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XIV. On the Sextactic Points of a Plane Curve.
By WiLLiam Sporriswoopg, M. A., F.R.S., &e.

Received June 15,—Read June 15, 1865.

THE beautiful equation given by Professor CAYLEY (Proceedings of the Royal Society,
vol. xiii. p. 553) for determining the sextactic points of a plane curve, and deduced, as
I understand, by the method of his memoir *“On the Conic of Five-pointic Contact ”
(Philosophical Transactions, vol. cxlix. p. 871), led me to inquire how far the formule
of my own memoir “On the Contact of Curves” (Philosophical Transactions, vol. clvii.
p. 41) were applicable to the present problem.

The formule in question are briefly as follows: If U=0 be the equation of the curve,
H=0 that of its Hessian, and V=(a, b, ¢, f, ¢, h)(2, y, 2)>=0 that of the conic of
five-pointic contact ; and if, moreover, «, 8, ¥ being arbitrary constants,

0=(y3,U—p3,U)0,4(«d,U—43,U,+ (83, U—ed,UN,, | =~ =~

then, writing as usual
0,U=u, 0,U=v, 0,U=w; 9,H=p, o, H=g¢, BzH=7‘,‘[

0U=u,, ..09,0,U=v¢,.. 3H=p,, ..0,0.H=yp,..
A=vw,—u"? .. JF=vw'—uy, ..

(2)

vy—wWP=A, we—uy=mp, uB—vae=y,
the values of the ratios @ : & : ¢: f: ¢ : h are determined by the equations

V=0, 0V=0, O*V=0, O0°V=0, OV=0. . . . = . . (3)

Now, if at the point in question the curvature of U be such that a sixth consecutive
point lies on the conic V, the point is called a sextactic point; and the condition for this
will be (in terms of the above formule) O°V=0. From the six equations V=0,
OV=0, .. O0°V=0, the quantities @, , ¢, f, g, b can be linearly eliminated; and the
result will be an equation which, when combined with U=0, will determine the ratios
x:y:#, the coordinates of the sextactic points of U. But the equation so derived con-
tains (beside other extraneous factors) the indeterminate quantities «, 3, v, to the
degree 15, which consequently remain to be eliminated. Instead therefore of pro-
ceeding as above, I eliminate «, (3, ¥ beforehand, in such a way that (W=0 repre-
senting any one of the series V=0, OV =0, .. from which «, 8, y have been already
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eliminated) the equations W=0, OW=0, O0*W =0 are replaced by
9.W_o,W_0o.W_ AW (4)

% v w wH

where = is a numerical factor, and
A=, B, C, F, 6B, 0,0 . . . . . . . . (5

To this preliminary transformation the first section of the paper is devoted *. The
second section contains the actual elimination of the constants of the conic, and the
reduction of the resultant to six forms, £=0, =0, P=0, L'=0, F'=0, H'=0;
of which % and %', /1 and U, $ and §)’ differ respectively only by one and the same
numerical factor, viz. (n—2)°. All these forms, however, contain extraneous factors,
the determination of which is the object of the remainder of the paper. The third
section is devoted to the establishment of some formul@® of reduction, the demonstra-
tions of which are rather too long to be conveniently inserted in what would otherwise
be their more natural place (§ 4). Besides these I have established many others of a
like nature; but the specimens here given will doubtless suffice to suggest the mode of
proof of the rest to any one desirous of pursuing the subject further. In the fourth
section it is shown that all six forms %, .. &, .. are divisible by the Hessian of U, and
that %, ' are also divisible by «°, #, M by +*, and §, )’ by «*, and that the result
of these divisions is a single expression of the degree 12n—27.

§ 1. Preliminary Transformation.

The first two equations of the system (3) are, as is well known, equivalent to the

following, viz.

0.V _93,V_0o.V_
—u—:~%——:—w—=0,. . N . . . . . . . (6)

where ¢ is indeterminate. The third equation, viz. 0V =0, when written in full, is
0=020,V4 0Opo, V4 040, V4+A22V 4 @IV 4702V 42 (uv0,0,V 4-510,0,V +20,0,V).

Now n being the degree of U, we may without difficulty establish the following formule
given by CAvLEY (I. ¢. p. 381):

(n—1)w* = —B2+2Fzy— Ly,
(n—1)0* =—Ca*+2B2z—37,
(n—1w*=—Qy*+2Rys —Ba?,

(n—=1)w=— F*— Bay—Paz+ Ayz
(n—1ywu=— Fyz + Gy*—Byz + Bz,
(n—1)yyw=— Fza—Gzy+H2*+ Cay,
* In a paper recently published in the ¢ Quarterly Journal of Mathematics,” vol. vii. p. 114, I have given a

transformation having the same object in view; but its form is partial and in some sense incomplete, and the
mode of proof less direct and obvious than that given in the text,

e (8

(7)
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whence writing

. DP=(a, b, ¢, f, 9, h)(ee Byy)’s « . . . . o . . . . . (9)
we may derive

(n—1)a* = —3Q +22(QAe+ BB+ Gy) — D,
(n—1)w’* = =B+ 20y(Re+BB+IFr)—y P,
(n—1) =—¥C+22(Gu+Fp+Cy)—2 D,

(n—1 ) = =552 (Mot B + )+ 3y G-+ FB+C) —ped, |
(n— 1) = =56 +a(@-+ FB+Cy) +52(Ae+ B+ By) — zaD,
(n—1)np= =3 +3y(Ae+HB+Gy) +dx(Be+ BB+ Iy) —ayP.
But, as will be found on calculating the expressions,
(n—1)Or=0(A 2 +HBB+Ey)—a,
(n—1)0p=3Re+Bp+Fy)—y®, ¢ . . . . . . . . . (11)
(n—1) 0 =3B+ FB-+Cr)—2,
(n—10 = —¥QA+2(n—1)z0r +2°D,
(n—1)w* =—0B42(n—1)yOp-+1*P,
(n—1»* =—0C+2(n—1)20O» 4 22D,
(n—1)wr = —¥F+(n—1)(y0» +20p)+y2®, |
(n=1p =—8G +(n—1)(z Or 420 ) 422D,
(n—1fap =—¥+(n—1)(@ Ou+y On)+ay®.
Hence, if m be the degree of V,
(n—1){A%02V +u*d2V 4?32V +2(w0,0,V +43,0,V+2u0,0,V)}
==, B, €, F, & H)(., 9,, 3,V+2(n—1)(m—1)(Or3,V+ Owd,V+ 0O,V),
whence, substituting in (7), and bearing in mind that
(n—1)Au4Hv+Gw)=Hoz,
(n—1)Hu+Bv+ Fw)=Hy,: . . . . . . . . (18)
(n—1)Bu+ v+ Cw)=Hz,

(10)

so that

(12)

we have
(n=17 (14+2550) (0.7 + 002, Y+ 02.7) 53, 3, €. 7, 6, 1)@, 3,2V =0.
But |
OA, V4 Owd,V+ 000, V=0uDOr+oOw+wOr)
=2 (@t B0+ G+ (Bu-+Bo+ Fu)3+(But Fo+Cw)y)

Tn—1

4x2
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so that (7) finally takes the forms
\ 2(m—1
@ B, €, &, 6 B)Q. 0, 0.)V—(1+70P)om=0, . . . (1)

or, in the case where V is a conic, and consequently m=2,
n+1

Ao+ B+ Co+2(Ff+Gg+Bh)—4 —6H=0; . . . . . (15)
and in general making z=1+ — (m 1) , (14) takes the form indicated above, viz.
AV —mH=0,
or 16
2.V _2,V_ a,,v AV (16)
u v =wH

§ 2. Elimination of the Constants of the Conic of Five-pointic Contact.

Before proceeding to the application of the formule (16) to the investigation of the
sextactic points, it will be convenient to premise that if s, ¢ be any two homogeneous
functions of 2, ¥, 2, the nature of the operation A is such that

Ast=sAt4tAs+2(Q, B, C, F, &, H)(0.s, 9,5, 0.5)(0.%, 0,8, 0.8), . . (17)
and also that »
AV=3H, Au=p, Av=¢q, Aw=r.. . . . . . . (18)
This being premised, our first object is to establish an equivalent for [1*V =0, divested
of the extraneous quantities «, 3, y. Now, since
8(v0,V—wo,V)=20OV,
d(wd,V—uo,V)=yOV,
o(%0,V—v0,V)=20Y,
and 03=0, it follows that
80( v, V—wo,V)=20V+420%V,
00 (wo,V—ud,V)=pOV+y0O%V,
80(uo,V—v3,V)=»0OV4200°V;
and consequently not only do ¥9,V—wd,V, wd,v—ud,V, u0,V—v0,V vanish with OV,
but, when this is the case, O (szV——'wbyV), .. vanish with [O%V. The same will
obviously be the case if the operation O be continued; so that, in general terms, we
may, by operating upon v0,V—wo,V, .. With the symbol O, 0, 1, 2, .. times, form a
system of equations equivalent to that formed by operating on V with the same symbol

1,2, 3, ..times. And if we represent any of the three quantities v0,V—wd,V, .. by W,
the equations W=0, OW=0, O0°W =0 will be equivalent to the system

0. W ByW 2.W AW

u v w —wH

(19)
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analogous to (16). More generally, if

A =uA—=H),,
A,=v A—=Ho,,
A,=wA—=HJ,,

and if A’ stands for any of the three symbols A,, A,, A,, then the equations V=0,
OV =0 are equivalent to -

1 1 1
, ;b,V:;B_,,V:EBZV 5y
the equations O0°V=0, O°*V=0 are equivalent to
13,AV="3,AV=20,A.

Similarly, if A" stands for any one of the symbols A,, A,, A,, either the same as A’ or
not, then O0*V=0, O0°V=0 are equivalent to

L3 ATAV =13, ATAV =13, ATAY,
w

and so on indefinitely, for O*V=0, O%"V=0. If the series should terminate with
O0%V=0, e. ¢. O°V=0, then the last equivalent would be A"A"A'V=0, where A"
stands, like A", for any one of the symbols A,, A,, A, indifferently. The form W,
however, presents peculiar advantages for the application of the operations A, as will
be more fully seen in the sequel. And it follows from what has been said above that,
if W retain the same signification as before, we may replace the equations W=0,
OW=0 (and consequently the equations O V=0, 0*V=0) by

1 1 1

20:W=20,W=_0,W,
and in.the same way the equations 0*W=0, 0°W=0 (and consequently 0°V=0,
0‘V=0) by . ) )

-ABW=-ABW==-AB3,W,

u 2 w

and so on. I do not, however, propose on the present occasion to pursue the general
theory further. :
Returning to the problem of the sextactic points, and forming the equations in W
(19), we have
1 v 1 ' 1 1
Z0,(vo.V— w0, V)=70,(v0,V—wo,V)=70,(v B,V—wByV)zm——H A(wo,V—wd,V) 1
1 1 1 1 l
;B,(wB,V—uB,,V)zaay(wazv__uB,V):EB,(wB,V_ub,V):;:lﬁA(wB,V—u 0.V) l (20)

1 1 1 1
-0:(w0,V—2v9,V)=-0,(49,V—v09,V)=_,9,(43,V—v0.,V) =z H A(w9,V—v23,V).
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But since W is of the degree n, w,=1+~—" 2n— 1) =3. Also since 9,V, 90,V, 0,V are

linear in 2, y, 2, it follows that Ao, V=0, AB , V=0, Ad,V=0; hence, applying the
formulee (17), (18),

AR V=@ V+2@..F.. )@, v, W)OR,V, 3,5,V, 2:V).

But since

Qu' +Hv,+Gu'=0, Hw'+Bv,+Ev'=H, ®wl+1ﬂ)1+@u,=03

it follows that AR,V =02, V+2H,0.V.
Similarly,

Awd, V=13,V 4+2H3,3,V,
so that (20) become

PV =1,V =" w3,V —1f 3,V +20g —2wh)=1. |

rBzV—szV=%I—{—(v’BzV—-u,BzV+2wa-—2ug)=.. .. .. (21)

PO,V —gd,V="0 w3,V — w3,V +2uh —200 )= ...,
whence, multiplying by p, ¢, 7 respectively, and adding, we have
0= r axV +2 p u a

g w oV q v h N )
r o 9,V row g
Substituting for 3,V=46u, 0,V=4dv, 0,V=0w, (22) becomes
p % 2a—0u, |=0;
qg v 2h—bw e V1))

row 29—
and writing
r—wg=X, wp—uwr=Y, ug—vp=17,
X+ w'Y 4o Z=P
WX 4o, Y+u' Z=Q s 2

o X+ Y+wZ=R,
(23) takes the form
2(aX+hY+9gZ)—P=0;

or finally substituting‘ 2(ax+hy+gz)=0u, and forming similar equations in Q and R,
we have the system
a(vX—aP )+ uY —yP)+g(wZ—2P)=0
h(v X—2Q)+b(v Y —yQ)+9g(vZ—2Q)=0 - e .. (29)
gwX—2R) +f(wY —yR)+c(wZ—zR)=0,
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which may be regarded as the three forms by any one of which O0°V=0 may be
replaced. Before proceeding further, it will be convenient to notice that the quanti-
ties X —aP, .. are capable of being transformed in a manner which will be useful
hereafter, as follows :—
Pr=Xuz+(ww' —w pr+(@'g—w'ruz

=Xu,z +(ww' —ov)(8n—2H — gy —r2) — (Vg —w'r)(vy —wz)

=X (uz+w'y +v'2)+ 3(n—2)H(ww' —ovv')

=(n—1)uX+3(n—2)H(ww' —vv),

—uX+42P=(n—2){uX—3H(w —ww')}
_..uY+yP=(n_2){uY—3H(wul_uv' )} . o . . .. (26)
—uZ +2P=(n—2){uZ —3H(w' —vu,)}.
Returning to (25), and taking any one of the three as W, we shall have for O°V=0,
0‘v=0, O*V=0,
ad (uX —aP)+hd, (wY —yP)+ g0, (uZ—2P)— b =0
a0, (uX —aP)+1d,(wY —yP)+¢0,(wZi—2P)— fw =0
a (uX —aP)+ 1 (uY —yP)+¢0,(wZ—2P)— bw =0
aA(uX —aP)+rAwY —yP)+gA(WZ—2P)—w,d,H=0;

\
[{ . (@7)

and similar groups may be formed from the other two equations of (26). Now as (27)
contain only three out of the six constants a, . . fi . . , and the single indeterminate 4,, they
are sufficient for the elimination in Vlew, and give for the equation whereby the sextactic
points are to be determined, :

9, (uX—2P) O, (uY—yP) 0O, (uZ— zP) w =0,

0, (uX—azP) O (uY—yP) O (uZi—2P) wu C L (28)

19,wX—2aP) d,(uY—yP) O, (uZ—zP) w
A@wX—azP) A@WY—yP) A(wZ—:zP) w=H [

which, in virtue of (26), may also be written in the form
d, (uX—8H)w —ww')} 9,{vY—38H(wu,—w')} 9,{wZ—3H(u'—vu,)} w =0,
9, {uX—3H)w —ww')} 9,{wY—3H(wu,—uv)} o, {wZ—3H(uv —ovu,)} v
. (uX—=3H)w —ww')} . {vY—S8H(wu,—wv)} 9, {uZ—3H(uw'—vu)} w
A{uX—3H)w' —ww')}  A{wY—3H(wu,—w')} A{uZ—3H(w'—wu,)} =H

(29)

with similar expressions in v, Q; w, R. Calling (28) and (29) 3, ' respectively, we
may designate the entire group of six forms, three of the form (28), and three of the
form (29) by '

¥=0, =0, P=0, L'=0, M'=0, =0. . . . . (30)
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And as ¥, ¥/ differ only in respect of a numerical factor, any other factor that can be
predicated of % may be affirmed of ¥/, and vice versd ; and similarly for the other pairs

ﬁ‘, ﬂﬂ'; ﬁ& ﬂ%"-
§ 8. Formule of Reduction.

The degree of the expressions (28) or (29) is 18»n—36; it remains to show that existence
of certain extraneous factors, which when divided out will reduce the degree to 120—27,
and at the same time render the three forms identical. But before entering upon this,
it will be convenient to premise the following formule, the first group of which are easily
verified.

97 —2Y =3(n—2)Hu
2X —aZi =3(n—2)Ho
2Y —yX=3(n—2)Hw

90,7 — 20,Y = (3n—"T)up — (n—1)up + 3(n—2)Hu,
99,2 —20,Y =(8n—"T)ug —(n—1)vp +3(n—2)Hw'

90,7 — 23,Y =(3n—Tyur — (n—1)ywp-+3(n—2)Hv' -
> LJ . . L]
20, X—20,7 =(8n—"T)vp —(n—1)uq + 3(n—2)Hw'

20, X—a9,Z =(3n—"T)vg —(n—1)vg +3(n—2)Ho,
20, X—20,Z =(3n—"T)vr —(n—1)wg-+3(n—2)Hw
29,Y —y0,X=(3n—"T)wp—(n—1)ur +3(n—2)Hv'
29,Y —y0, X =(3n—"T)wg—(n—1)r +3(n—2)Hu'
20.Y —y0 X =(3n—"T)wr — (n—1L)wr 4+ 3(n—2)Hw,. )

And writing
—P,=Xp,+Yr'+Zqg )
—Q=Xr4+Yg,+Zp' + . . . . . . . . .. (32)
—R,=X¢ +Yp'+Zr,

then also

Y0,%—73.Y=—(pP+uP,) 73,X—XdZ=~(gP+vP,) X3,Y—YdX=—(rP+wP,)
Y0,2—70,Y=—(pQ+uQ,) 73,X—X0Z=—(gQ+0Q,) X3,Y—Y3,X=—(rQ+uQ) | (33)
Y0.7—7d.Y = —(pR+uR,) 73X —XdZ=—(qR+vR,) X3,Y—YdX=—(rR+wR,),

Moreover, writing with Professor CAyLEyY,

(g’ %a @a ;fa ®9 59)(3‘,, ay, 62)2H=Q ]
3.05=(Q, B, €, F, &, B)Q., 3,, 2.)p, 0,Q=".., 0.Qs= .. (34)
axQﬁ=(aag) az%) ax@a ax,\‘!f’ a;@, a,%?)(a,, a}/’ 55)2H, ayﬂﬁz .. 3az9§= ’J
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and noticing that

and that

then we have

X2,20+Y2,Qy+70,Qu=Jac. (U, H, Q),

AX = 99,Qy—w0d,Qy
AY =wd,Qy— u0,Q,
AZ = u0,Qy— v0,Qy,

f

(36)

Y AZ —7 AY =u Jac, (U, H, Q) yAZ —2AY =(52—12)Qu

7 AX —XAZ =v Jac. (U, H, Qy) 2zAX—2AZ =(5n—12)Qu

(37)

XAY =Y AX =wJac. (U, H, Qy) 2AY —yAX=(5n—12)Quw.

Again, if 4, ¥, T, F, &, H' be the same quantities with respect to H that
a, B, €, F, 6 §H are with respect to U, 4. e if A=g,r,—p" .. F=¢r"—pyp,..,

and if

o=, ¥, ¢, F', &, H)(u, v, w)
‘If":(g, aﬁa @a «‘V’ ®’ %)(p!' 9 7.)2’

ChY
d3,Y 37
J Y L

—(@&r +3Bq, +Ip pu
+@p+B7 + I v
+(Bp, + I +Cq' ywp
+(@u+ Fw'+ ' Jwu
(&7 +IV +Cr, pu
+(Qu, + R+ &)
+ (B +B'w'+ F )

Similarly,

Jac. (v, Z, X)=u,

MDCCCLXYV.

9, Z=Jac. (u, Y, Z,)=u,

w wg—o,ptug,—vr

|

o p—urtwp,—ug
wp—w'r+wr —up'

,wl

!

v wp—v r+wq —ur

=Hp*— Qpu+(@p, +8r" +6¢' Jpu
+(hp, +Br I Jpo
+(&p, +I +Cq Jpw
+(@u, +H'W + GV )
+B'v, +B'w' +F )uw
+(Eu,+ Fw' +E€ v )uw

w, g—w'p +ur' —up,

!

v g—u ptup' —ovg

4y

(38)

u, g —w'p+ur' —uvp,
w’g%vlp+ugl—v7’
v g—u'ptup'—vf
=Hp'— Qpu+ = THp' + 10,0,

wr —v g4vg —wr'
v —u g+vp' —wg,
w'r —w,q+or,—wp'
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=Hpg =Hpg—Qpv—(A' +Rq,+Ep')up =Hpq-9pv+,%vbm®u+?—izﬂm
—(&¢ +Ip' +E€r vp — (@ +3Bg, +Ip)ug +400, ¥y —$ud, ¥y
+(&' +Fq +Cp' )wp —(6r +Fq.+-Cpyur
—(&' +Fq +Cp' Jur +(@ +%g,+Epup
—#® +Bq + I )ug +@r +3Bg,+Ip")p
+(@u, +H W + GV Juw +(&r' +Fo+Cpywp
+(&p, +Fr +&q' Jor +(@p, +8r’ 4+ &4 )pv
+(p, +Br +F( g + @+ B + )
+ (B, 4+ Bw + Fo ) +(Ep, +F7 +Cq¢)rv
+(E'w+Fw' +CV)pw  4400,8y

Hence

Tac. (u, Y, 7)="0"D e — (Qp—13.0,)u

Jac. (u, Z, X)__4 )Hpg —(Qp—140,0y)v+Luo, ¥y —1ud, ¥,

Jac. (u, X, Y)="""2) Hpr  (Qp— 13,00 )+ 10d, ¥y — 30 ¥,

4(n—2)

Jac. (v, Y, Z)=-—" H qp—(29—%9,0y)u+3u0, ¥V, —vo, ¥y,

Jac. (v, 7, X)="""D Hps —(Qg—10,0,)0 L 39)

Jac. (v, X, ¥ )="222) Hyr —(Qg— 13,00 )1+ 10 g —1d ¥

4n=2)

Jac. (w, Y, 7)=——" Hrp —(Qr—13.0)u + 1ud ¥y — 1wd ¥y

Jac. (w, 7 X)="""2 Hrg — (Qr—12,0,)0+ 103, %, — 3d, ¥,

20=2) ye (0 — 10,000

Jac. (w, X, Y)=

Again,
vJac. (u, Y, Z)4y Jac. (v, Y, Z)+zJac. (w, Y, Z)=(n—1) Jac. (U, Y, Z);
whence, bearing in mind that
20, Wy 450, ¥y +20, ¥, =2(8n—T)¥y,
20,0y+470,04+20,0,=2(n—1)Oy,
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because in the differentiations @, ... @/, .. are supposed constant, it follows that
Jac. (U, Y, Z)="20" 1)‘? H@+{3”:7\p_3(":2) HQ-[—G)}u
Jac. (U, 7, X)="1" - H“g+{3n 8 ) HQ+®} L. (40)
Jac. (U, X, Y)——"——)QfHZ +{3” Ty ( ;’ HQ—I—@}rw.
Again, |
w, 0,Y 90/=wu, vp—urdtwp—uq wg—wptur —op,
w 9,Y 9,2 w wup—wr+w’ —wp' woq—vp-tug—or
v 9.Y 3.Z o wp—vrd+wq —ur, vq—u'ptup'—og
=p*H— @' +Bg, +Ip)up +(G'w+Fw' + & )wu
+(Gp, +F7 +C¢ ywp+(@v, +Rw' +EW' )’
(8] + TV +Crup + @A BV + F )y
+@p, 4B +IF¢)vp
=p2H+§£—___:Izp2H——Qup+(g’, I )(u, v, w)(m, w, v)u.
‘Whence
Jac. (u, Y, Z)_ )Hp —Qup+@, .. F, ..)(u, v, w)(u,, W, v)u
Jac. (u, Z, X)="""D Hpg— Qug+ (@, .. F, . .)(us v, w)(@, v, Wy b (41)

Jac. (u, X, Y)=2222) Hpr—gur+(g' A ), v, W), o W)

A similar process of reduction conducts to the relation

Jac. X, Y, Z)=—(Q, .. I, .. )(p, ¢ V)( P> 7'y )X—=(A, .. I, . ) (w0, w)(uy, W', )X
—@ - T ) @) g P V=@, ) v, W), v, )Y
—@, ... )p . ), s ) L—(A, .. Fs . )(us v, w), ¥, w,)7
=—Jac. (U, H, ¥y)—Jac. (U, H, Q).
Whence also
Jac. (uX,uY,uZ)=u*Jac. (X, Y, Z)+u*{X Jac. (v, Y, Z)+Y Jac. (X, u, Z)+Z Jac. (X, Y, )} l

=—w*Jac. (U, H, ¥y). J
472

(42)
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§ 4.
The resultant equation which, when combined with that of the original curve, will

determine the sextactic points, was exhibited in § 2 under six different, forms, there
designated by

%-—:07 j‘}ﬂ:(), ﬁ:(}, %’:O, ml-‘:o’ ia,:()‘

Now since % and %', i and ', 3} -and F) respectively differ only by the numerical
tactor (n—2)°, we shall, in seeking to discover the extraneous factors, employ either
¥, ..or &, .. as most convenient for the purpose. And in the first place it will be
shown that H is a factor of all these expressions. Putting H=0, %’ becomes

ouX ouY OumZ w =0;)
ouX ouY Ooul w
ouX ouY Oul w
MX MY M7 wH

(43)

also

AuX =pX +udX42Ho, X
AuwY =pY +uAY+2H3,Y - - - . . . . . (44)
AuZ =pZ +uAZ +2HD,7Z; |

so that the above equation, written in full, is

u, X +u0,X w,Y 4ud, Y w2, +ud,7 u
wX 40, X w'Y +uo,Y w7 +ud,Z ‘ v
v X 410, X V'Y 4ud,Y v 74 +-ud, 7 w

p X +uAX42H3,X pY +uAY+2HDY p 7 +ulAZ+2Hd7Z aH.

Although this expression contains terms explicitly multiplied by H, which might on
the present supposition be omitted, it will still perhaps be worth while to develope it
completely. Expanding in the usual way, it becomes

wXu,0,Y0Zu +uwYu0723Xu +uwZudXdYu +udXDdYDdZu
w'0,Y 0,7 v w' 9,7.9,X v w9,X90,Ywv 0,X9,Y3,Z v
v 9,Y 0. Z w v 0,7 9, X w v 0.X0,Yw 0.X0,Y 0,7 w
p AYAZwH  p AZAXwH  p AXAY @I  AX AY AZ <H

+H 4, X+v0, X u,Y4ud,Y wuZ4ud,7Z u
wX~4ud, X wY-+ud,Y wZ4ud,Z
vV X410, X o Y4ud,Y vZI+wd7Z w
20,X 20,Y - 28,7 w,
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In this the coefficient of —p

=100.X Y—-Yd,Z u +3.Y X3,Z2—7Zd3.X u +3,7Z Y3,X—X3,Y u}
3,X Zd,Y-Yd,Z v 3,Y X3Z—7Zd,X v 9,7 Y3 X—X3,Y v
AX WY-YdZ w Y X0Z—ZdX w 3.7 YO,X—Xd.Y w

=L X+PY+,7Z P u +ud X+vd,Y+uwd,Z P, u}=P, P u
PO, X+gd,Y+R,Z Qv 1w, X+0d,Y+wd,Z Q v Q Qv
po.X4+¢0.Y4+r0.Z R w %0 X400, Y+4+wd.Z R, w R, R w.

Now

w u, P=—2= (P, + BQ,+FR)—y(BP, + FQ+CR,)}

v W Q

wv R,

v v, Q
wu R,

1

u v Py=-— {(@P,+%HQ,+6GR,)—z(HP,+BQ,+FR.)}

v Q

ww, R,;
so that multiplying these equations by X, Y, Z respectively, and adding,

w P P, =1 {(AP,+HQ,+GR,)(yZ—=Y)

w R Rl +(®PI+;VQI “I-@RJ(&“Y-WX)}
3(n—2)

=207 B Qu B0+ Gw)P, + (Bu+Bo-+ Fu)Q -+ (Gut Fo+ Cw)R,}

= (3,(31_‘1?2 H (P2 +Qy+Ri2)

3(n—2)(3n— :
. (nflyﬂrﬁﬂz(XﬁYHZf}

Il
o

w w Plz,';l_'_l' {$(®P1+JfQ«1+@R1)—z(gP1+§ng+®Rl)}

L (45)
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Hence the whole expression |
=v*{u, v YO0,4—70,Y 0, X+u, v Z0,X—X03,7Z 90.Y+4u, v X0,Y—Y0,X 9,7}
wov YOZ—-73Y 3 X wwv ZoX-X0Z oY wwv X0,Y-YoX 07
v w YO,Z—73Y 0.X v w 7Z3,X~—X9d,Z09Y ¢ w X9,Y-=Y0,X 3,7
s, H YAZ—ZAY AX . o,H ZAX-XAZ AY . »H XAY-YAX AZ

+4*0,X 0,Y 0,Z u
9,X 9,Y 0,7 w
0.X 0.Y 0.2 w
AX AY AZ w=,H;
or in virtue of (33),
=u{u, v —(pP4uP,) °X+4wu, v —(¢P+vP,) °0Y+w, v —(rP+wP,) 0,7}
w v —(pQ4uQ,) °oX wwv —(¢Q+vQ,) Y w' v —(rQ4+wQ,) 0,2
v w  —(pR4+uR,) 00X ¢ w —(yR4+vR,) 9,Y ¢ w —(rR4+wR,) 2372
w,HuJac.(U,H,Qy) AX . wHoJac.(U,H,Q,)AY . wmHwJac (U, H, Q) AZ
+v*0,X 9,Y 3,Z u
0,X 9,Y 9,Z v
0.X 9Y 0,Z w
AX AY AZ »H

=2ww,H u, P, P4u?Jac. (U, H, Qy)u, v P+u*Jac. (U, H, Qy)u, v P+4*0,X 0,Y 0,Z u

wQQ wo Q wo Q 9,X0d,Y 37w
J R, R J wR JwR XY dZw
AX AY AZ =,IH.
But _ ’ :
u, P, P =Z(ﬁPx’{’%Qﬂ'le)—Y(@Pl‘FJVQI—Hﬂ:R,)
w Q,Q
o R, R
=u@BC FEDN)p ¢r)(P.QR)—p(AB € F & B)(u v w)(P.QR,)
since =u@ABLFED)pg r)(P,Q.R,),
1 | (A3 € F 6 B)u, v, )PQR,)= - H(Po+Qy+R.2)=0,
also
@ABCF6H)(P.QR) = (A.)pgr)(p." ¢)X

+@. Np g7 ¢ p)Y
+@..)p gr)d p )L
= Jac. (U, H, ¥y).
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Hence the whole expression above written

0.X..u
—2u° {%Jac (U, H, W)+ 222 Jac. (U, H, QU)}H+u 3X..
But
3X Y 37 u=—U"TH Jac. (U, H, Q)
3X 3Y dZ v |
0.X 0,Y 0, Z w
AX AY AZ
and
3X Y 3Z =-— Jac. (U, H, ¥g)— Jac. (U, H, Op).
3X Y 37
3.X Y dZ
Hence, finally, the whole expression
—-uBH{wzJac (U, H, “FU)—I-( »—2) ‘Z,f’_‘_‘;)zf)HJac. (U, H, Q)—a, Jac. (U, H, ®U)}l
(46)

__usH{w'z(Jac (U, H, ¥y)— Jac. (U, H, @U)) S H Jac. (U, H, QU)}, J

which is therefore divisible by Hu®. Consequently H is a factor of all the expressions
%L,.. % .., which was to be proved.
Although not absolutely necessary to our argument, it is pelhaps worth while to show,

as may readily be done, that % is divisible by #. Omitting the terms explicitly multi-
plied by » in the first three columns, the equation becomes

u,X—0,.2P w, Y —0,4P u,Zi—0,2P w =0. ‘l
wX—0,4P w'Y—0yP fw’Z——Bszv v } (47)
o X—0,2P v Y—0.9P V' 7—29,2P w

p X—AgP+2H,X pY—AgP+2MY p Z—AP4+2MDZ wH |

In this the coefficient of =,H,
P=(Yz—Zy) | wd,P V3,P | +P(Xy—Yu)
W3, P u,d,P }
+ P, X 4-w'Y +-0'Z)— P*(2d,P4-4d,P 4 20,.P)—P",

+P(Za—Xa2) 0 d,P

w'o,P

which, writing K 5
=u u, o,P

v w 9P
; w v o,P
= —(n—2)(3HK+5P?)P. :
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Similarly, it will be found that the coefficients of
(pX— ArP+2H0,X)
(pY — AyP+2H,Y)
(pZ — AzP+2Ho,Z)
e —(n—2)(3HK+5P%)u,
—(n—2)(8HK+56P%),
—(n—2)(SHK45P%)w
respectively ; and consequently the whole expression
=—(n—2)(3HK+56P*){( pX — AzP+2Hd, X )u
+(pY —AyP+2H?,Y)v
+(pZ — AzP+-2HO,Z )w +»,HP}
=—(n—2)(3SHK+5P*){ —2HP—2(4. .)(u, v, w)(9,P, 3,P, 3,P) +=,HP}
=_(n_2)(3HK+5P2){ _106=2) —|—w2}HP |

10(n—2)

But »,=1+-— =7, so that the above expression

=(n—2)(3HK +P*)HP.
Now
—(n—=2)BHK4+P)=u v w 2aU
w, w v (n—1)(u—uw)
p ¢ r 3n—2H
o,PoP o, 5n—2)P
=u u w au  +yv  Hzw
v, w YV oz 4yw 2w —(n—1)ul . (48)
p g r rp +yg +er
o,P o,P o.P xBP+g/BP+zBP
=—(mn—1)u v p o,P
v ¢ oP
w r 9,P;

so that the whole expression is divisible by . Similarly, it might be shown that M,
or M’ is divisible by v, and N or N’ by w.

It follows from what has gone before that %, $H, 3, L', M, §' are all divisible by
H, that &, ' are divisible by u, #, ' by v, , ' by w, and consequently dividing
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out those factors, the three expressions ¥, #H, ) are of the form
Auw?+Bu+4C,=0,
A 4+Bp+C=0,2. . . . . . . . . . . (49
Aw*+Bw+C,=0,
in which the coefficients of u? v°, w® are the same, viz. the expressions given in (46).
From these equations it follows that

Bu+C,__Bw+C,__ Bw+0Cy
w - wr

(50)

But as #, v, w do not in general vanish simultaneously, these relations can hold good
only in virtue of B, being divisible by u, and C, by w*; B, by, and C, by +*; B, by w and
C, by w®. Whence, finally, ¥ is divisible by Hu?, #1 by He*, ) by Hw®; and <he
degree of the equation is reduced to

(18n—386)—3(n—2)—3(n—1)=12n—2T7.

Also, since the ratios (Bu+C,):u? (Bp+GC,): v’ (Baw+C,):w* are in virtue of (50)
equal (say =B), it follows that %, M, N, L', M, ' all lead to the same result,
viz. A4B=0, which it was our object to prove,

MDCCCLXY. 4z



