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XV, Obfervations on the Limits of Algebraical Equa-
tions s and a general Demonfiration of Des Cartes’s Rule
for finding their Number of affirmative and negative
Roots. By the Rev. Ifaac Milner, M. 4. Felow of
Queen’s College, Cambridge. Communicated by An-
thony Shepherd, D. D. F. R. S. and Plumian Profeffor

a¢ Cambridge.

Read February 26, 1777,

§ 1. HE inveftigations of the limits of equations is
confidered as one of the moft important pro-
blems in algebra. The knowledge of them not only
enables us to demonftrate many uféful theorems in that
{cience, but is alfo of material fervice in difcovering the
roots themfelves. Mr. MACLAURIN has treated this fub-
ject very fully, both in his Algebra and in the Philo-
{fophical Tranfactions.
The fubftance of what he has delivered may be briebﬂyr
exprefled in the two following propofitions.
1ft. That any equation x"—px"—1i+gx*2—&c.=0

being propofed, if you take the fluxion of this equation,
and
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and divide it by #, the refulting equation will have all its
yoots limits of the roots of the given equation.

adly, If the terms of the propofed equation be multi-
plied into the terms of any arithmetical feries, the re-
{ulting equation will alfo have its roots limits of the roots
of the original equation.

§ 2. This fecond propofition, though admitted by all
the eminent authors whom I have had an opportunity of
confulting, certainly requires fome reftrictions. For
example, the roots of the quadratic equation x*—2x—3=0
are 3, &c. —1 ; multiply the terms of this equation into
the terms of the arithmetical progreffion 1, 2, 3, refpec-
tively, and therefulting equationis 1 x ¥*— 2 x 2x—3 x 3=0,
the roots of which are 2:\/}_3, neither of which are be-
tween the roots of the given quadratic.

. Again, fuppofe the roots of the cubic equation
X3—px*+qx—r=0 to be a, b, —c, and it is poflible that the

equation /+3mxx3~/+2 mxpx’+74_—;z-x gx—-Ilr=o0 may
have no root between the quantities  and —¢; and in
general, if the roots of the equation (a) ¥"—px"—" +qx"—%,
&c. =0 be fuppofed 4, &, ¢, —d, ¢, —f, &c. where a is the
greateft root, & the next, and fo on in order, the equation

B)+nmx x"~Il+n— 1. mpx"t +l+n—2.mqx"? &c. =0
will not neceflarily have any of its roots between the

roots ¢ and —d of the original equation.
Cccz2 § 3.
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§ 3. It will not be difficult to fee the reafon of this, if
we examine the demonftration, which is ufually givea
us of this fecond propofition.

The roots of the biquadratic equation x*—Ax3+Bx*~
cx+Dp=o are fuppofed to be g, 4, ¢, d, and the refults
which arife by fucceffively fubftituting them for x
in 4x3-3Ax*+2Bx~c are {fuppofed to be —r, +s,
-T, +Z. From which MAcCLAURIN concludes, that
when abcd are fubftituted for x in the quantity
l+4m><x4——-mx AX*+/+ 2omBx*—/+mcx + /D, the
quantities that refult will become —mRrx, +7sx, —mTx,
+mZx, where, {ays he, the {igns being alternately nega~
tive and pofitive, it follows, that 4, 4, ¢, d, muft be limits

of the equation /+ 4mx x*~Ix 3m A x*+ &c. = o.

Here it is taken for granted, that the quantities —»#z R,
IS Xy —MET Xy +IMZ X, ATE alternater negative and po-
fitive, which is not true, unlefs the roots a, by ¢, dy be
either all pofitive or all negative.

For fuppofe a, &, c, to be pofitive "/ quantities, and d a

(a) Philofophical Tranfa&tions, voli XXXVI, Mr. MacLAURIN, whois
here very diffufe upon this fubje&, never mentions any exception of this fort,
In his Algebra, art. 44. part 2. he fays, he fhall only treat of fuch equations
as have their roots pofitive; but it may be obferved, that his reafoning from
art. 45. to 50. holds in all equations, the roots of which are real. The theorem
in p. 182. of that treatife is not general, though applied in the eleventh chapter
to the demenfiration of NEwTON’s rule for finding impoffible roots in all
equations.
negative
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negative one; and then the four refults will be —~#ra,
+msby —mTCy —m2d.

§ 4. In general, the roots of the equation

—

AX"T—p—1 . pX""2+n—2 . gx"3, are always between
the roots of the equation (a) becaufe the roots
of this laft equation fubftituted fucceflively for » in

nx"'—n—1 . px"—* + &c. always give the refulting
quantities alternately negative and pofitive; but when
the leaft of the affirmative roots, and the greateft of the
negative roots of the equation (a) are {ubftitutedin (8) the:
quantities that refult will neceffarily have the fame fign,
and therefore it is poffible, that no root of the equation
(B) may lie between the leaflt of the affirmative and the
greateft of the negative roots of the equation (a).

§ 5. Itis poflible even, that the equation (B) may have
imaginary roots, at the fame time that all the roots of
the equation A are real, which is contrary to what all al-

- gebraical writers have thoﬁght. For inftance, the roots
of the equation ¥*+6x—7=0 are 7 and —1, and if the
terms of this equation be multiplied by 1, —1, 3 (an
arithmetical feries where the common difference of
the terms is equal to 2) the refulting equation will be
x*—6x+ 21, the roots of which are evidently impoflible.
~ §6.However, theequation() can never havemore than
two imaginary roots, when the roots of the equation (a)

7 are
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are real.  For fuppofe thefe laft roots to be +a, +4, +¢,
+d, —e, —f, &c. in their order from the greateft to the
leaft, and fince the refults which arife from the fucceffive
fubftitution of thefe quantities are always alternately
negative and pofitive, that cafe only excepted where dand
—e are fubftituted, it is manifeft, that we thall always
have z—2 of the roots of the equation (8) which will be
limits of the equation (a).

§ 7. It is remarkable, that whenever the equation A
has all its terms complete, its roots real, and fome of them
pofitive, and others negative, if /+zm be afflumed equal
to o, the equation B will always have one of its roots
either greater than the greateft affirmative root, or lefs
than the leaft negative root of the equation (a). Thus,
in the quadratic x*+6x~7=0, afflume any arithmetical
progreflion o, 1, 2, the firft term of which is equal to
nothing, and the equation B in this cafe is 6x—14=0 and

x:%”, which is greater than 1, the greateft affirmative

root of the affumed equation.

§ 8. The roots of the equation (a) being fill fuppofed
@, b, ¢, d, —e, ~f, &c. let m be taken equal to unity, and
Zany pofitive integer whatfoever, and in that cafe, two of
the roots of the equation B will lie between the roots
dand —e¢, and one of them will be pofitive, and the other

negative.
For
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For example, the quadratic equation x*+ 6 x—%7=0 has
its roots 1 and —7; and if the terms of this equation be
multiplied into 3, 2, 15 4, 3, 2; or 5, 4, 3, fucceffively,

- the refulting quadratic in every cafe will have its two
roots between the roots of the given equation, and one of
them will be pofitive, and the other negative.

§ 9. The equation B, which in the laft article was de-
duced from the equation A by taking 2 equal to 1, and
/ any pofitive integer, may itfelf be treated in the fame
way, and the refulting equation will, & fortiori, have two
of its roots between the roots d and —e of the original
equation, and one of them will be pofitive,and the other
negative. :

§ 10. Let x*—px+g=0 reprefent any quadratic equa-
tion, the real roots of which are & and 8; fuppofe x= }*
and we fhall have 1-py+gy°=0, the roots of which equa-

tion are ;, ~ Let the root of the equ:mon 2 qy—p=0
be equal to —, and-- will always lie between the quan-

tities —, 6 ’ and therefore one would think at firft fight

that the, quantity A muft always lic between « and g.
But this would be contrary to what is proved in art, 7.
In the prefent cafe a can never lie between « and ¢, nn-

lefs thefe two quantities have the fame fign, and it is
obvious,
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obvious, that the fame reafoning holds in equations of
higher dimenfions.

Thefe obfervations, as far as I know, are intirely new.
The fundamental propofition (§ 4.) was, in the year
177 5, communicated to Dr. WARING, Lucafian profeffor
of mathematics in this univerfity, and by him inferted
among the additions to his Meditationes Alpebraice'”.

§ 1. M. EULER, at the conclufion of his 13th chap.
Calcul. Different. has given a demonfiration of DES
cARrTES’s rule for finding the number of affirmative and
of negative roots in any equation, the roots of which are
real. From what I have already faid, his reafonings will
appear inconclufive, though I freely own, that what he
has done fuggefted the following different method.

Suppofe (D) L+mx+nx*+Px% ... +x"=0, and the
roots of the equation (£) m+2nx .. .... +2x"1=0 will
be limits of the roots of the equation (p); and therefore
there muft be at leaft as many pofitive roots in the
-equation (D) as there ore in the equation (). The fame
may be faid of the negative roots: for fince every
root of the equation (1) lies between the different
roots of the equation (D), it is impoilible that the num-
ber of roots fhould be lefs in either cafe. Suppofe
L and M to be both pofitive, and fince the laft term in

(¢) See the end of Proprictates Cury,
any
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any equation is always the product of all the roots with
their figns changed, the number of pofitive roots in each
of the equations (p) and (&) muft be even: therefore, the
number of pofitive roots in (p) cannot exceed the number
of thofe in (&) by unity; but there is in (p) one root more
than in (&), and confequently it muft be negative.

If both the terms L and 72x are negiltive, becaufe then
the number of pofitive roots in (&) and (p) are even, it
follows in the fame way, that there is one negative root
more in (p) than there is in ().

And laftly, if the terms L and zx have different figns,
for the {fame reafons there muft be one pofitive root more
in the equation (D) than there is in ().

DES CARTES’ rule is, that there are as many pofitive
roots in any equation as there are changes in the figns of
the terms from + to —, or from — to +, and that the re-
maining roots are negative. From what has been de-
montftrated it appears, that if this rule be true in the
equation (E),it muft hold alfo in the next equation (p) of
fuperior dimenfions; and as we know that it is true in
fimple and quadratic equations, it muft therefore be true
in cubics, in biquadratics, and {o on.

This is one of the beft rules we have in algebra. Dr.

SAUNDERSON / faw fuch an infinity of cafes in equa-~
(¢) Vol, Il p. 683, Algebra,
Voi. LXVIIL Ddd tions
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tions of high dimenfions, that he {carcely hoped for a
general proof. MacLAURIN'S “/ method is plainly im-
practicable when the roots are numerous, and therefore
this concife demonftration will perhaps be acceptable to

mathematicians.

(d) Page 145. Algebra,




