[ 87

IV. On Infinite Series. By Edward Waring, M. D. F. R, §.
Lucafian Profeffor of Mathematics at Cambridge.

&ead December 15, 1785.

N the Paper, which the Royal Society did me the honour
to print, on Summation of Series, is given a method of

finding the fum of a feries, Whoié general term. ( —g) (where

P, . 4 . . .
g isa fraftion reduced to its loweft terms) is a determinate al-

gebraical fun&ion of the quantity () the diftance from the firft
term of the feries, Which always terminates when the fum-of
the feries can be expreffed in finite terms. .

2. The terms of every infinite feries muit neceﬁ'arﬂy be
given by a fun&ion of %, or by quantities which can be re-
duced to a fun&tion of z. | . :

3. LetQ=AXA’XA”X ..A”XBxB' xB”*x% ...B"xC
C’'xC*x .. C"xbc. where A, A”, A”... A", are fuc-
ceflive values of Aj; thatis, refult from A by writing in it for
z refpectively s +1, 2+ 2,%+ 3, . . s-}-23 and B/, B’ - >, B’ -
B, refult from B, by writing in it for % refpe&ively z+,1,
%+ 2,%+ 3. ..%-+m; but Bis not afucceflive value of A ; &c.
Let the numerator P=E,E/ . E* . Ev=1  F ,F/ ,F~, . Fr-4=r

xL; E, E¥ .. E#—; I/, Fr*., Fr*=1, &c. denoting fuc-
ceflive values of the quantities E, F, &ec. refpettively ; and L,
admitting of no divifor of the formulaK x K’, where K’ is a fuc-
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82 Dr. WARING o

ceflive value of K: let L=A x Bx C x &c. x E¥* x Ftt x &c.
xp' xg xr' x&c.=A"xB"x Cx &c. x ExF x &c.xpx
g x r x &c. where p/, ¢’, 7/, &c. are irrational quantities and
fucceflive values of p, ¢, 7, &c. The factors A B, C, &c. E¥,
F, &c. being given, the factorsp’, ¢’, 7/, &c. into which they
are multiplied in the quantity L will eafily be deduced by de-
ducing the preceding irrational fattors contained in A, B, C,
&c. E*, Ft, &c. from the correfpondent irrational factors con-
tained in L; and in the fame manner, from the fafors A™,
B, &c. E, F, &c. can be deduced theirrational fators of the
preceding p, g, 7, &c.

Affume for the fum of the feries fought the quantlty

ExE xE®, . B¥ I xFxF .. F¥ " xac,

ALVA VAT L ATTIXBXB XBT P B T IXCxC .. CT T x e
xpxgxrxsx&e (ax” 420" +9z" >+ &c)=V; where
#' 1s a whole number, and &, B, y, &c. are co-efficients to be
inveftigated ; write in V for % its fucceflive value z+ 1, and
let the refult be W 3 reduce the difference W — V into a fraéion
in its loweft terms, and make the co-cfficients of the correfpon-
dent terms of the refulting fration = (W — V) and of the given
fra&ion equal to each other, if poffible ; and thence may be
deduced the fum of the feries required. ’

4. This feries will terminate if the fum fought can be expreﬂ'ed
by a finite determinate fun&ion of =3 if not, it will proceed
“in infinitum, and may be exprefled elther by a feries afcendmg or
defcending according to the dimenfions of =z.

5. If any factor, A or B, or C, &c. have no fucceffive one in
the denominator; or if the greateft dimenfions of 2 in the-de-
‘nominator be greater than its greateft dimenfions in' the nume-
rator by 1, then the fum of the feries is not a finite algebraical
fundtion of z.

6. If
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6. If in the denominator are deficient fome intermediate
fucceflive fa&ors, multiply both the numerator and denomina-
tor by thofe deficient fators, and they are {fupplied: for exam-
ple, let AxA” x A" x &c. be faGors of the denominator,
in which are deficient the fadtors A’, A", A’”, &c. multiply
both numerator and denominator by the cuntent A’ xA”
A" x &c. and they are reftored.

7. If in the denominator is contained the content
Alx A" x A .. A""=H, in which a is the leaft of the in-
dices /, I/, I, &c.: affume A*XxA” XA ... A""x o =H,
and in the fame manner reduce the fators in «; then affume
for the denominator A*x A” x A" . . . A" x &c.: for exam-
ple, let the contents be AT x A”* X A" x * x &c. ‘=H, thenis
2 the leaft index, and confequently the content reduced as be-
fore taught will be A* . A” . A . A" xa=A*. A” . A",
A" x A A A" xA” . A% but between the faé‘tors A’
and A’ is deficient the faor A”; and between the fa&:ors
A” and A”* 1s deficient the fator A’*; multiply the numera-
tor and denominator of the given fraction by the deficient
fa&ors A” x A’ 3 afflume for the denominator A* . A” . A’
XA A CAYXA? AP X & =AY AP LA )&, &e.

8. If the greateft index of the content H is contained in one
fa&or only, then the fum of the feries cannot be exprefled in
finite terms of the quantity .

9. The fame may be apphed to the contents of the feveral {uc-

ceflive values of the quantxtles B, C, &c. in the denominator :

I

for example, let the general term be —— PR multi-

plyitinto z— 1 to compleat the deficient term, and it refults
M 2 1
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T affume, by the preceding method for the fum of

the feries the quantity o 31

i, of which the fucceffive

. I
term 15 —————, and their difference —— LI
N 1.2 3 02.02—'! 1-2‘.-‘2!

= the given term.
I¢6202—2X2

2. Let the term be Ne® and e lefs than 1, which is the term
of a geometrical feries ; then will the fum of the infinite feries

be — x ¢%, beginning from the term whofe diftance from. the
ﬁrﬁ 18 %3 for the difference between the two fucceffive fums =

= (e’8 —e=+r) = Ne= the given term,

(27 +1-¢ X7+ 1)2
Z1.2Fn41
for the fum of the feries the fubfequent quantity (241 . 242 .
243 .. 2+8)TEXEX (a4 Br+9x* o w) and by the
preceding meéthod the co-efficients ', 8, ¥, &c. may be found:

X ex1+1 5 affume

3. Let the‘-general term be

the fum is known to be = —— X e*+1 4
B 242
se 'z'f_l:;‘e" +n which can eafily be reduced to the preceding

formula.

PQ""Q?I. > v
= T, T or ST where T and TV,

Pand P, %nd CL, are fucceflive terms; then ‘will the fums
of the feriefes be X or properly corrected.

If the general term be —

10, If the fun&mn expreﬁing the general term contain in the
denominator a fador or fa&ors, which have no fucceffive orie 3
reduce the faCor or faltors into an infinite feries proceeding
accordmg to the dimenfions of %, and thence, by the method
before given, find the fum of the feries. The fame method

4 may
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may be pﬁrfued, when the denominator of a fluxion, which is
a fun&ion of # multiplied into % contains the fimple power
only of a falor or fattors ; reduce the faGtor or fa&ors into an
infinite feries, proceeding according to the dimenfions of x, and.
by the known methods find the fluent of the fluxion.

11. The fluent of the fluxion or fum of the feries may be de-
duced alfo from the fubfequent propofitions, from which may
be inveftigated many feriefes, whofe fums are known..

1. Let pP = Qg, gQ=Rr, rR=Ss, sS="T7, &c.; then /Pp=
Pp~ Qg +Rr =854 Tr = &c. if only the feries converges.

2, Let pP' 4+ pP'=Qyq’, ¢qQ +¢Q + =R+, 'R’ 4+rR/=
Ss’, s8'45'S'=T¥, &c. where P/, ¢/, Q, ¢’, &c. denote the:
increments of the quantities P, g, Q,, ¢, &c. refpeively, then:
will the integral of the increment (Pp") =Pp ~ Qg+ Rr ~Ss +‘
&ec. if only the feties converges.

- g N

EXO I. xv-ﬁlx: 3y x’x = . 1 +n+mA +n+rB+”+s
7 7 g

,,""" m41 r+1 S+ 1 t+1

C+"+'D+&c)-” — 3 whence L= 14 2F7y 1

T —na™t 1—n m+I' Y41 m+4 1

nyr’  ntm T
SA417 V41T mia
g==a"%, Q_’ x""‘"", r=x'x, &c.

+&c.  In this example p=ami, P=g—r=n

EX . 2 P S VI I B e S Rl o
/ Mm—n—r-+ 1

LI ”+’+- Lo nkr ndTER L &c); whence
rm+1 m+1 m<2  mAI1 mt2 m+ 3

L ST i\ +"+:_; 'B+&c. In both thefe exame
m-

M—n—r+41 T m4+1 mt2
ples the letters A, B, C, &c, denote the preceding terms.

. 1 X .2
1+x I+x(m+l+m+>1.m+2xl+x+m+1.m+2.m+3

x* 2.3 &e.
(1+x)z+m+l.m+z,m+3.,nz+4 (1+x)3+ )

Ex.3. %

Ex.,
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Ex.4 a5 1 Pt P ,
‘(a—i-ﬁ.x"-l-cxz")b“m'l'l (a+llx"+cx2”)b+m+l . (a+bxn+cx2n)b+l
bbbt 2nbcx2"—x) ;
X (m+n+ 1 T m-2n+41 +&C'
12. Let the general term of an infinite feries be
A . N N . )
2o, zdatl.gfed2..5Fa+nxz+B . 3+B+ 1. 24B42 .0 264

mx gty o« 24y+1 . 2+v+2 . o 2dytrxzdd . g4 1 . 24042 . .

Trireee s Where a—B, a—y, B-y, &c. are not whole

numbers ; the fum of the feries can always be exprefled

in finite terms; if the fum of the fracions Ta o X
1 ,
B—e.B—at1.B—at2,.B—atmXy—a.y—atloy—at2e.g—atr
I .
- X

X8—a . d—at1 o d—atz2 . d—afsX &c. - IX1.2.3..7—1
I
B"'“—loﬁ—'“oﬂ_“""l 06"0&+2.-.B—‘¢+m_1x7-“"‘1 t?—ao'y—’“-}'[

+4

ey =@ r—=IX0—ma—1.0—0g .>3—oc.+1 .. d—nds—1 X &c.
I X I ’
1.2X10203008—2 B—a—2.B8—a—1.B=z.B=a41..p8~a+n~2Xy—a

D Y B Y=y o V=Gl 2 X S — 2y 00— ¢, 0= . o 0= 71— 2 X &Cs

1 I .

TIe2.03X1e20, n—3XB—a-—g.B—a—Z..B—a+n—3Xfy—g—3'y—
. ' 1

@2 . y—at+n—3xX&a-3,d~a—2. .3—a+s—-3x&c.+ EEEERERE ”)f

B—a—n,B—a—n+1..8—a—ntmXy—a—n.y—a—n41..y—a—n+rX
1 » 1

d—a—n.0—a—n+t1 ..6‘——oc--n+:x&c.=05‘ I+2.3.. mxa—-ﬁ’. P

1 ea—B42 . a—BtmXy—B . y—B+1 « o y—Btrxd—f , d—B+1

_ 1 X — o
Wd—B+2 0 8—B4ix&. IXIe2¢3cem—1" a—f—1,a—B..a—B+
-1
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I 3

H—IXy=B=10y=Bjsey—B+r—1Xd—F=1:0—B .. d—B+s—1X]&e. +
1 % 1

1.2X1.2030em—=2 a—B—2.0=f—1.2—f . a=Btn—2Xy—B—2

1 - .

yeBdr—2 X0—B—2 . 0—B—1 ..0—B+s5—2x &, 4

Ty—E=1..
R | N o
1.2.3X1.2.3..m—3  a—B—=3Xa—B—2Ra—B—1..a—B+n—3Xqp—
. . b S .
6—3.7—B—2.y—B—=1..y~B+7r—3X3—F~3 .. 8—B+s—3x&c. "'
I « 1 »
1.2:3¢4eem a—B—m.a—B—m+1.,a=Btnemxy—B—m.y—pB—
: 1 .
mE1 .. y—B—mprxd—B—m . d—B—m+1 .. 3—L—mtsx&e.
. . S : aE 1

l‘.2.3.~,rx06—-'y . “""y+1 o 0 0&-7+an—70 B"'y'l‘l . ﬁ-—'y—l—m

= o3

it otherwife, affume the quantities @, @+ 1, & +2, a-+ Zse e

atn; B B+1, B+2,..8+m5 9, v+ 1, y+2,..9+7;
3, 841, 3+2,..3+5; &c. fubtraét one « from all the re-

maining quantities «+1, a+2, . a+%; B, B+1,..L+m;

gy ykIy..pdrs & 8+1,.. 8455 &c. and multiply all the
" differences refulting 1,2, 3yeety B=a,B—a+1,. . B—atm;
ig,-;_'“, y=atI, .. ’y'-w-i-‘z, * e 'y—-‘oe‘-l—r; 5—:2, d—a I,.0
3 — &+, &c. into each other, and call the content g« In the

fame manner fubtra& «+ 1 from all the remaining quantities «,

at2, at3;..at+n; Lo B+, B4ms gyt 1,00 g7

3, 841, ..84s; &c.; and let the remainders - 1,1,2,3, . . zz— 13

B"“;‘ I, B—ay B—at+I,..B—atm—1; y—a—1, y=a,

'g;—oa+'l,..y—7a+r- 1;3—06- lfg—aa,é\--aa+ I,..3—a+s—»l,.
&c. be multiplied together, and their content be called pe+r,.
In the fame manner fubtra® a+2, &+ 3, « . &+ refpetively.

from all the remaining quantities, and let the differences re-

| fulting
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{ulting be multiplied together, and their refpetive contents be

called petz, pets, P4, .. pt s then, if the fum of the feries
I, 1, 1 S

can be found, will = -f-]m+I +pw+2 +P"+3 ces p“+_n_..o.

In the fame manner fubtra& B, B4+1, B4+2,.. B8+ m re-
fpe&tively from all the remaining quantities, and multiply
their refpeftive remainders into each other, and call their con-

M SN Y. " ] wrll I 1 .
tents refpecively p p#+7, pPt2, | | pf+m, then wﬂlﬁz to

1 I
Subtra& y, y+1, y+2,..9+r refpeftively from all the
remaining quantities, and multiply their refpetive remainders
‘into each other, and call their contents rcfpeéhvely 2 pris,
T e , I 1 . oo
py-rz PH— then Wlll e P o +p7“+2 . PH-"-@'
Subtra& 3, 84 1, 8+ 2, . « 84 from all the remaining quan-
tities, and multiply their refpeétive remainders into each other,
and call their contents refpe@ively p?, p*+1, pi+2,p'+<;5 then
) § I I
i1 +;p8+2 +p5‘+s
if the fu_m of the above-mentioned fra&ions be refpeGively=o;
then the fum of the feries, whofe general term is the given
one, can be found ; otherwife not.
13. If the fum of the feries, whofe general term is
. I
§+é e Z4a 4 X b. e Ztatnxz4g. zv+;3+ I.. Z+3-E.m xz+vy‘». z+'y-vl-‘x .

w1ll 5+

=03 and fo on; and, wice verfs,

gy r Xz 48 24041 L. g ddisx e =H? can be found in finite
terms 3 then the fum of a feries, whofe general term is

N § Ly el .
a® b —I;cz ot &e. (where 7 denotes an affirmative number)

can be alfo exprefled in finite terms,
' 14. Let
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14 LetAXZ+ B . 5+y . 3+IX2+ eX & +BXZtaxXsty .
Z+d.nte.&c. +4Cxz24+a . 2+BXI+.24¢. &c.+Dx‘

Zta.2+0.2+yXs+e. &e.+tEXz+a.2+0 Tty Z+4

« &c.=1, whatever may be the value of =z; then will
I o X \ = 1.
A T @ y—a o d—a o &C B Ta-B.y-B.0-B .&c.? C o=y B~y . 0=y, &c.?

a—8.B—3,y=d.&c?

15. Let the general term of a feries be—;i- X ¢%, where ¢ is lefs

than 13 the fum of the feries can be .exprefled in finite

LA
terms, when the above-mentloned quantxt:es *+P“f!—1 + 1> '—'“a::z ,
: LS LI A =
N e & A
e TR ps'*‘ ittt e
e 1 I : T 1 . 3
- = ra 1 ¢ & 3
—fr + o o =120, — - oo
pv-xpw +x+1w+z : prtr 1?3‘+P3+1+1>3+2+?3+3

ks

5{-}-— =0, &c.=o. This never happens unlefs e=1.
16. If the general term be any rational fun&ion of % into the
az +bz —Hz: +&c.

exponential ¢%, viz.

-+ X:z+aa+b xz+m+k x &, xz+B X

x e =K,

S FBTh xmtht 7" XkeXa Ty X2 v LB Xy T Xbes

where b, b, b7, &c. by ¥y k7, &c. by my m'y &ec. ny n'y n”,

&e. 7, v, ¥’y &c. &c. denote whole numbers, and neither
Vor., LXXVI, N =3
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a.— 8, nor @ — 1, nor -9, &c. are whole numbers : let m-be.
the greateft of the indices m, w/, m'’, &c.; n the greateft of
~ the indices #, #/, '/, &c.; r the greateft of the indices 7, 77, ',
&c.; then, from the {ums of the feriefes given, wheiz general

= % ) 5 % o

terms are —- ? ¢ e, L
(4a)" (z+oa)’” x’ (z-:-oo)”‘"‘2 (z+2)* z+a
& & k £ & &

"
’ s . ? - - e e e &c. Can'
T \

be deduced the fum of the above ferics, whofe general term:is.
given above ; multiply each of thefe terms into unknown co-
efficients ¢, f; g, 5, &c. ; then reduce them- to-a common deno-
minator, which is the fame as the denominator of the given:
‘ general term, and add them together, and make the correfpon=
dent terms. of the fum refulting equal to the correfpondent
terms of the numerator - 42’ 4 65" 4 cz—* - &e. of the given
general term; and-from the equations refulting can be deduced
the co-efficients ¢’ f, g, , &c. and thence from the given {fums
the fum of the feries required.

~ Approximations to. the fums of the femef’es may be deduced
from the methods given in the Meditaziones Analyticca. The fum
of fome few cafes have been given ffom the periphery of the
~circle for example, when « and m are whole numbers, and
e=13 or, more particularly, when m=2 and e=3%, and
{ome other particular cafes; which may be with nearly the
fame facility calculated- from approximations; the cafes given
irdeed are fo few, unlefs when- e=1, that they.can very rarely

be applied.
17.1f the dimenfions of % in the numerator be equal or greater -

than its dimenfions in the denominator ; that 15, / be -equal oz
greater. than z +m' 4+ m" +8&cs+n 0 +n’ 4 &, 7 At ey’
ol
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+ &c. &ec. reduce the fraGtions to a mixed number, {o that the
dimenfions of % in the numerator of the fraltion be lefs than
its dimenfions in the denominator, and the integral part be
Ae* 4 Bres + Ca’¢* + D’e* 4. . . Hz™e*: the {fum of the infinite
feries whofe term 1is Ae”+Bze%+C‘zze%+sz3e%+ Extex ., .,

e)sm(l--

B )

1.2.3 1+4+2X1.2 1 1.2.3.4 ‘ .
+(I-——e)2-) +Ee<"‘(:;)‘s“""'&c-)'. the fum

(1—0)*  (1—¢)
I1.2.3. 4e.m
(I-;—e)"l'*"

of a feries (whofc general term is 27¢%) =

) 1Sm—-t e ISm“‘:l X ISm—-zr __2 SM'—I

102,03 M=t el
(1=9)" (1—¢)

XI.2.3.m-—z.e

- +(_r_—-%”:”x 1¢2.30. m—bh—1.., i'(-i-:);,_whereLis
equal to the fum of all quantities of the following fort,
57— X BSr—a—t R ¥Sr T ¢ IS —e R y—1 ¢ Syt 3¢ &7
where &, B, ¥, 3, &c. are whole affirmative numbers; (in the
preceding notation by ~S¢is defigned the fum of the contents
of every « of the following numbers 1, 2, 3 4r 500 000)3
and a+B+yp+d+e+&c.=h+1; the above-mentioned pro=-
dutt “3»—* x #5"—=~* X &c. is to be taken affirmative or nega-
tive, according as the number of letters «, 3, v, 3, &c. is even
or uneven. -

The fum of the feries 2” X ¥ may alfo be found by afluming

for it (az"4bxm 4 ox"~ 4-dx"=3 . . . £)e; then, finding its

fucceflive term (2 Xz + Te +brt 1 et cxg +1 m—zg_[. &c) ¢,
‘and taking the difference between it and the affumed quan-
tity, there refults (axe— 1 %"+ moe +be— [ %14 &c.) e c
by equating it to the given term- 2"~ are deduced the {ub-

v smar gy

fequent equations 4 Xxe—1=1, mae+be~1=0, &c. whence
Nz a=
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a_.—-——-, é—"'*ma’ &C.
e—1 -4

1€ e=1, then affume azh 44z 4+ &c. for the fam foughe,
which rule was firt taught by M. J. BERNOULLI.

If the term be =7 f**; for f* fubflitute ¢, and there refults
" ¢ the fame as before.

18, Let P = A + Bw" 4 Ca* Dﬂﬁ” + &c. then wilk

A Ba” o
the fum of thc feries weB .oyl &c.'+ atn . bdn.ytn . & +

G +-&c -‘-........,..._.. x P-1L T 1
w21 Bf2n . yh2n. &c. T aBy s, )
L d I o -—'E"" ! ° L . 5 ‘0 ‘-15 N ﬁ 3 - .
e % &eox™ [ iy Ry 3 3...3 o &c & /xP

v . _r L .&c..x:x‘fvﬁxyji—-&c‘-ﬂ

; [ 4 B8 —_y » 3-—»7 )
This may. be Pr.ovegl from the {ubfequent arithimetical propo--

I 1 ‘1 S 1 ,
— g " - °. ° ‘Co - e — o — g m— P o - o
fition 3 — & +3 pa- Rl Rl &c. -
1 I I I & I X I I =
a;ul * ;—-_—:—; . — . 3.—,7 ® c. + 3 . “*‘3 * ﬁ-——3.7_3 - &C- —

=

i B.y.0, &a.®

19. Let the general term of the above-mentioned feries A + Ba.
' Cx'*4 &c. be Hy™ ;5 then from the fums of the feries p, and
the fluents of the fluxions x*p, #%5, 474, #'p, &c. being given
there follows the fum of a feries, whofe general. term. is

- In~2
+5Z +icz 4 &e, o ]
H,z T ST i e e Hy=, where / denotes a,w.hole
number.. ,
M1 -2 7 . 2 713 e X m-2 .
If Hem o — .. e ey OB —— s —— 3
2. 3 5+ 1 2 3

— [z
/z 41
“gither, whole numbers o.r.fraé’_cmns whofe denominator is 2, and’
a=a/n, 3= 'n, &c. the fum of the above-mentioned feries can be
found by finite terms, circular arcs and logarithms, 1£

, where / i is-a whole number;, and my oy 3,9, &c. are
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¥ H-—;—-—;—-—m Of = g T —= ,andlv'as,' B,y, &c..whole:
numbers and 7= 1 3 then can the fum of any feries of the above-
mentioned formula be found in finite algebraical fun&ions of #,,

and the circular arcs and logarithms of them..

PART 1L

v THE do&rine of proportional patts was probably veryr’
early known in the @ra of fcience; for when men could not:
find the exatt value of a quantity, they were induced to find:
mear approximations by trials, and from thence, by proportion,.
an approximation. ftill nearer: which method is commonly
denominated the Rule of Falfe. |

This was often found to deviate confiderably from the exa&:
value ; and the fame operation was repeated, which frequently
produced a nearer approximate value, and {o on.

This method of approximations, the moft general yet:
known, has been ufed in refolving problems by feveral of the:
moft eminent mathematicians- in. different ages, and. in this:
pamcu]arly by M. EuLEg..

- 2. The following obfervation, T beheve, was fitft publithed:
m the Medzmz‘zanes, in the year 1770, vsz. that the conver-
gency of the approximate values, found by the rule of falfe-
and method of . infinite feries,. generally depended on this, viz..

how:



94 Dr. WARING o1
how much nearer the approximate affumed is to one value
of the quantity fought pofii ible or impoffible than to any other,
and not to the. quantity. itfelf : hence, when two or more (#)
values of the quantity fought are nearly equal, it is neceflary
to recur to more difficult rules, vsz. to three or more trials;
as, for example, let two roots be nearly equal, and write
a, a+m, and a+p, for the unknown quantity in the given
-equation made =—o, and let the quantities refulting be A, B,
and C, then will more near approximations to the two roots
nearly equal of the given equation be 4 + the two roots(x) of the
p(P__W))x - (Ax”"”-]—Bx +
;._%_.”__75 x4+ A=o: for write 0, 7, and ps re‘fpe&wely for x in
the equation, and there will refult the quantmes A, B,and C,
More generally, {ubflitute for x in the given equation the
quantities 2, 2+, a+p, a 40, a7, a+u, &c. where Ty 05 T3 Ty
&c. are very {mall quantities ; and let the quantities refulting
‘be A, B, C, D, E, F, &c. ; then will more near approximations
to the (#) roots of the given equation be a4, a+8, -@+9,
a4+ 3, &c. where «, 3, s 0, &c. &c. are the 7 woots (¢) of the

(e=n)Y(e—¢! (e-——o-)\e—-*)&(' AL g((——e)(e—-c)(e-—-r)&c.
wmeor,&e, . XA+W(W~Q)(W—”)(”“?)8?&

w(e—m)(e=~o)(e~n)&eo C e __é__l?_ - é_ -
XB+6(8-"W)(£-=’)(e—r,&c. x C4 &c. -fA (w W)e.;. o+

»quadratlc ( e —

vr(vrv-p) . (W"P)

;glv.en equatlon

e
B S Vxenemmm (2 B O
vr('fr—e)+e(e—-7r)' ’ T\ Wﬂ—e)(vr-a' 9(;—-”)(9—v

D

o ——————— . bt & -
,(a-wxa«-e;) xe.e—m.cmpt ( T vr(w-—a)(vr;a)(w—-ﬂ +
ele—7)(g—2) (¢~ 7) &, +°(”—7f)(”'—€ (“—")&}: +"( - w (T —e((v —o)&e. )
S————— o gt C
wlTa€—pe =0 __(Wga'w W(w—-g)(fr-—-o)(vrv-r)(?r—-v) ele=7)(g—o)

(e—7)
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D o E
= G=0) o= (=g (e—m(F~2) Hr=m)r=g)(r =) (=)

‘ F
=P (=g (v=0)(v—7)

Their refolutions were firft’ glven in the Meditationes Anae-
lytzcae,n publithed in the year :774, and require the extra&ion
of a quadratic, cubic, and’ in general of an equation of (#)
dimenfions ; which rules. will often.give a nearer approximate
than the preceding, when the roots are not nearly equal.

3. Thefe rules may be apphed to find approximations to- the
roots of algebraical equations : for example, let the algebraical
equation be x"—pa"=' 4 gx"~* - &c.=q, fubflitute in it for &
_two quantities 4, and @+ ¢ much nearer to one root than to any
other, and there refult 2" — p»—* + ga—" ~ &c=A, and (2 +e)
—p(ate)y=i4q (ate)y——&ec= Bj. then, by the rule of
falfe, B--A“ R N s ;f:':’m kgl e =b3
(T = 1pd” T e n— 2qd" =&, )+&c..
whenCe a—b a near approximate value to the root fought. If the
quanntxes in which are involved e, ¢, ¢*, &c. on account of e bemg
very {mall, be reje@ted; then will the approximate fought =

)e e — w.e—p.e-—a'.e——'r+&c.-_o.

a" -lm +9ﬂ F—&e. ; which will nearly‘ be the fame

nd i — 1pd" e 29d" T3 — &,

as found, where a near approximate is given, from the methiod
given by Viera, Harrior, OveHrrED, NEwWTON, DE
LacNy;,; Haruey, &c.

4. From this expreflion it follows, that if (z) be a-root of
the equation #7a"" =z = 1 pa”‘z 4 &c. =0, of which the roots
are limits between. the roots. of the given. equation, the ap-
proximation found will be infinite.

5. In finding thefe approximations, when there are two or.
more quantities contained in the given equation dependent on

cach
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each -other, as: the arc and the fine, it is neceflary that both
fhould be corre&ted in every apprommatxon to fuch a degree as
the fubfequent appmxxmamons require,

6. In the Meditationes it is obferved, that in any algebraical
equation 4" — 4"+ B2 — cxn=3 o dyr—4 = ex™=5.,, o= ST AR
by /’zx"""""-»-lx"”’"‘z*&c.: o, if a be- ‘much_ greater. than,

5
—, and .»;,hgs ton-ﬁ-ﬂag much greater. ratio than 4 : g ; and-in: the

' £ d . ) . ) - D )

{ame manner -b-‘ has to = a much greater ra’t\lo;thané : f,; and
: ) e ) » ‘ a- ‘

{o on; then will 4 be a near approximate to the greateft- root

of the algebraical -equation 3 l—" a near appi‘oximate‘ to thé :fccond 5.

; a near. approxxmate to. the-third, and 7 @ near. appxoxxmate to

a root, which is much lefs than m roots of thegiven equat:on,
but much greater than the remaining (# —m~ 1) roots.
If the equation above~ment1011ed xn=k g1 +&c. =o0, of

which is the fame, 1:.*-_;; +;-;i&c.::o be mﬁmte ; then will,
in like manner, all its roots; be: poffible: and their - approximate
wvalues @, g ) 5 =, &c. as before..

This eaﬁly appears by fubftituting for a, 5, c, &c, their
walues in terms of the root of the equation..
~. Amnearer approximate to the above-mentioned root will be .

b P 2 .

8. Equations, of which the fluxions of the quantities con«
tained in the given equations can be found, may be reduced to.
infinite algebraical equations, in which is involved no irrational
funéion of the unknown quantities contained in the given equa=
tions by the incremental theorem; viz. let A=o be the given.

5 equation,
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equation, and (4) an approximate much more near to the root
required (=) of the given equation than to any other: write a for
(x) the unknown quantity fought in the fubfequent quantities, A,

> 2 5> &c.; and let there refult the correfpondent quan-
X

tities «, ,8, ¥, 8, &c. 3 then will # — 4 be a root (¢) of the infi-

. . 1 2 I %3 . 1 &
nite equation ez B¢ 4 — ye' &= —— 35e + v = &c.
=0, of which a root of the equations a=fe=o0, a==Le+

;_1_’_?82_____0’ &c. will be an approximate. If two roots of the

given equation are nearly =a, then it is neceﬁ"'try to recur to
an equation not inferior to a quadratic.

9. The fucceflive approximate values found by thefe and like
rules will ultimately be to each osher in a greater thanany geo-

mctncal ratio: for example, let —— be an approximate to a root

of the quadratic #* — (a+s)x+as..o, then will the new ad-
dition to the approximate to the root s found by the common

method at the diftance #- 1 from the firft approximate be
b

_ -:-_-_-I nearly, where &=2""1,
Q
10. Let an equation &” — Pyt 4 Qu"—2 — Rax"3 4 Sam—4 — &,
= o, of which the roots are 4, 4, ¢, d, &c.; and an equation
=P 4 A" — rar T3 a4~ &eL = 0, where Ps 95 75 5
&c. differ from the co-efficients P, Q. R, S, &c. by very fmall
quantities: aflume the (#) equations = +p+o+7+&c.=p-P
=a, ax+bp+co+di+ &c.=Pa—g+Q=0, &z + bp+ o+
d’r+&c. = PB-Qa+r- =y,aaw+bsp+cso'+dar+ &c, =
Py —-QR+Ra—-s+4+S=4, &c.; and from them find the un-
known quantities =, g, o5 7, &c; then will a+x, b-+p, c+o,
d+7, &c. be nearly the z roots of the equation a” — par=* 4 gar—>
Vor. LXXVI. O
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a"epd"" 4 ga" - &e,

B

—&c.=c,and confequently 7,p,&c.nearly - — v
? q I Y na —n—1pd" " 4 &, ?

bfl_‘ }ﬂ—l bﬂ-—z—_& . ‘
- Ip >+ o =, &ec. ; whence the convergency of the ap=
b —n—a1pb” "+ &

proximate values found by this rule depends on the principle
before delivered, '

‘10. Let there be given (m) equations, which contain 7
unknown quantities ¥, y, %, &c.; and let «, B, ¢, &c. be:
nearly correipondent values of the unkuown quantities x, ¥,
&c. refpeCtively : affume n 4+ 1 different values of the quantity
¥y ViZ. &y a-Fw, a7, a-+7”, &c. &c.; and in like manner
affume 7+ 1 different correfpondent values of the quantity y,.
which letbe 8, B+¢, B4, B-+¢’, &c.; and {o of the remain-~
ing; where 7, @/, o'/, &c. p, ¢’y p”’, &c. &c. are very fmall quan~
tities; {ubftitute thefe quantities for their refpeCive values in the
given equations, and let the refulting'qvuahtiti'es» be A, B, C,.
D, &c. in the firlt equation ;, P, Q, R, S, &c. in the fecond,
&ec. &c. : affume from the firft equation the # fimple equations.
ar+bp+&e.=B—A, an’ + b +&e. =C~ A, az” +b" + &c.
=D - A, &c.; and from the fecond equation the # fimple
ones hx +ko+ &c. =Q D, bz’ 4 +&c. =R -P, /97,’”"}”64’”.
+&c.=S—P, &c. From thefe equations can be inveftigated
the co-efficients 4, &, &c. A, £, &c. &c.; ultimately aflume the
m equations A+ae-+bi+&c.=0, P4betki4&c =0, &ec.
from which can be deduced the values of the quantities ¢, 7,
&c.; and aw+e, B47, &c. will be more near values of the
quantities, x, y, &c. '

11. Sir Isaac Newton found the fum (A) of the 2nt
power of each. of the roots of a given equation, and then ex-
tracted the 24 root of A, wiz. A/A for an approximate value
of the greateft root of the equation, and further added fome
fimilar rules on the fame principle. Ia
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In the Mifeell. Analyt. and Medjtationes the fame principle is
applied in different rules for finding approximates to the
greateft and other roots of the given equation; and alfo limits
of - the ratios of the approximate values of the roots- found by
thefe rules to the roots themfelves are given.

It isobferved in the Mea’n‘attone&, that from thefe rules in ge-
neral to find the greateft root, it is often neceflary that the greateft
pofible root be greater than the fum of the quantities con-
tained in the poffible and impoflible part of any impoffible root
of the given equation: for example, if 2444/ =1 be an im=
poflible root of the given equation, then it is neceffary that the
greateft poffible root be greater than a + 2.

It may further be obferved, that in equations of high dimen-
fions (unlefs purpofedly made) it is probable, the number of
impoffible will greatly exceed the number of poffible roots; and

“confequently thefe rules moft commonly fail.

12. M. BerNovrLI affumed a fralion whofe numerator is a
rational function of the unknown quantity, and denominator
the quantity, which conflitutes the equation ; and reduced the
fra&ion into a feries, whofe terms proceed according to the
dimenfions of the unknown quantity; and thence found an
approximate value of the greateft or leaft root of the given
equation or its reciprocal, by dividing the co-efficient of any
term of the feries refulting by the co-efficient of the preceding
or fubfequent term: for example, let the equation be

=P gart = 3 s L 2P’ Qa*=RawS =0 al~

fume the fraltion ”.”"‘T-"';:P” +””2‘7"” onmgr ke
=" T " e e,

s, 4 (w+B+'y+3+&C)x“‘+(m FB Y+ +&c.)

&3 (@ B+ 3 o) a4 (@ B g 0

02 &ec.)
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&C.)X"S eevet (“m—-'x -+ Br—1 4 Y4 &C. = P)x""” 4 (os’” + B 4 »
+ &c. = Q) a1 (et 4 frtiq g4 & =R) a2 4
&c.; then will I—é:or +/ Q be the greateft root nearly.

R—- + 3Px% - n—1
Ex. 2. ~—2Qut 3t —&c
S~-Ra - Qx*— Px-”-f—&(:

( SELE +sz+&c)x+( tata +&c)x+( +5

= =(s+ ;¥ -+ &) +

I

_.+&c)x + . .o +( m‘__1+ + m_.x.;. &c. _—_P) xm—z_*_j
® 7

I

/ ] — o I "
(Gtptptle=Qe T+ (Rt opt s + &) vk

&c. ; then will g-. or \/é, the leaft root nearly.

I
N ¥

- e ="+ (2 + B+ & &)
x —px + g% -~ &c,

b (& 4+ B+ + &+ B +ay+Ly+ead+&e)) a2+ (o
B+ 9 +&c(+a’B+a’y+ By+yatyB+&c)+aly +aBd+

e e . . S =
“73'*' B?a"' &Cc)) 4 3+&C’ ’ and S—R»’f‘i‘Q’fz"’&c' .. x I +

(245 +2+&e) st (o tgtat&e(+o+, Hatee)
x* 4 &c. in each of which all the numeral co-efficients are 1.
The approximate values to the greateft and leaft root may be
found in the fame manner as before. v

From the preceding examples it appears, that the fame ob-
fervations which have been applied to Sir Isaac NEwTON's
method are equally applicable to M. BERNOULLI’s.

13. In the Meditationes this rule is further extended, wvix.
let the given equation involve irrational and other fun&ions of
the unknown quantity; reduce it fo that no funétion of “the
unknown quantity (%) may be contained in the denominator,
and let the refulting equation be A=o. Affume a fraltion

B
:&a

Ex. 3.
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%— , whofe numerator B is a finite rational and integral fun@ion
, . B . . .

of the unknown quantity ; reduce -~ into a feries proceeding,

according to the dimenfions of the unknown quantity: for

example,. let the feries be A’w +Bw+ +Cutuy |, . -

L+t 4 Mar+H0 4 Nor+Ae 4 &e. 5 then (| exceplis ‘excipiendis)

if s be negative, will the greateft root be ‘\/ %ﬁéarly ; but,if s

be affirmative, »’\/ﬁL will be the leaft: root: nearly. If /be infi-
nite, then (exceptis excipiendis, as before-mentioned) the quans
tities s\/—l\é and s\/ml-' will be. the above-mentioned: roots accua=
rately.

Thefe principles have been applied to find the remaining roots
of the given equation as well as the greateft and leaft.

14. The rule of falfe has been found very ufeful in finding
approximates to the two unknown quantities contained in two
given equations, and has been applied to (#) equations having
(n) different unknown quantities : for example, it has been ob-
ferved, that if two or more (m) values of an ‘unknown quan=
‘tity («) are nearly equal to each other and to its given approxi-
mate value ('), the unknown quantity v=x -2’ will afcend
to two or more (7) dimenfions in one of the refulting equa-
tions ; or in more than one equations will be contained fuch
powers of the quantity (v), that if the more equations were
reduced to one whofe unknown quantity. is @, the refulting
equation will contain (7) dimenfions of the quantity v. Hence
it appears, that in this cafe alfo the convergency of the ap-
proximate values found will depend on the given approximate
being much more near to one root than toany other.

15. When
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15. When the given equations A=o0, B=o, C=o, &c.
contain irrational or other quantities whofe fluxions can be
found ; and approximates (4, 4, ¢; d, &c.) are given to each of
the unknown quantities (x, y, 2, v, &c.) contained in the
given equatidnsi letat-a'=2x, b4y =y, c+2' =32, d+v'=w,

c.: .fubﬁitute in the-quantities A,;(‘_’;f) , ( f_’), (‘}__ ) , ( {’}_) s

wes (3), (5), (1), (B), ks (A), (B) o tor

XY

Xy Yy B, Uy &C. ,-refpeé’uvely a, by ¢y'd, &c.; letthe refultmg cor=
refpondent wvalues be A’, ('_ﬁ) , ( 'A_') » &c.whence may be de-

duced the equation A’-{—(('A') x’ (’A')y",+;(£)z"+‘('_{\;:)
"U+8CC)+( ('A-o)xlz+%(’A~-) /z+%('A )z/z_*_&c +( )

xy + ( _;;) x'% -+ &c.) + &c. = o in which no 1r;ataonal,_ &c‘

fun&tion of the approximates &/, ¥/, 27, &c. is contafned; and
in the fame manuner may the remaining equations B=o, C=o,
&c. be transformed into others, in which no irrational funce
tion of the approximates (#',y’, 2’y &c.) is contained, and
from the refulting equatxons may be found approximate values
of the quantities x’, ', 2’, &c.

If there be given only two equations A=o0 and B=o con-=
taining two unknown. quantlesx and y, and all the quantmes of
the refulting equations, in which are contained more than one
dimenfion of the quantities " ‘and 3’ be reje&ed, there will re«

fult the two «equations A+ ( A ) X +{ ) ¥ =o and B +)

( )x +(-—-)_y =0, from which may be found ¥ and y", the

fame
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fame as given by Mr. Simpson and others. When two or
more values of the quantity x are nearly =a, then in a refult-
ing equation or equations, quantities of two or more dimen~
fions of the approximate #” are to. be included..

P ART Iil..

1. THE firlt algebraifts divided’ quantities, and extracted
their roots no further than the quantities themfelves: they
did not perceive the utility of proceeding any further, other~
wife the operation would’ have been. the fame continued. Mr..
Grecory St1. VINCENT, and Mr. MercaTor divided, and:
Sir Isaac NewroN divided and extrated the roots of quan~
tities (in. which only ene unknown quantity (x) is contained)-
by the operations. then ufed: by arithmeticians, into {feries-
afcending or defcending, according to the dimenfions of » /n
infinitum.. ‘They cleatly faw the utlity of it in finding the
fluents of fluxions, as- Dr.. WALL1s and others fome little:

o " v
time before had found: the fluent of the fluxion ax"; %3 or, which
' ' ]
is the fame, the area of a curve whofe ordinate is 24" and abe
feiffa 1s .. |

2. M. Leisnitz afked from Mr. Newrton the cales in
which the above-mentioned feriefes would converge; for it
would be altogether ufelefs when. it diverges, and of little ufe
when it converges flowly.

X | £af,
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Caf. 1. To this queftion an anfwer, I believe, was firft
‘given in the Meditationes, viz. reduce the fun&ion to its loweft
terms ; and alfo in fuch a manner that the quantities contained
in the numerator and denominator may have no denominator :
make the denominator Q = o, and every diftin& irrational quan-
tity contained in it=o; and alfo every diftin& irrational quan-
tity H contained in the numerator =o; then, let « be the leaft
root affirmative or negative (but not =o) of the above-men- |
tioned refulting equations, the afcending feries will always
converge, if the value of x is contained between & and —ea;
but if x be greater than z.or -, the above-mentioned {feries
will not converge.

" If the above-mentioned feries (S) be multiplied into #, and
its fluent found ; then will the feries denoting the fluent con-
tained between two values 4 and & of the quantity () con-
verge, when @ and 6 are both contained between o and —a:
the fluent always converges fafter than the feries S, the un-
known quantity x having the fame values in both.

Ex. Let ad = Ax+1 Bx*+ 3 Cx’ 4 &c. and

a+1;x+cx + o
the roots.of the equation @+ &x4cx*+ .. ¥ =0 be 2, B, %5 Oy

o wEk e
&c.; then —F———= "4 &
’ atbrtox’ . A e—F B‘—"'

Cx’x +&c. 3 but-—-——-——+ + +&c. n mﬁmtum, f3__34-_—--__

5..+ +e” +&c. &c.; the former feries converges when x is

:contamed between @ and —«, the latter when # is between

B and B, and fo on. In the fame manner the fluents
2 . - . .

2E = —x+ z—}-&c 513+5-’-‘-2+&c. &c. a fortiori con-

o« —5% B——
verge when x 1s between « and —a, B and — B3, &c. refpec-
tively, and fo on: hence the feries Av+iB#"+4 3Cx°+ &c.

: -/
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& ‘ f wx ex

- = + [ — 2 &, =
—f-{—bx-i—cx" oo X" a—x —”+~ 7“'»*‘+“ ( + 5+
= +&c x+( + + + &c.) "+ &c. always converges
when ¥ is between o and — o, where o is the leaft root of
the above-mentioned equation ; but where # is greater than «
or —a, the feries will diverge.

The infinite feries a™ 4 ma™x 4-m . m——-—; Lo L & = a K

will always converge when 4 is greater than », and diverge when
lefs, and confequently its convergency does not depend on the
index m, unlefs when x===a: and in the Meditationes Analy-

tice are given the cafes in which it converges or diverges when

—=a = x; and alfo if the {eries x” 4 max™—* + &c. :mm defcends
~according to the dimenfions of x, when it converges or diverges.
Caf. 2. Let the above-mentioned quantity be reduced into a
feries Ax— 4-Bx——* 4 &c. defcending according to the dimen-
fions of the unknown quantity ; then will the feries Ax— 4

+x B :
i /Px con-~

Bi—— 4 &c. =P, or the feries Ax

verge, when & is greater thau thc greateﬁ root (a) of the
above-mentioned equations, and diverge when it is lefs; and
confequently-in this cafe, when the fluent is required between
the two values @ and & of x; the feries found will converge
when @ and 4 are both greater than A.

Caf. 3. When « is equal to the leaft root in the former cafe,
and to the greateft in the latter, then fometimes the feries will
converge, and fometimes not. Thefe different cafes are given
in the Meditationes ; but it would be too long to infert them in
this Paper.

4. If any roots are impoffible as 2 =&/ = 1 and a+ v/ =1,
then the feries will converge when « is in the firft cafe

Vor. LXXVI P lefs
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lefs than == (4~5), and in the fecond cafe greater than
== (a+b); or, more general, it will converge in the firft
cafe when a* is always infinitely lefs than the reciprocal

of the qgén‘tity "’.*”\“/"”(";i';;;f;‘(‘”~"=P,; where 7'is infinite ;
and in the latter cafe it will converge when #"is infinitely
greater than P,

It may not be improper to ebferve, that the fame values of
“the root are to be applied in the equations, which are applied
in the feries.

3. Sir Isaac NewToN, in the binomial theorem, reduced
the power or root of a binomial into a feries proceeding ac-
cording to the dimenfions of the terms contained in the bino-
mial. M. DE Morvre reduced the power or root of a multi~'
nomial into a like feries; but in all cafes, except the moft
fimple, we muft ftill recur to the common divifion, extraltion:
of roots, &c.

4. Mefl. EvLER, MACLAURIN, and other mathematicians,.
finding that the feriefes before-mentioned often converged ﬂoWiy,,
or, if the truth may be confefled, commonly not at all, to
deduce the area of “a curve contained between two values g and
b of the abfcifs, or fluent of a fluxion between two values @
and 4 of the variable quantity «, interpolated the feries or area
between @and & thatis, found the area or fluent contained be-
tween the abfcifle 2 and a 4 «, then between the abfciflie g+ «
and a + 24, and then between the abfcifle 2 + 2« and 2 + 3¢, and
{oon, till they came to the area between é—«and 4. M.
EuLER obferved, that when the ordinate became o or infinite,
the feries exprefling the area converges flowly ; and therefore,

2 3L
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in order to invefligate the area near the points of the abfcifs,
where the ordinates become o or infinite, he transforms the
equation, and finds feriefes exprefling the area near thofe points,
in which feriefes the abfciflie or unknown quantities begin from
~ thofe points.

5. Inthe Meditaz‘;iones it is afferted, that in a feries proceeding
according to the dimenfions of w, if any root of the above-
mentioned equations be fituated between the beginning of the
abfcifs o and its end x, the feries will not converge : it is there-
fore neceflary to transform the abfcifs {o that it may begin or
end at each of the roots of the above-mentioned equations, and
confequently where the ordinates become o or infinite, &c.;
thofe cafes excepted where the ordinate becomes o, and its cor-
refpondent abfciffa is a root of a rational fun&ion W of

without a denominator, and /' WPx is equal to the given
feries; and in general the abfciflie ought to begin from the
above-mentioned points ; for if they end there the feries will
converge very flow, if atall.

6. It is further afferted, that if 2 and 4, the values of the
abfciffze between which the area is required, be both more near
to one root of the above-mentioned equations than to any other,
and # feriefes are to be found, whofe fum exprefs the area con-
tained between 2 and 43 then that the fum of the () feriefes
may converge the {wifteft, the diftances of the beginnings of
each of the z abicifle from the adjacent root will form a
geometrical progreflion.

7. Mr. Cra1G found the fluent of any fluxion of‘ the for-
mula (@4 0" +cx?" + &e.ya=1x by a feries of the following
P2 kind
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kind (a4 bx" 4 cx** + &c )"t x & x (@B -o9u®" + &c. in infi-
witum ). Sir Isaac NewroN, by feriefes of the fame kind,
- found the fluents of fluxions of this formula (24 &+"+ cx* +
&c.) x (e+ fa + gu* + &c.)" x &c.a’'x; the fame principle
is extended fomewhat more general in the Meditationes.
8. Mr. Joun BernourLi found the fluent of any fluxion

S né:ﬂz‘-E;Z—+2%3;zu&c. fr@m the principles which Mr.
Craic publithed for finding the fluents of fluxions involving
fluents. ' :

In the Meditationes fomething is added of the convergency:
of thefe feries ; and alfo,

9. In them a new method is gi’ven of finding approxi-
mations. Let fome terms in the given quantity be mucli
Iefs or greater than the reft; then reduce the quantity into
terms proceeding according to the dimenfions of the fmall
quantities, or according to the reciprocals of the great quan-
tities, and it is done. If the fluent: of the quantity refule-
ing is required, find it from the common methods, if poflible ;-
but if not, reduce the terms not to be found inta an infinite fe-
ries, and then find approximate values to each of the terms, &e.

Ex. 1. Let R the radius, and A the arc of a circle whofe
fine 1s S and cofine C, and Az=¢ an arc of a circle which.
does not much differ from the arc A, that is, let ¢ be a
very {mall quantity: then will the fine of the arc A==e be
< 1 & ' &t I
R T e SR I “frbe) =C(~

Py .;_2_..%.. I -}5 — &ec. ) ; and the cofine of the fame arc

° I I . . ri
willbe C (1 - X iﬁ“z TTa x o — &c.. m,ﬂyfmzum)xS(i -

R*
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2.3 R3+2-3-4-5 R$ )

Ex. 2. Log. @*Qﬁf@d%gxi‘
St S F=at
Emg.jpa+@ — Jf &
Em4vau~u%n)“Jﬁvbﬂ~ v,;"“
-5 f«/,_..y +e—fvl._y ?f-fy?'l'fﬁz)_ﬁ -
f(: o B

Ex. 6. Let the fluxion be —_— ”z’;”, where ¢ is a very {fmall

I-—x

eﬂ
q" S“H&CI:;:
2# 3%

> po >

quantxty ; then, if P be put for v'1—4%, the ﬁux1on becomes-

2 3
% _%P’.‘_‘__”L 5—’56% — &c. of which the fluents w111 be found.

A—xP & B 2P 8 C—aP ,
Al 1 mm o x B S 20T e, where Am

— B— 3P
Q“Pc =320 &e.

This is the {wifteft convergmg feries for finding the length
of the arc of an ellipfe’ nearly circular, which is yet known ;-
for example, let the abfcifs to the axis beginning from the-
center = x, the femi-tranfverfe axis of the ellipfe be 1,
its femi-conjugate 1 —d; then will c=2d—d*, and let the-
length of the quadrant of the ellipfe be required, in this cafe-

5> B==

x=1, and P=y/1—¥*=0; and A= 3:11‘&5_9;.‘5_‘&—.1,570799

8c. whence the length required is 1,570%9, &c. x (i "'Ef—i —_

1.385 1. 3 . 5¢ - .3%.5%. 7c" -
22 . 4‘2< 4 62 . 4 62 " &C-)
5 Ex.
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ix.7. Let the fluxion be & (a’ +a' 4 (30°0 - 6 )x - (3ab 'Y
+ (Z) +d") ¥ )" =Px, where d, &, ¢/, &c. are very {mall quan-
titics; then will P = ((a-l- ba.\B”’ Fmat b x (a + &% + s

wde)em T2 AR “x (o +b’x+c'x2+d’x3)2+ &c.) %,

of which the flucnt is _——i—-—- a-{—bx + m (a+bx ey
3mE 1.
s cw‘)ahﬁ’x_ 2 b — zaB i
((3m+1)bm t— 4 (3m-v1)b3°+ m‘z)b + 8&c. where the

letters A, B, C, &c. denote the preceding co-efficients.

1o. M. Evrer and others, reduced the feries Ax+ Barb 4
CCartr4- &c. mto a feries A7 fin. m}B fin. 7 + sa 4 &c. &c.
where « denotes the arc of a circle, whofe fine is awv, &c.
It may be eafily reduced into infinite other 'feriefes proceeding
according to the dimenfions of quantities, which are fun&ions
of x3 but it is moft commonly preferable to reduce it into
{eriefes proceeding according to the fines, cofines; tangents, or
{ecants of the arcs of circle, which ﬁnes,\ &c. can immediately
be procured from the common tables.

It has been obferved in the firft part, that to find.the root of
an equation, an approximate value much more near to one root
of the equation than to any other muft be given. In this part
it is further obferved, that feriefes deduced from expanding
given quantities, {0 as to proceed according to the dimenfions
of the unknown or variable quantities, wil} not converge if the
unknown quantities be greater than the leaft roots of the above-
mentioned equations ; and that they will not converge much,
unlefs the unknown quantities have a fmall proportion to the
leaft roots: and if the given quantities be expanded into
feriefes defcending according to the dimenfions of the unknown
quantitics, then the feriefes refulting will not converge if the

greateft
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greateft roots of the equations before-mentioned be greater than
the unknown quantities; and unlefs the unknown quantities
have a great ratio to the greateft roots the feriefes will converge
ﬂowly for example,. the feriefes f ;—_—}_—-x—x i +&c., T—""

+ ="

=g 1% +,§z __&c,,f_—_._;=y+?y +&ec. w111 never cone

verge if , %, or y, be greater than 1; but will always con-
verge when lefs than ==1 or =1/ =1 theleaft or only roots of
the equations « +x=o0, 1 —9*=0, an'd*'l--{—-zz:o, ~ The feries:
Y+3y’ + &c. will always converge when y is fituated between
41 and — 1, in which cafe alone it is poffible. The fame is-
true alfo of a feries arifing from expanding the f ("ﬂx”‘-{-bx""—l.,_ ‘

x"‘—’-{-&c )i 1 mto a feries proceeding according to the dimen-
fions of #, if the equation ax’"+[:x"‘—‘+cx"'—2+&c.—o has
only two poflible roots @ and —«, which are lefs in the manner.
before-mentioned than any impofiible root contained in it.

If in either of the above-mentioned feriefes the unknown
quantity #, 2, or ¥, has a great proportion to 1, the
feries will converge very flow; for example, if r=1, ten:

~thoufand numbers at lealt are to be calculated, to procure
the fum of the feries true to four figures ;- therefore, in thefe -
and moft other feriefes it is neceflary firft to find a near value, .
viz. when x either =%, when ¢ is very {mall ;. or =e¢, when = is -
very fmall; and then write 2 4¢ for xin the quantity, and’
reduce 1t in the former: cafe into a feries proceeding according
to the dimenﬁohs of e, in. the latter cafe according to -
the dimenfions of 2, and' there will arife two feriefes, of
which the fluents properly correCted, wvi&. by adding the
fluent contained between the values @ and ¢ to the latter, ..
and that between @ and z to the former, will give the fame

fluent. -
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fluent. “The firft term of the feries, in which e is fuppofed
very {mall, will be the fluent of the given fluxion, when
¥=2

11. If a fluxion Px, where P is a fun&ion of ¥, be transformed
into another Qz2, where Q_is a funcion of %, and they be
reduced into feriefes A and B, proceeding according to the di-
menfions of x and % refpeively ;5 find & and =, correfpondent
values of the quantities ¥ and % ; then in afcending feriefes, if
e has a lefs ratio to the leaft root of the equation P=o, than
has to the leaft root of the equation Q=o, the feries A
(exceptis excipiendis ) will converge fwifter-than the feries B.

12. Dr. BArrow, in fome equations, exprefling the relation
between the abfcifs # and ordinate y, found y in the two firft
terms of ¥, viz. y=a+ bx, which is an equation tc the afymp-
totes of the curves. Sir Isaac NEwTowN, from an algebraical
equation given, exprefling the relation between y and w, found
a feries proceeding according to the dimenfions of x, exprefling
yin terms of ». M, LEiBN1TZ performed the fame problem
by affuming a feries Ax"-}-Bamt'-Carter L &c. with general
co-cfficients, and fubftituting this feries for y in the given equa-
tion, &c. from equating the correfpondent terms he deduced
the indexes and co-efficients. M. pe Moivre, Mr. Mac
LavrIN, &c. obferved, that when the higheft terms of the
given equations have two or' more (#) divifers equal; for
example, (y—ax")"; to which we muft add, and when a
value of y in this cafe is required nearly equal to As", a feries

Ax”+Bxﬂ+’; 4+ &c. is to be aflumed, whofe indexes differ
only by -_;—; &ec. if otherwife they would differ by r.

This redution feldom an{wers any other purpofe than find-

ing the fluents of fluxions as f y%, &c, 5 or the afymptotes, &c.
of
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of curves, which depend on fome of the firft terms of the
feries ; but will very feldom be ufed for finding the roots of an
equation ; the rule of falfe, or method given by Viera, will
ever be fubflituted in its {tead.

13. The values of ¥ may be requited between which the above-
mentioned feries ‘Ax"-Ba"t - Car 2 L &c. will converge, as
the infinite feries anfwers no purpofe when it diverges. Firft,
if an afcending be required, write for y in the given algebraical
equation an infinite quantity, and find the roots of « in the
equation thence refulting P==o0 ; which for y write in the fame
equation, and find the roots of # in the refulting equation
which contain irrational quantities, viz. if one root be r=a3
then let it contain (v — )", where 7 is not a whole number;
find the roots of the equations refulting from making every
irrational fun&ion of () contained in the given equation =o,
there being no irrational fun&ion of y contained in it; then,
if # be greater than the leaft root not —o of the above-men-
tioned equations, the feries will not converge but if it be a
feries defcending according to the dimenfions of x, and & be
lefs than the greateft root of the above- mentioned equanons,
the feries will not converge.

In interpolating feriefes to inveftigate the fluent contained
between two values 4 and 4 of the fluxion (Ax"4Bx+ 4 &c.)1x,
it is preferable to make the abfciffe begin from every one of
the above-mentioned roots contained between < and 4.

Moft commonly thefe feriefes will not converge unlefs
be lefs, &c. than other quantities not inveftigated by this rule.

14. Sir Isaac NEwTON gave an elegant example of this rule
in the reverfion of the feries, y = ax-}-b+" - cx* 4 &c. from which
the inveftigation ‘of the law of the feries has never been
attempted. In the year 1757 I fent the firft edition of my

VoL, LXXVIL Q , Medjtationes
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Meditationes Algebraicee to the Royal Society, and publithed’ it
1760, and afterwardsin 1762, with another part added, on the
- Properties of curves, under thetitle of Mifcellanca Analytica, in
all which was given the law of a feries for finding the fum of
the powers of the roots of an equation from its co-efficients. That:
great mathematician M. LE GRANGE and myfelf printed about-
the fame time an obfervation known to me at the time that. I
printed the above-mentioned book, that the law of its powers.
- and roots, H it proceeds 7w infinitum, is the fame; from
which feries of mine, with great fagacity, M. Le GRANGE.
found the law which Sir Isaac NewTox’s reverfion of feries.
obferves. In the Meditationes the law is. given, and the feries
is made to proceed according to the dimenfions of x, &c..

rs5. It is afferted in the Meditationes, that in moft equations
of bigh -dimenfions, unlefs purpofedly conftituted, the fum of*
the terms which, from the given hypothefis, become the
greateft, being fuppofed=o, only an approximate to the value
Ax" of yin the refulting equation can. by the common algebra.
be deduced. In this cafe the approximate to the quantity A is.
to be found fo near as the approximate value of the quantity’\
fought requires 3 or perhaps it is preferable to correft in every
operatlon the approximate values of the quantities A, B, C, &c.
in the feries required’ A’x*+4 B+ + Clart + &,

In the equation the quantity z==¢ may. be {ubftituted for #,.
and from the equation refulting a feries exprefling thevalue of y
may be found, proceeding either according to the dimenfions of.
the quantity =,. or its reciprocals, according to the conditians of
the problem,

16. If there are more than one (n) equations having (n+1)
unknown quantities (¥,9; %, &c.) : in each of the equations fory,,
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%, &c. write refpeltively As”, A’x", &c.; and fuppofe the
terms of each of the equations, which refult the greateft from
the given or affumed hypothefis =o, and from the refulting
equations may be found the fir{t approximates Ax", A’x", &c.
either accurately or nearly; then, in the given equations for
s %, &c. write ¥+ (A4a) &+ Bart” 4 &c.x/ + (A +a") a”
+ B/amt ,where a, a’, &c. are very {mall quantities ; and fuppofe
the terms of each of the equations which become greateft from
the above-mentioned hypothefis refpetively =0, and from the
equations refulting deduce the quantities a, a’, &c.; »’, m/,
&c.; B, B, &c.; and foon: or afflume y=(A+ 12401+
&c.) ¥+ (B+ 16401 + &) amtr p &c. s 3= (A’ + 14"+ 21 +
&c.)x"’ + (B +18 + 41 + &c.)xmtr 4 &c. &c.; {ubftitute thefe
quantities for their values in the given equations, and from
equating the correfpondent terms of the refulting equations
may be deduced the quantities required.

The differences of the indexes #, &c. #/, ‘&c. may be de-
duced by writing ", ¥, &c. for y, %z, &c. in the given equations,
from the differences of the indexes of the quantities refulting;.
The fame principles may be applied in finding the above-
mentioned differences, when two or more values are Ax", &c.
which were applied in a like cafe to one equatien having two
unknown quantities. '

The fame principles- which difcover the cafes in which a
feries deduced from an equation having two unknown quanti-
ties will converge, may be applied for the fame purpofe to
thefe feries. |

17. In the equations for ¥, ¥, %, &c. write refpectively »’ +¢,
Y +f, ¥ +g, &c.; and from the equations refulting find y/,
=’y &c. in feriefes either proceeding according to the dimenfions

Q. of
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of the quantities ¢, 7, g, &e.; or according to the dimenfions.
of the quantity x’, as the conditions of the problem require.

-18. Given one or more (#) algebraical equations involving
(7 +m) unknown quantities, one unknown quantity (y) may
be exprefled by a feries proceeding according to the dimenfions
of the m — 1 remaining ones (%, %, v, &c.), in which any dimen-
fions of %, v, &c. aflumed may be fuppofed to correfpond to (/)
dimenfions of the quantity (x)

19. In a fluxional equation of the m™ order, exprefling the

relation between x, y, and their fluxions, where ¥ 1s conftant,.
Mr. EvLeR fubftitutes in the given equation for j», y7—*, j=—=,

A - xm—m-}-x xm-—-! + axm,«t 5
n—m+1 : '

g3, &c. refpellively Ax—mx",,
? (a—m4 1)(7:—-m+2)'
an—mk3 gom—3 +iax x’"—3 + 6.7&’..‘)«,’”""3 + cx”‘”3 &c. where

A

B —ih =} 2 gt M2, M—2
TR T X" @i - bx

(n—m+3)
a, byc, &c. are any quantities to-be afflumed in fuch a manner as.

the conditions of the problem require; from fuppofing the
aggregate of the terms of “the refulting equation, which are the
greateﬁ,__o, may be deduced the firft approximate Ax7, or elfe (as.
is beforementioned) A’s"a near approximate to Ax”, and by pro=
ceeding as in algebraical equations another approximate may be-
found, and fo on. 'The fame may be found by afluming y=
Ay 4 Bartr 4 Cartor o &cen - an™ 4+ bam—" + cx™* + &c. or y =
(A+1atar+ &c)w+(B +1o+br4+-&c) xt + (C+ 104-c1
+ &c )t &e. - ax” - brm Tt e on T 4 &c. and. fubﬁltutmg;.
it and its fluxions for their values.y, 7, y, &c. in the given.
equation, and f{uppofing the aggregate of each. correfpondent
terms, which do not very much differ from each other, =o3;
‘from the refulting equations can be deduced the co-efficients
A, B,C, &c.; or A, 14, a1, &c.3 B, 15, 61, &c.; C, 1¢, c1,
&ec. &, ? In
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In the given equation for y, ¥, and their fluxions fubftitute
V' +f, «"+ g, and their fluxions, where the quantities fand g,
&ec. are aflumed, fo as to. render the quantities y* and &/, &c.
very {mall. ‘

In finding the feries which exprefles the value of y in terms
of x, there will always occur as many invariable quantities to
be affumed at will as i1s the order of the fluxional equatior,
provided the feries begins from its firft terms ; and to find them
there will refult equations eafily reducible to homogeneous.
fluxional equations, of which. the orders do.not exceed ms.




