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XXVIUL On the Summation of Series, whofe general Term is @
determinate Funclion of z the Diflance from the firff Term of
the Series. By Edward Waring, M. D. Lucafian Profefor
of the Mathematics at Cambridge, and Fellow of the Sociesies
of London and Bononia.

Read May 20, 1784,
PR OBLE M
THE Jum S being given, to find a feries of which it is the

amD

1. Reduce the fum S into a converging feries, proceeding
according to the dimenfions of any {mall quantities, and it is
done. For example : let any algebraical fun&ion S of an un-
known or fmall quantity x be affumed, reduce it into a con-
verging feries proceeding according to the dimenfions of x, and
there refults a feries whofe'fum is S. 2. Let A, B, C, &c. be
algebraical fun&ions of &3 reduce the [ A, f By, f Cx, &c.
into a converging feries, proceeding according to the dimen-
fions of x, and the problem is done.

It 1s always neceffary to find the values of x, between which
the abovementioned feriefes converge. Reduce the algebraical
funétion S inthe firft example, and the algebraical fun&iocns
A, B, C, &c. in the fecond into their loweft terms ; and in {uch
a manner, that the quantities contained in the numerator
and denominator may have no denominator: make the deno-

Vor. LXXIV. Eece minator

Y
The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to ég )79
Philosophical Transactions of the Royal Society of London. STORS

Www.jstor.org



386 Dr. Warine on the

minator in the firft example, and the deriominator in the fe-
cond, and every diftinét irrational quantity contained in them
refpe@ively =o; and alfo every diftinét irrational quantity con--
tained in the numerators =o. Suppofe @ the leaft root affir--
mative or negative (but not =o0) of the abovementioned re--
fulting equations ; then: a feries  afcending according to the di--
menfions of x will always. converge, if the value of s
is contained between « and ~e«; but if ¥ be greater.
than & or — &, the abovementioned feries will diverge.. Let
# be the greatelt root of the abovementioned refulting equa-
tions ; then a feries defcending according to the reciprocal di-
menfions of ¥ will converge, if & be greater than == ; but, if
lefs, not. When impoflible roots 4 == b/ =1 are contained in
the equations, an afcending feries. will converge, .if # be lefs:
than the leaft root == &, and == (¢ —4) and == (a+4);
more generally, if ¥ be lefs than the leaft root == &, and x+s

at an infinite diftance z, be 1nﬁmtely lefs. than .
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a defcending feries will always converge,. when . is-.greatet
than the greateﬁ root of the refulting equations ;.and #*—,
when # is infinite, is infinitely greater than (a+0) and ((l -b)";

, - —ppan, 22202
or more generally than 247 — 2% . —— L a +t2n.— ;
3 bt - Sece
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This follows from Caput 3. of the Meditationes Algebraicz.

Cor. It appears from hence, that, if the afcending feries
converges, the defcending will diverge; and, wice verfd, if the
defcending converges, the alcending will diverge, unlefs all the

roots of the above-mentioned refuliing equations reay be deemed
£
of
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of equal magnitude, as +a and o, av/ =1, &c. and ¥=a;
in which cafe fometimes both feriefes may "become the fame
‘converging fenes, &ec.

When #, in the preceding cafes, is equal to the leaft or
greateft root, the feries will {fometimes converge, and fome-
times not, as is thewn in the above-mentioned chapter. Whe-
ther the fum of a feries, whofe general term is given, can be
found or not, will in many cafes appear from the law of the
multinomial and other more general feriefes.

2. There are feriefes which always converge, whatever may

be the value of x; as, for example, the feries 1 +..~§x+
1
2.3.4.
whatever may be the value of %3 but it may be obferved, that
thefe feriefes never arife from the expanfion of algebraical
fun&tions of x, or the before-mentioned fluents; but, ina few
cafes, they may from fluxional equations, There are alfo
feriefes which never converge as 1 4 1.2x41.2. 34
4+ I.2.3. 44 +&c to which the preceding remark may be
applied. |
3. In the year 1757 fome papers, which contained the firft
edition of my Meditationes Algebraice, were fent to the Royal
Society, in which was contained the following rule, vi. let $
be a given funion of the quantity x, which expand into a
{eries (@ - bum 4 cx*™ 4 &c.) proceeding according to the dimen=
{ions of 3 in the quantity S, for ™ write av”, B, i, &c.
where a, B, y, &c. are roots of the equation 4" 1=0; and
let the refulting quantities be A, B, C, D, &c. then will
A4 B4CHD+&e.
7
&e. terms in infinitum, "This method, in the preface to the
Eeez laft

Sx +&c.orx+ + -[- +&c. &c. always converge,

be equal to the fum of the firft, 2241, 3741,
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laft edition of the Meditationes Algebraicze, is rendered more
corret and general.

4. Let the fum of a feries required be exprefled by.a func-
tion of a quantity %,. the diftance from the firft term of the
feries, then will the general term be the difference between the

two fucceflive fums generally exprefled.
5. Let the general term be an algebraical -fun&ion of %:-
, o1 a4 b2 T 2" T o e \ ,
Iﬁ’ let 1t be Zte.ztedl oztet2 .0 g fetFn—1" T’ where - m
and # are whole numbers; and m (if the fum of an infinite
feries of terms is required)lefs than # by two or more:
. az” + b2 &, '
- the general” term-
therr the general t o ——
oy + : 3 .
2+eeteti Zte.ztedr.z+et2

@

et 2c00Bhetn—1n.

+.

. 0
F&Coos s
steeztet1.2tet+2.2F6+3 .0 oo Zdet 1o, ., z+~e-3~n-1?

whence if*

Z4et2 . ztet 3. gtetde. . 2hetbn—1=8" "+ A" T3 L B e, s,
Zhet3ontetd.zret s ntetn—I1=2" L AR T B TS ey
g et tbet §aeogtetn—1=2"" LA S TS LB "6 L &, and fo -
on; then, f m=n—~2, will y=2, §=b—9A, e=c~3A’ - 4B,
{=d—eA" — 3B —9C, &c.; whence the integral n infinitum, .

P M (11 . i . e. Y 3 .
or fum of the infinite feries, will- be et e

3.zt z-l—:‘i-l o Bete2 +&ec. .

The reduion of the general term T into quantities of the
before given formula was publithed in the Meditationes, printed
in the year 1774. It was before reduced into formule of the
fame kind nearly by Mr. N1cHOLE in the Paris A&s.

2d, Let the general term be TV =

a zb-}— e + o2 + &c,
e, e Lo R e2on s Rore X X @ f R f A 30 i e I X e &g Ko B e T X &6
where
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where 4 is a whole number lefs than #+m +/+&c. (if it be
greater, then the fration can eafily be reduced into a rational
quantity eermim s +&c. and a fraé”uon of the before-men-

tioned kmd) ; then will TV= ( Z:e_+z Tt T &) +
B 4 + B”
(z-}—e.z.—{—e-]—a +"z+f;vz+f+«1 Z4g e mtgt1

+&c.)+,

: Y k4 ¥
(z+e.z+e+1 .z+e+2+z+f.z+f+ 1 .z+f+2+z+g.z+g+ 1.24-g+2

; N X X’

{ 3~ .o . )

.:+ &c') (z+e-z+e+ I.. z+e+_n-—-ﬂ1 Tz-;-f.z—i—f—}-l ot ftm—1
XH

l'z+g z+g+1..z+g+l

Jonitum, that is, the: fum of the infinite feries can be found

when a=o0, &' =0, &’ =0, &c.; and "confequently b ‘not
greater - than .#2 4 m +/+ &c: — 25 otherwife not. If b is not
greater than # +m +/+ &c: — 2, then will z + 2’ + 2" +&c. = o,
for elfe the fum would be infinite.

Let thenumber of . quantities (¢, f; g, &c.) be », then from

mdependent integrals-of  a feries, whofe term .isi TV; or
from (r - 1) independent fums of infinite feriefes, whofe term
is TV ; that is, where b 1s not greater than #+4m +/4+ &c. - 2 ;
can be deduced the-fum.of all infinite feriefes .of the before-
mentioned- formulz, whofe general term 1s T, .

If any faors are deficient in the denominator, as fuppofe the
term to-be z+4e¢xZ+e+3x2+e+7—1; multiply the nu-
merator and denominator. by the deficient . fa&ors, viz. by
gtet+1.5Fet2xste+4.3+e+5 .. 34+e4+n—2, and it
acquires. the preceding formula; . and {o in the following
examples..

- +8&c.) ; whence. its integral iz in-

- ) i -
3d, Let-the denominator be & 4+ ¢ X +e+1- x
7}‘, : o ..

U AN w
x+e+zw ce s X+ =1 X¥ACtpu XAt etput+1 o x
W8
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nt — ¢ - ?
Xte+pt+z x & xw+f xaHfHr xatHftr2 o0

x+ft+m—1x &c. =D, whete =, o', o &ec.; p, &c. are

4?4 b g b Bece
D

='T"; then, if the ‘dimenfions of % in the numerator be

lefs than its d1menﬁons in the denominator, will T =

whole numbers; and the general term is ¢

( o +7r——t g o
Z+e+(z+e)*+(z+e>3 e (ZM et et e g

9“"‘ S . 9 . .
(= +f)e +é&c )+(z+£’ Z+E+I+Z+f.z+f+; +&C.) 4+ &c

-and.in general there will be included all terms of the formule,
A(z+e+zja~z+eﬁ)
(z4)f o (mdet1)f (z+e+i)1’ ’
B (z4s+7y (z+f>”) &e.
G - @D+ o
C ((z+e+n+t”)” "'(%+£+H)P) &e.
(z+e +w)?e (et ed 1) oo o (ret )P ’

where A, B, C, &c. «, &', &ec. 3, B’, &c. ¢, 0, &c. denote in=
wariable - quantities ; and p, p’, p”/, &c. are whole numbers not
‘greater than =, p, w’, &c. refpefively s and 7, 7, i7, &c. are
whole numbers not greater than »# -« 1, m-1, &c.

If all the quantities &, &', ", &c. B, B, B”, &c. &c. are
‘e=0, the fum of the feries can be exprefled in finite terms of
the quantity 2, otherwife not; and alfo if » be lefs than the
‘dimenfions of =z inthe denominator by two or more, then will
&+ B+ &c.=o0, otherwife the {fum would be infinite.

From s - ' 4p 4 &c. — 1 independent fums of infinite fe-
riefes of this kind can be deduced”the fums of all infinite
feriefes of the {ame kind.

z ‘This
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This method may be extended to infinite feries, in which
exponentials as ¢* are contained, which will eafily be {feen from
fome {ubfequent propofitions ; but in my opinion the {ubfequent
method of finding the fum of feriefes is to be preferred to the
preceding one, both for its generality and facility.

6. 1. Let the general term be (@%” + bz*—* +cxb—* + &c.) x|
(+e)™" . (34ed+1)"" . (34e+2)"" . (z+e+n—1)"‘-
where 4 1s a whole number lefs than # by two or more, when
the fum of an infinite feries is required.

Affume for the fum the quantity (z4¢)—". (z+e+ 1),
(z+e+2)" ... (+et+n=2)" » (az” + £z + 922 + &c.);
find the difference between this fum and its fucceflive one
(et 1)~ (+e+2)"" . (R4e+3)"" .0 (3+etn—1)"
% (az+ Ib'+,8%+ o + &c.), which will be - (z+¢)™",
(et 1) (e k)™ oo (Bhedn—1)7 x (adex)
(“z+1 -]-Bz,—]—l +&c.)—-mx (azb'-l-ﬁz”"‘-{»&c.)
=H —n+1az’+ &c.); then make the terms of this dif
ference equal to the correfpondent terms of the given quantity
azb 4 bx= 1 &c. and there refult ) =h,—bh~n+1 x w=a, and

—a
— 1 12
2. Let the genex‘fal‘ term be (z+4¢)~" . (xdte1)""
(+ed2) .. (Bretn—-1)""x(+ ). (BF D).
(+f+2) (24 fHm—1)"" x (a2 4z~ L oxb—2 - &),
Affume the quantity (z+e) . (z+e+ 1) ... (3+e+n—2)"
x(24/)"" . (R 1) (R 2y (B fRm—2) T
% (a2 + Bx*—" +y =¥ + &c.) for the fum of the feries fought g
and thence deduce the general term, which {fuppofe equal to the
given general term, and from equating, their correfponding parts
eafily can-be deduced the index 4’ and co-efficients «, B, ¢, &c.
and confequently the fum of the feries fought.

&c. )

eonfequently %=

2. lct
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3. Let the general term reduced to.its loweft dimenfions be

T - s el
Beedn—1 xrs+f  Xradfdr ox

Zte xBFetI ...
TRl e RS m— 1r X FEG NBELEL X ..

Zhgtl— L &e. x (azb4bzb=* 4 czb= +&c.). If it be re-

quired to reduce the term 7z 4/ ', &c. to a. conformity -with

e ™ “pe -8 . .
the reft, forrz+f ., &c. fubflitute z+ % %« r=e, &c. and it

is done. Affume for the integral.or fum the quantity

Smgte Xl oo Bletn—2 XI%4f IRATHS o

re+m—2r+4f ?xs—;-g sz-i—g—l— T . ."m-vx?
&c. x (e 4 2P 4 &c.) =S, find its {ucceflive fum by writing
z+1 for zin the fum ‘S, and let the quantity refulting be
S’ s then will the general term be S —§’, which equate to the
given general .term, that is, their correfpondent quantities ;
and thence may be deduced the .index 4’ and .co-efficients «, 3,
&c.; and confequently the fum fought. If the feries does not
terminate, then the fum will be exprefled by a feries proceeding
in infinitum, according to the reciprocal dimenfions of =.

From #+p+o+ &c. —1 independent integrals of the
above-mentioned kind: canbe deduced the integrals of all quan-
tities of the fame kind ; that is, where 4 is any whole affirma-
tive number whatever, and .the co-efficients a, 4, ¢, &c. are
any how varied.

‘If any faltor z-+g 'in the denominator, &c. has no other
2 4-g +/—1, which differs from it by.a whole number/~ 1 ; or
the fa&or 7=+ f has no correfpondent factor 7% +f+mr, where
mis a - whole number; then theintegral of the above-mentioned
feries cannot be. exprefled in finite terms of the quantity z. In

Aike manner, if the dimenfions of 2 in the numerator are lefs
than
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than its dimenfions in the denominator by unity, then the in-
tegral of the general. term Gannog: be exprefled by a finite alge-
braical fun&ion of % If the number of terms to be added be
mfinite, it is well known that the fum in this cafe will be
infinite.

It may be obferved, that in finding the fum of a feries,
whofe general term is given, all common divifors of the nume-
rator and denominator muft be rejeGted, otherwife feriefes may
appear difficult to be fummed, which are very eafy : for exam-

» . I 4 9

ple,lctthefenesbel.2.3_4'5-1-4.5.6_7.8“'7 8.9.10. 11
2 3

+&c'-—(1.2 4. 5+4 5:7- 8Jr?-?"m'”.{’&C')’ Whofe\

241
3%+1.3%3+4%X3z2+2. 3z-45

is before taught, 33+ 1  x 3342  x « for the fum fought ;

general term 1s ; and by affuming, as

and finding its general term 3z +1 X 3844 X 33+2 %

3%+5 % 18%+1 xa, which equating to the general term
given, there refults 18x=1, and the fum fought = %;x

1
3%+1. 3z+2'

Ex. 2. Let the feries be z L
- 1.2.3.4.5 % 5:6.7.8.9 +

-+ &c.—-—~ (—»——+—--—-+

55 | 140
9.10. .12.13+3 40+ 15416,
I
9*13+13
S S—
4%41 .48+ 5
I I
4 " 4ztr]
Thefe are feriefes given by Mr. D MoivaE, and eftecemed
by Dr. TavvLor altioris indaginis.

'VQL- LXXIV. Fff Some

+ &c.), of which the general term is 51 %

; and confequently the fum deduced is }4 %
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ome other writers have made fome feriefes to appear more

difficult to be fummed, by not reducing them to their lowedt

-

9

(S5

Bl

0

terms.
7. Having given the principles of a general methed of find-

ing the fum of a feries, when its general term can be exprefled
by algebraical, and not exponential, funltions of =, the dif
tance from the firft term of the feries; it remains to perform
the fame when exponentials are included.

1. Let S the fum be any algcbraical fun&ion of % multi-
‘plied into e* =2%; then will the general term be Se¥ —eS'ex =
(S-eS) e*; whence, from the general term Te* being given,
affume quantities in the {fame manner (with the fame denomi-
nator, &c.) as when no exponential was involved, which
multipliedinto ¢%, fuppofe to be the fum; from the fum find
its general term, and equate it to the given one by equating

their correfpondent co-efficients, and it is done.

z+42

Ex. Let the general term be R T x =1 affume for

o .
the fum fought +Ixez+', whence the general term is

z ar \ ®tT_2a(1—e)z+ 3u—ar )
- —_— X ez+1 .
( ) ¢ 2241 .22+3 3 equate 1t to the

2z-41  2%+3
given term, and there refults 2o (1—¢)=1 and 3z—ae=12,
and confequently e=* and &=}, if the feries can be fummed.

The fame obfervation, viz. that if any facor in the deno-
minator or irrational quantity have no other correfpondent to
it ; for example, if the faltor be 24g, and there is no cor-
refpondent one ¥ +g +7, where # is a whole number, then its
integral cannot be exprefled by a finite algebraical funion
of z.

In the fame manner may the {fums be found, when the terms

are exponentials of fuperior orders; for the exponential, irras
6 tional,
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tional, &c. quantities in the denominators of the fums may be
eafily deduced from the preceding principles; and thence, by
proceeding as is before taught, the fum required.

The principles of all thefe cafes have been givén in the
Meditationes. ;

8. Mr. James Beanourri found fummable feriefes by
- affuming a feries V, whofe terms at an infinite diftance are
nfinitely little, and fubtra&ing the feries diminithed by any
number (/) of terms from the feries itfelf, &c.

It is obferved in the Meditationes, that if T (m), T (m4-n),
T (m4n4n), T (m+ntn’ +n"), &c. be the terms at m,
myn, myntn', mentn 42", &c. diftances frem the firft,
and aT (m) + 6T (m4n)+cT(m+n+n)+dT (m+n4n' 4
n")+&c. be the general term, it will be fummable, when
a+b+c+d+&c.=o0; the fum of the feries will be a('T(m) +T
(m+D)+T(m4+2)+ .« . +T (m+n4-n'4n"4&c.~1))
+b6(T(m+n)+T (mt-n+4+1)+T (m4n4-2)4 .. . +T
(mt-ntn 0" +-&c. = 1)) 4 c(T(m-n4-n")+T(m+4-n+4n" 1)
+ o (T(mtntn' 44" 4-&c.—1))4-&c.=H. If the fum
a4-b4-c4d4-&c. be not=o, and the feries T(m) 4T (m-4-1)
+T(m-4-2)+&c. in infinitum be a converging one=S, then
will the fum of the refulting feries be (a--b4-c4-d-4-&c.)
S = (b+c4d+&e) (Tr ..o +Trb—1) <~ (c+d + &c.)
(Tt L o Todrdki=r) o (dop &) (Trednti g Ty
- &c. |

8. 2. Letthe feries V confift of terms, which have only one
faGtor in the denominator, and its numerator= 1 3 that is, let

the gencral term be r-;f-k-g, and the feries confequently

3;~+~1~_+——L-+&c. =V; from the before-mentioned addition

rd-e  2r-e
e a b ¢ -
or fubtradtion there follows ants v + = o +‘+ &c.=

Fffa2 an" <
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w Vi3 Hire=2,
oz + Bz + vz -+ &c. ’ . o T
T Tl where m 1s not greater than the

number (N) of factors in the denominator diminifhed by unity.
From a, £, 3, &c.rand ¢ being given, eafily can be acquired by
fimple equations, or known theorems, the required co-efficients
a, b, ¢, &e. M m=N-~1 and » and a-4-b-Fc+d4-&c.=o,
then the fum of the feries refulting will be finite.

I . I o

i

8. 3. If the terms of the feries affumed =~ = —— om0 =
e r+4e  2r4e  3r-e
-+ &c. Dbe alternately affirmative and negative; then

M1

m m—23,
7 . o oz +Bx  4yz 4 &c. =
by the preceding cafe find B o R W7

a b ¢ W ‘ ' -
E e e — bt &c. Where the terms of the refult

ing feries are alternately affirmative and negative, let the

e m—F -2
A R A . T
‘ ‘terms be fuppofed —+
two fubfequent terms. be fuppofed S T W

o4 I +ﬂz+1mw!+7z+1" ~+&c.__
rztre.rzForte. . rgfarte

A

= - z L. &c. and
rz+e+rz+r+ej'

~ _fr —+ +’fr -+ &¢. of which the one is affirmative and the
other negative : reduce the refulting feries to an. affirmative one
by fubtralting the fubfequent term from its preceding, and it be-
o (rmbare) (a8 BT &e) = (rate) (amb 1 HBrHT )
cemes rrd e rzhrd-e  rzar+te . o 1% drud-e

- ”

n—mraz - &c. a b—a I .
— = + - &c. n this
e .rat+r-te. . rztrnte rzte rz-tr4e ¢ h

cafe, fince two terms are added into-one, the diftance from the
firft term of the feries will be’z- , which fuppofe = w ; and write

2av for = in the above-mentioned term, and there refults

n—mraz”J-&c. . n—mra X 2 w” J-&c.
FEA e o TR T FC o 1B nr e 2TWAE o 2rWATAC o o 2rWArFe

a

Arw e
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a b—
2rwee  2rw+ r+e

+&ec. ; whence the fum of any feries, whofe

™m I
! p'au” &, , .
L aw tbw e , where m is a
2rw-te . 2rw+tr-te ... 2rwfnr+e
whole number lefs than # by two or more, and w the diftance

from the firft term of the feries can be found from the {um of

general term 1s

the fenes L. Lol 4 &

r-e 2r+e 3t te

9. Let there-be two feriefes -+-—~ + &c. = S and

e+2r

: ol — ! ¥ are Ié«
f +f+r+f+2r f+§ +&c. =5, whofe general terms are re

{pettively +e+1rz, and + f-_;-l'?z' : th“en from the fum of thefe two

feriefes can be colle€ted the fum of any feries, whofe general
termis.
a2’ BT 4 &, S o
r2te rBee-rirz et or.., gzt a-1r+eXrztforatr4fo.arz +f+7;:‘1_r
a b c A a o

—rz+e+ rz—4e+r +rz+e+2r tee +m+mr+e+rz+f+rz+r+f’

¢

P ———— o ———-——.—.’f_‘_'—-———-—
+rz+‘2r+f . +rz+m—— 1r4-f
ber, Letatbd-c.. 4r=o,and a’+4& +¢' ... 4/ =0, then

.. . 1 1 1 I
the fum willbea (- oo e ) 4 (e

1 . I I 1
+m T +m)_+c (rz+e+2r+m+f+3r+ ot
)+&C.+ﬂ(

; where e — f1snot a whole num-

1
z+f+rz+r+f o rz+m--2r+f>

rYzfn—2r--e

e s o

(= i) R

1
2, If the feriefes are --—»—_l:7+e+2 -»-&c.andf f+r+f+2r

"— &ec.; then from the {um of thefe two feriefes can be collected
Ly the principles- given above the fum of any feries, whofe
generaliterm 1s:

2 as®
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The fame principle may be applied to find the fum of any
deries of the abovementioned fort, in whofe denominator are
contained other fa&ors, rz+g, rz+g+r, &c. &c.; or 2rx+4g,
2rz+g+r, 2rz+g+2r, &c. Like propofitions may be de-
duced from f{eriefes, in which  and »/, &c. and the faors
rz+ e and 'z + g, &c. denote different quantities.

10. An apparently more general method may be given from
affuming a feries or feriefes as before ; and adding every two,
three, four, &c. (#) fucceflive terms together for terms of a
new feries beginning from the firft, fecond, third, &c. #®
term ; and in general adding together two, three, &c. # {uc-
ceflive general terms; and in their fum writing for % the diftance
from the firft term of the ferics 23+ 4, 33+4a, &c. #13+4a;
there will refult the general term of a feries not to be found
from the above-mentioned addition.

Ex. Let the feries aflumed be L+ i+ 21424 &c. in infini-

sum, of which the general term beginning from the firft is

-Z—g_«;; add three fucceflive general terms gt 1

%41 :?—l_-—z z_-}-—-g

. 3122411 . . .
o e 2
SiT.adz wggs D this term for = write 3%, and there

refults = :Zzzél;gfz+ ; ; ot In the fame manner, if the
beginning is inftituted from the fecond or third term of
' 32*+ 182426

22,243 244

the given feries, the terms refulting will be

3%+ 24447 .
and o In thefe terms for x write 3%, and there
272"+ g4z 26 292* 922447
3342, 33+3 . 3%+4 3%+3.33+4.33+5 "

refult
If
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If the terms of the oiven feries are alternately affirmative and
O

negative, the terms of the refulting feries will be alternately
affirmative and negative, if # be an odd number ; otherwife its
terms will be all affirmative. 'The fum of this feries will be
finite or infinite, as the fum of the feries 14+ %+ + 1 4+ &c. is
finite or infinite; but fromit, by the preceding method of addi-
~tion or {ubtra&ion of Mr. BErNoULLI’s, or a like method applied
to more feriefes, may be found the fums of different finite f{eriefes.

It may be obferved, that from Mr. BErNovLLr’s addition or
fubtradtion can never be deduced the feriefes which arife from
this method ; for, by his method, the denominator can never
have any fafors but what are contained in the denominators of
the given feries, viz. (in the feries 3+ § + 5+ &c.), 24/, where
/is a whole number; but by this method are mtroduced into
the denominator the fattors 2z+/, 334/, &c. and #x+/, or

which may be reduced to the fame (2 + %) X 1l

If # fucceflive general terms of the feriefes arifing from Mr.
BeryouLrr’s addition or {fubtraction be added together, and in
the quantity thence arifing for = the diftance from the firft
term of the feries be f{ubftituted 7z, there will be produced
{eriefes of the above-mentioned formula.

11. Multiply two converging ferieles 2+ v + cx™ -+ dx* + &c.
‘=S and «+ B+ 9x”*+ &c.=V, or find any rational and inte-
gral function of them, and the feries refulting will be finite
and=SxV, &c, Let a+ B+ 9#"+ &c. "=V be finite, and
the refulting feries will be finite and=Sx V, &c. If Sbea
{eries converging or not, whofe ultimate terms are lefs than
any finite quantity, then will the feries (a+bx+c¥*+ &c.) x,
{2+ PBx+yx*+&c.x)=V xSbea converging one, if &+ Bx +
a0 &Co A" =03 which cafe was given by Mr. De Mo1vRE.

Mr.,
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Mr. BernourLr’s addition, &c. can be applied to feriefes of

this kind. For example, let the given feries be £ +_—-—»c+

;:TZ &4 &e.=S, TFrom this {eries Tubtra& the fame feries di-

. . 1 I I
minithed by m terms, Vi%, —— X" ———— x"Fr gt
y ms, e+ m +e+m+r e+m-2
£ L m
4+ &c. and there remains “H7=F etmii—et iy,
e.mte © e .et+m+y

T " m .
ehmpa—ehay yo g ehmi3—ek 3y o474 &y for a7 write A,
€42 . et+m+2 e+3.etmt3

m-—eA et mt1—s41A X 4

il {eries become
then will the feries becom — T e+m+

etmty2—et2A o ekmA3—F3A s + &c. = - ﬂ- — % +
et2 . edtmt2 et3.etm+3 e+l

_—3—“ xz. ®» @ & AI‘ xm.‘-_lx hd

642 etm—1 '

2" 4 bz o2 o & ,
X &%
Let the general term be P iR St R

o 8 b4 e s X . 2z & -

- z,—%~e+z;§-e+,1+z+e+2 z+e+n—1) X Suppofeﬁ_ﬁx,
y=ofxty 3=84° o+ X=X'%""; then will the fum of the
above-mentioned feries be («+f + o+ + &c) x S—2

e

(B +9 +9 +&c.) ~ Z-%T (o + 7 + &c.) “-Z:'E (& + &c.) - &e.
From the {fum of the feries :7 --::—1—_-}- ;—j—;:--— &c. by thefe
and the principles before delivered can be deduced the

{um of any feries, whofe general term is

. ax” +J4 ! &e. v
Dz de. 2%bet 1. 28Fe+2 . 22+ e+ 3 X &,

In like manner from the fum of the feriefes = +~_..._|. _._1;.“
-2
. &C. ] -+ f+ 1 f+" — &C- +é‘:l:'i +;f; - &C. &C. can bC

deduced
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deduced the fum of any feries, whofe general term is

az” +5x" " - &e.
Zte.ztet1.xtetak&e Xz f. z+f+1 z+f+2 exztgezt gt 1.&c,
lX x 3

2

And alfo from the fum of the ferlcfes - - -—-~—x+—~-——- - &c.

e42
S . &c. can be deduced
[ f+1+f+2 bec g .g+1 g+2

the fum of any feries, whofe general term is

az” 4+ b2" T &,
2z+e . 2x+e+ 1 &eo X 22+ 22+ f 4 I . KC. 2248 2Z+g+1 &e.

The method of adding more terms of a given feries toge-
ther, as before taught, may be applied to thefe and all other
feriefes. For example: let the given feries be 1+ x4 14
+ 3+ +&ec. 5 add two terms conftantly together, and it becomes.

1+ x4+ &e. —f_:”+4+3”x +6+5” it &, = 2EA  AH R

k4

%
X X%

3.4 2 3.4
6435A " - 2z424 (224 1)
<6 " +8&ec. whence the general term 1is B T
2211 x**,  From the methods before given of addition, f{ub-

traftion, and multiplication ; and the fericfes found by this
method, can be derived feriefes, whofe fums are known.

12. Suppofe a given feries ax” + burts a4 durE3 4 &,
‘whofe fum p is either an algebraical, exponential, or fluential
fluxion of w3 multiply the equation p=ax’+ by + cxmke g
dxt3 4 &c.into ¥t and thererefults axtr— "p= axtr - byt o
et o &e. 3 find the fluxion of this equation, and there

i"ollows% multiplied into the fluxion of the quantity (x3-75)

= gt o (mrehy) baFrdet (S s) vk g g,
of which the general term is (s5r=2s) x £, where % denotes
the diftance from the firft term of the feries, and #

Vor. LXXIV, Ggg 18
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is the term in the given feries, whofe diftance from the firft
is z.  In the fame manner may be deduced the fum of a feries.

whofe general term is #' x o725 x ==r/ Z=g=25, or by re-
peated operations #’ x ez’ +fz +g, where # is a term of the
given equation, whofe diftance  from the firft term is 2. And
in general, from the fum of a given feries, whofe fluxion can
be found, and whofe general term is #, can be deduced by con-
tinued multiplication, and finding the fluxion, the fum of a.
feries or quantity, of which the general term is A#, where A
is any function of the following kind #'z” 4 6%~ 4 ¢/2"—2 4 &c.
in which 2 denotes the diftance from the firft term of the feries,.
and 7z awhole number. Itistobe obferved, that if the given
feries converges mn a ratio, which is.at leaft equal to the ratio
of the convergency of {fome geometrical feries, the refulting
equation: will always converge. But if in a lefs ratio, then:
it will fometimes converge, fometimes not, according to the
ratio which the fuceeflive terms of the refulting feries have
to each.other at an infinite diftance:

-p+1.p+z.p+3~...p+z=
et L.rk2.r+3..7 432

Ptz ptrz—1 . p+2—2 ¢ phz~3 ¢ ZFrh1 . - -
B Y WA o » if p—r beawhole

affirmative number ; but this latter quantity has the formula.
above-mentioned a%” 4 bx"—2 4 cz"~3 4 &c. 3 and confequently,.
if the fum of the feries @ 4 da* 4 cax® 4 du3* +&c. = p be known,.
by this methoed’ can be deduced the fum. of the feries

P S P /’+ $ p P}*l-P-iZ s
Ak év F o T dx¥ - &c..

Corollary.. 1:

m—1

” m
o —— m x ,m —-7
Ex.1.9inceq +x"=an" (1 SR e % — 2x’+ =

A2 et . &c.) 5 multip,ly the fucceffive terms of this feries
4n ‘ ' ]
mnto
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into the terms of the feries 1, £ “y ﬁ f i L, &c. and a feries is

',,1 p.m +;ﬁ-—: P ;»+1,<m.m-—n + -z
deduced @ +r.7za - + r.t-j-x.n 24 . * . + &C"

"

whofe {fum is known, if the fum of the feries -a+x+ﬂ is
known.
Ex. 2. If the feries begins from the /4- 1™ term of the above-

. . . m m +2_ .
mentioned binomial theorem a — +~ 4" = Ty 4 &c. wiz. the

1+ 1% +m-—T—|TZn *® m——l+3nx

Itan a IF3n @ I+4n a8
of which let the refpeive terms be multiplied into 1,

feries be Hx 1+~ + &ec.

2 ’ ‘-:-—f{—:— , &c. there will refult a feries whofe fum is known.

Ex. 3. From the rule firft given by me for finding the fum of
the terms at 4 diftances from each other, the fum of the feries

m—mn*‘m—1+2n' 'm_—-l+bnx_x£ + P x m—Il+ h+1n 5!
i42.n Il+3n 1+b+m & I+ bh+t2n

14

molparar.. '.'_'_I.H'_.ff’”x L 4 &c, where P denotes the co-effi-
I+bh+3n I4-2h+ 17 4

cient of the preceding term, can be deduced ; and confequently

the fum of the feries deduced from multiplying the fucceflive

terms of this feries into the quantities 1, f;’ 2 ’; ii &ec.

IEe

{pe&ively.

The general principles of this cafe were firft delivered by
Mr. BErNouLLI, Mr. DE Mo1vse, Mr. EvLER, &c.

12. Affume the feries 4 4 bx® + cx** 4 &c. = p, multiply itk into

#=, and find the fluent, then will © wp— f wp= ax+
Ggga2



404 Dr. WARING on the

_;—” bx“+”+-—- ex»t* 4. &c.; multiply this equation Into
wf—e—15, and ﬁnd the fluent of the equation refulting, which
I

will beé I xﬁ'*p-- ,»-fxﬁ"p— - xe—_xﬁ—“‘/‘xp-[-— -

ANV S |
S =1 Lax ﬁ+-w.ﬂ-bxﬁ+"+;—m ot 4 &oi

divide by %%, and there refults = . p-;- . —-—-x“"‘f.xp—}-—
l..' I "”/5‘/\'”3.: E . I, 7 .
o vep . 50+ + B~(~ bx"+ &c, : and in gene
T TR S | S 1 Ty A SN S S
I‘al ;- -" ;.&C.p"i“; -;‘:‘ﬁ'oo—;—;x fxp'l'B-B—“ .ﬁ-—-y_‘.
-8 [ yppa 121 . fy___i,_ X
&c. x wPp 4 R &ei x=v f wrp R &c.
1 .1 ]__ . n 1 I I 2n
R R e &c. by tom 5 &KCu cx?" &,c.‘
whence. the law. of continuation 1s immediately mmufeﬁ.
Hence, if no two quantities a, 3, 9, J, &c. Be equal toeach
other; and the fucceflive terms a, 8, ¢, d, &c. of any feries
@+ b+ cot 4 &c. = p be divided by «. 8. 9.8, &cos.a+n . B4 # .
y+n . S+tn. &y at2n.Br2n . y+2n .3+ 2n . & & s
and in general By a+#%.LB+2%.9+n2 . 3403 . &c. &c.;
then can the fum of the feries be found from the fluents of the
fluxions ap, ¥"p, wp, #'p, &c. as has been obferved in the
If two are equal, v/iz. a= B, then alfo the

Meditationes.
fluent of the fluxion g— f #p is required. If three are equal

iz a= (=13 thenitis neceffary to find the fluent of the fluxion

Z‘/‘”. f w3 and;fo on,
X

1. Letp= —2—; andif the differences of thie quantities a,

1+x"
B v, 8, &c. are divifible by », from the fluent of the
fluxion
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fluxion 4% can be deduced the fluents of all the other fluxions
%%, x1p, &c.; and in general, if &~ is divifible by #, then
- from the fluent of the fluxion #*p can be deduced the fluent of

the fluxion x*p.
2. Suppofe p = the terms of the binomial theorem ex-

panded according to the dimenfions of ¥, viz. (@ ba" ;' =
a +; a* a3 &e. beginning from the firft or any other
terms ; then, if «, @, &c. divided by # give whole affirmative
numbers, will all the fluxions #%p, 2, @p, &c. be integrable ;
and if the differences of the quantities «, 8, y, 9, &c. are divi-
{ible by #, from the fluent of the fluxion #7p can be deduced
the fluents of the fluxions ##p,. x73, &c:

If p denotes the fum of the alternate or terms whofe diftance
from each other are m, of the binomial theorem, the fame
may be applied.

9
~—
$

3. If p=a+bx+cxs; and 5. 0;. p, 6, &c. divided by.n

give whole affirmative numbers, then . from / #p can be de~

duced all the remainder [(#8p; f x7p, &c.: and in. general. from

two can be deduced all the remainder.

To find when the fum' of any feries of this kind can be
found, add together each of the fluents, which can be found
from each other, and not otherwife, and fuppofé their fum =o
and fo of any other fimilar fluent, and from the 'refulting
equations can be difcovered when the feries can be integrated. .

13. If the general term of a feries contains in it more vas-
riable quantities, %, v, w, &c.; then find the fum ofthe feries,
firft, from the bypothefis that one of them (%) is only varia--

ble,
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‘ble, which, properly correGted, let be A; in the quantity A
{uppofe all the quantities invariable but fome other v, and find
the fum of the feries thence refulting, which let be B, and fo

on; and the fum of the {eries will be deduced.

I .
Ex. Let the term be - TR the dimenfions

of % and v, &c. in the denominator muft be at lealt greater
than its dimenfions in the numerator by a quantity greater
than the number of the quantities %, v, &c. which proceed
in  infinitum increafed by unity. Firft, fuppofe z only
variable, and the fum of the infinite feries refulting will be

b 7,;1 i A; then fuppofe v only variable, and the fum

refulting will be : =B, which is the fum required.
2% .V . V41 '

If it be fuppofed, that the quantities % and v, &c. in the’

{fame term fhall never have the fame values, then fuppofe
= and v always to have the fame values, and the general term

! becomes - I ., of which let the

2

2.2+l VeVF+1VH2 2tz I .22
{um be V, then will B ~ V be the fum required.

On this and fome other fubjeéts more have been given in the
Meditationes.

14. If the {um of the feries cannot be found in finite terms,
and it is neceflary to recur to infinite feries ; it is obferved in
the Meditationes to be generally neceflary to add fo many
terms together, that the diftance from the firft term of the
{eries may confiderably exceed the greateft root of an equation
refulting from the general term made=o; and afterwards a
feries more converging may commonly be deduced from
the fluents of fluxions refulting from negleéting all but the

greateft quantities in the general terms refulting ; and by other
2 different
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different methods. Mr. Nicworas Berwovrrt and Mr. Mom-
MorT invefligated the fum of the" feries (P) A+Br+Cr 4

&c. by a feries (Q) —— + (I Lt "””j)3+ 27t

- where d’, d”, d", &c.. denote the {ucceflive d1ﬂ’erences of
the terms A, B, C, D, &c. If r be negative, the denomi-
nators become 1 +7, (1+47), (1+7)’, &c.

It has been:obferved, in the Meditationes, that in:fwift con-
verging feries the feries P will converge more fwiftly than the
feries Q_; in feries-converging according to a geometrical ratio,
fometimes. the one will converge more {wift, and {ometimes.
the other. In other feries, which converge more flow, where
moft commonly r nearly=1, it cannot in. general be faid,.
which. of the feriefes will converge the {wifteft. The preceding
remark, vz, the addition of the firftiterms of the feries, is ne~
ceffary in, moft cafes of finding the fums by feriefes of this:
kind..

It is not unworthy of obfervation,. that in almoft all cafes of
infinite feries, the convergency depends on the roots of the
given equations, which remark was firft publifhed in the Me--
ditationes. For example :. in finding approximates to the roots.
of given equations the convergency depends on how much the
approximates given are more near to one root than to any
other ; and:confequently, when two-or more roots or values of
an unknown quantity are nearly. equal, different!rulésare to be
applied;. which. are improvements of the rule of falfe. This.
rule, and the above-mentioned obfervations were firft given in the -
Meditationes Algebraicee et~ Analyticee, with. feveral other:

additions on fimilar. fubjets..

Manw.
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"Many more things concerning the fummation of feries, which
depend on fluxional, &c. equations, might be added; but I
fhall conclude this paper with congratulating myfelf, that fome
algebraical inventions publithed by me have been fince
thought not unworthy of being publithed by fome of the
greateft mathematicians of this or any other age.

1ft, In the year 1757, I fent to the Royal Society the firft
edition of my Meditationes Algebraice : they were printed and
publithed in the years 1760 and 1762, with Properties of Curve
Lines, under the title of Mifcellanea Analytica, and a copy
of them fent to Mr. EULER in the beginning of the year 1763,
in which was contained a refolution of algebraical equations,
not inferior, on account of its generality and facility, to any
yet publithed (viz. y=a /p+b /p* +¢ /P + . ./p~). This
refolution was publithed by Mr. EVLER in the Peterfburg Als
for the year 1764. Whether Mr. EULER ever received my
book, I cannot pretend to fay; nor is it material: for the faét
is, that it was publithed by me in the year 1760 and 1762,
and firft by Mr. EvLER in the year 1764. Mr. pE LA GRANGE
and Mr. Bezou have afcribed this refolution to Mr. EVLER, as
firft publifhed in the year 1764, not having feen (I fuppofe)
my Mifcell. Analyt. Mr. BrzouT found from it fome new
equations, of which the refolution is known, and applied it to
the reduétion of equations: more new equations are given,
and the refolution rendered more ea{y by me in the Philofophi-
cal Tranfa&ions. 2d, In the above-mentioned Mifcell. Ana-
Jyt. an equation 1s transformed into- another, of which the
roots are the fquares of the differences of the roots of the
given equation ; and it is aflerted in that book, that if the
cocflicients



Summation of Series. 409
co-tfficients of the terms of the refulting equations change con-
timiaily from + to — and — to+, the roots of the given equation
are all poflible, otherwife not; and in a paper, inferted by me in
the Philofophical Tranfa&ions for the year 1764, in which is
found from this transformation, when there are none, two or
four impoffible roots contained in an algebraical equation of
four or five dimenfions; it is obferved, that there will be none-
or four, &c. impoffible roots contained in the given equation,
if thelaft term be + or - ; and two, &c. on the contrary, if
the laft term be - or +. Thefe obfervations and tranf=
formation have been fince publifhed and explained in the Berlin
A&s for the years 1767 and 1768, by Mr. pE LA GrANGE. 3d.
In the Mifcell. Anal. an équation is transformed into another,
whofe roots are the fquares, &c. of the roots of a given equation ;
and it is aflerted, that there are at leaft {o many impoffible roots
contained in the given equation, as there are continual pro-
gleffes in the refulting equation from + to 4 and —to ~. It is
afterwards remarked, that thefe rules {ometimes find im pofiible
roots when Sir Isaac NewTon’s, and fuch like rules, fail ; and
that Sir Is'A’Ac NewTon’s, &c. will find them, when this rule
fails. Thxs rule may fomewhat further be promoted by firft
‘Changmg the glven equation, whofe root is x, into “another

whofe root is \/-— ix; but, in my opinion, the rule of Har-
rror’s, which only finds whether there are impofiible roots
contained in a cubic equntlon or not, is to be preferred to thefe
xulcs, which, in equations of any dimenfions, of which the
impofiible roots cannot generally be found from the rules, fel-
dom ‘ﬁu‘d‘ the true number. 4th, It is remarked, that rules
which difcover the true mumber of impoflible roots require
immenfe calculations, fince they muft neceflarily find, when

Vor. LXXIV. Hhh the
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the roots become equal.  In order to this, in the Mifcell. Anal..
there 1s found an equvation, whofe roots are the reciprocals of
the differences of any two roots of the given equation ; and.
from finding a quantity (#) greater than the greateft root of the

given,. and ( f/li) greater than the gl'eateﬁ root of the refulting:

cquation, and fubflituting =, 7~ A, 7= — 24, &c. for x in
the given equation ; will always be found the true number
of impoflible roots. sth, In the fame book are affumed two
cquations (2x™F— 7 — 1pa"*+ 5 — 2gx™3 — &c. =o and
xo— par—t 4+ &c. = w), and thence deduced an equation, whofe
root is w, from which, in fome cafes, can be found the num-
ber of impofible roots.

6. In the Mifcell. Anal. is given the law of a feries, and its.
demonttration, which finds the fum of the powers of the roots
of a given equation from its co-efficients. Mr. EvLER hasfince
publithed the fame in the Peterfburg AG&s. Mr..pE LA GRANGE
printed a property of this feries, alfo printed by me about the
fame time ;. viz. that if the feries was. continued. iz nfinitum,
the powers would obferve the fame law as the roots, which
indeed immediately follows from the feries itfelf; but from.
thence with the greateft fagacity he' deduces the law of the
reverfion of the feries (y =a+dx +cx*+ de’ +&c.) ¢ it has fince
been given in a different manner from fimilar principles in the:
Medit. Analyt. 7. In the Mifcell. Analyt.. the law of a feries.
is given for finding the fum of all quantities of this kind (" x
B x 9" x 8* x &c. +&c.) where a, £, , 3, &c._denote the rootsof a
given equation, from the powersof the rootsof thegiven equation.
This law, with a different notation, has been fince publifhed in the

Paris Ats by Mr. VANDERMONDE ;. who indeed mentions that he
3 had
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had heard, that a feries for that purpofe was contained in my
book, but had not feen it. In the famebook 1s given a method
of finding the aggregates of any algebraical funéions of each of
the roots of given equations, which is fomewhat improved
in the latter editions. 8. In the fame book are aflumed
az” + by &, and Ax” B2 &,
PpR” 4 g2 &, PR+ g T e
quantity whatever for  andy, the unknown quantities of a given
equation of two or more dimenfions. ¢. In the Mifcell. Analyt.
a biquadratic (¥*+2px’=ga*+rx+s, of which no term
is deftroyed) is reduced to a quadratic (x* 4+ px 47 =
VP +2ntgi4+vs+n';) and in the fecond edition of i,
printed in the years 1767, 1768, 1769, and publifhed in the
beginning of the year 1770, the values of # are found
aB+yd  ay+pS and u5‘~!2-37

—y ——

, where % 1s any rational

~ —, ; and the fix values of /y"+2n+4¢q
. af-B—y—2 why—B—3 atd—fy .
refpetively > R ~—> and their nega-
= ay—
tives ; and the fix values of v/s+7* refpe@ively B i 72_ “,

28 and their negatives. 10, From a given biqqadratic
(5 +9y"+ry+s=0) by afluming y"+ay+b=v and ¢ and &
fuch quantities as to make the fecond and fourth terms of
the refulting equations to vanifh, there refults an equation
(v'+ Av*+B=0) of the formula of a quadraticc. Mr. pE LA
GraNGE has afcribed this refolution to Mr. TSCHIRNHAUSEN ;
but in the Leipfic A&s the refolution of a cubic is given by
Mr. TsCHIRNHAUSEN, but not of a biquadratic: his general
defign feems to be the extermination of all the terms.

Hhh2 11, Mrn
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11. Mr. EvLer or Mr. DE LA GrANGE found, that if « bea
root of the equation x"- 1=o0, where # is a prime number,
oy &y &y oo o1, 1 will be () roots of it. More on a fimi-
lar fubjet has been added in the laft edition of the Medit.
Algebr. 12, It is obferved in the Mifcell. Analyt. that
CARrRDAN’sor Scirro FErRrREUs’s refolution of a cubic is a refo-
lution of three different cubic equations; and in the Medit.
Algeb. 1770, the three cubics are given, and the rationale of
the refolution (for example: if @, B, and ¥, be the roots of
the cubic equation #'+¢x—7=o0, then is given the fun&ion
of the above roots, which are the roots of the reducing equa-
tion 2° —rz*=¢*); and alfo the rationale of the common refo-
lution of biquadratics. 13. It is aflerted in the Mifcell. that
if the terms (My”-+by"=% ++cy—x" 4+ &c. and Ny” + Bym—1x 4
Cy»—2y" 4- &c.) of two equations of # and 7 dimenfions, which
contain the greateft dimenfions of #and y have a common di-
vifor, the equation whofe root is x or y, will not afcend to
# x m dimenfions ; and if the equation, whofe root is » or ¥,
afcends to # x m dimenfions, the fum of its roots depends on
the terms of # and #—1 dimenfions in the one, and m and
m -1 dimenfions in the other equation, &c. It is alfo aflerted,
in the Mifcell. that if three algebraical equations of #, m,
and » dimenfions contain three unknown quantities #, y, and
%, the equation, whofe root is x or y or %, cannot afcend to
more than # . m . 7 dimenfions. 14, Mr. Bezour has given
two very elegant propofitions for finding the dimenfions of the
equation whofe root is  or y» &c ; where #, v, &c. are un-
known quantitics contamned in two or more (b) algebraical
equations of =, g, ¢, &c. dimenfions, and in which fome of
the unknown quantities do not afcend to the above , ¢, o, &c.
dimenfions
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dimenfions refpeGively. In demonﬁfatiug thefe‘propoﬁtioné
he ufes one (amongf’c others) bef'orc given by me (viz. if an
equatmn of n dimenfions contains m unknown quantmcs, the
number of different terms which may be contamed it will

be%-{-l . nt2 a3 . %ﬁ . Inthe Medxt. 1740 there is

2 3
given a method of ﬁndmg in many cafes the dimenfions of the
eqmtlon, ‘whofe root is » or ¥, &c. 3 from which one, if not
both, of the abové-mentioned cafes may more eafily be deduced,
and others added. 1. In the Medit. 1570 is obferved, that
if there be #z equations containing‘ m unknown quantities,
where 7 1s greater ‘than m, there will be #—m equations of
conditions, &c. 16. In the Mifcell. is given and demon-
ftrated the {ubfequent propofition ; w/x. 'if two equations con-
tain two unknown quantities » and », in which » and y are
ﬁmilarly involved ; the equation, whofe' root is x or y will
have twice the number of roots which the equation, whofe
root is ¥+, x*+9%, &c. has. In the Medit. 1770 the fame
reafonmg is applied to equations, which have two, three, four,
&ec. quantities fimilarly involved. 14. Mr. pE LA GRANGE has
doue me the honour to demonfirate my method of finding the
number of affirmative and negative roots contained in a biqua-
dratic equation.- -A demonftration of my rule for finding the
number of affirmative, negative, and impoffible roots contained
in the equation x”+ A"+ B = o is alfo omitted, on account of its
eafe and length. From the Medit. the inveftigation of finding the
true number of affirmativeand negative roots appearsto be as diffi-
cult a problem as the finding the true number of impofiible roots 3
and it further appears, that the common methods in both cafes
can feldom be depended on. But their faults lie on different fides,

7 ‘the




414 Dr. WARING on the

the one generally finds too many, the other too few. 18. In
the Medit. 1740, from the number of impoflible roots ina
given equation (%" = ™1 4 &c. =0) 1s found the number of im-
poffible roots in an equation, whofe roots (v) have any afligna-
ble relation to the roots of a given equation ; and examples
are given in the relation (nx"=* — 7 — 1pa"*+ &c.==v); and
in an equation, whofe roots are the {quares of the dif-
ferences of the roots of the given equation. 19. It is obferved
in the Medit. 1970, that in two or more equations, having
two or more unknown quantities, the fame irrationality will be
contained in the correfpondent values of each of the unknown
quantities, unlefs two or more values of one of them are
equal, &c. 'The fame obfervation is alfo applied to the co-
efficients of an equation deduced from a given equation. 20.
In the Mifcell. was publithed a new ‘method of exterminating,
from a given equation, irrational quantities, by finding the
the multipliers, which, multiplied into it, give a rational pro=
du&. z1. In the Medit. 1470, are given the different refolu-
tions of a certain quantity (&* 4 r6*)+t and (4" +ré*)*"*+2 into
quantities of the fame kind.  22. Mr. b LA GRANGE has very
elegantly demonftrated Mr. WirLsoN’s celebrated property of
prime numbers contained in my book. In the laft edition of the
Medit. the fame property is demonftrated, and fome fimilar
ones added. 23. In the Mifcell. is given a method of finding
all the integral correfpondent values of the unknown quantities
of a given fimple equation, having two or more unknown
quantities ; and, in the Medit. 1770, are given methods of re-
ducing fimple and other algebraical equations into one, fo that
fome unknown quantities may be exterminated; and if the

unknown quantities of the refulting equations be integral or
rational,
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rational, the unknown quantities exterminated may alfo be
integral or rational. 24. In the Medit. are given rules for
finding the different and correfpondent roots of an. equation,
whofe refolution is given. 25. Mr. DE LA GRANGE has-recom-
mended my new transformation of equations, publifhed in the
Mifcell. which perhaps is not lefs general nor elegant than any
yet publithed ; and in the Meditat. 1470 is given a method very
ufeful in finding the co-efficients.

If either here, or in the preface to the Medit. Algebraica,
I have afcribed to myfelf any algebraical, or in the properties
of curve lines any geometrical, or in the Medit.. Analyt. any
analytical mvention, which: has been before publithed by any
other perfon, I can only plead ignorance of it, and.thall on
the very firft conviction acknowledge it..

I muft further add, that I have been able to carry my alge-
braical improvements into. geometry ;. for from them, with
fome geometrical principles added, I have (unlefs T am de-
ceived) deduced as many new properties of conic fe&tions and
curve lines as have been publithed by any one fince. the great
geometrician. APOLLONIUS.. |




