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XL, Methodus inveniendi Lineas Curvas ex proprictatibus Varia-
tionis Curvature. —Auctore Nicolao Landerbeck, Mashef,
Profefl. in Acad. Upfalienfi Adjunéto. Communicated by Nevil
Mafkelyne, D. D. F. R. S. and Aftronomer Royal.
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PARS SECUNDA*

URVAS, ex proprictate variationis curvature invenire,
indice per fun&@ionem coordinatarum cujufdam expreflo,
“problema etfi indeterminatum eft ; juvat tamen ad curvas cog-
nofcendas, quum facile et fponte fefc offerunt conditiones deter=
minantes qui rei conveniunt et quz in cafu quovis examini {ub-
je&o locum habent. - Quo confilio et qua arte calculum inire
oporteat, ut et hac et his affinia peragenda fint, quee ad curvas
ex curvaturz variatione cognofcendas pertineant, per theoremata
qua fequuntur, exponere conabor.

TuEorEMA 1. (Videtab. XX fig. 2.)

Si curvee cujufdam LC index variationis curvature fit T,
tradius curvedinis R, finus anguli BCD p, pofito {inu toto 1,
arcus curvae L.C z coordinatae perpendiculares » et y earumgque

. N - * d
fluxiones dp, dz, dx, et dy dicantur, erit T
: J Tdx V3 —p”
» d ’

Quoniam dx = = Rdp et ds= ~— habetur e ,dib-.—«

vV i—p* R Via—p

# See Vol, LXXIIL p. 456,
Qqq2 o
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et quum R =T'dz erit R = f Tdx et {ubftitutione fi;z = -
dp

Vip'
L L
Cors 1. Hinc obtinetur 2 = —dp, =" vig ¥y

__ap
VI P"
Cor. 2. Si Tangens anguli BCD per 7, Secans per s defignen=
dz dr dx ds
-V
jT s T [Ty sV 1
Scbol. 1. Ex hoc theoremate facilis deducitur methodis gene~
raliter calculandi variationem curvature curvae cujufcumqum

o

tur habetur —=

: zV — 1% . VT e p?
Namf Tdy= — X120 quantitas' vero. ‘-157%& datur, data

ap
. e S; s AV T pE
inter x et y relatione. Sitvalor quantitatis — — = 7, funce

. e ) LA - . P !
tioni curve %, f Tdz =7 ct fumtis. fluxionibus Tdx = Zdx qua

l ° . . —
T =7 fun&ioni ipfius z. Si valor quantitatis — -»7;}-2- =P per

p expreflus, erit f Tk =P fumtifque fluxionibus Tk = Pt{p et
T=%@, quae funtio eft quantitatis p, in poteftate femper eft

'/ - per p exprimere.
Scboi. 2. Hujus etiam theorematis fubfidio inveniri poffunt

curvae ex data relatione inter T et z, Retz, Rety, et R et p.

Stenim fit T' =7 fun&tioni quantitatis , erithdz ::fZJz + A,

. . ) dp . .
vi theorematis z = ,,az ) = o b et ntegratione
S Zdz 4 A J Tz Vicp
dz dz : : -
—————— Q= — D, Pofita 1 C=p et N nu-
/,Z//z-}—a\ Vi /n w4+ A

merug
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merus cujus logarithmus hyperbolicus 1 habetur /1 —p =

Nbvﬂl_N—bv—I Nbv—l_‘_N—'b\/-—I

—= ctp= ~ , que funétiones funt

. . 3 . ! I . . .
quantitatis 2, quibus pofitis Z et\/ 1 —7* refpe&ive proveniunt

(= fdz\/:}?)= fZa'z ety (= f‘bdz): fdz\/x— A

quarum alterutra curvarum indoles innotefcit.

St R =X fun&ioni abfcifle » provenit 7—;%" =% = ~dp et
o » ! dx P - [
integratione X (=C "'fif) =punde 1 -p*= \/1’ -X* et

- pdx
y(=f = ) f v

Etfi R=Y fun&ioni ordinate y, h'lbetur ( = ‘IJ’.) = —

p[) . . I - cly - - .
e et integratione Y (—-f-+ C) = \/1 —p% unde p=

N dy ¥ 1 —p? ' Yd
\/I—Y etx(“‘fy . p)__f/ 7 = quae exprimit natu-

1_..

ram curvz.
Hinc colligitur quod quoties Tdx perfe@e integretur et

f % __ obtineatur per arcus circulares dum aut f Zdz aut
J Zadz+A

f dxV 1 =Z* abfolutam admittat Integrationem, curvae erunt
reificabiles, et algebraicae, fi relatio inter x et x velintery et %
in relationem algebraicam inter x et y permutari pofiit.

Evidens etiam eft quod fi X functio eft a}gebmica quantitatis

vel Y quantitatis y, et non folum }; vel y fed' etiam

. !
Xdx Yd . . .
el \7—-9’—7 quantitates perfete integrabiles, curvee evas

7%
1—Y

Vi-x%
dunt: algebraicee, alias tranfcendentes.

Exenpl..
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Exempl. 1. Invenienda fit curva ubi variatio curvature T'=

32 SM Ut fimplicior reddatur calculus ponatus

a’ Vba+27 l »—44?
Sa f 272;\"3‘: netat=berit z=

g 8 7, . —3
u* =86’ duv/u _3n—2b
, de= U T

ur/ uV u— 4b
et f Tdx = ;b ¥4 A ﬁt conftans hzc A=a, quod

accidit évaneféente f Ta’zu = b, habetur per theorema

du /b
“VE (= )»-- ~ —=%= ctintegratione f du'b +C=
vy~ 4 A.b /sz ‘/1 -—p IA/u—-—4b
f Vi cujus zquationis termini quum fint arcus circulares

~——, pofito arcu

quorum finus /1 —p*
conftanti C=o, obtmetur y (:fpa’z) =j i’%\-/-{' + B) =,

T 5v'b ,
vu—4bvh o om B:.‘im, pofita y=o ct #=45, atque (=

|3_
f de/T1—p )= f d“‘/“““”’ ”“2";5 quibus 2quationibus ex-

terminata % et fubfhtuta a habetur y° = ax” =equatio pro parabola

cubica.
Exempl 2. Si fit variatio curvature T = eut f Tds (=

wlz) =% fActh Z=o / Tdz = aerit conﬁans A=a,atque

adz dp lone
— = o b et mte ratione
@ +z" = (= J 'Iaz) S Vi-p s

f i 4+ C= f Vi ; pofito arcu conftanti C=o caxteri
a

vi theorematis

+ 2
funt aequales eorumque finus et cofinus, unde V1—p'=
dz -
= RN L= ) = s €t dy (=
VQ+ZZ’P etdx(r-: "’\/ P) +zz 2y (

2 paz)
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paz) = ;—f] » quibus conftat curvam effe catenariam.
-Exempl. 3. Sit variatio curvaturee T' = ———e, evadit f Tdx
2az— Z
U dz
=/ 2az — 2", pertheorema — = ) = et
v P v 26z 2" j Idz VI_.P

or integrationem f o+ C= ~ f fi arcus ille
per integ v J Vi
conﬁans C=o0, cateri funt xqualeseorumque finus et cofinus,

quov\/;:-};iz ‘\/202_;;2’ P=a;26tyf(=fpdz) -"—"-‘/‘Tf(/z) =

20%— 2% . loid di .
’*;-"-—- aecluatlo PI‘O cyc 01de ordinarid..

THEOREMA IT.

Manentibus antea adhibitis denominationibus erit ——%
y+ ) Tdx
ﬂ'P
I—P
dx v e —
goniam - = —dp, erit dividendo per 1 —p-, —2 _
Q R P’ P \/ P 2 RV1~1)2

d — » 3
= “1/1‘%2' Propter 1 2 4/1—p*:: CD(R):CF=RV'1 -z,

fed dx : dx :: Tdz 2 'Tdy, quee flugio eft ipfius DE, quare

DE'::dex, unde CF=y+dex qua pro-Ry/1 — p* {ubfti~
dx — dp

oy ER

Cor. 1. Quantitas dy-T'dx femper eft perfelte integrabilis..

tuta, prodit

VT 52 pdx
Nam Tdy = —~ M et dy = - unde dy +Tdy =——=
dp J ‘\/1 —p* - | I=p
dda. VI A1 —p*
p 2t integratione y + f Tdy= — -

Cor.
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Cor, 2. Dicatur {emichorda curvaturee CEFF, obtinetur

dx dp Ay PV g 9B
et T e
F viep T Tis P F 1—p
Cor. 3. Si Tangens anguli BCD per , Secans per s defignen-

h b de Ar ot dx ds
£ abetur = e —— = - .
tur et J,_*_/Tux 147 }.+‘/ Tdx SVP_1

Schol. 1. Per hoc theorema via etiam patet calculandi gene~

ralicer variationem curvature. Eft enim y+ f Tdv= =

deV1=p?
T

ap
. o « e dx1/l -—[)z . . { .
tione.  Sit valor quantitatis ———— = X funétioni abfciffze »

. dx VT2 .
quantitas vero —a datur data inter x et p rela-

sequatione ad curvam inventus, erit / Tdex=X-y et fumtis

fluxionibus Tdx = Xdx ~ dy, qua T'= X - ub1 tam X quam

. . . o o deVI—p
Y fant functiones abfciffe ®. Si valor quantltatls—.._.;;;..ll
x .

=P per p expreflus, erithclx:P -9 fumtifque fluxionibus

Tds = 1')51}5 —dy, qua T'= %?l - 71—:})- ubi & - funé‘t:o eft quan-

— d .
titatis p, nam ;1-5 per p exprimi poteft.

Schol. 2. Hoc adhibito theoremate inveniri etiam poflunt

- o

curvae, ex data relatione inter T etw, Fetx, Fety, Fetx,
et Fet p. Pofita enim T fun&ione quantitatis &, patet per
curvarum quadraturas, aut perfeCtam aut imperfeftam quanti-

s . .* | ]
tatis Tdr obtineri integrationem.  Sit f Tdy=X+ f Xdx
fun@ioni vel algebraice vel ex parte tranfcendenti ipfius x,
. - . ‘l .
cujus terminis homogeneus valor ipfius y= f Xdx capiatur,

ifque ejus indolis ut f X +Xd, vel quod idem eft y + f Tdx =
3 X+
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X+ f X +Xd integratione abfoluta habeatur, permanente
Tdx =de\/ 1— X* perfecte integrabili. Per theorema deinde

habetur ——% = , €t per integra-

e =) T |

tionem f +C= - ,.ﬁf__% , {1 ponatur
X+ f X+ Xda Vi—p

f i +C =% et N bafi logarithmorum hyperbolicorum,

X+ /X +Xax

. NAV— N-—h\/—-l Nt =1 + N/ —1 .
- = = I —

ert /1 —p Pyva et p 2 s /I—=p

|1{

et p igitur funt funtiones ipfius #, qua fi ponantur \/1 —

|H

et X habetur y (= f PﬁL) f 7 ==, quatio qua curvae

internofcuntur. ,
Si fit F=Y funéhom quantitatis y erit per Cor. 2.
\dy (_dy) —— et 1ntegratlonef—~-+log C= log \/1 =P

ponatur ?: ket N logarithmorum bafi, erit fa&o ad quan-

titates abfolutas tranfitu CN*= /s —~ p*, p=4/1 - CNet x (=
Iyv/ 1 — CN*

f Y-y ) f V,,._Aii.’f_ , @quatio quee indolem curve indi-

(/nvzk
gltat.
. . e ., 4z % /) .
Si F =7 fun&ioni ipfius = erit 2= (= ’{‘) = — -I-ﬁf]-)i et integra-

. ‘ " —p A _
tione +lo .C=log \/ 4 P’ et {1 o=k et N bafi logarich-

—C’N —CPN* i
mica habetur p= ——— et y= fpd $) “fi‘—b”z‘ﬂ"" qua

I'{'CZ 14 C*N

curva cognofcuntur.

Vor. LXXIV. Rrr Conflar
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Conftat hine quod quoties X + f Xdx perfe@a integratione
Ill
habeatur f A& abfo-
fx+/x+,ux \/x—xz

lutam admittat integrationem cutva fit algebraica, fi vero aliter
evenerit tran{cendens.

*
o
Q\otxes Y it integrale logarithmicum et »Cﬂv - abfolutam

CzNzk
admittat integrationem curva eft a}gebralca, in aliis cafibus
tranfcendens.

. - ® . [ C"N /LZ
Et quotlei[ % per logarithmos inveniatur, 1——-—-————;— abfo
' Z 14C3N*
2CN*/x%

lute fit integrabilis pariter ac -~

curva eft algebraica, aliag
1+C'N
tranfcendens.

P =

asb

L=tV aVE—3 = VYo" - x* b'\/a«”—ai
dex (“ 43 )“ ab a

Exempl. 1. Si fit variatio curvature T =3 erit

bx*V W32
+

, i ponatur y= habetur y+ f Tdx=

a3

a3bdx -
A=V A (
d. 4 . 3bd
.,._._.“’f___) = =2 _ et integrando f @odx

g+ J T vi1-p* PR e

dp o o e G . )
———, cujus termint funt arcus circulares quorum finus

Vi—p
Ve &
Vx-«p =-—-§__{._._f._ et cofinus p—*-—*——x_ﬂ.
a4+b —ax ‘/a‘}-{-bg a’x

arcu conftanti C, quare y (= VM” ) f Vbd” _ bV IE
i eV a"—x* a

et in hoc cafu curva eft ellipfis.
4 Exempl,

— s [
ﬂ4+92-—~ll2%2‘/&4 —'.76'&
adb

, adhibendo theorema

+C:~

evanefcente
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. . * / V z “
Exempl. 2. Sit jam variatio curvature T'=2T22FY ohe
f Tahe =22 X5 + f et pofita y= o pet-
V24x+x Vzax+x
. . atxV 2a%+ 5
fe&a integratione habetur y + f Td= 2 Tpeore.
" ! - a
ad:
matis itaque auxilio erit c (= d B et
a+x’/2(m+x y+ J Tdx vy —p*
d
mtegratwne HL———-:C: - ._p_.. , f1 vero arcus ille
4 aV 2ax 4 2% v1-p*

conftans C=o0 ceteri {unt aequales eorumgque finus et cofinus,

—— ¥ 24w + & pc{x adx
unde\/I“P——-'—’;:i‘_T’P a+x y( ..... —"/“/

2ax+s*

#quatio indicans curvam effe catenariam.

THEOREMA IIL

Dicatur cofinus anguli BCD ¢, pofito radio 1, caterifque
dy _ _dg
/ Tdy—«x—‘/I:—gz *

. ——— P a
Eftenim @ =a ua pery/ 1 —g- divifa, dat — 2o = L
R g quap v 7 ? RV 1i—¢* Vl-—q"’

etobr:.1-¢ 2 CDR):CG=R/T~g, fed d2":dy:
Tdz : Tdy cujus integrale eft AE= f Tdy, unde CG (=
AE ~AB) = [Tdy-x, quapro Ry/1—¢" fubflituta, prodit
@y Y
S Tly—z of/1=¢"
Cor. 1. Semper Tdy —dx admittit perfeCtam integrationem.

. 1Ay vV H— a .
Etenim Tdy:@i-_q———i et a’x::—;qy ===, quibus Tdy-dx=
1y '

manentibus denominationibus erit

.._‘IJ Vi g
._‘/._____. et mtegratxoneth{y p=T— =t

Rrra Cor.

ddyV1~q
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Cor. 2. Dicatur femichorda curvature CG G, habetur
dy _ dg dx _ q9q ¢ 9% d= _ dg
G vi—g’ G 1-¢ G 1=

Cor. 3. Dicatur cotangens anguli BCD 4, et cofecans v erit

dy . dt dy du
‘/&Tdy—.x_l"l"t j Tdy—x WV;J_Z—;

dyW'i=¢ .
Schol. 1. Quoniam f Tdy —'x=——z;--idaturex datarelatione

3

- . dyvl__ ng . ° L 3° ; o .
inter y et g, fit —h =Y funtioni ordinate y euthaj/::

Y -x fumtlfque fluxionibus Tdy=Ydy - dx qua T= Y——-——}

funioni ipfius y.  Si autem ﬂ%ﬁ = Q, funétioni ipﬁus q
erit f Tdy :.Q:—x et {fumtis fluxionibus T'dy= da’g - dx, qua
habetur T = 7}’— - ;/—I—_t; per ¢.

Schol. 2. Hujus theorematis auxilio elicere licet curvas data
relatione inter T' et y, G et 9, G et x, G etz et Get g
Si enim fit T' funcio ipfius y generaliterfTaﬁi'—— Y 4+ f‘YaLv +A,
quee. funQio eft algebraica ipfius y quoties f Ya’y abfolute fumi

poflit.  Affumaturx = 'il?'a’y, ‘tali ipfius y funéioni ut non
folum jch/y~x:Y+f‘§é' +Y’c{y fed etiamedz = de),

L . o o
\/ 1 —Y"* abfoluta mtegratmm Inbemtur, provenit vi theo-
dy

rematis e ) _____
Y4 /3'5+S"(d}+A /Tdy~ V
dy

Jf fi’ﬁ-—” +C—f~/ ... Pofita s
Y

+ Y+ Y+ A Y+ fY+Ydy+A
+C=/ fi logarithmica erit g = "o - =NV
et N bafi logarithmica erit g = Vi et /1 —

et. integratione

2
e

]
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W=ty N1 : ‘ itati '
NV qua functiones funt quantitatis y, quibus

2

N T _ gdy » 3’?0
pofitis Y et /1 =Y p10d1tx(-‘/‘v1“ ff.xqua-

1I—-Y

tio quee indolem curvarum indicat,

Si G=X fun&ioni ipfius # erit per Cor. z. 55 =Y 2 9“9

G I—-q 22
et integratione log. CN' ( f 7 log,. C) = log. —fi [
'\/ I o~ 92 : X
‘/ 2 f 96'1/1
= L—g"= = = ”‘?
=/, exinde VItg 7 CN{ » IS T )
= f d quz curve naturam 1nd1g1tat
—-. e o
-V Ventag »

SiG=Z fun&ioni ipfius % erlt (- =~—d5’—q—, et 1ntegra--
tione log. CN? (: 4 C). —-]og \/ffl == :/,, unde g =
oN \/_I'—:.f—?-—-——---_2 — x(—-/ dz) = CN""I"'Z-et (=
1 -I-C?'NZI ’ +CzNzl 9 - I+CzNzt J (=

CN%
f dzy/ = 1g7) = f = N “_ quibus curvae cognofcunturs

‘Patet hinc quod quando Y + f Yaj/ algebraice - habeatur:

4 Yy
v _‘__yT per.quadraturam circuli, et f \/,_ etiam
Y4+ /[ Y4+Yd+A. -2

obtineatur algebraice, curvee evadunt algebraice, fecus vero
tranfcendentes. .

d: d3 . .
Quando f )ZJS vel f = obtineatur. pe-r Iogarlthmos, et

dx. . 2

. ‘ C —

f\/c’—_""z 2 1, Vel tam ch\jiz q fﬁ%- abfolutq u\,.
14 C*

tcgratmne, curva erunt algebrarcze, .

Exempl..
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Exempl. 1. Sit index variationis curmtura:T«-  erit /Tq'y—'
¥ +A, fi quantitas illa conftans A= -.”-qugd evenit quum
a 2 ;

7 a N - yz o, e . Zaa'y
JTdy=""et y=o; fumatur x= % erit vi theorematis a"+4.yz

, S gady
= = == et Integratione C f fffff
( dey.a.x) 1/ 8 ti +4y”+ VIiZ

cujus aequanonls termim quoniam ﬁnt arcus circulares quorum

2y __a
T -0 arcu conftanti
+4zet cofinus /1 — g g7 VT_';?”" n

- C=o, obtinetur x( = f V,Z’ ):: _aequano pro parabola Apol-

loniana.

Exempl. 2. Si fit T.._ '

finus g =

habeturqu’;/*fdyV; -

Va -y A fi quantltas 111a conftans A =o quod evenit quum
dyva—y

f Tdy=o0 et y=4, et aflumatur x= , evadit per

: dy dy dg . i
theorema - —Z2— (= e} = ——— , et per integrationem
Vaz 2 / Taﬁ,' x ‘/ 7‘ ? P g v -

lIy C f
— — S A vorum arcuum finus ¢ =
f "/d _..._}; + ‘\/x_..qz, q 9

iﬂa-i et cofinus /1 —¢° = = ﬁ conftans ille C=o, atque inde

_'{’{J’ — a'y V’ I—
dx ( Vics ) qua patet curvam effe traGoriam.

THEOREMA 1IV.

Dicatur fumma tangentium angulorum HCD et BCD H, et

differentia tangentium angulorum HCD et CKB K, retentis

I T . d 4 /
reliquis denominationibus erit = = 2 et L =_"4_
S Vg deJ Vi—g

Quoniam
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Quoniam dy =% ‘/_.__ﬂ etit dy + Tdy="T + = ;_7 dx et quum

H=T+ 1-;—.&«.-— habetur dy+ Tdy=Hdr. Eodem modo quum
dr = erxtﬁdy dx-T--—-——-mdy,fedK T‘M’

unde f T dy-—x:Kdy. Per theorema igitur 2 et 3 provenit

A dﬁ_et D=t
fHdﬁ&‘ I—-p" _/ Kdy 1/1_.92
Cor. Si fit ut antea tangens anguli BCD 7, cotangens 7, fes

d. Ir dy
cans & et cofecans v, erit ~o— = = d s

et = -
S Hax Trar J Hdyx VP21

dy _ dt o b o A
_/'Kdy_l‘*“tz‘ ‘/'K/Iy vV =1
Schol. Ope hujus theorematis invenire licet curvas,. data rela-
tione inter H et x atque K et 3. Itaque fit H=X fun&ioni

ipfius erit f Hdx = f Xdx+ A, vi theorematis. e (=

[ Xdr +A
dx \ P f ' C - P A
S Hax I—P S Xdx A / ViTE
Pofita T +A+C~um, et N. logarithmorum: bafi p;odm
Nm‘\/._.x__“N-—m,\/-—t N RS =1 +N-—~ﬂ14/--
VI-p=- — et p=: > squibus funcs-

1

tionibus quantitatis x pofitis \/ I --X et X provenit zequatios
f P ) Xik—w naturam curvarum exprimens
y (=) 7= P .
Si K=Y funéhom' quantitatis‘ ¥,. eadem. caleulandi:ratione-
1
> gd Y4 . .
habetur ¥ (b_ 12 ) =— zquatio qua curve cognof-

V ;.,,9 \/1*er ’
cuntur.

Quandes
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uando [ Xdx vel [ Ydy abfoluta i integratione f wel
Q f f 7 ) 'S Txins A
f . . T de : Ydy
J Tyaaa per reificationem circuli, et f w~ve£f~_m
jYy—}- ; Vx> Vi-Y
integratione perfefta obtineantur, curva eft algebraica.

Exempl. 1. Si fit H= CEIY i t/de.._”+4“‘/x+A et po=

21/ ay/
fita A =o habetur _per theorema —=¥% ( = ) .
a+40V% fde Vil p

et per inte latlonem dx‘/a C <, cujus termini
P & a+4m/x ~/'\‘/ z? J
21/x' et

a4
1/1/ -, pofita C=o, obtinetury ( f i ) Vax,

quac par abolam Apollomam exprimit.

2 34 PN Y o
Exempls 2. Sit H= v Idy =220V e —x
p e erit f Hdx = — + A,

quum fint arcus circulares quorum finus \/ I—p'= 7=

cofinus p =

et fi A=o, pertheorema

axdx o dx N\ dp ¢
Xt 202V & — —‘/)de)_— &/r_,p ¢

7
per mtegratlonem — +C'—~ —-./‘«/1-. T etiC= =0,

x —2a"‘/a
NVEZE a pix " ad.
I- S e e ty(=/ X
‘/ P TVod— 2 P T Vol —x* ¢ ,}’( Vx——})) 1/“ — %2

zequatio pro curva ﬁnuum.

Exempl. 3. Si fit K=5"10" it [ K@::éﬁi{ﬁﬂ.;.;\,

Aty
2 7,
fi A = o habctur per theorema --.~”;_i' il ) A
a+2)1/a F /.[:/) "/I-—;-
2
mtcgldtxonef __‘;L___ ~f-~ =z quag--~::'f~:_:~
a—i—zyVa ~+y” Nz }_2}}2’
Ly Vg dy AT
PR b - q

1~¢ =, i C=o, undex ~f—~_—;-,_ 2 z
4 Vo srmt ) ( v Va +y

@quatio pro hyperbola xquilatera,
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Exempl, 4. Sit K:-—-—:i—'.:—.*-; critha}:A—.’Ja‘ -y et fi

a

A=o, per theorema -

tionem ~ f T

2 _ gy N\ HVE—
etd'.(—«/x—qz y

et er integra=
Va -y f K.dy) V P &

= quaq"‘/ L, Visg =

2. quze Traltoriam exprimit.

THEOREMA V.

Defignetur produ€tum tangentium angulorum HCD et BCD

per U, et angulorum HCD et CKB per V cateris manentibus
erit %= By Y =91
S Uds—x P Y+ /Vdy q

- Tpde \ =
Quoniam dy= 22 V p erit 'Tdy (= )

1—p* Vi-p
Udy, et integratione f Tdy= f de qua f Tdy-x= f Udx = x.
‘ . - - —_Tedy
Et quoniam dlx Wi et V= Vi:{ erit T'dy (= e
-Vdy, f Tde= f Vdy et y+ f Tdy=y+ f Vdy. ‘Theoremate
. dx — dp dy - f’i
2. et 3. prodit Yo > et e
Cor, Sianguli BCD tangens, cotangens, &c. defi gnentur ut
v dx - dr dy -
antea,habeturfdenx = =T e = 1+z“ &ec.

Schol, Per hoc theorema curva inveniuntur ex data relatione
inter U et v, atque inter Vet y. Sienim fit U=X functioni

lpﬁus x erlthdx:fde—l—A, per theoremajxdx A (=

_/Ud )—- —-~, et per integrationem f Txa +A+ log. C=
X=X t e
Vor. L}LXIV. Qff log.
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log. f . Ponatur f dx_%_l_ = net N bafi logarlthmwa, erit

-— ‘/CZN -1 ﬁdx -
! =CN’, p— p — _ t ) =
. on VI-P'= c ety (= v p) «

f 7&-—« qua ®quatione curvarum indoles innotefcit.
C*NY —1 '

Si V=Y fun&ioni ipfius _y, eadem calculandi ratione pro=

7 -
venit x ( f quy -) 2}1’\1 = qua curva cognofcuntur.

Evidens hinc eft quod quoties f Xdx VelfYa’y algebraice
dy, cval dy A
f /de-x+Ave f-————————-—-+ yET per logarlthmos,atquc L T

ve{/‘ \/CN o integratione abfoluta, obtineantur, curva eft

algebraica.
Exempl 1. Sifit U= 3 eritha’x =3v+A, fiverof Udx=

ul quando ¥ =oerit A=~ et f Ua’x -y= f’-i;—. Per theorema

2 — dx — dp . D) .
igitur +4x (= /de_ ) == et per integrationem log.

a+ 4x+log. C—log > pofita p=1 dum x=o0 log. C= -

log. \/a, unde falto a loganthmis tranfitu V”V':4”~ =, quap=,

— pdx Uxa/a\ __
»s/a+4x’ Vi P Va+4x ety ( \/:/ 2«/.74')_ vax

xquatio pro Parabola Apolloniana,
Exempl. 2. SitU= xz;iﬂs erit f de:f—g—;;—-ag + A, fi autem

" . 3 .
fdez:o et x=ay/2, erit A=o et/de--x=2'gxz 2. Vi

igitur theorematis erit 33 pet /de )—-‘ ”_;13’ et 1ntegrat10ne
-

A log,
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Iog. %+log Chlog qua p--> M/a 3 VI p'_.f_‘_;f

_pdx a’ Va3 — 3 .
ety (= T ¥ x;‘/ »2 zequatio ad cutvam quaeﬁtam.

Exempl. 3. Si V= -i- eritf‘de:A-;‘- , poﬁtadey:zso

ety=oerit A=oety+ f Vdy= Ji . Per theorema obtinetur

2dy , rlq

= =22 et per mte 1at1onem lo lo =

y(nyWy pet integ B g C=
2

log. ¢, i g:l ety 4 erit log. C= -log a’, unde g=%,
___4/ - _\=
Vi—g = atquc dr (= 1/1..:;)
eft Elaftica,
Exempl. 4. Sit v=2

curva €rgo

f de

: yz The-'
y

,‘,1

enth&fy
= -3z ety::aentA:o, 1ndequey+fVa’y_. -

2

oremans ope habetur - 2 (*‘ )- -1 et integratione

y+Jwy
log T +log C=log. q,ﬁq-x et y=o erit log. C=log. a

q =T =l et di(=—12) =
et exinde g = 4/ 2,«/ 7= Vme w (= 4/1__4/) -

_.-y- @quatio pro Loganthmica.

THEOREMA VI

Dicatur ED L, et AE M, retentis preeterea adhibitis deno-
L ., .. dL L dM _
minationibus erit == dx et = dy.

Quoniam & : dv 2 Tdz (dR) : Tdw habetur dL="Tdy et
S{{2 dL.
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=dy. Et quoniam dz v dy :: T'dx (dR) : Tdy obtinetur M

="Tdy et 52X = dy.
Cor. ‘%um Tdy=Udx et Tdx=Vdy, erit fubftitutione

aM
Tf"dx et 4 ~.aﬁ;

Schol. Hoc adhibito theoremate inveniri poflunt curvee data
relatione inter T et L, T' et M, atque inter U et M et V et L.

)
Ponatur L=T fun&iom quantitans T habetur per theorema

!
dT
= (= »—) = dy et integratione 5 TiC=x qua T per # datur.

Curva deinde per theorema 2. elici poﬁ'unt.
SiM=T ipfius T functioni, habetur eodem modo T per y.
Si M=U funcioni ipfius U, obtinetur U per#, et fiL= V funes

tioni quantitatis V, datur V per y. Per theorema deinde 3. et

5. curvae inveniuntur.
Evidens quidem eft quod curve efle non poffunt algebraica

. AR dM dM dL 4 .. . .
nifi f T f ) f T vel f 72 obtineantur integratione ab~
{oluta.

Exempl. 1. Sifit L= ?Z erit dL=""2T ¢t per hoc theorema

18
aTdT - . . aT - _6«x
— _.—,f>._dx et mtegratlone-gg +C=xqua T""—Va' » fi

C=o. Per theorema 2. reperitury =,/a%, @quatio pro Para-
‘bola Apolloniana.

. T aT*T
Exempls 2. Sifit M= —f aTdT it dM = — et
P o 2 i3I
. T4T
ope theorematis = ——“— (= ) dy, et integratione ===
2. 1+'12} 41412

ViTh -
+C=y, qua fiC=o, T=~; W‘W. Per theorema 3. habetur

dx =
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== ’_‘3 @quatio pro Cycloide ordinaria.
Exempl.3.SitL = = a/Verit dL- - “j“’f et per theorema
- 2‘?“/’\{ (= dL) dy et integratione '"\7 +C=y,et{iC=o0,ha-

2

betur V:y_z et deinde per theorema §. di=: 2 V‘; —2, qua con--

ftat curvam efle Tra&oriam..

THEOREMA VIL

Dicatur ut antea CF F et CG G, et fumma tangentium ans-
gulorum HCD et BCD, H, et diﬁ'erentia tangentium angulo--

rum HCD et CKB, K, erit _-__clx et =dy.

Quoniam dF (=dy+Tdr) =Hdx et 4G (= [ Tdy-4) =

. dF dG
Kdy provenit == dx et = =dy.
V1—p Viz g . e e

Cor. Quum F= -»51-’1—;;-—-3— et G:(-{-y—-—;-;;—i provenit divifione: -
dF dp d G___ 4y
S b atque =z = ="

Schol. Auxilio hujus theorematis inveniuntur curve ex data
relatione inter F et H, Get K, Heetp atque K et g¢. Nam fi.

fit F=H fun&ioni ipﬁus H, vel G= K fundioni ~ipﬁus K, ha--

betur per theorema & T (-~—v~> =dx et integratione j —+ C=x.

dG

qua H per x datur.  Eodem modo %—? ) dy et integra=

]
tione / f’%-}- C=y qua K per y obtinetur. ‘Theorema 4. ulte-

rius progredienti viam monftrat ad curvas invenicndas. b
Yatet
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Patet quod curva non fit algebraica nifi 2 vel f X obtines

antur perfefta integratione.

Exempl. 1. S1 fit F=

a
——— habetur per theorema =
¥+ H* P !

adH ) dx, €t mtegratxone +C =-rquaH= -
1—H* i
75—2——-2 , pofita C=o. Per theorema deinde 4. provenity=
a - X

v/a* - x* =quatio pro circulo.
a.H34+ HA 6V H — 12
108

, erit per theorcma

Exempl. 2. Sit F=

T SrEvVIE 15 .dH dF i 1
a H—6+HVI —12 .4 (__ — ) = drx et integratione falta

36V H —12
e #64;12{‘@1 —* 4+ C=ux, et pofita C=o habetur H=
% , unde per theorema 4. prodit y =,/ax quatio pro Para-
bola Apolloniana.

M . K.z .

Exempl. 3. Sit G= 245 et per theorema {?_i (=
dGy _ . . ak _ _ oy
-E)_@/, et integratione “=+C=y, et fi C=0 K="’ unde
per theorema 4. dbc:‘ij.}i, qua conftat curvam effe Logarith-

micam.

THEOREMA VIIL

Dicatur ut antea produCtum tangentium angulorum HCD
et BCD U, et productum .tangentium angulorum HCD et

. . S . dG
CKB V manentibus reliquis denominationibus erit 5— = dvet

1 + V ({y .
Quoniam
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Quoniam G= [ "Tdy - x erit dG="Tdy - dx, fed Tdy = Udr,

unde IG=U—1dx et Udfl =dx. . Eeodem modo quum F=

y + [ Tdx erit dF =dy+Tdr, fed Tdi=Vdy quarc dF=
-7 dF
I +Vzﬁ/et,;—_-l_~v=a’y.

e . Vi—
Cor. Quoniam G= V174 ot F= ’L’i‘.ﬁ’..‘.._ﬁ habetur fub«

dgq dp
ftitutione debita 4G o Y IE 4,
G.U—1 ? 14V ¢

- Schol. Ope hujus theorematis indagantur curvae data rela-
tione inter G et U vel inter F et V. Nam fi fit G=U fun&ioni
quantitatis U vel F =V fun&ioni quantitatis V obtinetur per

!
dU /ZG
theorema in cafu priori o3 (= ) =dx et mtegratmne

f i—;"----_{_}--I +C= x,‘qua[{perx habetur; in poﬁerion V (=-: " V

\ |
. . av
=dy et integratione [ =<+ C=y, qua 'V habetur pery. Per
theorema deinde 5. curva cognofcuntur.
Datur etiam per Cor. U in p, et V in ¢, et confequenter T"

P ' Tq
e et V=,
1/1—-? '\/I—qz

in p vel g, nam U=

Conftat hinc quod curvae non fint algebraicee nifi f 5— vel’

dV . . .
f T obtineantur integratione abfoluta.
Esempl. 1. Si fit G=2"0=3 erit per theorema - (=
2

U~—1

aG N\ 7. . . 2% ~
U-—x) =dx et integratione log. 1 ~U+log. C= = ctfiC==

log.
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2.9&

& 1-U _ 2x M-4N¥ U= Per theo-
log. ==— =7 et =5 — = N* qua ._—-—~;2--.

. Na
rema deinde 5. habetur q’y:’!i-a-—- qua conftat curvam eft Loga-

tithmicam.
Exempl. 2. Si fit T =< V;;‘;V“"»Z erit per theorema
adV dF . . AT
= (= = integrationem =
DOV ( 1+V) dy et per integ V3 =Y qua

# 24" N F Gt . A
V=25 et per theorema s, dy="2"2, mquatio ad cur-

vam cujus conftru@io a quadratura hyperbolze dependet.

THEOREMA IX.

St LC et /¢ duz curve eandem habentes Evolutam QD,
dicatur radiorum ofculi CD ¢D conftans differentia ¢C 4, curva
/ ¢ variatio curvature S, ceterifque ut antea manentibus erit

AR _ %

R—=5S vVi-p
Quoniam radius curvature DH evolutz fit RT =R -4S,
_ RT4dp T
ent === RT, quae per dR (=Tdz)= iy multiplicata,

dR dp
firatefle e =
mo R—48 Vl—-p

Cor. Si fint ut antea tangens anguli BCD 7 et fecans s, ha-

betur dR —_ dr ot dR . ds
RZZs™  T%72  R—s8  sSW¥—1"
Schol. Subfidio hujus theorematis invenire licet curvas, data
relatione inter S et R vel inter S et T nam ,-i—— R—I—{—-b Itaque fi

ponatur
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ponaturS R fun&mm radii curvedinis R, erit == R --—fl“.R?-

d, dR
VL , et 1ntegrat10n<‘3/'

f Sit
R— bR visp'

—=—+ C = f et N logarithmorum bafi habetur Vi-p=
R4k

Nf‘\/"“-N-f'»/*‘ NV =14 N=fV =1
W, et p= + fun&ionibus quantxtatxs»

R, quibus R per p exprimi poteﬂ. Per theorema igitur 1.
curvas internofcere valemus.

e
—

SiR=S fun&ioni quantitatis S habetur Tff aR )
T_,s  R=is
=—® C= f
e vk et 1ntegrat10ne ==t L= f Viey » polita
—p $§—58
]
5 N NEM-T NV Wt N
~/¥=~+C:g,er1t\/1 -—p‘===N Y NE etﬁ:‘-Ng FNEv-E
's__ 5S 2—41 2

quibus S per p datur. Per theoremata Partis I invenire licet
curvas omnes eandem evolutam habentes.

. . ! : . en dR
Hinc videtur, quod’curVae non fint algebraice nif —

R~4R
' -
vel [ per circuli retificationem obtineatur.
S~5S
. 2R . .
xempl, 1. — fuppofita b=a, erit per
Baempl. 1. Si fit S=7yp=; er > crit p
dRVa dR . .
r = —) = = integratione
theorema YV ( R 55, Vi g
f ®Rva L C= , fi vero arcus ille conftans C=o
2RVR—¢ R-a 1/ 1— ’
erit V1 —p = 2 qua R ap, et per Cor, 1. Theor. 1. ha-

betur 4 =-f.i{—._-_-a xquatio pro Catenaria.
J ‘/x“-—a" q P

Vor. LXXIV. Ttt Exempl.
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Exempl. 2. Sit S= -—S—‘L—_';_B;, pofita b= ? erit per theorema

2.ad—§

AR dR , e dR
- s (== ): w2 et fatai integratione — ‘/—;‘L—— +C
V' I1—p® ' a

a4R* VTR Gs T— +R2
b R
= - W ?—, quafiC= =0, habetur /1 —p*= 5= ¢t R=
= permer
w, Per theorema 1. dx :--1%-—1 qua conﬁat curyam

¢fle TraCtoriam.
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