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XXV. A new Method of inveftigating the Sums of infinite Series.
By the Rev. S. VINCE, 4. M. of CAMBRIDGE,. in a
Letter to Henry Maty, 4. M. Secretary..

Read June 6, 1782..

SIR,

" YAVING lately difcovered fome very eafy methods of
inveftigating the fums of certain infinite feries, I have
taken the liberty of requefting the favour of you to prefent
them to the Royal Society. I have divided the fubjet into
three parts: the firft contains a new and general method of
finding the fum of thofe feries which pDE MoI1VRE has found in
one or two particular cafes; but whofe method, although it be
in appearance general, will, upon trial, be found to be abfo-
lutely impracicable. ‘The fecond contains the fummation of
certain feries, the laft differences of whofe numerators become
equal to nothing. The third contains obfervations on a cor-
rection which is neceflary in inveftigating the fums of certain
feries by colle@ing two terms into one, with its application to
a variety of cafes.

I am, &ec.

Cambridge,
May 3, 1782,

PART
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P AR T I

L E M L
Let v be any whole number, and then the fluent of

I x

can always be exhibited by circular arcs and logarithms; but

when %=1, the fluent of the jame Suxion will be expreffed by the
1

. . . I , . .
infinite feries 1 — ot +~ i 5—;:} + &c. the fum of this feries

therefore can always be found by circular arcs and logarithms.
L E M IL
£ ity s . a at+b
To find the fum of the infinite feries i el

a4 26
.«..__.&C‘
2r+1. 3r+1

Affume 1 — Lot . =5S: th .
flume ernrd byt 3r+1+&c S; therefore,

(A)1-- b 2 i &e... =S
e r1 r+1.2r4+1 2r+1.3r41

In the firft feries, add together the 1ft and 2d, the 2d and 3d,
&c. &ec. terms, and the refulting feries will evidently be equal
to twice that {eries minus the firft term ; therefore,

, . ,
(B)’ ) - — &c. oo =28 -1,
o141 7+1.2z+1 2r-+1 .3+ 1
X _* X Y E_!
X . 24
Now (5) I A T S .___.--~<-___..A_+&c....:§,
r/ r 1.r41 r4-1.2r-1 27'-}-1.3r+1 r
1 2 '
or - +&c. ...
T2+ 1 2r4+1.30+1 S
1 =-3
1 P v !
+ - + = &Cl o & &

Yoo XL.r41 r-{—x.zr—i——l—

Now
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Now the fum of the lower feries, omitting the firlt term, is
28

equal to — B divided by »*, or = — ; hence, by tranfpo-

fition, and, multiplying both fides by'b we fhall have,,

b 25 - .
- + &e. .. -——+3£S———r;i~l-b; alfo. by'

r+1.2r4+1 274143741

multiplying B by = we have

S
g LA i ~&ci. .. =22270 5 fubtra&
I.7r4+1 74+1.27r41 2r+1.3r+r - r

the laft equation but one from the laft, and we fhall have

: 2b ; 2ra—r 42 bXS—rad-r+4+1 .5
a - a+b + a+ -&C > 08 = 2
T.r+1 7412741 2r+1.3r+1

r

Cor. 1. Hence it appears, that the fum of this feries. can
never be exhibited in finite terms, except a: b asr+2: 2r, in

which cafe the fum is equal to»r—f-:z -

— 3 5 .7 —q e

Hence,ifa = 3,6= 2thenr._l,..——.:—-2‘3+§._4..&c.,..__1,
4, .5 9 1317 I,
ifa=1,b=4,thenr= R S R TRETINY :5.19+&C'” =3
6, . 4 _ 7 10 13 . _ I,

ifa=4,0= 3,th€nr--fs Ky 11.17-{-17.23-—23-29:{'0 ..... —;

Cor 2. Put a=c -5, and we thall have, after tranfpofition,.

‘ b + &c ;r+2 b—2reXS—2r+1 b—p¢~:+c—1&
rhL.2r+ 1 2r-1. 3r+1 e e L

P R O P L

To find the fum of the infinite feries T___—;:r_;wl.l.

-

m---n m-+an +&Cm
2r41. 3741, 441 4r+ 1.5+, 671

Every
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Everyferies of this kind may be refolved into the following
_ a+tb a+2b a+3b
Tor+1 r4I.2r4I  2r+1.3r+1 . 3r+I.4041
if we reduce two terms of this feries into one, it will become

+ &c. for

{eries

2ar—b arad2r—1 . b 2vat 4 —1. b
i". r+Il.2r4+1 2741 .+3r+ L.4r+1 +Z;~{—- x_j:-+ ;_6r+ I + &o.
where the denominators being the fame as in the given {feries,
and the numerators alfo in arithmetic progreflion, we have
only to take a and 4 fuch quantities that the refpective nu-
merators may be alfo equal; affume, therefore, 2ra~b=m,

) _ .
2ra+2r—1.b=m4n; therefore, b= .21, a= 2";"1’ , which
r r

fubftituted for 2 and 4 in LEM. 2. gives
Terdt1e2r+1 2r+1.3rF1.47+1  4r+1.5741. 6r+x

[,

I — I.”n 2r I 71--27‘)71
. 2rm r+ XS+ +

=. - —=
Let =1, and we have
My mhn o +&c.. .. =m-n.S+2L 2.
1.2.3 3.4.5 5-.6.7 4

. _ _ 1 . 4 7 7 _ ,Q.
;:Ifm»l,n—.:;,l.2 3-{‘3 ” 5+5 - 7+&c...._4 2S;

I I I I
= = &Coho. =S""“'0
m=1, 0 0’1.2.3+3..4.5+5.6.7+ 2
Let =2, and the feries becomes
m m--n m+2n +&Ce v _4m 3n S+5n—4m.
35579 o 16 3

. - - I 2 3 _‘ X
Ifm=1, ”_1’1~3-5+5 - 9-f-g.“.m+&c.... - +
S I

I I )
ot = &Coo.o = e o
m=1, 0’1.'3.5+5.7.9+9.u.13+ 4 8

Let r= g, and we fhall have

m m-n m~2n & §m—3n 11n—~10m,
—— 4 &Ci. .. =22 xS —
T 6. 1111, 16.21 21.26.31+ 125 + 500

2 If

=]
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. 2 3
=1,n= - - &c. o0 ::: —_—
Um=1,n I’x.() 11+‘11.16.2x+21.26.-31+ +soOy
1 1 + & _ S _1I
m=1,1=0, - 1.6. u+n‘. 16.5-1.+m.26.3; T Tag 50
Cor. If 27 : 741 :: 2 : m, the fum of the feries can be ac-
curately found, and will be equal td;-—’—’i?; Let therefore
re.r
m=r+1, and then #n= 27, confequently
1 I L1 , 1
—_ + + — +&Co vy =
I.2r41 2741 . 4r+1  gr+i.br41 - 2r

‘which is alfo known from other principles.

P R O P 1L

d p t/ se 'fg gr'e; m \
To find the fum of 1he infinite fer: r+z.2r+1-3r+l+‘

+ &c.

m-n m2n
3r+ilegr+1.57+1  Srd1.0r41.7r+1

This feries refolves itfelf into
¢ ;_—l-b + c+2b &

) r+1.2r41 2r41.3r+ 1. 3rtI.4r+1
for by reduction, as before, it becomes

2cr—r 1. b o2cr+r—1.4 Coerdar—1.b
e + 3ot + &ec.
r4+1.274+1. 3,+1 3rt1.4r+1.5+1 5r+1 ()r+1.7r+1
where the denominators are the fame as in the given feries, and

the numerators in arithmetic progreffion ; aflume therefore

acr—r41.b0=m, zcr+r~1.é__.m+n, hence 4 =2,
2r

9rm+r+1 o

, which, fubftituted in cor. 2. LEM. 2. give

=]

m m+n + m-3n
rd1.2r+1.3r+1 Frdr.grbr.S5r41 gr1.0rb 041
_or-+1.n—2rm 2rm—3r+ 1.8  2rme—r—1.0
2r3 xS+ 4r® 415 T 1
Vor. LXXII Fff Cor.

+&C 00,
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Cor. 1. In prop. 1. fubftitute 2 for m, and 24 for #, and we have.
a a+2b a+ 46

+ - ‘i" &C. A T
Tert1.2r +l 2r+1.3r+ 1., 4rF1 ‘"‘4r+.x .5r+l Or41 .
ra—r-1. 2r4+1.b—ra
rd xS+ 213
Alfoin thlS prop. fubftitute 2 + & for m, and 24 for », and we have.
ath o at3b &G i 0o =
r+1.2r41, 3r+1 3rt+1.q4r+1a8§rt1
T 1. b—ra ra—or 1.4 _ratb
r? xS+ 2r? Cartxr4d
Subtra& tlus latter feries from the former, and
m’a - atb + a+25 &=
Ler+tI.2r+1I r+1.2r+1.3r+1 2r+1.3rt+1.4r+1
—141.2b - - A
2ra r-j—l 2 S+2 2 +1.b ra __ r:-}-z .
r re 2r* X r 41
Let »=1, and we have
. a a¥b , at2b & 115 — 5,
- - - c....._za be
1.2.3 2.3-413-4-5 4 + 4

I . &
"'"&Ct.oo =ZS""""‘ !
.3 2.3. 4+3 4.5 4’

b 3 + ; "'&‘Co-'»o-o :——689-
'3 2.3.4 3:4.5 4

Let 7= 3, and we have

Ifa=1, b:o,‘ ;

. .
Nl 0w

a=1,b=2, ;

ca _ atb a+2b _6a—-38h 53b—~33a
1.4}7 4‘.7.10-*‘7 10. &C....-—-—-—--—27 XS+M216~

7= - . ! - =2g_ 1
Ifa=1,b=0, - 4.7_10+7'm_13 &e.. .. =281,
(I:I,5=I, - - 2 + 3. ""&C...-—-——""'—‘g

Ti4¢7 4.7.10 7.10.13 54 27
If, inftead of {ubflituting in prop. 1. 24 and a for's and m,

‘we had fubftituted two other quantities, as 2~ and 5, and then
proceeded as above, a feries would have been formed, the nus-
merators of whofe alternate terms would have formed each a

a feparate arithmetic progreffion..
2 LES
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If the latter feries bad been added to the former a feries
would have been formed whofe terms would have been all po-
fitive’; but as I purpofe, in the fecond part of this paper, to
give a general method of fumming all fuch feries, I thall not
ftop here to apply this method of inveftigation.

Cor. 2. In propofition 2. fubftitute @ for m, and 24 for
zn, and we thall have

? + a2 +&Cs s a0 o
741, 2r+1. 3'+I r+1oq4rdrogrT
c2r41. 3 —ra S+m—-3r-{3—x b ra—r"—_if;f.
7 : 272 ar*  r+1
Alfo in prop. 1. write 2 — & for m, and 25 for #, and there refults
b

== ats + at3 +&c. ... =

2r+1.3r+1 4r+1 4rd1.574+1.0r 41
ra—or41. r L h—ra _ a—bh

N xS+ Tard rdfeor41
Subtrac this latter feries from the former, and we fhall have

a _ atb : a+2b -

r+1.2r41.374+1 2r+1.3r+1I. 4r+1 3rt1.4rd1.574+1 teee
_2r41. zb-—zm %S ra—-gr-{-l.é‘ ra—r—1.b a— 6
= + 73 + PYCay— +r+x ryayd

P R O P IL

To find the fum of the infinite feries e 4.
ILer41 2r+1 3r1
m+n .m+2n

= +
2F 1.3l 4T 5 Y 4T ST 61, r 1

+ &c.

This feries refolves itfelf into
a _ a+b + at2b
1er4T.2r+1 rd1.2r41.3r41  2r41.3r+I.4r41
for by reduion it becomes
Fffa2 37a - b

- &ec.
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3ra—~b 3a¢+;~:ﬂ.b
Tert+I.2r+1.,3r+1 27+1.3r+1.47+1.5+1
3ar+8r—1.5 +’&C.

;}r—}-x A o PO oS S P S
where the numerators are in arithmetic progreflion, and the
denominators the fame as in the given feries ; affume therefore

- 7 _4rm+ﬂ»
3ra—6=m,3ra+4f”-1 «b=m+mn, hence b = Z;’a'— 1202

fubftitute thefe values into cor. 1. prop. 2. and we have
m mntn
I.r+1.2 +1.3+1 +2r~+l.3r+1 s 4r+1. 57+ 1
m-ton

L 4rm—3 2. n

+&c . =T "2 T2 xS

4r+I.5r+I,6r+1.7r+‘1 or%
3r+1.n—2rm ___rmtn_
6r* 6r° 71
Let r=1, and we have
m mtn mt2n 4m— g§n In—sm
v &.,..:'——————-‘XS o
1.2.3.4+3.4.5.6+5>.6.7.8+ ¢ 6 + 12
1 : 1 s 2 5
fm—1,n==1 + + & oo =S =2
1’”_ ? ’1.2.3.4 3:4.5.0 5.6.7.8’_ ¢ 3 12°
o S .2 3 11
”’—'I’”"’I’x.2.3.4'+3.Z.5.o+5.6.7.a‘+&c"""b—_'gsg“
z + = 22 + 17 +&c lf:
—f.n= v o0 0 = D3
m=T1 5’1.2.3.4 3.4.5.0 5.6.7.8 2’
Let »=2, and we have
m m-n mon m—n 17— 162
+ o &Co 0 s 4 m—— X G s
T 3.5.7 §+7-9-1119.11.13.15 PR Y Y:
e _ I } 4 7 41 1
lfm"l’n”3’1.3,5.7F5.7.9.11+9.11-.13.15+&°”"—§z§“8‘"3 7
=1,8=0 - + - + ! ! !
Mm—1s TT1.3.5.7 57911 9.11.13.15+&C""=1_§S“1_8"
_ - 19 35 51 v
m——lg,n_l&1.3-5-7+5-7-9‘11+9.II.13.15—{.&0' ....:;S;

Cor. If n: m as 47 : 37 + 2, the fum of the feries can be accu-.
rately had; let therefore n =47 and m = 37 +2,and we thall have

3"tz
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12 + k2 e F&C s T e
Ter+1.2r+1.37+1 2r+1.3r+ Lo 4r+1.5r+ 1 orerti’

L 5 9 13 .
If r=1, ;b e e g & S 1 %

1 2
3.5.7+5.7.9.11

- 3 ~1.
=2 +9.n.13 15+&C°"’"—§6’

S & 17 F&c, s =—

r==6 —
’ 1.7,.13.19+13.19.25,.31 25.31.37.43 " 330

P R O P IV.

To find the fum of the infinite [eries ” :

_ ﬁ f f ﬁ ‘/ r+-1.2r+1.3r+1.4r+1+
) m--n m+2n '

3rd1.4r+1 .5r+1;07+1 +5r+1 .-0r+1 ar41.8r+1 +&e.

This feries refolves it{elf into

—_ a _ a-+b + at2b

r1i2r+1.3r-H1 2r4 1.3+ 104r+1 Fr+T.4r+ T804I
3m-—m. b

r+1.2r4+1.3r4+1. 4741
3ra+§;—:;.b TR ?ra+’-7?:.l-.b

gr+1.4r+1.5r+1.6r41 §Sr+1.6rt1.r+ 1.8+ 1

the denominators are the fame as in the given feries, and

the numerators alfo in arithmetic progreflion ; put therefore

for by reduétion it becomes

+ &c. where

’ ”
Jra—r+1.b=m, rati—1.b=m+un, hell;e b:;;_,

amtrrl 2 which, fubftituted in cor. 2. prop. 2. give

a =
12y

— i BT e -4+ &l . =
r41 2410 3rH+ 1 g1 3r+1.4r41.57+1,0r41
St 2 . n—4rm S+2rm-—4.r+f.n Mt 2 M 4FM—2F =1 . 72

ort 1273 r 1 12r% crk Lo 2r - L

Tort

# Vide oe moivre’s Mif, Anal, pag.. 134,

Cors.

o
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Cor. 1. In prop. 3. write 4 for m and 25 for », and we have
2 + at2 + &co v =
1.7+ 1. 2r41..3r+1 2r 41 3r+ 1. 4748 .57+ 1

ora—3r+2.b o, 3r+1.b—ra ra+2b
—2 xS - =
3r* <o 3 63 r1
Alfo in this prop. write a + 4 for m, and 24 for #, and we have
- b :
at? + 2t +&c. ... =

Phle2r 4 1.3r+ L. 4r 41 3rtTegr+logr+1.0r+1
2ratd

3r+2./,;~’—zrax S+7’a--—-3/'-1-1 b rad-2b . b
37 3r 63 .r41 6/ .r41.2r41
fubtra& this latter feries from the former, and we have
b
a - a+_ﬂ‘— ——— +&C. e o o =
I.r+Te2r+1.3r+1 r4T.27F1e3r+1e4r+I

Ara—3r-+2 .20 3r+1.2b—2ra ra$2b 2ra4-b
Gt AL e
3r 3r 33.r+1 O rtr1.2r41

Let r=1, and we have
a a-+tb a+2b 4a— 105 836—322
—_— . — —— X S Y
T.2.3.4 2:3-4.573.4.5.0 3 BT

Ifa=1, b=o, ! : ! ! -—&c....::4lS-§.

1.2.3.4"2.3.4.5+3.4.5.6 3 9
I ..
I1.2.4 2.3.5 3.4.6

Let 7= 3, and we have
a ___a+b a+2b ke _12a—~2zl)xs+1027b—156a
1.4.7.10 4.7.10.1377.10.13.16 243 3.81.50
fa=1,b=t,—n e ? 3 ... 870 10
£.4+7.10 4.7.10.13 7.10.13.16 3.81.56 3.81
1 1 1 _13 2

=4,0= - - 22
I=HO=d 0 4.10.13 " 7.13.16 &c...._.72 278'

Cor. 2. Ifa: 6 as 3742 : 2r, the fum of the feries can be ac-
curately found ; take .. 2= 374 2, and 4 = 2, and we thall have
3r+4-2 - Sr+2 1

& R ————
T.rdx.2r4+1, 3741 r+1.2r+l.3r+1.4r+x+ ¢ r41.2741

If

2 13
—&Cs s 0y = -S—-=22,
3 36

a=3, b=1,
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O S 7 9 1
i r= - T - oo.."-—-‘.“"
It !’:.2.3.4. 2.3.4.5+3.4.5.6 &c 60’
2 , 3 4 X
r=2 - et e 00 e =%
>1.3.5.7 3.5.7.9+5.7.9.11 &e 15’
- It B 19 23 _ I
r 3"‘1.4.7..10 4.7‘.101.13-+7‘.ro.‘13.1() &c""~28'

P R O P. V.

To find the fum of the infinite feries 7 .
’ﬁ f f ﬁ ‘/ 1’.r+1.2r+1.3r—|—1.4r+1»
mi-n m--2n F-&e.

27+1.3r+1.4r+I.5r+l.f)r+1+4.r+l.57+l-6r+;.7r+1.8r+1

This feries refolves itfelf into 2 —
, Ior41.2741.3+1
a-h . 2b
+ + at - &c.; for
Pl 2r4-1.3r+1.4r+1 294+ 1.3r+1.4r+1.57+1
by redution this feries' becomes ara—?
T.rt+Te2r+1.3r4+1.47+1
ratbr—1.. b rad-12r—1 . b
drat + Arat +4- &,

2r4-1.3r+ 1. 47+ 1. 5r+1.6r+1 4r+1.57+1.0r+1.77+ 1. 874+ 1
where the numeraters are in arithmetic progreflion, and the
denominators the fame as in the given feries ; aflume therefore

gra—b=my4ra+6r—1 .b=m+n, hence & :g—, a= %fﬁ,
r ¥
which values being fubftituted in cor. 1. prop. 4. give
m + . min +&Cevs o
Yort1.or+1.3r+ 1,471 2r+1.37+ 147415741 Or--1
rm—2r-+1.n %S 47— 1 . n —2ym 6rm gn f_)_ym..}_ n
B 127° 22t il 243 r bl 2rb L

Let r=1, and we have
m m+n m--2on o2m— 3n 251 -— 1621
. ’ &iCe v o0 =~ x S+ °
1.2.304.5 3'.4.5..907.'*'5.6.7.8..94' 6 72
It
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S -

F-8Ce i 60 =

O
1)

1 I
F3t3aseg T 50109
2 I
+53.4.5.67 56789 6
1 I 7

=4, n= &Ci oo == =S=—
""“‘4’”“2’2353457*"5679+C = 2736
25 41 + 57
1.2:3¢4.5 3:4.5.0.7

m=—1,n=0,
I.2.

SH

Ol = W=

m=1,n=1, F&Ciens =

LTaZs

-‘w aba:—a

+ &c "“ES
5:60.7.8.9 T

m=2§,n=10,

m m-tn :
©3:5.7 5:7.911.13 +
m-2n +&ec. “____4”7-—5‘1 S+ 59”—-44"’

Let r=2, and we have -

9.11.13.15.17 ) 192 24,120 °
f; I - ! ] ! +&c ~ts It .
1m“”"‘°’1.3.5.7.9 §:7+9+11.13 9. 11,13.15.17 =58 24.30°

I 1 I 1 K

— o KCur vz =S e
-7”——3a”—-2’1,5.7,9+5.9.¢11.13+9.13.15.17+ ‘ 96S 24 . 60

Cor. If n:m as 27 : 2r + 1, the fum of the feries can be accus

rately found ; affume therefore #= 27, m= 27+ 1, and we have
' I 1 \ I

e —— g

+ &Coroum=
1.r+1.3r+£.4r+1 zr+1.3r+1.5r+1.6r+1+ O.rard-1o2r-1

Ifr=1, ! + : +5‘0.18.9+&c....::

Ie2.4+5 3.4.0.7

I 1 T
7‘-—37 1‘4"10'I3+7-IO.16.19+I3.1().22.25+&c' ...E(—JZ“

Having thus far explained the method of fummation
of fuch feries as I propofed to treat of in the firf¥ part of
this paper, I truft 1t i1s not neceflary to fay any thing fur-
ther, as the fame method of proceeding will manifeftly con-
tinue the feries to any propofed number of fattors in the deno-
minator; I fhall therefore conclude with pointing out a re-
markable property of thofe feriecs whofe fum can be accurately
found: that when the number of fa&ors in the denominator
is even, the numerator is always equal to the fum of the two

5 middle
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middle fators; and when the number of falors be odd, the
numerator will be equal to the middle fa&or, and confequently,
will take it out of the denominator, and leave a feries whofe
numerators aré unity, and whofe denominators want the mid-
dle faltor. ’ |

The method of fummation of feries here made ufe of may
alfo be applied in inveftigating the fums of a great variety of
other feries ; but as a further application of this method would
carry us beyond the limits to which this paper muft be con-
fined, I fhall re-affume the fubjett at fome future opportunity,
and proceed immediately to the fecond part.

P A R T IL

P R O P

To find the fum of the infinite feries — ?

NentMeaons n-t-rin
ﬂ+”l.o.'n+r+lom n+2m...0n+7’+2-m

Jerences of the numerators become equal to nothing.

s

Aflume a+#b+n a4 m.c+n . n54+m.n+2m . d+&ec. to

any number (;) of terms ; then, if for # we write s +m, n+ 2m,
n-+ 3m, &c. fucceflively, there will refult a feries of quantities
Vor. LXXII - ‘Ggg whofe
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/ ° . ' . ' ° ) -
whofe rth difference is =o; fubftitute, therefore, this feries of
Quantities for p, 7,5, 8&c. refpedtively, and the given feries becomes

atnbt-n.ntm.ct&c. atntm btu-r . nt2m.ct&e. +

: n.n+m....n»+75 B ntr1.m
a-n-f-om . btntam.n+3m c+&c.

nt2m . Bfr4-2 . m
which manifeftly refolves itfelf into the following feries

+ &c.

a a

—_ e ], = + &c
n.ondtm..e.nirm ndm.eondr4+1..m nd2mes. ntr42.m
b + b + ' b &
: = e = ==} &c,
BAm.os.ntrm girom...ontr+i.m ny3mescont+r+2.m
¢ c ¢
. + &c,

e —

..,v.+
Bb2m . coontim gy 3m.eeontr+l.m ntgme. . ntr+2.m

&c. - &c. &ec.

L. e . .
where the number of feries 1s7, the fum of each of which being
taken by a well known rule, the fum of the given feries becomes.

a b
— -+

-+

Bondmesosntr—lemomer ntmeciintr—I.momir—gx
¢

S + &ec.

nA2m e s Bt =1 Moy —2
-where the law of continuation is manifeft.

casE 1. To find the fum of the infinite feries — 3 ..
. ‘2.3.4
6 1o 15 ‘
2.3.4.5+3.4.5.6+4.5-.6.7 :
Here n=1;, m=1, r=3, and the third differences become
=03 therefore a +&+2¢= 3,8 +204-6c=06,a+ 36+ 12¢= 10,
confequently a=1, b=1, c¢=1%, and therefore the fum fought

. b3 ‘ L II
WIll be 1-2.3.3+2-

W | -
»
| 8
o |m
W
W
N

CASE
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1.2
1'3“'5'7

cASE 2. To find the fum of the infinite feries

2-3 34
Tso5Ts7g e

In this cafe =1, m =2, » = 3, and the 3d differences become
=o0; thereforea+b+3c--,a+3b+ 15¢=6, a+5é+35c-—12,
confequently a=3, b=1%, c=1%, and hence the fum of the re-

+.

1 ¥

uired feries becomes — 3 ! — =,
q € 1.3.5.2.3.4+3.5,2.2.2+5.2.4. 24"

. . . 1 \

CASE 3. To find the fum of the infinite feries STt
2 4 12 31

4.5;0.7.8.9+5.b.7~.8.9.1o+6.7.8.9.10.11 7.8.9.10.11. 12+&C'

Here n= 3, m=1, r =35, and the 4th differences become =03
therefore - a+3é+12¢c+60d=1, a+4b+20c+120d=29
a+ 564 30c+210d=4, a+ 65+ 42¢ +336d=1 2, confequent]y
a= —54,b=47,c= — 12, d= 3, therefore the fum of the given

—46 .47 12 + 5 61
4.5.6.7.5 4:5.67.4 §.6.7.376.7.2.6 50400"

{eries 1 1s

cAsE 4. To find the fum of the infinite feries 1.4.17‘ -

9 25 c
4.7-10. 13+7 10.13. 16+&"

Here n= 1, m= 3,r= 3, and the 3d differences are =0 ; there-

fore a+b+4c-1, a+4é+28c-—9, a+7b+7oc-—25, confe-

fequently a = -—5 p==2, c= ;" = the fum of the given feries

9
X 8 4 _ 37

1.4:7.3-3+9 4:7+3.2.9  7.3.9 2208°

will be

Gggz CASE
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CASE 5. To find the Sum of the infinite Series 1.3"’5.7 —~
10 20
'3.5.74.9.7.n+3.7.9.11.13+7.9.11.13515,'
‘Inthiscafen=1,m=2, r=4, and the 4th differences become
=o0; therefore a+é+3c+15d=r,-~a+3b+x5c+:o5d=4,‘
a+5b+35c+315d=10, a+7b+63c+693d=20, -confe-
quently = 1, b=_%, ¢=, d=_, and hence the {um of

. - 5 , 3 ,
the given feries becomes TS o it

1 , 1 1
5.7.2.2.16+7.2.48—'§§Z'

T'his propofition may alfo be applied to find the fum of alt
thofe feries whofe numerators being unity, the denominators
fhall be deficient by any number of éorrefponding terms, how-
ever taken : for as the produ& of all fuch fa&ors muft form a
progreffion, whofe diffcrences will become equal to nothing,
if fuch products be aflumed for the numerators of the given
feries having its faGors compleated, another feries will be
formed equal to the given feries, whofe {um can be found

by this propofition.

1

case 1. Do find the fum of the infinite feries et
I I
&c.
2.3.5.7-+3.4.0.6—F
By ‘complet_:ing the faCtors in the denominators, and multi~
plying the numerators by the fame quantities the given feries

. L .. 24 35 ,
vecomes :
e 1.2.3.4.5.6+2.3.4.5.6.7+3.4.5.(\..7.8+&C
in which cafen=1, m=1,r= 5, and the 3d differences become

=03




invepigating the Sums of infinite Series 405
=03 therefore a+4+2¢c= 15, a+2b+6c=24, a+3b+120=735,,
confequently a=38, b= 3, c=1, and therefore the fum of the fe~

8 g 1 ... 211
ries required is : =
B! - —-x..z;-;s»-4-5~5+ 2'3-4-5-4+3-4-.5-3 72007

CASE 2. To find the Sunt of ?be infinite feries I-—f—-;-;-x—

-

I o
+5”_9‘.15+‘&C"

,3;. 7 <13
189 :
This {eries,. when completed becomes - S5 oo -
495- + 1001 1755 + &c..

3:5.7+9-11.13  §5.7.9.11.13.45  7.9.11.13.15.17
where n="1, m=2, r=y5, and-the 4th differences are =o3:
therefore a+b+3c+154 =189, a+r3b+i5c+'xo5d=495,‘
a+56+35c+315d=1001, a-+7b+63¢+693d=1755, con-
fequently ¢ =96, 6=48, c=10, d=13; and hence the fum of
6 48. . 10
1‘.3."5.97.9.2.5'*'3.5.7,9.~2.4+5.7-.9.2v.3+

the.‘given‘fefies 1s
769432 18900

' o . S ' 1
CASE 3. To find ibef fuqz of ‘the infinite feries presrmrhy

T ' X
4.7.10.19+7.10.19.2z

+ &c.

70
c4.7.10.13.
+- &c where 7 = 1,.

This feries- refolves itfelf into — -+

130 208
4.7.10.13.16, 19+7 10.13.106. 1922
m=3, r=5, and the 3d differences =03 theneforc a+b+4c._ 70,
@+ 46+ 28c=130, a+7b+7oc-208 from whence a-—54,
b=12, ¢=1; therefore the fum of the gwen feries 1s.

54
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54 i+ 12 " 1 227 .
1.4.7+10.13.3:5 T4.7+10.13.3.4"7. «13.343  v5000
By this. propoﬁtxon we may alfo mveﬁzg'ttc: the fum of the
{feries when there are any number of deficient terms in the
denominators, and where the laft differences of the numerators
become equal to nothing ; for if the faGtors in the denomina-
tors be completed, and the numerators be multiplied by the
{ame quantities, their differences will ftill become equal to

nothing.

case 1. o find the fum of the infinite feries - 314 5T

.3 . 6 10, 15
{.4.5.7+3‘.5;0.5+4.b.‘7.9+5.7.“8.10+&C‘

This feries, by complc_:ting‘ the faGors in the denominators
and multiplying the numerators by the fame quantities, becomes

10 68 .
224345 PR 3. 4545 6.7 " 3.4. 51 6.7. 8+&c. in which
'«:afe n=—1, m=1, r=35, and as the sth differences are =o
84 bt2c46d4+246=10, a4 254 6c+24d+ 1200= 54,
4+ 304 12¢+4 60d + 360e=168, a+ 46+ 20c+ 1204+ 840¢=400,
4+ 5b430c4-210d+1680¢= 810, from whence a=o0, =0,
¢= —1,d=o0, ¢=}, confequently the fum of the given feries is
17

= - raatia e

cASE 2. To find the fum qf. the infinite feries ——ew

. 1.3.7-9
5 11 :
3.5-9: u+5 AT ...13~+7 9. 13 . 15+&C‘
By procesding as before this feries becomes ‘55' 5+
K o . 09

35
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35 : 99 &c. where n=1, m=2, r= ,
3‘5.7'9.“—“‘5.7;9.”‘13'}‘ » 7 9 ! 45

and the 4th differences =o; therefore a-4-b-+43ct15d=75,
a+-36+15c+4105d=35, a+5d+3504-315d=99,
@76 63046934 = 209, confequently a= ~1, b=3, c=},

d=1, therefore the {fum. of the given feries = 3 5"; ~ 4+,
3 0 T 4+ ¥ :__1 ] .

3e85-79203.4 ' §e70202.2 724. 140°

By a method fimilar to that made ufe of in this propefition
may any number of faftors be taken from the denominators of
thofe feries delivered in. part the firft, and alfo'from a great
variety of others; but as the examples here given muft be fuf-
ficient to point out the method of proceeding in all other cafes,
we will proceed to the third part,

P A R T IL

THE fum of every converging infinite ferics, whofe
terms ultimately become equal to nothing; may always be
exhibited by the fum of another feries formed by. colleting
two or more terms of the former feries into' one.  ‘This
is not true,. however, where the terms. of the mﬁmte.‘fcries
continally diverge, or converge to any affignable quantity,

and
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and are affefted with the figns 4., ~, alternately: -for

inftance, the feries §—24- 3~ % 4-&c. if we colle&t two

‘terms into one,’ beginning at the firft term, will become

- ;f_-,-‘ - ZI“E - 5----{- &c. If we begin at the fecond- term it
2.3 .

'ﬁ)cwmcs — -}-;-4-}—5 -4~ &c.’; neither of which glves the

{fum of :thc aflumed feries ; but in this, and every other cafe
of the like nature, a corretion will be neceﬂ‘uy to deter-
mine the value of ‘which, and from whence the necef’ﬁty
thereof arifes, is the fnbjec of this third part.

L EM M A.

If v be any quantity whatever, then will 23; = ; - -:--{-.:- - ; +
&c. ad infinitum.
For 2’-[- = —-—: (by common dmﬁcm)—v- 4 - -~ 4&cad
r
anfinitum.
Cor. 1. Hence — L ==X + L _ 1 4 1 - &c. adinfinitum.
2r r v r
Cor. 2. Hencealfo ¥= % = Z 4+ 2 _ % 4 &c. ad infinitum ;
2V v v v v
and == _ 24 22 Fr® L &e. ad infinitum.
2v v v U v

P R O P L

7/ . ””+’” be the general term of a feries formed by writing for

n any ﬁries of numbers in arithmetic progrefion, and whofe
figns are alternately + and — 5 then if a feries be formed by col
5 lecting
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lecting two terms into one, beginning at the firff term, the fum of
the feries thence arifing will be lefs than the fum of the given feries
by -21; o f aferies be formed by beginning at the fecond Term, the
Jum  theresf will be greater than the fum of the given feries

by 5;

For let —*_ 7% beany twofucceflivetermsofthe feries,
ru-m nd-a.r+m :

which, if we begin to collet at the firft térm (the firft term being
+) will be two terms to be colleéted into one, and which will

-—am

therefore give for a general term of the re-

rnt+mxXnta.r+m
fulting feries. Let us now make # infinite, and then the deno-
minator of this term becomes infinite, and the numerator
finite ; therefore the terms of this latter feries at an infinite
diftance becoming infinitely fmall, the feries will there termi-
nate. Now, by making # infinite in the given feries, the
two fucceflive general terms at an infinite diftance become

I confequently #h7s feries is ftill continued after the other
r Y

terminates; and the terms of fuch a continuation will be
n - nta

ra+-m - nta.r+m

(as they begin with by making # infinite)

.} - ; + ;I- - ;I- + &c. which will alfo be continued ad infin. and

whofe fum by the lemma is {—r; confequently the given feries
exceeds that which is formed by colle&ting two terms into one,

beginning at the firft, by ;’—r ; hence the fum of the lutter feries

+;-; will be equal to the fum of the former. If we begin to
Vor. LXXII, Hhh colleét
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- be the

‘colleé at the fecond term, then will — 7 + _te
. rut+m nda.r+m

two fucceflivegeneral terms of the given feries to be collectedinto
one; confequently the continuation of the given feries when 7 be-

. . . 1 X I I M M
comes infinite will be — = 4 - — = 4+ - — &c. ad infinitum
v r r r

. I . .
whofe {fum, by cor. 1. to the lem. s——3 In this cafe, there-
v

fore, the {fum of the given feries is lefs than the fum of the
feries formed by collefting two terms into one, beginning at

the fecond term, byEI—r; hence the fum of the latter {feries.

-~ élr‘ will be equal to the fum of the former.

Case 1. Let the given feries be ~ ~ = + S - ;f + &c.

w

Here r=1, n=1, 2, 3, 4,&c. and m= 1. Now, if we begin:
to colle& at the firft term, the {feries refolves itfelf into
-2 _ % _ &c. and the corre&ion, to be added, being

2.3 4.5 6.7 :

i
5> We have —

X 1 _&c. +1for the fum of the
2.3 4.5 0.7 2

. . 1 I I .
given feriess, Now — ——— ——~ —— &c. is well known to

be equal to — 1 + hyp. lzo;c; of‘dr .25; czr;}equellt-ly the fum of the
given feries is = —__23 + hyp. log. of 2.

If we begin to collect at the fecond term, the feries becomes.
T{Z + §TIZ + Eié + &c. and the correction, to be fubiractied, being

-;-, we have - LI LIS Ib-k.&cm“ % for the fum of the given

v2 3.4 5

{eries 3
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I

feries 3 but + -3—12 +-—I—g + &c. 1s equal to the hyp. log. of 2 ;

I . 2 5
therefore the fum of the given feries 1s = —~ i +hyp. log. of z,

the fame as before.

cAsE 2. Let the given feries be i - % + ;5 + ; +&e.

Here r=2, n=1, 2, 3, 4, &c. m=1. Now, if we

begin to colle& at the fecond term, the feries becomes
1 I

+-L +—"_t&c. and the correion, to be fubtraited,
1.3 §.7 9.1I '
I I

being X, we have —— 4+ &c. — = for the fum of the
537 1.3 5.7 gt i

. <o B I I, e - .

given feries; but 1.3+5.7+9. II+&c. is equal to a circular

arc (A) of 22°%, whofe radius is unity ; therefore the fum of

the given feries = A - i .

P R O P. 1.

IF % be the general term of a feries formed by writing for

n any feries of numbers in arithmetic progreffion, and whofe terms
are alternately + and ;5 then if a feries be formed by colleting
two terms into one, beginning at the firfk term, the fum of the

Jferies thence arifing will be lefs than the fum of the given feries by
%

Z. If a feries be formed by beginning at the fecond term, the

2y

Sfum thereof will be greater than the fum of the given feries by ;‘3»
; : -

Hhho2 For
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4

whre _betes® e any two fucceffive termsof the gis
w-+nv  wrta.v

ven feries, which, if we begin to.colle& at the firft term, will be
the two general terms to be colle&ed into one, and will therefore

axY— awz

For let

for a general term of the refulting feries.

give :

wtnvXw-tnta.v »
Let us.now makezninfinite and thenthis term-will vanifh, and con-
fequently the refulting feries will terminate at an infinite diftance.

Now, by making #» infinite in the given feries, the two {uccef-

h ytnx x+trta.z
wH+nv wtntha.ov

by making z

Aive terms (as they begin wit

infinite) become : - j—l ; this feries, therefore, 1s {till continued

after the other terminates; and the terms of fuch a continiua-

tion will be.—z -—E +§‘ - Z— + &c. ad infinitum,. and whofe fum

by cor. 2. to the lem. is ;-; ;> confequently the given feries ex~
ceeds that which is formed by colle&ting two terms iiito one,

beginning at the firft, by -2% ;- hence the {um of the latzer feries

R ;— will be equal to the fumof the Jormer: Now, if we begin to
k)

. . tnda.z

lectat the fecond term, then will —*+2% | 7214
colleétat th , th e S
general terms of the given feries-to.be colleéted into one; con-

fequently the continuation of the given feries, when.z becomes

be two

infinite, will be — g + 2 - -3 + g —&c. ad infinitum, whofe fum

by cor. 2. to the lem. is — ;; ;. in this - cafe,  therefore, the fum

of the given feries is lefs than the fum of the feries formed by
colle@ing two terms into one, beginning at the fecond term, by

o
D
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25 hence the fum of the latter feries — —;— will be equal to the
2 v .

fum of the former,.

CASE 1. Let the given feries be %'_. — +.._ -2 + &ec.
I

" Herex=3, =2, w=1, v=1, n=2, 4, 6, 8, &e. Now,
if we begin to collet' at the firft term, the feries becomes
2 2 2

+ + + &c. and the correction, to be added, being 1,
3). 5 7. 9 I1. IS

we have ?_5+T’§ -I-I--——- +&c. 41 for the fum of the given

feries;. but if A=-a circular arc of 45° whofe radius is
2

‘ 7,9+]I +&C3—I"'A

therefore the {fum of :the given feries is 2 -- A.-

unity, it is well known that >— 4

CASE 2.. Lt the given feries be 119 - 322 +/§3§ - ff +&e.

Here w=1, v=1, ¥=16, =11, z=o0, 1, 2, 3, &ec.
Now, if we begin to collet at the firft term, the feries becomes

52+354+ 5_ 4+ &c. .and the cor1e&10n, to be added, being:

I;, we have 5 + S + S_ +&c. +. ! for the fum of the given:

feries ; but 15. > +~‘-35. 4 +‘65' - +&ec. 1s equal to 5 x hyp. log. of 2,
confequently the fum of the. given. feries is equal to
%-—[—5 x hyp. log. of 2.

axv-—awx
Becaufe —, the general term of the feries
WHBUXWHB+a.V

formed
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formed by reducing two terms into one, has its numerator indee
pendent of the value of, n, it is manifeft, that the numerators of
that feries will be all equal. Now, 1f a feries be affumed, the
numerators of whofe terms are unity, and in every other
refpe& the fa me as the feries in this propofition, that is, if

I I
—— e be two fuccellive terms of a {eries, it is ma-
w--ny wHdnta.v
aifeft, that if every two terms of this feries be reduced

into ene, the general term of the refulting feries will be

il , where the numerator is a conftant quant’ity
w4 HV X Wt a4a.v .
—av ; confequently the {fum of the feries whofe general term is

A —— is to the fum of the feries whofe general term
WAnvXwtnta.v
is ik as Ux — w3z to— v, Or In a given ratio;

WAV XW+n+a.v
whenever, therefore, the {um of the latter feries can be found,

the fum of the former can be found, and confequently, after
proper corre&ion, the fum of the feries in this propofition can
be found.

Hence, therefore, in the two cafes given above in whatever
arithmetic progreflion the numerators may proceed, the fum of
the former can always be exprefled by circular arcs, and the

latter by the hyp. log. of 2.
Hence alfo, as it appears from lem. 1. part the firft, that

. 1 I I 1
R + &c. ca
the fum of the feries N S n always

be exprefled by circular arcs and logarithms, it is manifeft,
that if the numerators form any arithmetic progreflion, the
fum of fuch feries may be found by this propofition, and will
always be exhibited by circular arcs and logarithms,

 Befides
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Befides the feries contained in the foregoing propofitions, a
great variety of other feries might be produced where a car-
retion is neceflary, after colleCting two terms into one, in
order to exhibit the true value of the given feries. As the
proper correCtion, however, may always be found from the
principles delivered in the above propofitions, that is, by confi
dering what the terms of the given feries become at an infinite
diftance, 1 fhall only add one or two inftances more, and con-
clude what I at prefent intend to offer on this fubject.

EX. 1. Let it be required to find the fum of the infinite feries

3:4_ -5+56 67+&C.
Te2 2.3 3.4 45

This, by refolving two terms inte one, becomes - 126 2 +
2 244 5+5 302 7v—-&c-.; and as the terms. of the given feries
continually approach to unity, the correftion, to be added, is

1 16 24 32 I -
30 COIlféqu€llt1y T rRROY -—-&c.-}- -~ 1s equal to
the fum of the given- ferles ; but by prop. 1. part I. the fum of

. 16 32 . '
the ferlcesl.2_3+3 ™ 5+5-6.7,+&c' is equal to 8S—2 (S

being the hyp. log. 2.) confequently the fum of the given {eries:
is 8S—13.

vx. 2. Let it be required to find the fum. of the infinite fories
1.2 2.3.3.4 425, g,

2
¥e3 3.5 5.7 719
This feries, by refolving two- terms into one, becomes:
4 .. 8 12 4 &c.and as the terms of the given:

T35 757.9 gir.13 _
2 {eries
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Aeries continually approach to -, ‘the -corre€tion, to be added,
4

4 8 12
+

. 5+5.7.9 9.1 |

‘to the fum of the given feries; but by prop. 1..part L the fum

g 4 8 12 . Ta 1 .

of - 3.5+5.7 '94—9.,1I . Is».—&c. 1s equadl to 4S+ 5 (S being

a circular arc of 435°, whofe radius.is unity) hence the {fum of

. I T .
will be~§, therefore - 13-~+ &ec. +gis =

the given feries is i«S + i .

T'his method 1s not only applicable to thofe cafes, where the
given feries refolves itfelf into another, whofe fum is either
accurately known or can be exprefled by circular arcs and loga-
rithms, but alfo to thofe cafes where we want to approximate
to the value of the given feries, as it muft, in general, be
neceffary firft to render the terms of the feries converging, by
«colle&ting two into one, before the operation of approximation
begins, and confequently a corretion of this latter is neceflary
in order to exhibit the value of the given feries.
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