is intersected by the rays of the congruency
parallel to OX, OY. The ray parallel to OZ is obtained by the point C” where it meets

XY. The coordinates of C" are
z=0D',  Y=OF),

D" and F" being the. points where the projection of UV intersects OX and OY.
Thus occurs to us the construction of rays passing through any point of OZ and any
point of XY. We cannot go further into detail here.
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12, Again, let a congruency of awes be represented by the equations
Az+4By 4Cz, +Dz, +1=0,
Alz+By+Cz+D'z,41=0.
By successively eliminating z, and z, we may replace these equations by the following
two,
ar+by +cz, +1=0,
dar+-0y4dz,+1=0,

the six new constants of which are derived from the primitive constants. In regarding
Z, Y, 2, %, as point-coordinates (where z may be written instead of z, and z,), the last
equations represent two planes. The six coordinates of both planes,

t=a, u=20, v=¢,

t=d, u=l, v=d,
are the six constants of the congruency, consequently the congruency is determined by
means of these two planes and the axes of coordinates.

Suppose both planes to be known. Draw any right line meeting them in M and M/,
project M on X7 and M' on YZ. The right line joining the two projections B and A
is an axis of the congruency.

If we project on X7 and YZ any point of the right line JK along which both planes
intersect each other, the right line joining both projections, B/, A’ is an axis parallel to
XY. All axes obtained in that way meet, within X7 and YZ, both projections of JK.
Hence the axes of the congruency parallel to XY constitute a paraboloid. The ray
within XY is obtained by projecting the point where the traces of both planes meet on
OX and OY and joining both projections, B" and A", by a right line, &ec.

13. After these preliminary discussions we shall now proceed in a more systematic
way, and henceforth exclusively make use of the coordinates 7, s, ¢, s. 'When a complex
of rays is represented by the linear equation

Ar4+Bs+Do+Ee+1=0, . . . . . .0 (D
we may easily prove that the infinite number of rays passing through a given point of
space are confined within the same plane, and, conversely, that the infinite number of
rays confined within a given plane meet within the same point.

In order to select among the rays of the complex those passing through a given point
(@, 9, #'), the following two equations,

Z=rsd +e )
N (2)
are to be added to the equation of the complex. By eliminating ¢ and & we get
(A—E)r+(B—DZ)s+(14+E/+Dy)=0. . . . . . . (8)

This equation being of the first degree with regard to the remaining variables 7 and s,
shows that all corresponding rays are parallel to a given plane, and therefore confined
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within the plane of that direction and passing through the point (#/,%',2'). By replacing
z—a

z=2"

. . — , . 3
in the last equation 7 and s by and Z__Z,, we obtain, in order to represent that

plane, the following equation,
(A=E)z—2)+(B—=D2)y—y)+(1+Es'+Dy)(2—2)=0. . . . (4)

14. Again, this equation being, with regard to (2, 4/, 2'), of the first degree, proves
that, conversely, all rays confined within a given plane meet in the same point of that
plane.

156. A complex the rays of which are distributed through infinite space in such a
way that in each point there meet an infinite number of rays constituting a plane, and,
conversely, that each plane contains an infinite number of rays meeting in the same
point, may be called a linear complex of rays. We may say, too, that, with regard to the
complex, points and planes of the infinite space correspond to each other; each plane
containing all rays which meet in the point placed within it, and each point being tra-
versed by all rays which are confined within the plane passing through it.

16. A linear complex of rays is represented by the linear equation (1), but it is easily
seen that this equation is not the general equation of a linear complex. The following
considerations lead us to generalize the preceding developments and to render them by
generalizing more symmetrical.

Hitherto we determined a ray by its two projections within XZ, YZ,

r=r2-4g,

y=8z--o0,

whence its third projection within XY is derived,
ry—sx=re—sg. . . . . . . . . . . (b

This equation furnishes the new term (ro—se), which, like ¢ and ¢, depend upon r and s
as well as upon &’ and #' in a linear way.
Again, from the equations
tr+us+4ov =0,
tetuo +w=0,

expressing that the ray (», s, g, ¢) falls within the plane (?, », v, w) represented by the

equation
te+uytve-fw=0%,
we deduce
w )
S8—zo=(ro—sg). . . . . . . . . . (6)
* Henceforth we shall make use of four plane-coordinates ¢, u, v, w, and accordingly represent a point by a
homogeneous equation. Sometimes, where symmetry and brevity require it, likewise #, y, z shall be replaced
by £/6, n/0, £/6. Accordingly, by introducing the four point-coordinates &, », §, 6, a plane is represented by
a homogeneous equation.
MDCCCLXV. b1
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17. After introducing a new term containing (se—#0), the equation of the complex

may be Witten thus, - Bt O Dot Bet Flsgmra)=0. . . . . . . (T)
When, after (re—sg) is eliminated by means of the equation
ry — st =ro—sg,
we proceed as we did in the former case [14], the fbllowing equation is obtained in order
to represent the plane corresponding to the given point (2, ¢, 2'),
(A—=Fy —E)(&—2a')+(B+F+'—D2)y—y )+ (C+Ea'+ Dy )(2—2)=0. . (8)
This equation may be expanded thus,
(A—Fy' —EZ)o+(B+Fo'—D2 )y+(C+Ed + Dy )o=Aa'+By'+C2, . . (9)
and reduced also to the following symmetrical form,
A(x—a")+B(y—y)+C(z—2)+D(y2—2y)+E(a/s—22)+F(dy —yx)=0. (10)
18. We may directly prove that all rays confined within a given plane meet in the
same point. The equation of this plane being
tetuy+ve+w'=0, . . . . . . . . . (11)

we get, in order to express that a ray falls within that plane, the following three equa-
tions, '

tr+u's4v =0,

te+uo+uw'=0,

w's—v'o— (ro—sg)t'=0,
each of which results from the other two. Between these equations and the equation
of the complex (ro—sg),  and ¢ may be eliminated. The resulting equation,

(Bt — Aw'—Fuw')s+(Di —Fu/ +Fv')o +Ct —Av—Ew'=0, . . . (12)

being linear with regard to the two remaining variables s and ¢, represents a right line
parallel to OX and intersecting YZ in a point, the coordinates of which are

Bl —Ad—Fu'
= DI —Ed =T’

}

. Gl —Ad —Eof I
I =—Di—Ed 5T "

(13)

/

Hence all rays of the complex supposed to fall within the plane (11) intersect that right
line, and consequently meet in the same point. Two coordinates of that point are given
by the last equations, the third,

Cuw — By —Du'!
A e Y W
'z—Dt' Tl Fv”} e e e e e e e e (14)

is obtained by introducing the values of #' and # into the equation of the plane.
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V/e may represent the point corresponding to the given plane (¢, «/, ¢/, @) by its
equation,

{Cw' —Bv' —Dw' )¢ — (Ct' — Av — Ew'Yu—+(Bt' — A/ — Fw’)_v + (Dt —Euw'+Fv')yw=0, (15)
which may be written thus,
A(Vu—u'v)+B(tv—2t)+ C(w't —t'u)+D(t'w—w't)+E(w'nv—vw'w)+F(vw—w'v)=0. (16)

19. Tt is easily seen that both equations (12) and (16) are the most general ones,
indicating the supposed correspondence between point and plane. Therefore (10) is
the most general equation of a linear comples.

20. According to the fundamental relation which characterizes a linear complex, the
plane corresponding to a given point is determined by means of any two rays passing
through that point, as the point corresponding to a given plane is determined by any
two rays confined within that plane.

Suppose P and P’ to be any two points of space, and p and p' the two corresponding
planes. Let I be the right line joining both points, II the right line along which both
planes intersect each other. Draw through I any plane intersecting'II in Q, join
Q to P and P' by two right lines QP, QP'. These right lines, both passing through
points (P, P') and falling within planes (p, p') which pass through them, are rays of the
compiex. The plane PQP’, containing both rays and consequently containing I, corre-
sponds to the point Q, whence we conclude that planes passing through any points
Q, Q of IT ‘intersect each other along I. Likewise it may be proved that any plane
drawn through II intersects I in the corresponding point. We shall call I and II fwo
right lines conjugate with regard to the linear complex, or merely conjugate lines. The
relation between two conjugate lines is a reciprocal one; each of them may be regarded
as an axis in space around which a plane turns while the corresponding point describes
the other; each also may be regarded as a ray, described by a moving point, the corre-
sponding plane of which turns around the other.
~ Each right line meeting two conjugate right lines is a ray of the comp

To each right line of space there is a conjugate one.

If a point move along a ray of the complex, the corresponding plane—containing each
ray of the complex which passes through the point, and therefore especially the given
one—turns around the ray.

Each ray of the complex may be regarded as two coincident conJuoate lines.

21. We may also connect the preceding results with the general principle of polar
reciprocity. Indeed the general equation (10), which represents the plane correspond-
ing to a given point, is not altered if a', 3/, 2’ and =, y, z be replaced by one another.
Consequently we may say, in introducing the denominations pole and polar plane
instead of corresponding point and plane, that the polar planes of all points of a given
plane pass through its pole, and conversely, that the poles of all planes passing through
a given point fall within the polar plane of that point. In our particular case a plane,

912



736 DR. PLUCKER ON A NEW GEOMETRY OF SPACE.

containing its own pole, is determined by means of the poles of any two planes passing
through that pole; likewise a point, falling within its polar plane, is determined by
means of the polar planes of any two points of its polar plane. A right line joining
any two points of space is conjugate to the right line, along which the polar planes of
both points intersect each other. If one of two conjugate right lines envelopes within
a given plane a curve, the other describes a conical surface; the vertex of the cone falls
within the plane containing the enveloped curve. Generally if one of the two conju-
gate right lines describes a configuration, the other one likewise describes such a sur-
face. If one of the two surfaces degenerates into a cone, the other degenerates into a
plane curve*,

22. A point of space being given, to construct the plane which contains all rays of the
complex passing through the point. A

Each ray intersecting two conjugate lines is a ray of the complex. Accordingly
the only right line starting from a given point and meeting any two conjugate is a
ray of the complex. We obtain a new ray, starting from the same point, by means
of each new pair of conjugate lines. All such lines constituting the plane corre-
sponding to the given point, two pairs of conjugate lines are sufficient to determine
that plane.

A plane of space being given, to construct the point where meet all rays of the complex
confined within the plane.

Fach right line joining the two points in which two conjugate right lines are inter-
sected by a given plane being a ray of the complex, there will be obtained, within the
given plane, as many rays as there are known pairs of conjugate lines. Any two such
pairs are sufficient in order to determine the point within the plane corresponding to it
where all rays meet.

A plane is intersected by the two lines of each conjugate pair in two points; the right
lines joining two such points are rays of the complex converging all towards the point
which corresponds to the plane. Again, the two planes passing through a point of space
and meeting the two lines of a conjugate pair, intersect each other along a ray of the
complex confined within the plane which corresponds to the point.

23. After this geometrical digression, immediately indicated by analysis, we resume
the analytical way.

By putting in the general equation (9) of the plane correspbnding to a given point

/ -

(.Z‘, ¥, Z)’ 2=0, y,=0’ =0,
we obtain

Az+By+Ce=0, . . . . . . . . . . (A7)

in order to represent the plane corresponding to the origin.

* The peculiar kind of polar reciprocity we meet here was first noticed by M. M6srus in the 10th volume of
¢Crelle’s Journal,” and was afterwards expounded by L.F.Maexvus in his valuable work ¢Sammlung von
Aufgaben und Lehrsiitzen aus der analytischen Geometrie des Raumes,’ pp. 189-145.
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By putting successively

z':oo,
y=o0,
: .z":OO,
the same equation becomes
C+Eax+Dy=0,
B4Fr—Dz=0,1. . . . . . . . . . (18)
A—Fy—Fz=0.

Accordingly these equations represent the planes corresponding to points moved to an
infinite distance along OZ, OY, OX. ,

By combining each of the equations (18) with (17), we get the rays conjugate to the
axes of coordinates OZ, OY, OX, forming a triangle, the angles of which fall within the
three planes of coordinates, XY, XZ, YZ, into the corresponding points.

24. By putti

y putting W= oo,
the equation (15), representing a point corresponding to any given point (#, §' #/), becomes
Dt+Eu—Fv= O,

and then indicates that the point corresponding to the infinitely distant plane of space
falls itself, at an infinite distance, along a direction which may be represented by the
equations

D=E=F ¢ v o oo oo - (19)
while, if rectangular coordinates were supposed,
Dae+4Ey+F2=0

represents the plane perpendicular to it.

We shall call this direction the characteristic direction of the complez. It is invariably
connected with the complex.

25. By putting successively

! —
{ = oo,
-
W= oo,
= oo,

we get, in order to represent within the planes of coordinates YZ, XZ, XY, the points
corresponding to these planes, the following equations:
Cu—Bv—Dw=0,
Ct — Ay —Ew =0, e e e e (20
Bt — Au—Fw =0.
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Accordingiy the coordinates of these points are

C B )
=0, Y=—D=Ys» 2=p=2sn
C A
y:O, x:—Eéxu, Z=E5z“’ Uoow v e e e e (2].)
0 B A
2=\, x:—F_$v, y__F_yv,

whence may ve derived the following relation,

wvytzu_
ZyYv2t

In putting C=—1, the right line conjugate to OZ, if regarded as an axis, may be
determined by its four coordinates [5],

p=A, ¢=B, =»=D, 2=FE.
These coordinates therefore are four of the constants of the complex
Ar+Bs+Dos+Eg+F(sg—s0)=1.

MN conjugate to OZ remains the same whatever may be the value of ¥. If by putting
F equal to zero the last equation becomes a linear one, the complex is completely deter-
mined by MN conjugate to OZ.

26. The ratio of the three constants upon which the characteristic direction of the
linear complex (1) depends, DIE:T
remains the same if the origin be changed or the complex moved parallel to itself. But
if by turning the complex the characteristic direction simultaneously move, that ratio is
altered. One of the three constants F, E, D becomes zero if the characteristic direction
be confined within XY, XZ, YZ; two of them disappear, ¥ and E, F and D; E and D
if that direction fall within OX, OY, OZ. Here the general equation becomes

Ar+Bs+C+Ds =0,
Ar4-Bs+C+Eg =0, % + - + -« - - . . (22)
Ar+Bs+C+-F(sg—re)=0. J
27. The ratio of the three constants
A:B:C
varies if the complex be moved parallel to itself. If the plane corresponding to O pass
through OZ, OY, OX, one of the three constants C, B, A becomes zero; if this plane

be congruent with XY, XZ, YZ, i. e. if O be the point corresponding to XY, XZ, YZ,
two constants A and B, A and C, B and C disappear, and the general equation of the
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complex becomes
Do+Eg+F(sg—r6)+C =0,
Do+Eg+F(sg—rs)+Bs =0, R 1))
Do+ Ee+F(sg—re)+4 Ar=0.

28. In order to represent a linear complex by equations of the utmost simplicity, let
us take any plane XY, X7, YZ perpendicular to the characteristic direction, and draw
through its corresponding point O the axis OZ, OY, OX. The resulting equations will
assume the following forms,

F(se—ro)+4C =0,
Bs +Ee =0, e e e e e e (28
Ar +De=0.

The planes corresponding to all points of a right line having the characteristic
direction are parallel to each other; and conversely the locus of points correspond-
ing to parallel planes is a right line of that direction. Hence we conclude that there
is one fixed line, the points of which correspond to planes which are perpendicular to it.
Consequently, on the supposition of rectangular coordinates, we may in only one way
represent a linear complex by means of equations assuming the form of those above.

29. In order, for instance, to get the first of these equations, which by replacing —-%
by £ may be written thus,
sg—ro=F,
it will be sufficient to direct OZ along the fixed line. As no supposition is made either
with regard to the position of the origin on OZ, or to the direction of OX and OY
within the plane XY which is perpendicular to OZ, this equation will remain abso-
lutely the same if the system of coordinates be moved parallel to itself along OZ, or
turned round it. In other terms,

A linear complex of rays invariably remains the same if' it be moved parallel to itself
along a fixed right line or turned round it.

The fixed right line may be called the awis of rotation, or merely the aais of the
complex.

80. We may give different geometrical interpretations to the last three equations,
involving each a characteristic property of a linear complex of rays.

Any two planes XZ, YZ intersecting each other along OZ being given, rays of space
may be determined either by their projections on both planes, or by the points where
they meet them. In the first case, if a third plane intersecting XZ, YZ along OX,
OY at right angles be drawn, there are two planes LMN, I/M'N/, parallel to each other,
passing through the two projections LN, M'N, and meeting OZ, OY, OX in N and N/,
M and M/, Land I'. In the second supposition, denote the two points of intersec-
tion by U and V, and their projections by U’ and V'. Accordingly U'U, V'V, and U'V'
may be regarded as the projections of UV on the planes X7, YZ, and on OZ. If in the
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first case
LL'. MM/
NN =
in the second
uuL YV,
uv

all rays thus determined constitute the linear complex, represented by

sg—ro=Fk,
the axis of which is OZ.
If £#=0, the linear complex is of a peculiar description, all its rays meet the same
right line, the axis OZ.
31. The results of [29] may be derived in a direct way. Let (2, %/, #) be any point
of space; according to the general equation (10) its corresponding plane with regard to

the complex
P se—re=k . . . ... ... . . (24)

will be represented b
e repre y Yoe—dy=h(z—2). . . . . . . . . . (25)
In putting #/ =0, y'=0, this equation shows that all planes corresponding to points of
the axis of rotation OZ are perpendicular to this axis (in the case of oblique coordinates
parallel to XY).
If the point fall within XY, we get by putting 2'=0,

Ye—a'y=Fks;

consequently the corresponding plane passes through O. In denoting the angle which
it makes with the axis of rotation by 2, we obtain

. k
O TR
whence
yr+a?=Ftan’A. . . . . . . . . . (26)

Hence we conclude,

Right lines parallel to and at an equal distance from the axis of the complex are met
under the same angle by planes corresponding to their points.

32. The following results are immediately derived from (26).

The plane p corresponding to any given point P passes through OP, O being the
projection of P on OZ. Let the plane p and the right line OM perpendicular to it in

O turn round the axis OZ, through an angle g, and denote them after turning by p' and

OM'. The projection of OP on OM' is a constant, and equal to p. So is the perpen-
dicular drawn from P to p'.

Again, % being given we may, by determining 2, construct the plane corresponding to
a given point, and, conversely, by determining OP, construct the point corresponding to
a given plane.
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The following theorem is the geometrical interpretation of the equation (20).

Draw through a point P its corresponding plane p, and the plane XY perpendicular
to the axis of the complex meeting that axis in O. Let R be an arbitrary point of p,
and R its projection on XY. The double area of the triangle POR' divided by R'R is

a constant, and equal to £.
33. In order to generalize, we may start from the equation

Ar+Bs+C+Do+Eg+F(se—re)=0 . (7),

and proceed in the following way. By replacing , g, z by &, 5, {, 3 (see [16], note),
and omitting the accents, we immediately derive from equation (10),

¢t= Cu—Bv—Duw,
7 =—Ct 4+ Av+4Ew, Y .48
{= Bt—Au—TFuw,
3= Di—FEu-+Fo, J

g 7, ¢ 3 indicating any point, and ¢, u, v, w its corresponding plane. From the first
three of these equations results the equation

At+By+0{=—(AD—BE+CF)w,

which, multiplied member by member by the fourth equation,
Di—FEu-+Fo=Y,
and divided by Sw, furnishes the following relation,

(Ax+3y+0z)<D%—Ez%+Ff~&>‘=_(AD—BE+CF). L. (28)

In a similar way we obtain

(CS+E£+Dy) Bi—Au—Fw
S o
_ BY—D¢+Ft —Ci+Au+Ew
= . : o L T ¢242))
_ AS—E{—Ty Cu—Bv—Dw
g | ¢ ’
= ——(AD—BE+CF).

34. In starting again from the equation (26),
sg—ro=LFk,

and in supposing that there is a right line determined by means of the coordinates of
.any two of its points (2, 7/, ') and (2", 9", 2") according to [81], its conjugate line will
be represented by the system of equations,

Yo —a'y=~k(z—2'),
:l/".%'—.%’"y:]ﬁ(z-—z"),
MDCCCLXY. 5K
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Awhich, after eliminating successively # and &, may be replaced by the following ones:
"y —ay' =k (¢ — & )e—(a"d —a'?")],
2y —aly =~y o~ # —~y ¥}
In denoting the coordinates of the two conjugate lines by
Tos Sos 80> G and 7%, 8%, g, o,

the following relations are immediately obtained :

;e ol et o=y
0= So=  Jr_.0°
2ol — gl M : Yl — 2!
Q=" ° Oo=—"_nm_J
]
Yy —xy
Soo—To00= """, *
1l ",
r'= k’ux'_r w_, 7o = k- uyr 'yr Ti 2
2"y —ay Y —xy
1ol ol ol e — !
0o__ 'Z’L_z._:f_z_ ao__k___?i,z_
¢ = $/y "’ - My wy
Whence
To_S_8__%__ (880"
0 so__go 0'0 k
and

(8001740, )(8%"—1"6°) = F".

Not any two conjugate right lines intersect each other; if congruent they belong to
the complex. S

85. A linear complex depends upon five constants, four of which fix in space the
position of its axis. In the case of the equations (23), this axis falling within an axis
of coordinates, there remains only one constant. The position of the axis of the com-
plex and its remaining constant may be determined by means of the five independent
constants of the general equation (7).

For that purpose we shall make use of the transformation of coordinates. If the
axes of coordinates be changed, the coordinates of a ray change at the same time, and
we get formule analogous to the formule in the case of ordinary coordinates, in order

to express the coordinates of one system by means of the coordinates in the other.

36. Let
r=rz+e,

y=sz+o
be the equations of a ray referred to the system of coordinates (@, g, 2). If referred to
another system (#/, 9/, ), its coordinates will be replaced by new ones (v, ¢, ¢, &), but
their equations retain the same shape,
2 =7"z'+g',
Y= 7.
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If the primitive system of coordinates be only displaced parallel to itself, the coordi-
nates of the new origin being (2, 4, 2°), we obtain
¥=x—2a y=y—1y°, Z=z—2";
and by substituting in the last equations,
x=r'z+(d+a"—1'z),
y=82+4(c'+y°'—52);

whence, by comparison with the primitive equations,

r=r, )
s, |
e=d+a"—r2, i (30)
o=0+y° —s2". |

‘We have further
sp—ro=(s¢ —r'ed)fa's—yr. . . . . . . (81)
If 2"=0, y*=0, and accordingly the origin move along OZ, the expression (se—7v)
remains unaltered [29].

37. If OY and OX turn round OZ, forming in the new position OY’, OX' the angles
o and « with OX, we have

=2’ cos u+y' cos ' =rz4p,
y=a'sin ¢+5 sin o =sz+0;

whence, on putting (¢ —«)=¥,

i I ! LS SR i
2= rsina scomzz,_l_ gsing’ o-smu’
sin Y sin &
y rsine—scosa , gsina—o sina
- sin & % sin

We immediately derive from these equations of the ray in the new system (#/, ¢/, #),

7 sin y=7 sin &' — s cos o, )

I eim soo) !
¢ sin y=psin &' — o cos
N 1A

—$ sin.y=7sin & — s cOS e,

—o sin y=psine —ocosa,

whence
r=1 cos a4 cos«,)
=o' cos o 2
¢ gcT) o+ c.osoc (32)
s=1' sin ¢+-¢ sin o,
o=¢ sin a+¢' sin &, |
and
(sg—ro)=(d¢—7rd)sin®. . . . . . . . . . (38)

5k2
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If especially S:g-, the last four equations become

r=7 cos g—¢ sin o, |

e=¢' cosx—d’sin «,
) e 13
s=7sin a45 cos e, J

o=¢'sin 44 cos ,
and the expression
Se—70

will not be altered by the transformation of coordinates [29].

38. Again, let OX and OZ turn round OY; let ¢ and « be the angles formed by
these axes in their new position, OX' and OZ/, with OZ, and ¢ —x=3. In the new
system of coordinates the primitive equations of the ray become

(7 sin e+a' sin ') =(2' cos w42’ cos & Jr-e,

y'=(2' cos a2’ cos &' )s+a.

From the first of these equations we derive

Z/(sin &/ —r cos &)= —2/(sin e —1r cos &) +¢,
whence

Sin & —7 €oS & ‘
ey N 153
sin o —r cos a

d= & ... (36)

sin &' —7 cos &/
After replacing in the second equation of this number 2’ by (+'z'4¢'), we obtain
9 =(cos a7 cos a')sz' (o4 s¢ cos ),
whence
s'=(cos &+ cosa')s,

d=c+sd cose';

and by eliminating #' and ¢’ by means of (35) and (36),

-
B N 1))
sin &' —r cos o'
_ ] ‘nal
6,=(o-g ?’o‘)COSa-*—O‘Slnu L. . (38)
sin o —7 cos &/
From (85)—(38) we derive
slg/_ryo/____(sp—ro-)cosa+0'smu; N ).

sin o/ — 7 cos o

from (36) and (37),

!

e O €)'
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- On the supposition of rectangular axes of coordinates, the last equations become

) Sina—rcosa
P == Cosatrsina’
| — e ,
£ cosa-rsina
Y €5 §
§ = s
— T cosatrsina
J =_Ls§"?°') sinu-l—acosa
cosa+rsina
11 gy (se—rc)cosa—cosina 49
! — - s e e e e e
§g—ro COS ot 7 SIn o ( )
!
- 43
T  3:)
s s (43)

In order to pass from the first system of coordinates to the second, 7, s, ¢, ¢ and
7, §, ¢, d are to be replaced by one another, while the sign of « is to be changed. Thus
we get the following formulee :—

sin 47/ cos & )
r = o
cosx—7' sina
!
g fonened gl T 3
cos a—7' sin a ,
g N €2
S = — ! ?
cos a—7' sin a
; = (s'e! —7'e") sin a+¢' cos &
O M
cos a—7' sin a
(dg'—1'¢") cos a—c sin
Sp—ro= T (:23))

cosa—r'sina
89. The general equation of the linear complex
Ar+-Bs+4+C+Do+Ee+F(se—r6)=0. . (7)
becomes, if the origin is moved to any point (2%, 9, 2°) . . . (30),
(A—Fy*—=E2')r+(B+Fa*—D2")s+(C+Ea’+Dz2*) + Do’ + E + F(so—r0) =0.
: 0 0 0
z p=4=7
the primitive equation is not altered. Conse(iuently the complex remains the same if
it be moved parallel to itself along a direction indicated by the last equations. We
obtain in denoting by &, #, {, the angles which this direction makes with OX, OY, OZ,

—_— == —

D B F -

cosf __cosn__cosl »-“(46)

40. TIn order to get OZ congruent with a right line OM of the determined direction
and passing through O, we may in the first instance turn the system of coordinates



746 DR. PLUCKER ON A NEW GEOMETRY OF SPACE.

round OZ in its primitive position through an angle ¢ such that ZX in its new position
contains OM. Accordingly we obtain

CO!
COS = —=—>

whence
1—cos®¢{— cos’£  cos®n K2
cos? £ “cos*£ T D?

tan? o=

By making use of the formule (34), the equation of the complex (7) becomes
(A cos e+ Bsin a)r'— (A sin a— B cos )¢
~+(E cos ¢+ D sin a)¢ — (Esin & — D cos )’ +C+F(s¢' —1'd) =0,
and may be written thus,
A'r+Bs+C+06+F(se—re)=0,. . . . . . . (47)
in omitting the accents of the new coordinates and in putting
E cos e+ D sin 6=0, '

A'=(AD—BE) ¢, B'=(AD+BE>-°°B“’];. C L (9)
J

D'=(D*+F)%%  O=C, F=F.

41. In order to give within ZX to OZ the required direction along OM, the formule

(44) are to be used after having replaced « by . Accordingly the equation (47) is
transposed into the following one,

Al(sin {+7' cos {)—B's' +C(cos {—7' sin Q)
+D ((s’g’-—r’a’) sin {44’ cos 1) +F ((s’g’ —7'd’) cos {—0’ sin Q:O,
and may be written thus,
A'r4-B's+C'4-F'(se—roe)=0, . . . . . . . (48%)
on omitting the accents of the coordinates and putting
D' cos{=F'sin{,
Al=(AF— D)) 2%

¥

B'=—7,

CH=(AIFI+A/DI> _(_:EE . (49)
¥

F'=(D"+F") %ﬁ_g )

42. Finally, the origin may be moved within XY to a point the coordinates of which
are 2° and »°. Accordingly the equation of the complex, on replacing ¢ and ¢ by g+2°
and o-%°, becomes

(A”—-F"jl/o)T—I—(B"—I—F".Z'O)S—l-C"—l—F"(Sg—W‘a‘):O,
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and by putting
Al BII
y“:-FT,ax":—W............(50)
is reduced to
cn
(83“7‘6)2—?7: . . . . . . . . . . . . (51)
43. By successive substitution we obtain |
C"
=T
C'F'+ A'D/
=T DRyTE
2
CF+ (AD—BE)(D*+ E%) 55
- (D2+Ee)eﬁ%§2£‘+p2 ’
and finally, on observing that
2
COS w2=ﬁ‘2]—)ma
the symmetrical expression
AD—BE+CF .
](,'=——‘*mg“. e e e e e e o w e (52)

In order to replace OZ and OX by each other, we may make use of the formule (41)
and (42) on putting e=4=. By means of the last of these formule the equation of the
linear complex (51) is immediately transformed into the following one,

o=kr, . . . . . . " . . . . . . (53
the constant £ being the same as before.
Again, on interchanging OY and OX, we get
e=ks. . . . . . . . .. 00 .. (B4

44, If k become equal to zero the complex is of a peculiar description, all its rays
meet a fixed line. If the complex be represented by the general equation

Ar+Bs+C4Do+Eg+F(sp—15)=0, . . . (7).
this peculiar case is indicated by the following condition,

AD—BE4+CF=0. . . . . . . . . . . (55)

45. By eliminating from the general equation of the complex ¢, ¢ and (sg—r0¢) by
means of the equations
r=rz-+tg,
y=sz-+o0,
8X =1y =8¢ —T0.
we get
(A+Yy—Ez)r+(B+4Fa—Dz)s+(C+Dy-+Ex)=0.
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If there exist a point (2, 7, z) where all rays of the complex meet, this point will be
determined by means of the following three equations,

A—Fy—Ez =0,
B+Fr—Dz=0, N (16)
C+Ex+Dy=0.

These three equations can subsist simultaneously only in the case where (55) is satisfied.

If this condition be satisfied, the locus of points, where all rays of the complex meet,
is a right line, the projections of which are represented by the last equations (56).

46. Such rays as belong to both linear complexes,

Q=Ar +Bs +C +Dos +Ep +F (sg—r0)=0, R
Q=A'r4-B's4-C' + Do+ Ep+ ¥ (sg—r0)=0, |
constitute a linear congruency of rays represented by the system of the two eguatzons In
order to determine the congruency each of the two complexes,

Q=0, Q'=0
may be replaced by any other represented by
Qppld=0, . . . . . . . . . .. (59

where arbitrary values are given to the coefficient .

- In each of the two complexes by means of which the congruency is determined, there
is a plane corresponding to each point of space which contains all rays starting from that
point. Both planes corresponding to the same point intersect each other along a single
ray, belonging to both complexes, 4. ¢. to the congruency. With regard to the congruency
one ray corresponds to a given point of space. 'The planes corresponding to the same
point, in all complexes, represented by (58) meet along a fixed line, the corresponding
ray of the congruency.

Conversely, there is in each of the complexes (58) a point corresponding to a given
plane in which all rays confined within the plane meet. By means of two such com-
plexes we get, within the given plane, two points; the right line joining the two points
is the only ray of the plane common to both complexes, and therefore belonging to the
congruency. We call it the ray of the congruency corresponding to the given plane.

To each point, as well as to each plane, corresponds only one ray. There are not any
two rays of the congruency interseécting one onother, or, in other terms, confined within
the same plane.

47. Suppose that AB is any given right line, and A'B', A"B" its two conjugate with
regard to the complexes Q, Q. Let C be any point of AB. Each ray starting from C,
if confined within the plane A’B'C belongs to Q, if confined within A”B'C to Q. There-
fore the intersection of the two planes A'B'C, A"B'C, i. ¢. the right line starting from C
and meeting both conjugate, is the ray of the congruency which corresponds to the
point C. If C move along AB, all rays of the congruency obtained in that way are the
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rays of one generation of a hyperboloid, while the given right line AB and its two con-
jugate A'B, A"B" are rays of its other generation. In replacing Q and Q by other
complexes arbitrarily taken among the complexes (58), the conjugate will be replaced by
others, all intersected by the rays of the congruency starting from AB. Hence

The right lines conjugate to a given one, with regard to all complexes intersecting one
another along a linear congruency, belong to one generation of a hyperboloid, while the
right lines of its second generation are rays of the congruency meeting the given line.

48. If a point move along a given right line of space, according to the last number,
its corresponding ray generally describes a hyperboloid. We may say that the same
hyperboloid is described by the ray which corresponds to a plane passing through the
given right line and turning round it. If the ray be the same in both cases, the point
where it meets the giverr line AB is a point of the surface, and the plane confining both
AB and the ray, the tangent plane in that point.

49. The hyperboloid generated by a ray of a linear congruency, the corresponding
point of which moves along AB, varies if this line turn round one of its points C. All
the new hyperboloids contain the ray which corresponds to C, but there is no other ray
common to any two of them. If AB describe a plane, by turning round C through an
angle =, there will be one ray of a hyperboloid passing through any point of space. A
linear congruency therefore may be generated by a variable hyperboloid turning round
one of its rays.

In an analogous way, a linear complex may be generated by a revolving variable con-
gruency.

50. While in each of the two complexes Q and ' there is a fixed line—the axis of the
complex around which its rays are symmetrically distributed—there is in a linear con-
gruency a characteristic section parallel to both axes of the complexes, and a characteristic
direction perpendicular to it.

The characteristic section, if conducted through the origin O, may be represented by
the equation
' ax+by+cz=0.

The two right lines starting from O and parallel to the two axes of the complexes are
represented by the double equations,

Z_y_z
DTETF
x Y =z
D=ETT

These lines being confined within the section, we get in order to determine the con-
stants of its equation,
aD +0F 4 cF =0,
aD'+0E +cF'=0,
whence
(DE—ED)b+4(D'F—FD)c=0,
(DE—ED)a—(EF—FE)c=0.
MDCCCLXY. 5 L
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Accordingly the equation of the section becomes
(EF—FE)s—(DF-F¥D)y+(DE—ED)=0, . . . . . (59)
and the double equation of the right line perpendicular to it,

] . ——y __ z
EIF_FIE—DIF_FID_‘D/E_EID' . . . . . . . . (60)

61. By giving to OZ the characteristic direction, the two complexes (57) will be
represented by linear equations of the form
Q=Ar +Bs +C +Ds +E¢ =0,
Q’EA’7'+B'S+C'+D'6‘+E’g:O,}
the origin and the direction of OX and OY; perpendicular to OZ, remaining arbitrary.

Again, OZ may be moved parallel to itself, and accordingly ¢ and s replaced by (¢-+4°)
and (¢+47°), 2° and 9° being the coordinates of the new origin. If especially

C +Dy* +Ea* =0,
CI+DIy0+EI$0=O,

(61)

whence
C'D-D'C

|

~  DE-ED’
0— ]
~ DE-ED
by the mere disappearance of C and C' the equations of the two complexes become
Q=Ar+4Bs+Des+4Eg =O,}

f— Al ! ! ; (62)
Q=Ar4Bs+De4Ee=0.

OZ in its new position is a completely determined right line, which may be called
the awxis of the congruency. It is easily seen that it intersects at right angles the two axes
of rotation of the complexes Q and Q, and consequently the axes of all complexes
represented by (58).

52. The planes corresponding in the two complexes (62) to a given point (¢, 7/, 2')
are represented by

(A —=EZ )o+ (B —=D7 y+(Es' +Dy )o=Aa’ 4By, l
(A'—E2 )+ (B —D'7)y+ (B + Dy )e=A'w +By']

In order to express that both corresponding planes are the same, we obtain the fol-
lowing relations,

(A—FE): (B=D7Z): (Ed +Fy): (A2 +By’)=l

(A'—E7) : (B—=D7): (Ed+Fy): (AW +BY). |

Since both planes pass through the gfven point, any two equations, hence derived, are

sufficient in order to determine the locus of points having, in both complexes, the same

corresponding plane. From any two of the following six equations where the accents
are omitted, the remaining four may be derived:

(63)

(64)
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(DE—ED)2—[(BE—EB)—(AD—DA)r—(AB—BA)=0, . .  (65)

(BD—D'B)y*+[(BE—EB)+ (AD—DA)]ay+(AE—EA)*=0, . . (66)
(AD—D'A)y+(AE—FA)z+(DE—ED)yz=0, . . . . . . . (67)
(BD—D'B)y—(BE—EB)s—(DE—ED)sz=0, . . . . . . . . (68)
(AB—BAYy+AE—FEA)rz—(BE—EB)yz=0,. . . . . . . . (69)
(AB—BA)r—(AD—DA)az+(BD—DB)zz=0% . . . . . . . (70)

53. According to the first two equations (65), (66), the locus in question is a system
of two right lines both intersecting OZ. These lines are confined within two planes
parallel to XY and determined by (65); their direction within these planes is given by
(66). We shall call them the “directrices,” and the characteristic section parallel to
both and equidistant from them, the central plane of the linear congruency. Both
“directrices” intersect at right angles the axis of the congruency, as the axes of all
complexes do. . ’

54. We may distinguish two general classes of linear congruencies; either both direc-
trices are real or both émaginary. In a particular case the two directrices are con-
gruent. Finally, one of the two directrices may pass at an infinite distance.

65. If the directrices are real, and the plane XY be conducted through one of them,
the following condition, , AB—BA=0, . . . . . . . . . . (T)

is derived from (65). In order to determine within XY the direction of that directrix,
we get from (67), by putting 2=0,
(AD—DA)y+(AE—EA)e=0. . . . . . . . (72

There is among the infinite number of complexes containing the congruency, which
are represented by Q4 pQ' =0,

one of a particular description. It is obtained if, starting from (62), we put
A B.

whence .
(AD=D'A)r+(AE=FA)=0. . . . . . . . (78)

All rays of that complex, and therefore all rays of the congruency, meet within XY a
fixed right line, represented by (72), on replacing ¢ and ¢ by # and y. This line there-
fore is the axis of that complex, and one of the two directrices of the congruency. In:
the same way it may be proved that likewise all rays of the congruency meet the other
directrix. Hence ‘

All rays of a congruency meet its two directrices.

* We may observe that any equation which, like those above, is homogeneous with regard to (A'B—B’A),'
A'C—C'A) ... will not be altered if the complexes £ and Q' are replaced by any of the complexes (Q+p€2’).

512



752 DR. PLUCKER ON A NEW GEOMETRY OF SPACE.

Accordingly, both directrices being real and known, we may immediately draw through
any given point the only corresponding ray of the congruency.
56. In that peculiar class of congruencies indicated by the condition

DE-¥D=0, . . . . . . . . . . (79
one of the two directrices passes at an infinite distance. By putting simultaneously
A'B—B'A=0,

we get, in order to represent the only remaining directrix, now confined within XY, the
same equation as before (72). But among the complexes,

Q+pQ'=0,
there is, besides the complex (73), the axis of which is the directrix, another complex,
represented by 1y 1yQ=(A'D—D/A)r+(BD—D'B)s=0,

the rays of which are parallel to a given plane. Its equation may be transformed into

Ar+Bs=0; . . . . . . . . . . (75)
accordingly the equation of the plane becomes
Ar+By=0.

Hence in this peculiar case
All rays of the linear congruency meet the only directriz, and are parallel to a given plane.
57. From the last considerations we conclude that among the complexes intersecting
each other along a linear congruency, and represented by

QypQ=0, . . . . . . . . .. (76

there are in the general case two, of a peculiar description, all the rays of which meet
their axes. These axes, the directrices of the congruency, are two conjugate right lines
with regard to each of the complexes (76).

Generally there is only one ray of the congruency passing through a given point, as
there is only one ray confined within a given plane. But each of the two directrices
may be considered as the locus of points, from which start an infinite number of rays,
constituting a plane which passes through the other directrix. It may be likewise
regarded as enveloped by planes, confining each an infinite number of rays, which con-
verge towards a point of the other directrix.

68. We may represent any two complexes Q, Q' in any position whatever by equa-
tions depending only upon the position of their axes and their constants. Let A be
the shortest distance of the two axes from each other, and & the angle between their
directions.

Suppose that OZ intersects at right angles the axes of both complexes. Let OX be
the axis of the first complex €2, % its constant, OX perpendicular to XZ. The equa-

tion of the complex will be =T



DR. PLUCKER ON A NEW GEOMETRY OF SPACE. 753

If the axis OY be turned round O till, in its.new position OY’, the angle Y'OX
becoming &, the plane ZOY' passes through the axis of the second complex, the last

equation, by putting JsinS
c=d'sin Y,

r=r'-4s'cos Y,
assumes the following form,
o' sin y=kr' 4 ks cos .

The axis of the second complex Q' meets OZ in a point O, O'O being A. O’ may be
regarded as the origin of new coordinates, OY and OZ being replaced by O'Y" con-
gruent with the axis of Q', and by O'X" perpendicular to ZY"; then the second com-
plex Q' will be represented by the equation

g" =klslf’

¢" and §" being the new ray-coordinates and %' the constant of the complex. In order
to make O'X" parallel to OX, it is to be turned round O' till, in its new position O'X",
the angle Y"O'X" becomes 3. Accordingly, by putting -

¢'=¢"sin Y,
§'=9"cos 45",
the equation of the complex is transformed into the following,
¢ sin y=X"" cos S+ E's".
Finally, by displacing the origin O’ into O, ¢" becomes ¢ A", whence
"' sin y=(%'cos S+ A sin )" - E's.

- On omitting the accents, both complexes Q and ', referred to the same axes of
coordinates OZ, OY', OX, the two last of which include an angle 3, are represented

by the following equations,
osiny=kr4-k coé 3.,

. : : (77)
o sin S=(# cos ¥+ A sin O)r4-s. |

59. In order to determine the directrices of the congruency represented by the system
of the last equations (77), the equations (65) and (66) may be transformed by putting
A =F, B=Fcosy, D=—sind, E=0,
A=k cosS4Asind, B=F, D'=0, F=—sind

into those following,

0=(2sin ) —[(A+F)cos ¥+ A sin Y]z sin S (A% sin?y— Ak sin S cos ), . (78)

_(¥\* (K—k)cos¥—Asiny y %
0_(-)— > ()

Z
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! "
On denoting 1e roots of these equations by 2'sin9, 2"sin 9, and (%) , (%) , We obtain

(k k') cos 3+ A sin 8

22"

sin &
4]clc'+[(lc k) cos §— Asm&]2
I )2
(#=2) sin% &
(z>’+ (g)” __(k+H)cosS—Asin
x & . i ’

N\ y\"\2_4kK + [(k— k’)cosS—Asméﬂg
®-0))= -

The roots of both equations are simultaneously either real, or imaginary, or congruent.
In the last case we have

(k—%') cos S —Asin =2/ —FF,

(£)=() =V -+

The central plane of the congruency is represented by

whence

(k—&') cos & — Asm-S‘

g= C e (80
In two peculiar cases this equation becomes
z=% A,
either if
N=%,
or, whatever may be 3, if
k=F.

Hence the axes of any two complexes selected among those intersecting each other
along a given congruency are at equal distances from its central plane if their directions
are perpendicular to each other, or if the constants of both complexes are the same.

60. Without entering into a more detailed discussion of the last results we may
finally treat the inverse problem: a congruency being given by means of its two direc-
trices, to determine the complexes passing through it. ~ On the supposition of rectangular
coordinates, the two directrices may be represented by the following systems of equations,

y—ar=0, 2=,
ytar= 0, 2= —0,

These directrices are the axes of two complexes of a peculiar descnptlon, ranging among
the infinite number of complexes which intersect each other along the congruency.

The two complexes, if moved parallel to themselves till their axes fall within XY, are
represented by the equations

o—ag=0,
o4 ap=0,
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whence, in order to represent them in their primitive position, the following equations
are derived,
o—ag-+0s— dar=0,

o+ ap— 05— bar=0.

By adding the two equations, after having multiplied the second by an undetermined
coefficient w, the following equation results,

(L+p)o— 1 —wlag+(1—p)ls— (14 p)lar=0,
which, on putting

1—p_
1+p«—7\’

becomes :
e—Aag-+Ms—dar=0.. . . . . . . . . (81)

By varying a all complexes intersecting each other along the congruency are repre-
sented by this equation. Their axes are parallel to XY and meet OZ. According to
(19) and (52) we may immediately derive the direction of the axes and their constants.
The following way of proceeding leads us to the same results, giving besides the position
in space of their axes.

By turning OX and OY round OZ through an angle », by means of the formula (34),
in which «is to be replaced by w, the last equation is transformed into the following one,

(cos w-ha sin w)6’ 4+ (sin @ —Aa cos w)g + (A cos w+a sin w)ds' 4 (A sin w — @ cos w)dr' =0,

whence, by putting
tane=xe, . . . . . . . . . . . . (82)
we obtain
(14 tan®w)e’-f- (A tan @ —a)dr' + (A +a tan »)ds' =0.
Finally, by displacing the system of coordinates parallel to itself in such a way that the
origin moves along OZ through 2°, we get

(14 tan® »)o' 4 (A tan w—a)dr' + (A -+ tan »)0s' — (1 4 tan® »)e"s' =0,

whence, by putting

Atatanw '
mgg-é, Coe e e e e e e e (83)

=
there results ‘
Atanw—a :
0= T+ tais o=k, .. . . L .. L. (84)

The values of tana, 2%, and & remain real if both directrices become imaginary. In
this case, XY always remaining the central plane of the congruency and OZ its axis, a,

8, and p are to be replaced by an/ —1, 88/ —1, un/—1. If a be real, we may put

a= tan «,
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20 being the angle between the directions of the two directrices, bisected by XZ.
Accordingly we get
a=BRE . (85)

tan o’

o 1+ tan?e¢  tanw

tanae 1+ tan®w

Sin w cos w
TV sinacos «

b . . . ... (86)

sin 2w
U sin 2a ?

tan? & — tan? w

k=1 tan (1 + tan®w)

sin? & cos? w — sin? w cos?u
: L
Sin o oS o

=/

(87)

— sin (¢4 ) sin (z—w)
- sin & cos &

The expression of 2° shows that the axis within the central plane is directed along
one of the two right lines bisecting, within this plane, the angle between the directions
of the two directrices. These two right lines, having a peculiar relation to the congru-
ency, may be called its second and third axis. The three axes, perpendicular to cach
other, meet in the centre of the congruency.
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