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IX. 4 new Method of computing the Value of a slowly con-
verging Series, of which all the Terms are affirmative. B){
the Rev. John Hellins, F. R. S. and Vicar of Potter’s-Pury,
in Northamptonshire. In a Letter to the Rev. Dr. Maske-
lyne, F. R. S. and Astronomer Royal.

Read March 8, 1798.

REV. SIR, Potter’s-Pury, February 8, 1798.

T'har several of the most curious and difficult problems in
physical astronomy have hitherto been solved -only by means
of slowly converging series, is-a truth which you are well ac-
quainted with, and which may be seen in the works of the late
learned EvLER, and others, on that subject. Of this kind of
series is the following, viz. ax 4 b2’+ cx*+ dx*+ &c. ad
infinitum, when all the terms are affirmative, and q, b, ¢, &¢.
differ but little from each other, and z is but little less than
1; to obtain the value of which, to seven places of figures, by
computing the terms as they stand, and adding them together,
is a very laborious and tiresome operation ; and therefore some
easier method of obtaining it is very desirable. Ahout five
years ago, the consideration of this matter was recommended
to me by Mr. Baron MaseRrEs, (who not only employs his own
leisure in explaining and improving the higher parts of the
mathematics, but also encourages others who make the same
laudable use of their leisure,) to whom I then communicated
the method of computation explained in the paper inclosed in
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184, Mr. HELLINS's new Method of computing

this letter. As this method is general, for all slowly conver-
ging series of the form abovementioned, (which is generally
allowed to be the most difficult,) I am induced to present it to
you, requesting that, if it meets with your approbation, you
will communicate it to the Royal Society.

I am,
Rev. Sir, &e.

JOHN HELLINS.

P. S. 1 need not observe to you, that it is not requisite to
the summation of the series mentioned in this letter, that b
should be less than a, ¢ less than b, d less than ¢, &c¢. but only
that the first, second, third, &c¢. differences of these coefficients
should be a series of decreasing quantities : for, you well know,
there are series of that form, which arise in physical astronomy,
of which the coeflicients are actually a diverging series, and yet
the sum of the whole is a finite quantity. And the same thing
is evident, from the bare inspection of the theorem which I
shall presently use.

1. The computing of the value of the series ax 4 bz*4 c2*
+ dz*+ &c. ad infinitum, in which all the terms are affirma-
tive, and the differences of the coeflicients a, b, ¢, &¢. are but
small, though decreasing, quantities, and x is but little less
than 1, is (as has been before observed) a laborious operation,
and has engaged the attention of some eminent mathemati-
cians, both at home and abroad, whose ingenious devices on
the occasion entitle them to esteem. Of the several methods of
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obtaining the value of this series, which have occurred to me,
the easiest is that which I am now to describe, by which the
business is reduced to the summation of two,-thijee, or more
series of this form, viz. ax — b2’ 4 cx’— dz*, &c. and one
series of this form, viz. pr+ g+ rxt 4+ &e. where 7 is
=4, 8, 16, g2, or some higher power of 2. The invéstigation
of this method is as follows.

e. The series ax 4 bx'+ cx’ 4 da* + ex’4 fa°+ L. is
evxdenﬂy equal to the sum of these two series, viz.

azr — b’ cx'— dat+ ex’— f2°, Ge.
* 4 2bx* x 4 edx* x + 2f2", &
of which, the value of the former is easily attainable, by the
method so clearly explained, and fully illustrated, by Mr. Baron
MaASEREs, in the Philosophical Transactions for the year 1777 ;
and the latter, although it be of the same form with the series
first proposed, yet has a great advantage over it, since it con-
verges twice as fast. Upon this principle, then, we may pro-
teed to resolve the series ebz’+4 edz*+ of2°4 2hzx'+4 2k2™
+ emz"4 &c. into the two following:
ebr*— edx*4 of 1°— oha'+ ekz— emz™, &e.
* +4dx* % 4 4bx' x4 qmz”, Ge.

where, again, the value of the one may easily be computed;
and the other, although it be of the same form with the series
at first proposed, yet converges four times as fast. And, in this
manner we may go on, till we obtain a series of the same form
with the series at first proposed, which shall converge 8, 16,
92, 64, &c. times as fast, and consequently a few terms of it
will be all that are requisite.

An example, to illustrate this method, may be proper,
which therefore is here subjoined.
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<

. Let it be proposéd to-find the value of the series x 4 =
3 prop 2
+ -I—’ + f— + f— += Z 4 e ad infinitum, when z =2,

4 In order to obtain the sum of this series, with the less
work, it will be requmte to compute a few of the initial terms,

as they stand. . I<or if we begm the- operatlon with computing

x3

the valueof 1 — = 4 — — =, ", &c. by the differential series be-
y

1.2

2.3’

;;3 &e. respectively, i. e. T 4, &¢. which is a series de-

creasing so very slowly, that the only advantage obtained by

this transformation of the series is in the convergency of the

fore mentioned * the values of D', D", D, &¢. will be —

powers of — instead of the powers of x, which indeed is
o _-—9—.
very great; for, z being =2, T is=153 80 that the new
series 5 + i _;] + L. —2——] + 1 —9—‘ + e although =% —
_\
7 \] + L. —,7—0:\’—- 1 %) Ye. yet converges more than seven

times as sw1ftly +. But, if we begin the work by computing the
first eight terms of the serles, as they stand, and then compute

the value of -”— + == +,&J°c ad infinitum, by the same
theorem, the values of D, D" D", &c. will be -

9.10 ? g.10.11°

&e. which is a series decreasing, for a great number

9.10.11. lz’

* The theorem best adapted to this business is the following; viz. ax — bz*4
e _ az D’ »* D" 23 D" x*
R e (P Ly T o Dy e
—bD'=a—2bgc, D"=a—3b4 3c—d, ¢e.

See Scriptores Logaritbmici, Vol. 111. p. 290, where b, ¢, d, &c. denote the same

+ c. D’ being = a

quantities that a, b, ¢, &c. do here.

4
+ l—99 is = 0.4736842, and% is = 0.4782969.
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of its terms, much more swiftly than the powers of %, and, in

the first seven terms, much more swiftly than the powers of

- Thevalueoftheserles—._x% = ;_‘\.1.” ﬂ_.._
‘ &@c. is therefore = the series -l—--—+ T \\.{-9‘01!

3 4
q 4 —=3 .% -+ &c. the first seven terms of which con-
19 9.10.11.12 1 :

verge above fourteen times as swiftly as the other; or, in other
words, the first seven terms of it will give a result much nearer
the truth than a hundred terms of the other. And if, instead of
the first eight terms of the proposed series, the first twenty-

four terms were computed, as they stand, and then the value of
. x x* %3

the series - — & + -~ — €9°c by its equlvalent,zs st

1 X 1 2 2.3

25.26  (14x)* + 2§.26.27 (x-[-x)J + 25.26.27.28 (1+ )¢+

+ e. the

. . 1
rapid decrease of ,the»eoeﬁicxents Ty 25‘26 2-3_272_7’ &c. com-

pounded with the decrease of the powers of T-—F?c’ (in the pre-

sent case = the powers of %;,) produces such a very swiftly
converging series, that eight terms of it will give the result true
to eleven places of decimals.

It may be further remarked, for the sake of my less expe-
rienced readers, (for whose mformatwn this article is chleﬂy
intended,) that the second term of the last series is produced

by multiplying the ﬁfst by — - —i—’ the third, by multiplying

the second by - ; the fourth by multlplymg the third by

238 ret and so on. If, therefore, the first term be called P,

the second Q, the third R, the fourth S, &c. we shall have,

Bb e
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1 oz
P"'—-z-snn-}-.t’
=P . %
Q_zG 142’
. zCL x
R= 27 142
=3R 7z .
S= 28 14z’ &e.

which form is well adapted to arithmetical calculation. And,
that a similar form for that purpose may always be obtained,
when the coefficients of the proposed series are the reciprocals
of any arithmetical progression, has been shewn by Mr. Simp-
soN, in his Mathematical Dissertations, p. 64.

Having premised btheseb observations, I now proceed to the
arithmetical work ; in which I shall use, and explain, such other
devices as have occurred to me for facilitating it.

5. Since the work of computing the value of the proposed
series is so much shortened, by first finding the sum of a mo-
derate number of initial terms, and then resolving the remain-
ing terms into several series, in the manner described in Art. 2,
I will begin with computing the first twenty-four terms of it;

and, to facilitate this part of the work, I will separate these
terms into three parts; viZ.

+ 5 s 7 s
z + - + +’+‘+2+§+§».
.29 13 Iu '3'5 xl‘
+ 9 + 10 + 11 + 12 + 1 + 14 + 15 + 16 7
.,_.7 18 xn xn 223 xu,
+ 17 + 18 + 19 + 20 + 21 + 22 + 23 + 24’
which are ev1dently equal to
x* 3 x5 x© 27 28
Bk B LA SPLN ST U SR A L2
s x 2 X 25 28 a7 2%\
z ( 9 + 10 + 11 + 12 + 13 + 14 + 15 + 16
w| T x* 3 x4 a8 x5 7 8
o ( 37 + 18 + 19 + 20 + 21 + 22 + 23 + 24 )"
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which three parts, for the sake of reference, may be called A,
Bz®, and Cz*. It is evident also, that the numerical values of
the first eight powers of z are all that are required for finding
the sum of these twenty-four terms of the series proposed : for
Bz'4 Cz* is =2 (B + Cz°); and this product 4+ A =the
sum required *.
The numerical values of the first eight powers of  are

these:

r =o0g,

r'= 081,

r'= o729,

x*= 06561,

I’== 0'59049,.

T°= 0'531441,

2’= 04782969,

2°= 0'430467%721 ;
from which values of the powers of z, the values of A, B, and
C, continued to twelve places of decimals, are easily obtained,
and are as follow.

* The same thing might have been obtained from the first four powers of x, or from:
the first six powers of x; as might likewise the sum of 3z, 36, 40, or any other num-
ber of terms that is a multiple of 4 or 6. But the number 8 is here chosen, for the
sake of a subsequent use that will be made of the value of .
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=09

-2: = 0°405

—;- = 0'243

g 0'16402,5
= 0'11809,8"
= 0'08857.35

= 0'06832,81285,71

oo]:c_w]x o, V‘l"\. -

= 0'05380,8401¢2,50

The sum is 2:04083,30298,21 = A.

% =01

li: = 0081

lij 0'06627,27272,73
x*

- = 0°05467,50000,00

13 = 0'04542,23076,92

—; == 0'03796,00714,29
—!? = 0'03188,64600,00
-lfg- = 0'02690,42006,2 5

The sum is 0°44412,07670,19 = B.
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= 0'05294,11764,71

== 0°04,500,00000,00

lxu ;IR.‘ \’lﬁ

Tha 003836,84210,53
zﬁf = 0'08280,50000,00

;"—: = 002811,85714,29
£ — 0-02415,64090,91-
213 == 0'02079,55178,91
2"_4 = 0'01798,61387,50

The sum is o<26012,12591,85 =C.

We may now quickly find the sum of the first twenty-four
terms of the series proposed, by two multiplications by z*, and
two additions, as was pointed out in the former part of this
article; but, since the labour of these two separate multipli-
cations may be saved, I shall now proceed to compute the va-
lue of the remaining terms of the proposed series.

» . . ) x5 x26 27 x28 X
6. The remaining terms are Sttt
x3° . . . . . .
+ 5+ &e. ad infinitum, which, being disposed according to
the form mentioned in Art. ¢, are evidently equal to z**x these
x x* x3 x* xS x5
: . [ 25 26 + 27 28 + 29 30° Ge.
two series < " - S
x .
* + 26 * + 28 * + 30 +’®7C'
the value of the first of which is very easily attainable, in the
manner shewn above, in Art. 4. The arithmetical work will

stand thus:
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P= -?!s— X ".99* = 0'01894,73684,2
Q =5 x —5~ = 0'00034,51949,7
R =:-—2-7— X —129— = 0°00001,21121,0
S = -3;;— x ":%' == 0'00000,06147,1
T = 9 % —129— == 0°00000,00401,6
U= -—33- x 99 == 0°00000,00031,7

— -63-?- x -93- = 0°00000,00002,9

— l;’— % —19;- = 0°00000,00000,3

The sum of these terms is 0:01930,53338,5, which, for the’sake

3
of reference, call «. Then we have az™= 2™ x : — — :6 + ;‘7

25
x* xs
= 728 + 29 - 30 %’ Ge.

». The part of the proposed series which now remains to be
computed, is ™ x : 26 + ~3 + o + 2z +2; + + &e.

x* :r“ '

ad infinitum, or x*x : fs +t+t+ 4+ = = . =
+ &c. ad infinitum, which may also be divided into two series,
in the manner above shewn; but, to obtain a swifter conver-
gency in the next, as well as the succeeding applications of the
differential series, it will be convenient first to compute the va-
lue of four terms at the beginning of this series ; which we may
quickly do, since all the powers of z requisite in that part of
the calculation are ready at hand, being set down in Art. 5.
The work will stand thus:
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=0 06230,76923,1

I_x: = 0°04686,42857,1
I3 = 0708542,94000,0

f; = 0'02690,42006,3 ;

And the sum is o-17150,55%86,5, which call D. Then will
24 24 2 x* © x8
Do = x™ % ( fg + ” + TS + — )

8 It now remams to find the value of 2™ x : —;—7—+ - +

+ &c. ad infinitum, or of its equal, z** x

19 20

the sum of these two series,

2 x4 8 28 K at

17 18 + 19  zo + 21 22 Ge.
224 228 22
18 * + 20 * + 22 + Ge.

Here, again, the value of the first series may easily be computed,

x* I

by the theorem referred to in Art. 4, it being = — ST tTT
x4 1.2 28 1.2.3 28 .
(1+422)* + 17.18.19  (1+447)3 + 17.18.19.20 (14 2x)* + Y. in

numbers,

MDCCXCVIII. Cec
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P =-— x 2L — 002632,43418,9

17 181

__ P 81 . 6
Q = =5 % g7 = 000065,44725,9
2Q_ 81
R = 5 X Ter = O 0000g,08400,6
__ 3R &1
S == X —g— == 0'00000,20695,3
T=2% 43 _oo 01764,1
=T X e T ©700000,01704
__ T 8r .
U = 2— x — == 0°00000,00179,4,
=S5 B 500000,0002
= X /00020,9
A 8r
W= 2 X T8 = 0'00000,00002,7
8W 81
X = 5 X g = 0'00000,00000,4

And the sum of these terms is 0.02%701,19108,2 = €.

8 12 16
9. To find the value of 2% x : 25 2 p 2L 20 4 5,
20 22 24
di . . L 2%« - zt o, 2P z'? z'e &
ad infinitum, or its equal, ™ x : 5 + -+ 5+ 5+ Yo
ad infinitum, which is all that now remains of the proposed
series, it will be expedient, first, to compute the two initial
terms of the series, and then to separate the remaining terms

of it into two parts, as has been done in the preceding articles.
These two terms are

x4

9

xs
—— == 0°04804,67210,0

== 0°'0%290,00000,0

And their sum is 0-11594,6%7210,0 = E.
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12

. . X
10. There now remams, of the proposed series, 2™ x : P +

xl
— + + -l- — + &c. ad infinitum, = x* x
the sum of these two serles,
Kol 8 2 xw x;o 2
—_ -~ ——, &
1 12 13 14 15 16

* Zl"f * + z::s * + 224 @
Here, likewise, the value of the series which has the signs 4
and — alternately, is easily obtained by a swiftly converging
series, the terms of which are set down here below, the decimal

x* 6561°
value of T = 6ser

sake of facility.
P = — x 0'39617,17287,6 = 0:03601,5611%,1

being used in the calculation, for the

Q=—xo0 39617,1 #28%,6 = 0'00118,90306,0
R=2%,0 3961%,1728%,6 = 0'0000%,24/708,2
S = ik—- x 0°3961%7,1%7287,6 == 0°:00000,61523,3
T = —1—5-- x 0°39617,17287,6 = 0°00000,06499,7
U= —51%‘- x 0'39617%,1728%,6 = 0.00000,00804,7

= —6£7J— x 0°89617,17287,6 = 0'00000,00112,5
W_-——- x 0°89617,1728%,6 = 0.00000,0001%,8
X = —8‘%’- x 0.99617,1728%,6 = 0:00000,00002,9

Y =_2Z(‘ x 0'89617,17287,6 = 0'0©000,00000,5

The sum of these terms is 0'0g8728,40092,2 = ¢.

Ccoe
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11. The part now remaining, Qf the proposed series, is z*

2 227+ 2x48 . .
+ l‘; + = + = g 2 — +€9’c ad infinitum,

whlch may very convenlently be resolved into x“s x these two

r i ' xs ‘ . 16 xzq. x32 1.40 x4-8
. 6 + 7 8 + - T1o + 1t 1z e,
series 2232 ‘ 2748
.* + 10, * + 12 + @C.

the value of the first of which will quickly be obtained, by means
of the theorem which has been repeatedly used in the preceding
operations. The terms of it are as below, in Whlch the decimal

2® 43046721 .
14 28 7 14304.6721

the preceding article.

is used, for the reason mentioned in

value of

— = - - 0'16666,66667
P= -—;— o 30092,77018 —- o 04,298,96717
Q =—l;- 0°30092,77018 = 0'00161,70979
R= -599:' 0'30092,7%7018 == o 00010,81399.
S = v-ﬁTR 0°80092,77018 = 0°00000,9762%
T= -—‘*——S— x 0°80092,77018 == 0'00000,10683
U=4il o 80092,%77018 = 0:00000,01339

12

V= - X©° 30092,77018 = 0'00000,00186
W=7y 0'30092,77018 == 0°00000,00028
- 14. b 7’y

3w \ -
X = STH % 0.30092,77028 =0 OOOO0,0QOO5

X , .
= 916" X 0'§0092,%7%7018 == 0'00000,00001

The sum of these terms is 0'21139,25631 = ¢
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. . 8
12. There now remains, of the proposed series, only z*

226 223 0 A8 2754 9 . .
x5+ + 0+ 5+ Y ad infinitum, the value of

. . 16 g g
which, or of its equal, 2** x : -%—-]— —+ 5+ + &

may easily be obtained without any transformation, since the
powers of z** (= the powers of 0-18530,20188,9) decrease
swifter than the powers of £. The numerical values of these
terms are as below.

-f;:- = 0'04632,5504%
_";’_’_ = 0°00686,%3676
248

= 0'00106,044/76

= 0'00016,84312

\,I*g\ a|

&00
o

y

== 0'00002,73093
o6 .
x—§- = 0°00000,44982
xlll )
10

== 0'00000,0%7502

= 0°00000,01264,

x4

—— == 0°00000,00215
xl60 .
—‘_3— = 0°00000,0003%7
.2"76
el 0'C0000,000¢6
Z'9%

== 0'00000,00001

The sum of these terms is 0:05444,44611 = F.
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13. The values of the several parts, into which the proposed
series has been resolved, being now so far obtained that we
have only to multiply each by its proper factor, viz. the nu-
merical value of 2%, 2%, %, &c¢. and add the products together,
to get the sum of it; this, therefore, is now to be performed.
And, in this part of the calculation, several multiplicatidns, may
be saved, and no larger factor than z* be used, by attending to
the method described by Sir Isaac NEwToN, in his Tract De
Analysi per Aquationes infinitas ; p. 10. of Mr. JoNES’s edition
of Sir Isaac’s Tracts; or p. 2%0. Vol. I. of Bishop HoRSLEYs
edition of all his works. The manner in which this is to be
done will appear, by collecting the several parts from the pre-
ceding Articles, and exhibiting them in one view, thus:

A+ Bt Ca"t s F Dx o EF Exa™+ ye"+ TF T
x2** = the sum of the proposed series. Now,

1st. Calling & 4 F, 2/, and multiplying by 2°, we have 2’ z*
= 0'26584,70242 x 0'43046,721 = 0'11443,84267,9.

edly. Putting y 4 %' 2° = 2", and multiplying by 2°, we get
2" 2’ = 0'151%2,24860,1 x 0'48040,721 = 006531,15337,2.

gdly. Putting € 4 E 4 2" 2*=2""", and multiplying by z°, we
get 2" £°=0'20827,01655,4, x 0°48046,721 == 0'08965,34770,9-

4thly. Putting « 4+ D 4 2/2* =2, and multiplying by z°, we
get 2" 2°=028046,43895,9 x 0.43046,72 1 =0'12073,07232,90.
sthly. Putting C 4 2" 2°= =¥, and multiplying by 2°, we get
2" 2" == 0'38085,19524,75 x 0'43046,721 = 0'16394,42774,05:
6thly. Putting B 4 2¥ z° = 2"}, and multiplying by z°, we get
z"i 1 == 0'60806,50444524 x 0'43046,721 = 0'26175,20631,73.

Lastly, to this product add A - ==204083,30298,21,
and we have the value of the series proposed = 2°30258,50929,94s
which is true to twelve places of figures.
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14. It may not be improper to remark, that this degree of
accuracy is much greater than is requisite, even in astronomy;
for which, as well as for most other purposes, six or seven
places of figures are sufficient: and, to that degree of exactness
the value of the proposed series might have been obtained, by
less than a fourth part of the labour that has been taken above.
But it was my intention to show, that the value of a very slowly
converging series, of which all the terms are affirmative, may,
by the method now described, be computed to ten or twelve
places of figures, in the space of a few hours.



