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XVI. The Longitudes of Dunkirk and Paris from Greenwich,
deduced from the Triangular Meafurement in 1787, 1788,
Juppofing the Earth to be an Ellipfoid. By Mr. Ifaac Dalby 3
communicated by Charles Blagden, M. D. Sec. R. S.

Read May 19, 1791.

‘N the account of the Trigonometrical Operation in 1787,
1788, which is given in the Philofophical Tranfa&tions,
Vol. LXXX. after the diftance of Dunkirk from the meridian
of Greenwich has been determined on a parallel to the perpen=-
dicular at Greenwich, its longitude is found by fpherical com-
putation, on a fuppofition, that the furface of a fphere nearly
coincides with that of the earth in an eaft and weft direion,
where the operation was performed ; and the magnitude of this
fphere, or which amounts to the fame thing, the valuein parts
of a degree, &c. of a meafured arc on its furface (for as fuch
the arc between the meridians of Botley Hill and Goudhurft
may be confidered) has been determined by attual obfervation
at two ftations nearly in the latitude. of Dunkirk; and this
independent of any hypothefis which can fenfibly affe& the
conclufion. The principles, though not firictly geometrical,
admit of little objeftion ; and therefore, as much care was taken
in obferving the angles at thefe ftations, upon which the direc~
tions of the meridians depend, the longitude of Dunkirk (and
confequently that of Paris) as given in the Table, Vol. LXXX.

2 p. 232.
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Mr. DALBY’s Deduction, &c. 237

p- 232. muft be nearly true, whatever may be the real figure
of theearth, But, it may be faid, that the arc between the
meridians of Botley Hill and Goudhurft (171) is too fhort to
infer from obfervation the value of the arc between the meri-
dians of Greenwich and Dunkirk (amounting to near a degree
and a half), fufficiently accurate for finding the longitude to
great precifion ; becaufe it has been remarked in the Appendix
to the fame Volume, that an error of 1”7, in either of the
horizontal angles at the above ftations, would caufe a variation

of near 6” of a degree in the longitude of Dunkirk or Paris.
M. BoucuEr’s {fpheroid agreeing nearly with the meridional
meafurements, it was adopted for the purpofes of latitude. But
the degree perpendicular to the meridian in latitude g1° 6’ 53”7
is found to be 61248 fathoms (Vol. LXXX. p. 215.) which
falls thort of M. BouGuER’s degree about 22 fathoms; there-
fore, {uppofing the directions of the meridians to have been.
very accurately determined, the earth cannot be this fpheroid,.
notwithftanding the ingenious hypothefis refpe&ing the curve:
of the meridian. But it 1s alfo well known, that the mea-
fured degrees of latitude in different places are inconfiftent with-
an elliptical meridian: for, fuppofe an ellipfoid to be deter~
mined with the degrees found at the equator and polar circle, .
the computed degrees in middle latitudes will be much longer
than the meafured ones, as it is well known; and the whole-
meridional arc between Greenwich and Paris will, on fuch an
ellipfoid, exceed the meafured arc by a quantity anfwering to
about 21’/ of latitude. Itisevident, however, thatif we {fuppofe
{mall errors to have taken place in determining the celeftial arcs, .
or differences of latitude in fome of the operations (for there
is little doubt but the terreftrial menfurations in general have
~ been



238 Mr. DavLsy's Deduslion of the
been made exalt enough), it will be eafy to reconcile moft of
the refules to an ellipfoid.

The following computations of the longitude are made on a
fuppofition, that the earth is an ellipfoid, for the purpofe of
comparing the conclulions with what has been iferred from
oblervation, It will be feen, that the ratio of the axes comes
out very near the ratio afligned by Sir Isaac NEwToON, or 229
to 230. It is determined of fuch a magunitude, by adhering
nearly to the meafured arc of the meridian between Green-
wich and Paris, deduced from the late operatioh, that the
computed meridional degrees differ but little from the meafured
ones in five different places in middle latitudes; but the defeéts
at the equator and polar circle are fuppofed to be nearly equal
to each other. This will be feen better by the following com-
parative view of the meafured and computed degrees in the
iame latitudes. ‘

HAecording to Las, Meafured, Com=  Excefi or des
puted. Jeit in meae
o 4 Fath, Fath.,  _jured arc.
M. ConpanINg, &c. o o 60481 60344 +137
Mason and Dixon, 39 12 60628 60682 - 54
Boscovicu, &c. 43 © 60725 60738 — I3
Cassini, &c. 45 o© 60778 60768 + 10
LiesGaNic¥, 48 43 60839 60823 + 16

Arc from latitude
French and Engh ;{ 48° 507 14" to}x60656 160662 - 6
51° 28’ 40 ‘

MAUPERTUIS, &C. 66 20 61194 610357 +137

In the five comparifons, from latitude 39° 12” to Green-
wich, the greateft error (54 fathoms) anfwers to about 37 of
the celeftial arc : neither of the other four differences amounts

* From the late Gen, Ro¥’s Paper in the Phil. Tranf. 1787,
to



Longitudes of Dunkirk and Paris. 239

to 1”/. The determination of M. Beccar1A is not brought into
the comparifon, becaufe his meafured degree in latitude 44° 44
is longer than the meafured one in latitude 45°.

The longitude of Dunkirk on this ellipfoid is found to be
om. 29.8s. in time; -and confequently that of Paris g m.
20%s., which is about 1js. more than that inferred from
the value of the meafured arc between Goudhurft and the
meridian of Botley Hill; and.therefore the {um of the two
horizontal angles at thefe ftations would, on this ellipfoid, be
only about 4" /¢fi than thofe found by altual obfervation.

Method of computaticn,

On an ellipfoid, where the degrees of the meridian at the
equator and polar circle are 60481 and 61194 fathoms refpec-
tively, the degree in latitude §0° 9’% (the middle latitude be-
tween Greenwich and Paris) will be 60981 fathoms, exceeding
the meafured degree by 140 fathoms (Vol. LXXX. p. 225.) ;
therefore, if each of the former degrees was about 140 fa-
thoms lefs, the computed and meafured arcs in latitude 50°9'%
would be nearly the fame. But, that they alfo may nearly
agree in latitude 45°, let the degrees at the equator, and in
latitude 50° 9'%, be taken 60344 and 60844 ; then, from thefe
two degrees, the ratio of the axes will be found as the tan-
gents of the arcs 50° 9’4 and §0° 1’ 3545 and the femi-axes
3489932 and 3473656 fathoms *.
‘ The

% Determined thus : If right lines are drawn perpendicular to the curve of a conic
Section to meet the axis, it is known, that the radii of curvature at the points in the
curve from whence thefe lines are drawn, will be as the cubes of thefe lines. Hence, if PC,
GB, EC(Tab. VIIL fig. 1.), are perpendicular to the curve, the radii of curvature
at
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"The length of the whole meridional arc between Greenwich
and Paris on this ellipfoid is fix fathoms greater than the mea-
fured arc; the degree in latitude 48° 437, 16 fathoms lefs; in
latitude 45°, 1o fathoms lefs; m 43°, 13 fathoms greater;
and that in latitude 39° 127, 54 fathoms greater. 'I'he degrees
at the equator and polar circle are confiderably lefs than the
meafured ones, conformable to the hypothefis.

Suppofe CE, CP (fig. 1.), are the greater and lefs {emi-
axes of the ellipfoid ; G Greenwich; PGE its meridian; PD
the meridian of Dunkirk; and let GBA be perpendicular to
the curve of the meridian at G ; then GA will be the fhorter
axis of the elliptical fetion which 1s the perpendicular to the

: C* {3 .
at P, G, E, will be as PC3, GB3, and l—)(—:—E- s becaufe at the point E (or equa~

. 2
tor) the line fo drawn will become the radius of curvature itfelf, or i There-

3
‘fore GB? : j 22 rad, curv. ot G i rad. curv, at B it length of a deg. in the

lat, of G: lmgzb of @ deg. at E, the equafor. Let the arc ERL be defcribed
with the radius CE; draw CR parallel to GB, RS parallel to PC, and join CK ;
then, by the nature of the -ellipfe, CR (CE) : CK :: GB : balf the parameter, or

32 2
CP" . therefore CE? : CK? 1: GB3 : Cﬂ 11 60844 : 60344 (fuppofing the laz.
CE CE

of the point G to be §0° ¢’}), or CE (CR) : CK ::608441% : 6034415 ; but

x
CR : CK :: fine SKC : finc KRC (co-la2.) 3 therefore, 22:::: ’3 X cofne late =

Jine SKC; hence the angle SCK is given (50° 17 35”%); therefore, as sang.
SCK : tang, lat. (SCR) :: SK & SR :: leffer femi-axis CP : greater CE.  And putting
d=157.205779, &C. the degrees in the circular arc which is equal to the radius ) we have

tang. lat =
m}:‘}g—;} X 60344d = 3489932 fathoms the longer femi-axis; and

tang. lat,

zang, tang, SCK. *

——=X 60344 d==3473656, the fhorter.,

meridian
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meridian at Greenwich, and the angle EBG will be the lati-
tude of Greenwich, or 51° 287 49”. Let HO (parallel to
GA) be the feétion of the parallel to that perpendicular, pafling
through Dunkirk. Then by the Table, p. 232, (Vol. LXXX.)
the arc GH is 152549 feet ; but this arc exceeds the real dif-
tance of the parallels GA, HO, not more than a fathom;
therefore this diftance may be taken = 25424 fathoms. Now
the fe&tions GA, HO, of the ellipfoid being fimilar, from the
known properties of the figure, we thall get HO the fhorter
axis of the fe&ion of the parallel = 6959396, its longer axis
=6979374, and HW=3531757 fathoms, W being the point
where HO cuts the axis PI of the ellipfoid. Hence, if D be
Dunkirk, and the arc HD the meafured arc of the parallel, we
have given the length of this arc, or 547058 feet (Table, p.
232.)=91176 fathoms, and alfo the point W in the lefler axis
of the fe&ion HO, to determine the angle HWD in the plane
of this fe&ion. But reverting the feries which exhibits the
length of an elliptical arc in terms of the a6/ci/s and ordinate,
will be of little ufe in the prefent cafe, where the arcand its
chord are very near of the fame length : For, let HKOL (fig.
2.) be the fe&tion of the parallel, where HO =6959396, and
KL =6979374, are the axes; and HW = 3531757, as in fig.
1.; alfo, fuppofe HS is the radius of curvature at H, or at the
middle of HD; then, if we conceive the arc HD to be a right
line, or defcribed with the radius HW, or with HS (34997¢c0)
and thence determine the angle SWD from the two fides SD,
SW, and the included angle (the fupplement of HSD); in
“either cafe we get the angle HWD the fame, or 1° 28" 44”,8
to within 1. This angle being obtained, the inclination of
the planes PHW, PDW (the planes of the meridians of
- Vor. LXXXI. Kk Green-
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Greenwich and Dunkirk, fg.1.), or the longitude of the point
D, will be found by the common proportion which in a right-
angled fpherical triangle determines an angle when the legs
are given : -this will be obvious by conceiving a {phere (of any
magnitude) to be defcribed about W as a center.

Hence, as zad. : ca!ang angle HWD (1° 287 4477.8) i: fine
angle HWP (38° 31/ 20”) : cotang. 2° 22’ 26", the incli-
nation of the planes of the meridians' PH, PD, or longitude
of Dunkirk on this ellipfoid. And as the differénce of meri=
dians of Paris and Dunkirk is 2’ 21”.9 (for this will not be
materially affected by different hypothefes) the longitude of
Paris will be 9m 20} 8. in time.  The longitude of Dunkirk
from Paris (2/ 217.9) is the mean longltude deduced at p. 223.
(Vol. LXXX.), whichis only 1”.1 lefs than that given in the
Connoiffance des Temps, 14988.

The method of computing the latitude of the point D (was
it neceflary) is thus: as rad. : cofine DWH :: cofine HWP :
cofine. DWP 3 and fince the point W in the axis bW is given,
and al{o the angle DWP in the plane of the meridian PD (by
the foregoing proportion), the point D will be determined by
the properties of the ellipfe; which in fa& is nothing more
than finding the inclination of the vertical at the point D with
the given line DW, which inclination added to the angle
DWP, gives the co-latitude of the point D. And hence may
be evinced the truth of what is advanced at p. 199. (Vol.
LXXX.), that if the value of an arc on a [fpheroid, confidered
as an arc of a great circle perpendicular 1o the meridian, be given, .
the longitude may be found by [pherical computation, but not the
latitude. For conceive the arc HD to be perpendicular to the
meridian at H, then the angle HWP would be the co-latitude

4 of



Longitudes of Dunkirk and Paris. 243
of the point H; and the former proportion would give the
longitude of D, whether the figure was a {phere or fpheroid ;
and the angle DWP (found by the latter proportion) would be
the co-latitude of D fuppofing it a fphere, in which cafe the
point W becomes the center; but this will not hold in a
fpheroid, becaufe DW would not be perpendicular to the meri-
dian at D. |

The forgoing method of computing the longitude from the
meafured arc of a parallel on a given ellipfoid (though evidently
the dire& one), will be tedious, efpecially when the lengths of
the meafured arcs (GH, HD) are very confiderable. But when
the latitude of the point H is determined from the meafured arc
GH (on the known meridian), and the extent of the other arc
(HD), or rather the angle HWD, is not more than two or
three degrees, the fame conclufions, extremely near, may be
obtained in the following manner, which is nearly the fame as '
the method ufed in computing the longitudes in the Table of
General refults, p. 232. (Vol. LXXX.).

- Suppofe G and D (fig: 1.) to be Greenwich and Dunkirk ; PH,
PD, theirmeridians, as before; and let HD (inftead of its being
a parallel’ to the perpendicular at Greenwich) be an arc of an -
ellipfe cutting the meridian of Greenwich at right angles, fuppofe
in the point H. Then the arc GH being=152549 + 50 feet
nearly (becaufe the ellipfe which paffes through D, and is at
right angles to the meridian PG, will fall about 5o feet to the
fouth of .the point cut by the parallel), therefore the value of
the arc GH, or 25433 fathoms, will, on this ellipfoid, be
25" 4"'.4, and confequently the angle PWH, or the co-lati-
tude of H, is 38° 56’ 24”.4.. Now, the radius of curvature
of this perpendicular ellipfe at H, the extremity of its lefler
Kka2 ,. ~ axis,
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axis, will be 3499798 fathoms ¥, which, divided by 5%7.2957=¢,

&ec. {the degrees in the circular arc which is equal to the radius),
gives 61083 fathoms for a degree on this ellipfe, confidered as
a great circle perpendicular to the meridian at the point H on
the ellipfoid ; and fince the length of this arc (HD) will be
nearly the fame as that of the parallel, or 91176 fathoms, its
value will be 1° 29” 33”.6 (the arc DH, or rather the angle
DWH). Hence, as rad. : cotang. 1° 29" 33”7.6 (HWD) :: fine
38° 56" 247.4 (HWP) : cotang. 2° 22" 26”.8, the longitude
of D, or Dunkirk, the fame as before, very near; heunce the
longitude of Paris will be 2° 20" 4”.9. But the fame may be
obtained from the mean diftance of the meridians of Green-
wich and Paris, or 537950 feet. See p. 559. in the Appendix.
to Vol. LXXX.

It appears from the foregoing hy pothefis, that the meafured de=
grées of the meridian in middle latitudes will anfwer nearly on an
ellipfoid whofe axes arein the ratio affigned by Sis Isaac New-

“ToN. But this will receive further confirmation from the fifth
ellipfoid in the fecond Table, p. 232. (Vol. LXXX.), where the
near agreement between the computed and meafured arc of the
meridian between Greenwich and Perpignan (differing but about
52 fathoms in the extent of 8° 46" 44’") would be fomewhat
extraordinary, were we certain that the latitude of Perpignan.
(42° 417 56”) is corret; but this is fufpefted by M. pE LA

* Tt is not neceffary to determine the axes of this ellipfe, becaufe when HW
is perpendicular to the curve of the meridian, it will (by the nature of the figure)
be the radius of curvature of the arc HD’at the point H. Hence, if we put' v
for the cotang. and ¢ for the cofine of the latitude of the point H, and let « dencte

. CE o ,
the fine of an arc whofe zang, is TEXYs then f:- % CE=HW, by the properties
of the ellipfe:

CAILLE.
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CatLie. See Mem. de [’ Acad. 1758. The computed arc,
however, between Greenwich and Paris is 19 fathoms longer
than the meafured arc, which an{wers to a little more than 17/
of latitude.

The longitude of Paris on thxs ellipfoid is 9 m. 20.%;s.

If it be contended, that the operations at the equator and polar
circle were as corre€t as thofe executed: for the like purpofe
in middle latitudes ; and that a kind of mean between the ex-
treme refults ought to be preferred; we thall fill get an ellip-
foid, whofe axes are nearly as 22¢ te 230, by taking the
degrees at the equator and polar circle each 70 fathoms lefs,
and that in latitude 50° 9’4 as much greater than the meafured
ones ; and the longitude of Paris will be found g m. 19 7 s.
But the computed meridional arc between Greenwich and Paris
will exceed the meafured one by a quautity an{wering to about

' of latitude.

It is almoft needlefs to obferve, that the longitude of Paris
(9 m. 20s.) deduced by Dr. MaskELYNE from the different
refults found by aftronomical obfervations (Phil. Tranf. 178%)
agrees to lefs than half a fecond with either of the above
‘determinations..

N. B. Inthe Table of General Refults, p. 232. Vol. LXXX. read 18’ 46" for
the longitude of Wrotham Hill ; this thould have been. corrected in the Appendix.
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