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XVIIL. On the Refolution of atirattive Powers. By Edward
Waring, M. D. F. R. S. and Lucalian Profeffor of Mathe-

matics af Cambridge.

Read May 28, 148g.

FORCE a&ing at a given point may be refolved by an

infinite number of ways into two, three, or more (#)
forces a&ing at the fame point, either in the fame or different
planes with the given force and each other; and, wvice wver/d,
any number of fuch forces alting in the fame or different
planes may be reduced into one.

Ex. Fig. 1. Tab. III. Let a body A be acted on by three forces
AB, AC, and AD, not being in the fame plane; reduce any two of
them AB and AC to one AE, by compleating the parallelogram
ABEC; then reduce the two forces AE and AD to one AF by
completing the parallelogram AEFD, and the three forces AB,
AC, and AD, are reduced to the one AF.

2. If # forces a& on the body A at the fame time, and any
(n=1) of them be reduced to one, the force refulting will be
fituated in the fame plane with the remaining, and force equiva-
lent to the (%) forces.

3. If one force a be refolved into feveral others x, y, 2, v,
&ec. fituated in different planes, and the fines of the angles,
which the forces ¥, %, v, &c. contain with the plane made by
the direGtion of the forces x and a be refpectively s, s/, 57/, &c.

then will sy==s"z=5"v&c. = o,
P R O-
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PROBLEM I.

Fig. 2. Given the law of attralion of edch of the parts of
4 given line in terms of their diftance from a given point P;
to find the attra&ion of the whole line 44 on the point P.

Find the attra&tion of the line a4 on the point Pin the two
dire&ions Pf and /4 by the following method. Draw Px from
the point P to any point x of the line 4b, the force a&ing on
the point P by the particle xy will be the given fun&ion (de-
termined from the given law of attrattion) of the diftance into
the particle; draw alfo P perpendicular from the point P to
the line ab, and let Pf=a, b/=5, and fx=y; then will the
diffance Px= ,/(a’==26y-}y*), and the funétion of the dif-
tauce into the particle xy =¢ (/(¢’==20y4+y")) xy=F () x5;
let this be denoted by /x fituated in the line Px, which refolve

- . — yy X F: {y) ﬁ . .
into two others 7x =5—=> T tuated in the line a4,

and /z (in a dire@ion parallel to Pf)= /(Iiffzbf’fy 53 findthe

. 5 X F s xF: ‘ ,
fluents of the Auxions £ xPx O and 4 o ) contained be-

tween the values ¢/ and fb of the line fx=y, which fuppofe
Y and V refpeively ; through the point p draw Py parallel to
/=Y, and in the line Pf aflume Pu=V; complete the
parallelogram Pazy; Pz will be the force of the line ab on
the point P.

Cor. If F : (y) varies as any power or root (2s) of the dif-
tance Px: /(a*=26y-+y"), and 7z —% be an integer affirma-
tive number or o, the Auents Y and V of both the fluxions can
be found in finite algebraical terms of ;3 if #—% bean integer

negative number, both the fluents can be found in the above-
I mentioned
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mentioned finite terms together with the arc of a circle, whofe
radius is /@ — & and tangent y==5, unlefs #—3= —1, in
which cafe the fluent Y involves that circular arc, and alfo the
logarithm of y*==24y+4’. If n—% denotes a fraction whofc
denominator 1s 2, both the fluents can be exprefled by the
finite terms together with the log. of y==b4 /(y'==2by +a°).
If the fluents be given, when 7 is a given quantity, and #— %
not a whole affirmative number, from them can be deduced
the fluents of any fluxions refulting by increaling or dimi-
nithing 7 by a whole number, unlefs in the above-mentioned
cafe of #—%= —1. If b=o, and confequently.the line Pfis
perpendicular to the given line ab, the fluent Y will be ex-
prefled by the finite terms, unlefs #— %= —1, in which cafe
it will be as § log. (y*+4") when properly corre@ed.

Thefe fluxions Y and V may be transformed into others,
whofe variable quantity is Px=u the diftance from P, by fub-
ftituting in the fluxions for y and y their refpedtive values

V@ —a+85)=b and ———r T +1f and confequently for

V' (y'==28y + &) its value #.

PROBLEM II.

Fig. 3. Given the attraGtion of each of the parts of a given
furface in terms of their diftance from a given point P, and an
equation exprefling the rclation between an abfcifs Ap=x, and
its correfpondent ordinates pm=y of the furface; to find the
attraction of the furface on the given point P.

Firft, by the preceding propofition find the attra&ions Y
and V of any ordinate m p m’ in the dire&tions of the ordinate

pm and of the line Pp; and from the equation exprefling the
relation
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relation between the abfcifs and ordinates of the given curve,
find the abfcifs in terms of the ordinates (pm) == : (y), and
thence x=¢ : (y) xy and /(a” = 2sa’x + x)=0¢" : (y), where
PA=4" and s=cofine of the angle, which the abfcifs Ap

makes with the line PA; then find the fluents of the three

. . ot LN . . Vxx — .
fluxions X Y=y XY X ¢ : (¥), xxv(a,zim,x_{_xz_cp.(y) X

<ot (y) . a'V .
)’X‘p:(};-)XV and xx v(a/zi__ma/x+xz) ""'}’x‘pl

tween the values of y, which correfpond to the extreme
values of x, which fuppofe Y/, V/, and Z; and draw through
the point P the lines Py and Pz refpetively parallel to the
ordinates pm and to the abfcifs Ap and equal to » x Y” and V*;
affume P in the line (PA)=¢XZ, r and # denoting the fines
of the angles, which the ordinates pm and line AP make with
the abfcifs Ap: reduce thefe three forces Py, Pz, and Pz, to
one Pf, and Pf will be the force of the furface on the
point P.

Cor. 1. If for y and y be fubftituted their values in terms of
» and %, deduced from the equation exprefling the relation
between the abfcifs Ap and ordinate pm of the given curve,
thence will be deduced the above-mentioned fluents Y, V, Y/,
V’, and Z, intermsof ¥; andin the {fame manner, if for x and
% be fubftituted in the fluxions or fluents refulting their values
V@ =a"+ 1'a”)==sa’s and its fluxion, there will refult the
above-mentioned fluxions or fluents in terms of # the diftance
from the point P.

Cor. 2. Let the curve be a circle, of which A is the center,
PA a line perpendicular to the plane of the circle, and the
ordinate pm perpendicular to the abfcifs Ap; the forces on each
fide of the abcifs Ap will be equal, and the force in the direc-

6 tion

4
v .
2 (y)contamed be-
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tion of the abfcifs Ap will be equal to that in the contrary direc-

tion; the force in the dire&tion (PA) = 4x fVG—"—

fv,??*.“XF (V@& +y)=W, m which F: (\/u +y) 1s

the fun@ion of the diftance, according to which the given

force on the particles varies; the fluent f———”%'——~ :
’ P ' flu V(@ +y?) x F

v (# +)°) is contained between the values 0 and /(r* + 4" — %)
of the quantity y, and the fluent W is contained between the
values @ and /(a’+7") of the quantity #, where a=PA andr
the radius of the circle; but the fame force is=2 X 3,14759

&c.x [ aix F : («), where F: (4) denotes the given funétion
of the diftance (#), and the fluent is contained between the

valuesaand v/a’ +r° of u.

PROBLEM III

To find the attraftion of a given folid on a given point P.
Find the attraltion of every parallel feCtion on that point by
the preceding problem, and multiply it into the correfpondent
fluxion of the firft abfciffa AP, and alfo find the fluent of the
refulting fluxion, which, properly correfted, multiply into the
fine of the angle, which the firft abfcifla makes with the paral-
lel fe&ions, and the produ& will be proportional to the attrac-

tion of the folid on the given point P.

2. Fig. 4. Let the folid ABCH be generated by the rotation
of a given curve round its axis AB, which pafles through the
point attra&ted P, and this folid be fuppofed to confift of {mall
evanefcent folids, whofe bafes are the furfaces EF, ef, &c. of
{pheres, of which the center is P, and altitudes Ff, &c. the

Vor. LXXIX. Gg ; incre-
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increments of the bafe AB contained between the two conti-
guous furfaces EF and ¢f : from the points 'E and ¢ of the
curve draw ED and ed perpendicular to the axis AB, and ES
perpendicular to the arc Ee of the given curve at the point E,
and meeting the axis AB in S; then will the evanefcent folid
EFfe=pxPExFDxFf=pxFDxPSxDd (becaufe Ff=
PSXDd
PE

refpecively the abfcifs PD, and its correfpondent ordinate DE
of the given curve. v

The increment of the attraction of the furface EF on the
point P in the dxre&xon PD will be as the increment of the

furface( p x PE x Dd) >< X force of each particle=p x PD X

=p % V(& +y’)'— % X 2257y, where z and y denote

Dd x given force of the partxcle ; but the fluent of the fluxion
PD x Dd contained between the points E and F is={PE’ —
1PD’=1ED’, whence the attra&tion of the evanefcent folid
EFjeisas $p X ED'XFfxF: (v/ x* +5%) force of each given
particle at the diftance (PE =, /(x* + ¥)) =3ipxED’ X; 12_3. Dd
xF: (V= +y)= 1y % > (: T -xF: (V(=+5%)) ; the fluent
of which, properly correfted, is as the attraction of the folid
on the point P ; p denotes the circumference of a circle, whofe
radius 1s 1. _

Cor. 1. The fluxion of this folid is £ py'z=Y which deduced
from the preceding principles=p x /(5" +5") — 2) X (zz=F3)
=V, and confequently their fluents between two values of s,
which correfpond to two values of y=o, will be equal to each.
other.

Gor..
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Cor. 2. The increment of the attra&ion of this folid as given

in this p*‘opoﬁtxon Ipxy'x szjy x Fi(/@E+y) =

U, but in the preceding propofition the force of a circle on
‘the point P=px faixF : (), where = V& +Y) and
a=z, and y or # the only variable quantity contained in the
fluxion ; and confequently the fluxion of the attraltion of the

folid p x z/z - x F : (fz +9° %) =W ; therefore, if for
}’

2}]_ . 4 M P4 Y i i
the fluent Of\V(zz-}—y"‘) x I 2 ((2"4+9")%) be fubftituted its fluent

contained between the values ¢ and the value of y, which in
the given equation correfponds to z; then the fluents of

U and W contained between the two values of %, which cor-
ye{ponds to two values of y=a, will be equal to each other.

The difference of the fluents of Y and V, &c. contained
between any other two values of z, can eafily be deduced from
the difference of two fegments of {pheres.

1. It may not be improper to remark in this place, that
from different methods of finding the {fum of quantities, the
fluents of fluxions, the integrals of increments, &c. quanti-
ties may often be deduced equal, which otherwife cannot with-
out fome difficulty; of which inftances are contained in the
Meditationes, and I fhall here fubjoin one or two more to thofe
already given in this Paper.

Ex. 1. Any curvilinear area ABC, &c. may be {uppofed to
confift of evanefcent arcas EFfef, of which the bafe EF is the
arc of a circle, whofe radiusis PE=, /(2" +") and fine ED =
9, and altitude Ff, and confcqucntly the fluxion of the area

=Ff x arc (A) of acircle whofe radius is PIi and fine ED=

Gga2 : PS
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.II_:% xzx A= % X A:V; the fluent of V contained be-

tween the two values of 2 which correfpond to two values of
(y)=o will be equal to the fluent of yz contamed between
the fame two values of x.

Ex. 2. The attra&ion of any circular arc EF in the dire@ion
PD on a point P (P being the center of acircle, of which EF
“isan arc, and ED the fine of that arc) will be as ED x force at
diftance PE=ED x I : (PE); for the attraltion in the direc-
tion PD/'T at the point x is as the increment of the arc xy x

F: (PE) x E - (+/ and ' being at right angles to PFy=U x,

P xF (PE)-—UX! F:(PE)=—2— x F : (PE),

if #=P/; and confequently the fluent of it is asv/PE* —#
xF: (PEY=ED x F: (PE), and the attra&ion of the furface

EFef will be as ED x Ff x F: (PE)y=ED x % x 1= x F : (PE)

RETF )

=y x rwoke x F 1 ((z* +5")t=V; theattra&ion of the curve
will alfo vary asfzfquF () = W, in which the

(z +uz\,,
2 XF + ((2*+u 7)

(=" + )
the fluents of V and W contained between two values of %4
which correfpond to. two values of y=o0, will be equal to
each other.

2. From a fimilar method may be deduced equalities between
other like fluents, for the curve may be fuppofed to confift of
other fimilar curve furfaces equally as circles, and the folid
of fimilar {fegments of other folids equally as fpheres.

3. From the fame principles may innumerable feriefes equal
to each other be deduced ; for hy different converging feriefes

find

fluent of

is contained between #=o and # = =y}
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find the fum of the fame quantity or quantities, and there will
refult feriefes equal to each other: for inftance (fig. 5 ), if the
time of falling down the arcs AC and BC and their interpola-
tions from the principles delivered in the Meditationes Ana-
lyticze, of which the difference let be D find the difference
between the times of a body’s falling through BC when it
began to fall from A and from B by a feries proceeding accord-
ing to the dimenfions of AB=0" a {mall quantity; and find,
by a feries of the fame kind, the time of falling through AB;
the fum of thefe two feriefes will be equal to D.  Similar pro-
‘pofitions may be deduced from fluxional equations.

4. In fome cafes the ratios of the times of bodies falling
through fome particular diftances to each other may be eafily
known; for inftance, let the force vary as the m—1 power
of the diftance (¥), and @ be the diftance from which the
body began to fall, then the velocity varies as /(4" —a7),

(a"-

and the increment of the time as 7—5——;—) ; but if the parts
X

of different curves are proportional, then will a, x, and % vary

in the fame ratio as each other, and confequently the time

through proportional parts of the diftance will vary as

a 2_2"' ; and if the bodies be refifted likewife by a force which

2Mm—2

varies as the power of the velocities, then the times

through proportional parts will vary as before, that is, as

42——-—';m, where @ denotes the prof;ortional diftances from the

points where the forces and refiftances are equal,

PR O=
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PROBLEM IV,

1. Fig. 6. Given an equation exprefling the relation between
the two abfcifle z=AP and x=Pp and their correfpondent
ordinates y = pm of a folid, to find its folid contents contained
between two values of 1ts firft abfciflie z.  Affume % as an inva-
riable quantity, and from the equation refulting find the fluent
Z of yi contained between the extreme values of x or y; then
find the fluent of Zz% contained between the given values of %,
and the fluent multiplied into the produé of the fines of the
angles, which the firft abfcifla makes with the plane of the
ordinates and fecond abfcifs, and the fecond abfcifs makes with
its corre{pondent ordinates, will be the folid content required.

2. Fig. 7. Let the firft abfcifs = of a folid be perpendicular
to the planes of the ordinates, and the fecond abfcifs Pp=x
perpendicular to the ordinates themfelves pm=y. Firft, affume
the firlt abfcifs as invariable, and find the increment of the
arc p'm=(x"+y"), then affume the fecond abfcifs Pp as con-
flant, and let mu be the fluxion of the ordinate y or #, when
the fluxion of the firft abfcifs is 2=/, where #/is perpendis
cular to the plane of the ordinates p’pm, and / a point of the
furface of the [olid; draw uh perpendicular to the arc p’m, and
fince ul1s conftituted at right angles to the plane pp'm, /b will

. W ol ‘ _umXpp’ 2

U a ' right angles; ub = =

cut the arc p'm at nigi gles; but 7 vt

16 = "hu* 4 Iy = -f‘;_—f{«z)’ the fluxion of the furface will be
. o

Ihx /(& +5). TFrom the given equation exprefling the rela-

tion between the two abfciffie  and » and ordinates y find, by
alluming = invariable ps =y, and by affuming x invariable gz =

4 }yzd,
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/=4, which being fubftituted for their values in the quantity
b x (s +y) there will refult (¢ +p"+ 1) xaxz=Ass=
(" +p"+1 )*

?
fubftitute their value deduced from the given cquatlon, and let

the refulting quantities be A’z and By, where A” isa func-
tion of x and z, and B’ a fun&ion of y and =3 find the fluent
of A’xz% from the fuppofition that x is only variable contained
between the extreme values of x to a given value of s, wmch
let be L, then find the fluent of L& by fuppofing = only

variable contained between given values of z, and it will be
the {urface of the folid contained between thofe values.

The fame may be deduced by finding the fluent of B’y on
the {uppofition that y is the only variable quantity contained
between the extreme values of y as before of w to a given value:
of z, which let be L’z ; then will the fluent of 1’2 contained:
between the given values of z be the furface required.

If the folid be a cone generated by the rotation of a re&an--
gular triangle round a fide containing the right angle as an.
axis; bu will be a given quantity, if % be given,

If the above-mentioned angles are given, but not right ones,
the arc p'm and perpendicular 75 can eafily be deduced, and
confequently the increment of the furface.

3. Todefine a curve of double curvature, it is neceflary to
have two equations expreffing the relation between the abfciffie
s and x and their ordinates ( y) given, and if the angles which.
they refpettively make with each other be right ones; the
fluxion of the arc as given in the Proprietates Curvarum is
(& +4"+5)% Find its value from the two given equations in.
termsof x, v, or %, multiplied into its refpetive fluxions, and its.
fluent, properly corrected, will be the length of the arc required.

If.

Xyx2=Bj<; in A and B for y and x refpetively
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If the angles are not right, they may eafily be reduced to
them.

4. The attractions of thefe furfaces, curves, &c. on a given
point P may be deduced from the preceding principles of finding
the attraltions of each of the parts in the direftions of the firft
abfciffa, which paffss through the point P, the fecond ab-
fciffa, and the ordinates, and then finding the integrals of
thefe increments.

From the method which decermines.the attra&ion of a body,
furface, &c. on a given point can be determined the attraGtion.
of a body, &c. on any number of points, aud confequently the
attraction of one body, &c. on another, &ec. ‘

It is fometimes advantageous to transform the firlt abfcifs,
that it may pafs through the point attradted ; and the abfciffe
and ordinates, that they may be at right angles to each
other, &c.

PROBLEM V.,

1. Fig. 8. Given an equation exprefling the relation between
the two abfciffe AP and Pp of a folid, and their correfpondent
ordinates pm, or AP’, P’p’, and p’m’; to transform the firft
abfciffa into any other L.

Let the abfcifla L) begin from a pomt L of the firft ab-
fcifia AP, and mect an ordinate pm in the point 5; draw /p,
and let the fines of the angles Ppm, Php, and pPh; LP5,
PAL, and PLA, be denoted refpe&tively by », 5, and 7, &c,
v’y s’y and ¢’ 3 through a point 4 of the line P draw P m
parallel to pm, and Lh =g, b’ =x, and ¥’m’=y: in the given
equation for AP, Pp, and pm fubftitute refpe&wely their cors

reéfpondent
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refpondent values 5=+ AL (a), “r—jfztix (for Ph= 'Tf and Py =

Phz bl ='—==x), and y—t—”z ”i, there refults an equation

to the fame folid expreﬁmg the relation between the two ab-
feifle 2 =L.b and x, and their correfpondent ordinates .

1. 2. If the abfcifs Lh does not begin from L, a point in
the firft given abfcifs AP, but from Ma point given out of it,
it may be reduced to the preceding cafe, by drawing from M a
line MN = ¢ to the plane of the firft and fecond abfcifize parallel
to the ordinates pm; and from N to the firft abfciffa a line
NO =4 parallel to the fecond abfciffze, and fubflituting in the
equation exprefling the relation between AP, Pp, and pm for
AP, Pp, and pm refpe@ively 2=2=A0 (a), x=5b and y==c;
and there refults the equation required exprefling the relation
between the two abfciflz % and.x, and their correfpondent
ordinates y, of which the firft abfcifla = paffes through the
point M.

2. To change the fecond abfciffa Pp-into any other LA, the
firft abfciffa and -ordinates remaining the fame. In the pre-
ceding figure let L be confidered as a moveable point of the
firlt abfcifs AL, and the fines of the refpeQtive. angles denoted by
the fame letters as before, and LA = %, Ali=2,and bm = y; in the

given equation for AP, Pp, and pm, fubftitute zi’_,i’, ‘_‘_g and

_y_--t-f ; and there will refult the equation required exprefling

the relation between = and x the abfcifle, and their cor-
refpondent ordinates y.

3. Fig 8. To change the ordinates, the abfciffie remaining
the fame, draw p’m an ordinate transformed, p’b parallel to

the firft abfciffa AP, and meeting a fecond abfciffa, of which
Vor. LXXIX. Hh pm
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pm is an ordinate in b : for the fines of the angles p'2p, bpp’, and
hp'ps p'pm, pmp’s and pp'm writer, s, and ¢, 1/, s’y and ¢’ and
for AP/, P’p’, and p'm refpe@tively %, x, and y 5 then fubftitute
in the given equation for AP, Pp, and pm, their refpettive values.

r ? 7 t,
= (AP’ )x%—, x 9, % (P'p’ :—‘“;’7, vy, and = Y3 and there refults an

equation to the folid exprefling the relation between the two
abfcifle AP’ and P’p” and the tranformed ordinates pm.

From thefe cafes, which are eafily reducible to one, may be
transformed any given abfcifle and their correfpondent ordi-
nates into any other containing' given angles, &c. with the
before-mentioned abfcifize and ordinates.

In the properties of curve lines, firft publithed in 1762, is.
given a method of deducing the equation to any fetion of the
folid, and in particular the cafe of deducing the equatlon to:
the proje&tion of any curve on a given plane. '

From the principles given: in this, and the Paper on centn~
petal forces, which the Royal Society did me the honour to
print, can be deduced the fluxional equations, whofe fluents.
exprefs the relations between the abfciffe and their correfpon-
dent ordinates of the curves defcribed by bodies, of which the
particles adt on each other with forces varying according tos
given funcions of their diftances.
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