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X, Onthe Integration of certain differential Expressions, with
which Problems in physical Astronomy are connected, &c. By
Robert Woodhouse, 4. M. F. R. S. Fellow of Caius College.

Read April 12, 1804.

I analytical invéstigation, two important objects present them-
selves: the concise and unambiguous expression of the condi-
tions of a problem in algebraic language; and the reduction of
- such expression into forms commodious for arithmetical com-
putation. - '

If the introduction of the new calculi, as they have been
called, has extended the bounds of science, it has enormously
increased its difficulties, in their number and magnitude. The

differential forms that can be completely integrated, occur in few

problems only, and those of small moment. In physical astro-
nomy, the investigations give rise to differential expressions,
which call forth all the resources of the analytic art, even for
their approximate integration. ,

For the integration of differential expressions that, by the
process of taking the differential, can be derived from no fimte
algebraic form, recourse is had to infinite series: thus, if the
expression be dx . fz, and there is no quantity Fx, such that
dx .fr=4d (Fz): frisput =f((x —a) +a)=f (z—a)
+of(x—a).a +Df(xr—a)a 4 &c. and [dz.fr=

Jdz . f (x — a) +/fdz . of (2 — a) + fdz . f (2 —a) &c. or, |
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220 My, WooDHOUSE on the Integration

putting fx = f (a 4 z — a), theintegral of dx . fz is calculated
from the series fdx .fa . (x — a) + fdz . pfa. (z — a)* + &c.

But, although the integrals of many expressions can thus be .
exhibited, yet such series are useless for the purpose of arith-
metical computation, exeept their terms continually decrease,
and except the limits of the ratio of the decrease of the terms
can be determined; and the invention of series adapted to
arithmetical computation, has not been the least of the difficulties
encountered by modern analyéts.

Although the differential expressions that admit no finite inte-
gration have not been reduced into classes, yet there are some,
from their sifnplicity, and frequent occurrence in analytical in-
vestigation, more conspicuously known and attentively consi-

' . dz dx
dered : such are the expressions ——, e Ry o

tation of their integrals, in other words, is the determination of
the logarithms of numbers, and the lengths of circular arcs.

The necessity of calculating the integrals of expressions such

as T 4z —, must soon have obtruded itself on the attention
S iya’ V(=)

d
of the early analysts: for several expressions, as —

T and the compu-

v dx

—x?? x\/x._x’"

dz dx

142*? 2 2 —

=== &c apparently dissimilar, are easily reduced

d dr
to,the forms T vie

grating a variety of forms, is soon reduced to that of the integra~

; and besides, the difficulty of inte-

tion of : such, for instance, are the forms &

1+.z’ Vi=z* 1/ (1 7') 4
if Ty and all that are comprehended under po +’fx Wt
the forms Vf:ji’)’ v(x: dx,), &c. and all that are comprehended
under %%

V(=2
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It is on the grounds of convenience of calculation, and of
systematic arrangement, that differential expressions, such as
have been just exhibited, are resolved into a series of terms

Pdx + P do + Pdx 4 &c. 4 Q d;&"'::_—'_————;, where Pdx 4 P'dz,

P"dx are integrable; for, remove those grounds, and it will be
?fm+ X 'I-m+ 3 tzm+ 5

1
2m+1 + z2m+4-3 7+ zm45 °

_ difficult to assign a reason why *

3—'—-3——[- &c. is not an mtegral of 7(—1———% equally exact as
. < (zm—1) st 3 1.(z2m—1) (2m—3)
“\/(l_x ){ + (zm-—z) am T + (2m—4) (zm—2z) .2m"

1.3.5 .00 2m—1 dx

e + &C}+ 2.4.6....2m V(1—a*)"

In the application of the differential calculus to curve lines,
after making certain arbitrary assumptions, it appears that hy-
perbolic areas, and arcs of circles, may be computed from the

integrals of the expressions ';'—ﬁ-r— j(xl rot
are in fact afforded by the several methods that relate to the
quadratures of the circle and hyperbola; and mathematicians,
either for the sake of embodying in some degree their specula-

tions, or from a notion of a necessary cormexion subsisting be-
dx
e Y(1—2)
expressed the integrals by the arcs and areas of those figures.
Although the computation of the integrals, is totally inde-
pendent of the existence of the figures, and of their properties,
yet it is curious, that the simplest transcendental expressions
of analysis, should express parts of the simplest figures in

geometry.

the integrals of which

tween circles, hyperbolas, and the integrals of & have

1
¥ This series arises from expanding v = and from integrating each term mul-

tiplied into %7, d.
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dzx dx
’ 42’ 1/ (3=
scendental expression, next, in point of simplicity, is

In analytical investigation, after =5 the tran-

dx ¢/ ( Ll ) ;% in a particular application, this differential re-
Ppresents the arc of an ellipse, a figure, next, in point of sim-
plicity, to the circle.

Many differential expressions depending, for their integration,

on the integral of dx \/ (-L:'_—;f), itbecame necessary to exhibit
it, for all values of zand e. A problem in consequence arose, of

no small difficulty, named, analogously to the naming of

d -
-;/f;—'“:, the rectification of the ellipse. In the prosecution of

_the researches to which this problem led, it was discovered that
the hyperbola might be rectified by means of the ellipse, or, to
speak correctly, and without the employment of figurative
language, it was discovered that the transcendental expression

dx J (f—i—"’—l—) (e 7 1) might be made to depcnd for its inte-

x?

gration, on that of dx J -3—‘11—8—-;;?) ev 1.

The integration of de\/ (i_—;-’:_ﬁ:) does not depend more on

the length of an ellipse, than it does, on the time of the vibration
of a pendulum in a circular arc, or on the attraction of a sphe-
roid ; but, in each of these problems, it occurs as an analytical
‘phrase, an expression in symbolical language, the exact meaning
of which it is necessary to know. If the meaning be determined
for one case, it is for all three ; and hence, with the rectification of

dx

V(1—=2?) (1=
the following pages,

* 1s as simple an expression: they are considered together in

+ The ellipse admits of an easy mechanical description; and, constdered asa sectlon
of the cone, was admitted by the ancient geometricians into plane geometry
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the ellipse, a problem by itself unimportant, the solutions of other
problems, are intimately connected; and, with this object in view,
the determination of the length of a curve line, mathematicians

~ have enriched analysis with several curious artifices, and va-
luable methods.

To determine the integrals of —=—= ==, dr J (-1—_;54-"3-) it is
necessary to expand them into serles The difficulty is, to expand
them into series that converge: the determination of the integral

of ———= 1/d(x ought to precede that of dx J ( 1= ) indeed, in

most of the series that represent the latter, fvs-(;-:_—;;) is involved
as a term, and is supposed to be known. The determination
of each integral presents a curious circumstance, in the cor-
respondence of certain geometrical properties and analytical
artifices ; for instance, the theorem for the tangent of the sum
of two circular arcs, affords, analytically, a means of computing
the length of the arc; a'nd conversely, the analytical artifice* by

which the integral of — is computed; translated, leads tothe

* The method of deducing the value of f Ve = between the values of x, o and

1, independently of any reference to a circle, is as follom.

Let dz. _av + du" thenfdx _‘f du’ + du’
vz Vi—i* Vi—u' V(1—a*) TJ y(1—u") v (1—u")

+4C, and, expressing the integrals by their exponential expressions, we may deduce

(see Phil. Trans. 1802) # v/ (1—"*) 4 2’/ (1—4'*) = 2, Let x =1 and u’ =u
A’ dx
v (

1 2
- , consequentl =
v Wty o= = V=)
between the values of o/, o and -l_-:, equals the integral of ——f————; between the
v V(1—2")

, or twice the integral of

.o =
2
Z

l d 7
values of z, o and 1. Again, put V(l ) ::. jzll—'a’) + VZ)‘—-’U'z) .

>, as before,

1 I 1
vy (1—=0? V(1 —0*)=u; put 1 = ——y ¥V = ——= f o~ ——, consequent]
\Y ( ) + 1/( ) 5P Van ) v s '\/lo, q Yy

dx
v (!—-x‘) v (l /(1—v")
MDCCCIV. G g

(contained between the values of ', o and ) +
10
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properties of the sines, and tangents, of circular arcs. Again,
FaoNaNT’s theorem, by which a right line is assigned equal to
the difference of two elliptic arcs, affords a method of arith-
metically computing the length of the ellipse; and, conversely,

 the analytical artifice by which the integral of dz J "‘f__i )
is computed; translated into geometrical language, becomes

FaenaNTI's theorem. And again, the analytical resolution of
Jdx J( ) into Au’ 4 Bu" 4 P/du’ J (-l-'—'?i_-g-f) +
Q/du” J (-’—'—'f”—“—) (where the integrals, on account of the

> dv
v (1—
from the smallness of v, v/, converge with considerable rapidity ; or the latter part

4

o z y t z+z
1/(1+z’)’ "«/(l+z”)’ = V(o

dz dz
1422 +j1 +27°
Now, if ' = l__, P |
’ v 2 Y

. 1 . .
o) (contained between the values of v, o and —=, which latter series,
v ) -

thus, putv = =y, and

y
T

. I
1fv= 7_;:,2

(]
-

o = ——, 2=
1)

2]

°

Consequently, the integral o

oand 1) -—f T

!between the values of 2, o and i) + f o (between the values of 2, o and §),

and consequently, poo) (between o and 1) = z{ » 23 4 — = 25 - &c. }

1/ (I
4 z{ 1 3—3? + — T 35 — &c. } W'mch is, in fact; EvLEr’s method of detcrmining
the periphery of a circle. Now, from this analytical artifice of putting the integral of
dx d'w ‘dun’
Vo= =) ya— Y va=ey T
computed, may be deduced those theorems which relate to the sines, and tangents, of
the sum and difference of arcs, &c. by translating the formula #'y/ (1—2"*)-+
'/ (1—*) = z into geometrical language, ’

by which means its arithmetical value is
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e

smallness of ¢/, ¢”, are readily computed,) translated into the
language of geometry, expresses a curious relation between the
arcs of three elhpses, the excentricities of which vary according
to a certain law.

Hence it appears, that there are two different methods by
which the analytic art may be advanced ; either by artifices
peculiarly its own, or by aid drawn from the properties of figures
and curve lines; if, for instance, FacNaNI’s theorem be proved
for an ellipse, by processes purely geometrical, then, such a
theorem, expressed in analytical language, becomes immediately

a means of computing the integral of dx J =225 or if, by
reasonings strictly geometrical, a relation can be established be-
tween the arcs of three ellipses, whose excentricities vary ac-

cording to a certain law, then, by expressing such a relation in

the signs of algebra, the mtegral of dx J ( et ) may be

1.

computed by means of the integrals of du’ J (—I—'-lf—%;),a;nd of

du' J (I—'—"%,I—z), which integrals can be found more readily
than the original integral, by reason of the quicker convergency
of the series into which the differential expressions may be
expanded, ¢’ and ¢ being less than e.

One main object of the present paper is, to exhibit the integral
of dx J ( ) for all values of e, and to reduce other
integrals to 1t. Much has been already done on this subject.
The researches of mathematicians on the length and comparison
of elliptic arcs, are extended over the surface of many memoirs;
yet I hope to have something to add in point of invention, and
more in point of arrangement and simplicity of expression.
The labours of future students will surely be lessened, if it be

Gge
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shown, that several methods, apparently. distinct and dissimilar,
because expressed in different language, are fundamentally, and
in principle, the same,

The simplest mode, and the first that occurred to mathema-
ticians, of finding the value of fdz J (-—-—-————) was, to expand the
differential expression into a series of terms ascending by the
powers of ¢, and to take the integral of each term. This method,
however, is very imperfect ; for, if ¢ be nearly = 1, the series
converges so slowly as to be unfit, or at least very incommodious,
for arithmetical computation. It became necessary then to
possess a series ascending by the powers of 1 — ¢*; and such a
series was first given by EvLEr, in his Opuscula, published at
Berlin in 1%50; and it must be manifest, that there can be no
one single series, ascending by the powers of e, or by powers
of the same function e, that can in all cases represent its value.
I purpose to consider the several series that represent the value
of jde / [555), |
when e is small,
when e is nearly = 1, or, when /(1—¢") is small,
when ¢ is £ ¢/ (1—¢") and 2 ——,

V 2
wheneis > /(1—e) and > — Vz
when e and 4/ (1—e¢*) are equal, or when each equals 7’-_5_-
The series for the first and second cases, I shall deduce, because
I wish to consider the subject in its fullest extent; but those se-
ries,when we regard pracﬁcal commodiousness, are superseded by

the methods by which the fdx J ( 1—13:-;:) is to be found, in

the third and fourth cases. Two methods then, are only requisite
for finding the integral in all the values of ¢; for the integral
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in the last case may be found, with nearly equal convenience, by
either of the methods in the two preceding cases.

For the sake of conciseness, I employ the symbol b to denote
the numeral coefficients of the terms arising from the expansion
of (1 — z)”; thus, p1”signifiesm; p*1”,m.m —1; D17
m.(m—1)(m—2).m—nt1)

m.m—1 w Mo (me=1) (m,-z). "
i Dl I.2. 3 DlSlgmheS’x.z. 3 ... R
and consequently, in particular values of m and #, D’ 13 signifies

[ I . . . . I.3.§-
2, D*iisignifies — 135 D1~ signifies — i 23

2.4.6° .87
4z 3:5.7,
D1 s1gn1ﬁes e &ec.
Employing, therefore, this notation in the expansion of
. i a 1— e* 2 ___7d
v (1—e ), wehavede x" == e {h p1i ¢* 2°
+ D 13 e 2*—D’ 13 e® 2°4 &c.}, and the (z+1)th term is

2, dx
nqLom E_CT
Yue yn=ay

272 de 2n 2™, dx

Now, d (a/ (1—2°)) == (en—1) -2 — 0 s hence,
¥ dr __ 1 an—1 s 201 22— dp
= — — V(1=2*) + — el

vV (1~2%)
2N 1

x:”—‘ ‘/(l—x‘) - 2N . 202 x’”‘3‘/(1_x’)

-
T e— Cm—

2n
. (zn—3) x2% dy

(2n—1) ! .
+ 2n . (2n—2) J 4/ (1—2%) 7
consequently, continuing the reduction,
22 dx —_— 2 it (27[-—-1) 271——3
_._-—‘/(1-—-.23){ + 2n . (2n=2) * +&C}

Y (1—=2%) an
(zn—1) . (2n—3) &C. ... ... 5.3.1 dx
T 20 0 2M—2 ieioe.0.0.4.2, \/(l—-x")(gb)

Hence, putting for n the several values o, 1, 2, g, &c. we have
f dx J - =0
— D1z e’{

a1 4f =23 t/(l-—x’) 3x1/(1—-x”) 1.8
+]0)he{ 4 - 4.2 +z.4q’}

-—xV(x——x") }
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-xs«(x-x*) ey (1—a) 532/ (1=a) | 1.3.5.0
——Dle 6. 4 T 6.4.2 +:.-.4..6

+ &c. \ ‘
Hence, if the integral of dr J ( = ), between the values of -

—x*
3 x4'i9 =value of ¢, or of

x, 0 and 1, be required, putting = =
dx
V=)’

jde l—-e"x:) (from x =o0 to x =1)

~’—-—-{1-—Dlz s FD iz e 4 D31 e +&c}

- or, developmg the symbohcal coeﬂiments D1i, D* 12, &ec.

Ty Y.l 1.1 1.3 . 1.1.3 1.3.5 6 }
11 z.2¢ Tz, 4" 2. 46 ~ 274.6'2.4.66 &e.
whlch series has been given by several authors, Simpson, EULER,

Animadversiones in Rect. Ellips. p 129, &c.

when x = 1, we have

If, instead of the coefficients L z, we use -— Dl“""", D 1-z,
&c. the integral
___'3‘ E2 —1 2 2 4 L — I -l 6
=z 14 D13, D175 4Dt 15, D 1R e DT D 1T - &
where the (n+ 1)th term is D’ 13. D" 17% which, (since
; -I b4 : 1 . .
D' 17 = — D" 15. (2n—1)), equals = (D" 13). (2n—1); con-
sequently, the integral may be put
_Zr__ I\s~ 2 2 4 X1\2 4 3 4 I\3 S e
2{1-——(1)12)2.e--—(10) 12).3e-——(D 1) 5e &c.}

{l —e? 2

From this series, fdx ) may be computed when ¢

is small; but it is evidentiy of very little use when e is either
nearly = 1, or is of mean value. To speak in geometrical
language, the length of an ellipse of small excentricity may be

computed by the above series.

. dx . —dv
If v be put = 1 — 227, Y(—2%) 24/ (1—v*)’

and de ( "'le_,_’;: ) =:\7z}1_vz) . J (2"‘;'1) v (1+ -;e;_-%r),
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put—z—g-;- = ¢, and dz J (—‘-‘—:e{%;-) = df,

— e dv_ 1 1 2y L o ome
then c{f....-;—J ;m{ 124+ D104 D 12,60V + &c.}
Now (by methods similar to those that have been given)

o J(l-—v’){vn e ) +&c }+

I. 3....2”-—‘ .

1/(1—'01') 2n . (2n—2
pinfer d’l/ . . 2 TR )
Vies ! an fv Vi—v ){ 2n41 + (2n+1) (2h1) °

1.2.4. .
+ &C + 3.5 zn+1 }
—dv

Hence, putting ¢' = f T

— ¢ +D120\/(1-’792)+D’ 1%02{ '01/(1-"-7-1) }

i
J=z ' 2 +D 1. c{ —-\/(1—-1)*)—}- }+&c
which series agrees exactly with LEGENDRE’s, given in Mem. de
I’ Acad. p. 620, when the quantities v, ¥ 1—v*, &c. are expressed
in geometrical language.
In order to find the integral from r=o0 to x==1, put z=o0,
‘then v =1, put z = 7’:,‘ and then v=0; but it has appeared
that the fv ) (between the values of .r, o and 1) = Vd(“; o

(between the values of z, o and —— Wars )—— consequently, ¢ f =)
(between the values of », 1 and o).

Hence, f = J =2 ={ 1+D*1z -—+D‘* %-—-—-i 4-{7&0.}(2)

— e\ = LI S I1.1.3.5 1.3 4
or""'“/(l——z—)2{1_2.4."2'6«—2.4..6.8'2.40—&0'}

which is the series given by LEGENDRE, and by EuLER, Novi
Comm. Petrop. Tom. XVIIL p. 71, and called by that author
Series maxume convergens ; yet the series is by no means prac-
tically commodious when e is nearly 1.

A very useful series, when e is smali was given by Mr. IVORY,
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in the Edinburgh Transactions, Vol. IV. which I shall notice in
the sequel; not now, because I consider it as a particular case
of the general method by which, in all cases, the integral
of dx J 1 ) may be computed.
. In order to deduce the series by which, when e is nearly =1,
f may be computed, put 1 — ¢* = {7,
then df—-—dr\/ 14 ('_e__ )__dx\/(l-{-
bz 2\ e 2 o2 — bz 2% dz
(1422 (1+ .‘Z) d{'\/ ‘/(1+b z)} V12 (14027
b* z* dx b" "dz -1 - I 3 P .
Now, T I = 701 {1 i4p1—ibz +D T b2t - &c. 1
2n+z dz
—_— T 1% -.z.n-l-z o
and the (n-1)th term =" 1 : prb, e
202 dy ____z"""" V{1+2%) _ g dz

) — (ifx:vrl—%ﬂ)

Now, e e Al bvrawk and, consequently,
=SS S ey () ISR o
=v (1 +2){ 55 2:;:;:":;“+2’:;::‘;";;T’m_z)- 23+ &o. )
=G et )
Hence,fa%)—%— \/(;+ b =*) '
= 75;:;7 vV (1+b =)
—{p1=ib4p17ip 1= LD 1 DR D 1 10)*.,1"%.b”+&c.}
x log. (z4 v/ (142*) |

. z4/(142%)

2

—p1-3 by (142 ){————-J-Z—;—}
O b e
— &c.

. 2 1427
- or, since / (14-2*) = —Tar T
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1/(l+z vV (14D =)
2y 4b*2?)
- Vv (1+2?)

—;-{Dl—%b*+ D1"’§‘16)’1"‘zr‘b"+16)°i“zr‘.1331“‘%}{ l,.z-]-'g/ (14-2*)

k4

— V(T+2) }

z’b

V1+z" {
- 4 b 2%
D1 v(;lj.z){ 4 —4.24}
PR 4 2 2 z*
—D 1+z’{ 6 6.4+6.4.'2}
— &C. :
Now, from this series, as it stands, the whole integral of

1—e* z
dx J ( ) cannot be computed, because being == T
when =1, % is infinite : therefore, we must use an artifice similar
to that by which f 70 =y has been computed ; which artifice con-
d’” (between x

sists in ﬁndmg v a functlon of x, such that

=—o0 and z = a,

————-—; shall = whole integral of

1,(1 z){fromx—-oto;'c—:l } - o
_ - . -— v/ (1—2?
Let therefore x = / ( —s ) in which case, V= 29— Yi—eg o

1—e* 2\ dv (1—e?)
consequently, de ) = T T o) e R’

1—e* a* 1—e*v?\ | (1—20 €% p*)
and dx J ( )+ va ( '—"’z)——e dv V(1=2?) (1me? v*)5
vx/(l—-v‘)
—_ e Xd{ ‘/(\‘\ pe .()z
Hence, . :
- ) - —r? u? e*. ‘/ — 2)
Jie J (5555 (N fido f (25| =S5 4 Com ()
when x = 1, v = 0. Let the whole integral of dz ( "';e_z_;”: ),

fromﬁc:otox::. 1, be denoted by f (1) .*. C=f(1),
MDCCCIV. Hh
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and f+ fdo f (S25) =1 () + S5

€* vy/(1—v?) .
— i =% both when v is o and when v is 13 conse-
e vy/(1—v?)

quently, there is an intermediate value of v, with which — o=

Now,

is 2 maximum. Such value of v, investigated, appears to be
7(-1;-_;—‘/———7— = also x ; consequently, of =f(1) 41—/ (1 —e¢)

=/(1) + 1 b |
"~ Now, from this property of the integral of dx J 1=t ), may

the whole integral be computed ; for, since r =
consequently, f (1) = of — 1 + b
= 1-+b6 (for, putting = -—————, zJ ( I+b ).__. 1)

— o {p1—%b4 014, D 1— b Dt %.16)’1'-%b°‘+&c. }
1+\/(x+b)
(s 7o )
2 L
TV 2 . ,
2])1_71: b Be ) ( .
T TV U4 — 13 - . (3)
2D 1%
A NP
v (14b) 6 6.4 6.4.2 .

— &c.
~ This form is, in fact, the same as what is given by LEGENDRE,
Mem. del’ Acad. 1786 ; and, if the integral had been taken by a me-
thod a little different from the above, a series exactly coinciding
with LEceENDRE’s would have resulted. Thus,

. — "/(I+bzz1)_, dz % L Jo . o o LA o4
smcedf_..dz TEvEEair { 124-D1z.0°% +:9 1202 +&c.}

* I have, in a succeeding page, deduced this theorem of Facnan1 from the general
1—e® a®

method, contained in the following pages, for computing fdx\/

1—ax*
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bZn z’lﬂy dz

t =N"1%.
the (n-}-1)th term D1 (1R

) 22 dy

—TV? 4 X o7 — <
=D 1507, (en—1 TEEeT

2y X

v (a-H%

Iz

-—-D"l b’”xd&
D”1zb’”(2n 1)Vl+

veral values of #, (similarly to Wha.t has been already done,) there
results,

=*{m%.b’+]c)* 1%.;)1?"‘3‘. b*+D*1:. D 173, b°+&c.}
{Letv (4) =iy }

o ) Now, if the integrals of

be taken and added together, for the se=-

+D212b4 3+z)'( ,f)

.
+D 13 0°. 1/(1_|.z { 16 2 } X
ottt i (S — = R e

+ &ec.
consequently, putting z == —5—7, we have f (1) =¢of — 1 + b

1+4/140
° N Vb—_“

o P 4 ‘2.4‘ 3 L -3 16
‘:::2(D1%b+13 17,0172 b+ D0 15, DM 1 = b° &c.

1
—«/1+b}
Z
+'\/1+b
o 1 I b3
e T

21)1-{1)4;_»5,)3 }
paveeerl 4.2
-+ &ec.

the series D13 b*4D* 13. D17 * b* &c. numerically expressed is

) " .1.3355
b zb+m b+&C

4"

. ® This series is the same as
I I 1 X I
—Ta — 0y -3 h4 o 5 3 g7 6
-{D1 " 4-D17%. D1 b*4+D 17E D17 b +&c.}
Hh 2
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Let.y = Z(1+\/(1+x)) then’ dy"‘zv 14+2) (144/(142))
dx dzx
2z 2xV(l+x)

o dx [ S £y 1.3 }
1
2

j—
g

2x 2z

4

X 1.3 x* 1.3.% 23 & : :

.Y == — . . - XC, COIT.
J 4 2.4 4 + 4.6 6 -*:-

when x =o y =12 =.-. corr.
hence, 7 1Y (142 .
3

Y T

1
+12+l,1/b
2 3.6 3.5 b? 3.5.7 b
=l\/b_1+4—24'4+246'6—&c
1f this series be substituted for Z‘+‘/1/(;+b) :/(1 At intheabove

form for £ (1), ifm

be expanded, and the terms affected with

like powers of b, be collected, we shall have the same series as
LecenDprE has given. EuLer, however, is the original author of
the series; and has expressed its law much more clearly than the
French mathematician. In the Eurer1t Opuscula, Berlin, 17350,

p. 165, the author says, that the elliptic quadrant
=14 Ab* 4 Bb*4 Cb° 4 &ec.

—{ab 4 bt 4 9 + &e. } log. b, in which

g_llogszA—z , aa_...—;—l 3
= A= (Rt S| f=r e
C=-= ; B—1{8—y)+ 4. T|r="%8
D==LC—1(y=0) +4-+|8=+%>
E= g.xoD*?(g"—E)"l'?‘-;' e =450
&c. - &ec.
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LEGENDRE's series is easily reducible to this, since log. 72772

Llog. +=log. 2 — % log. b.

This memoir of EvLer (Animadversiones in Reclificationem
Ellipseos) is curious, on account of the strange artifices used to
obtain the series for the length of the eccentric ellipse. It is cha-
racteristical of the peculiar mathematical powers of EvLER, and
also bears strong marks of the rapidity and eagerness with which
he conducted every work of calculation. The author discovers the
series and its law, partly by tentative methods, and partly by the
use of a differential equation of the second order; and indeed,
without the use of such an equation, it is difficult to exhibit the
law. Let f(1) represent the whole integral of f, from x =o to
xr = 1, then,

1—=4%) . d* f(1) 1+b df(1)
{ dbzf( - . f +f(1) = 0.

Assumethen, f(1)=1 4 Ab“ -+ Bb" + Cb° 4 &ec.

+{ ab* 4 Bb* 4 9b° - &c.}log. b;
deduce the values of {;Ig , d’:};) ; compare the terms affected with
like powers of b; and the law of the series, such as it has been ex-
hibited, may be deduced.

The following is the method of deducing the differential equation ;
df=dz J (Lh L NN IS, L ,2) ; and, taking the partial

(14223 dz (14+2%)z
differentials,
a2 .
dz.db — 1/(1-[—1)" zz) (l-l-z")% ?
- df 1 ba*f
consequentl =
q ¥>~az V(142 )(1+Z23 +dz db’
. &Ef b b.df
dnd dz-db_,‘/(x_l_b?v z")% (I+Zz +d~ nsz'
b 22 _braf

v 6

(140 2% (1422)% T dz . db?
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r 146 2* 1 . b dif
(140 22)F (142%)% (140 2% (14293 de.db®
or df _ bd* f I _»rdf
: dz dz.db (14 0% )% (1423 T dz.db”
Now, the differential of =y — 22
( s d ‘/(l+77') I+b1 z) z (‘+72)z (x—{—b"zz)%‘

. —1)dz 2dz
T b (142 (14 b2 ’)~ {v(l+ ’>(l+b %) }+ 2. 1+zz Vigor 2

. s g dz .z zdf
f P bt i V(R (100 2)+bz : + b.db

i f__ _ b 2 -{- 2b [!f____b" d"_f
' db b*—1 1/(1+z2) (‘x-{—bz 2%) b’"‘-—x = =1 db T dbr

. L0 d .
oo f — ._‘_*l;_’_ A + (1+b” dbz = 0; since, when r = 1,

I

= 0, and l+z %) (140%%) =% = 0.

In order to compute the integral fde ( 1 ) (f), when e
is nearly = 1, by a series ascending by the powers of /(1—e¢),it
has been found necessary to establish this formula,

. 1—¢* 2% | V{l—a
fas J (SR 4t (557 =500 + il
Now, this formula, an analytical artifice useful for computation,
applied to a particular curve, and translated into geometrical lan~
guage, exhibits a curious property of the curve ; thus, in an ellipse

whose semiaxes are 1, /(1 —¢), fde ( = ),fd v/ [ il )
-represent arcs (E, E’) correspondmg to absc1ssas, Z, v; and f (1)
is the elliptic quadrant (E (1)) ; hence
E+E=EQ)+cz./ (%)
E—{E()—E}=er) (55)
or the difference of two arcs, one reckoned from the extremity of
the conjugate, the other from the extremity of the transverse, is

equal to a right line, represented by ¢* & J (5—;_%;1—)
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This theorem is known by the name of Fasnanr’s theorem.*

When z = v, or the quantity ¢* z J ————-——-) is at its maximuin,
Qf'—"f(l)“!"l""b’ . ‘
orf —(f(1) =f)=1—0b,
OTE-—{E(I)-—-E'} =1—0b;
or the elliptic quadrant is divided in such a manner, that the dif-
ference of the two arcs = difference of the semiaxes.
From the preceding analysxs it is clear, ti:at the computation of

the integral of dx/ ( ) is perfectly independen: of the ex-

istence of the ellipse and'lts properties. But it also appears, that
 the property of the bisection of the ellipse, established geometri-
cally, ought not to be regarded as a merely curious and beautiful
property, since, by its aid, the length of the elliptic quadrant may
be computed. Several other properties, consilered hitherto in the
light of curious and speculative. truths, translated, would appear
analytical artifices, and in computation practically useful.

( 1—e® 2*

— ) may be

By the preceding series, the integral of dx/
computed, when ¢ is nearly =oor1 Itis necessai'y, however,
to possess a method of computing the integral when e is of mean
value; and the methods I am about to exhibit, are such as to
supersede the use of the two series ascending by the powers of e
and & ; in other words, from two similar methods, in all values of
¢ between o and 1, the integral may be commodiously computed.

The principle of the method is this, if df = dzx J (—I:I-eg?), then,

¢ This theorem of Fagnan1 has lately been very neatly demcnstr.ated, by a most
skilful mathematician, Mr. BRINkLEY, in the Irish Transactions, by a geometrical pro-
cess, “but not without the use of prime and ultimate ratios. Indeed, the nature of the
subject is such, that the theorem cannot be established, without the use of the fluxionary
calculus, or of some calculus equivalent to it. -
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af', df", df", &c. being similar differential expressions, df may be
resolved into mdP -« . df 4 8. df", (dP being a perfect differen-
tial, m, «, 8, &c. constant coeflicients,) in like manner,

df may be resolved into m'dP'4-o' . df"+ £’ . df"",

df” into - - wm"dP'44. df" Q. df,

&ec. '
and, consequently, df may be resolved into

m.dP+am' . dP'+ oo’ m' m" dP" 4 &.
+adaa" &c. df' & 4 &c.

This resolution depends on a very simple, and, if I may use the

term, natural substitution, in the form dx J —x:-e-—“i-) of which,

to the best of my knowledge; M. LAGRANGE is the author.

Let y -—xJ _xez } ;

then, x2=—_-1-ﬂf-’——- /(4 (=) e ),

V(1=x?) (Tmme® 2*) T 1—2x%4e* y* V(1+2 . {e*—z) yi4 et yt) ”

Now, if p =1 +¢/(1—¢*), p=2— 42/ (1—¢),
if g=1—y/(1—¢"), ¢= 2— e*—2/(1—2),
and 1+4-2. (€'—2) yfe' y'=(1—p" 3*) . (1—¢" )
. dx . dy . av ' .
CVO=A =) T =079 (1= ) ——p . V(x;ﬁ"‘) (f-..qj u'?) ’
. P’L

putting y:::g-, and putting -}q— =¢,

ds . P . ' )
o= IS transformed into SV =T
9 1=y(1=e)
P V(=

similarly, putting p'=1+4/(1—¢"), ¢"=
"_. v f [1=u?
and u"=p'u J (m)a

dw’ N : 1 du”

V(1=u?) (1—e* u?) T = P V(=) (1= u)
. — ) R
Hence, since ¢'= 1‘4/_(:/ 2 ap P =1+ V(1=—et)= .._......
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‘/d(t__x?«)“__e?. —7 may be transformed into
1te v (4e) (1) A

2 Vi O T Y= (e W

(14¢) (14e") (142" ... 14e® dut
2 . 2 . 2 2 ¢ V(x'_...u(")z)(;_..e(n)zu(n)z) .

And, similarly, putting U=/ (1—u") (1 —e" u",)
U=/ (1—u") (1—e" u") &c.

, may be transformed into

or into

(A4+Bz?) . dx
V(1—x*) (1—e® 5%

2A4+ B\ du B f Be*  u2dw |
( 2p )‘-U'>- 'du+2P3A.—~—-ﬁ7-’

or, to render the last term like the original form, into
2A+B Be* A"\ avw 2
( 2p 2p B ) (S '+ zp3 —F (A +B ) (VAN
And, into a form exactly sirmlar may (A’'+4 B’ u”
be transformed.
: L X% L dx (1ee? x?)
Hence, to transform df or dx J ) = i e )
A=1,B=—¢; consequently,

) V(l—u”)[l—e"u'?).~

c?f:;}du’-—— (1—e?) + (1 —c’ Y | d[l;: .
H : o 2 ) e _2____ 1
or, since 4/ ( 1- e).... 1+e’ _ and =TI

dau'

df=7 (1+e)d' === g+ 57 U5 (a)
similarly, df = <. (14¢") du’'— (<=5) G- + 457 - 4"
df'= 2= (14e) du'— &e.

The utility of this transformation will appear, by observing that

the quantities ¢’, ¢”, ¢, &c. continually decrease; thus,
T 1__‘/(1—-92) e L e
¢ =TT =€ TFvi—ar

V(1= (Fvi—e
Hence, if e be a fraction, e'==¢ x a fraction; consequently,

¢ is 2 e; similarly, e” e is 2 e, ¢ £ " &c; hence, if the series for

Jfdz J e ) does not converge quickly, transform df as above,

MDCCCIV. Ii
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and the series for -2 df’, converge more quickly ; but, if not with

UI 3
su fﬁment rapldlty, again transform dj and the resultmg forms
U,, , df", may be converted into series of still greater convergency;
so that, by this method, we may proceed with certainty to the

computation of fdx J ( %—;—) If we stop at the first transfor-

mation, there results a series for f, the same as is given in a
very able memoir of Mr. Ivory's, inserted in the Edinburgh
Transactions, Vol IV. p. 178.
(1—¢) du 1 1
Thus, a’f—— (14-¢') du' — ‘——. U, -|— 1+e df', (a)
l+e ’Zdu
or (1+o') du’ Ny (A) — I+e (B).
Now, u’.__px J ( — z),whlch quantity is at its maximum When

- , and then w/'==1; consequently, whilst z from o be-

= T
comes 1, %' frcm o passes through its maximum (1) to o again;
consequently, from =0 to x=1,= 2 U, from =0 to
u'=1.
u'? du '

Now fA —/B.

Adu - {1__2_])1 1 elzu/g_i_Dzl_% Letu't — &e. }
—_ B:/‘( - 4 {1 f—p17Feu" 4 D1 et ut— & }

But by a prccadmg form, page 227, ,
du — /. gy (W 2n—1 0?73 o
/;/ —V/(1—u ){ 2n T 2n (2n—2) . &e. J +
(20 1) (20=3) v §. 3 du’ .
20 . (20H—2) e 4. 2 fv:-:;’“ ’

put #'==1, and all the terms vanish, except the last; consequently,

from #'=o0 to #'=1,

N S e LTy q—E L (2t=1) (20=—=3) «s. § . 3 . 1 K
-filc)'l z\e 'x/(l--u'z)""'"’lc) ‘1 ;2'6 ® 2n . (2he=2) v 0. 4.2 2
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(—:— -_—3-3-‘1“—:5-9i) — j:]c)"r-% % =+ %)”1"%. e’ﬂ”.-;— = .*.,whether n be

even or odd, (1)" 1—%)2 e =

d 7
v (1—
Hence, putting for z the several values o, 1, 2, g, 4, &c. the sum

of the integrals from #'=o to u'=1
=-—é”— 1—% 4 (Dl—") e (D?l"%)* e + &c. }
Bx -1 % 4 —L 0 g —% 14
4+ ——1Dp17:4D17 Io) e+D D1~ e +&c

similarly, /& D" 1 =z, ", e, S == =D 1 - D1 1= X

g the integral

C(14€) 2.
1"'% e’ (D1 %)2 e
k3 . T . —X i
L A— -1 D1 %, D*17 * &e.
=z.z.0+¢ )1 + ep1* + ¢ L +

—; 2
~+ (p17%) (D1~ DY
and, generally, the coefficient affected with ¢ is ;
1, —7 7”4 =% Roqg =5 |2 SR Q2 a——
(=2 epTaTh g T (T =g T

but — (en—1) D' 1i=1D"17%
¢

-

[3

]

and on . 16)” 13 = IG)"—'

. # o e 7Y —% n'-.%
S D=1 1T 4D

°

H

Hence, the coefficient affected with ¢ is (10)" 1z)"; and, conse-

_ quently, the integral from ' =o to w'=1»

= {1 (1 (D 1) e (97 13) e e
the double of this is the integral ( f) fromr=otor=1,
or/a’xJ (—I:—‘:f—) fromzr=otoz =1

T {1 () e (D 1) e (D 1) e o |
or, developmg the symbols p1z &e.
Lie
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the integral
2 ' 12, 1% 3"
1+e{ 'l'zz ¢ ¢t e ¢+ & oo
Whlch is the same series as is glven in the Edinburgh Transac-
tions, Vol. IV. p. 18, and which its ingenious author, Mr. Ivory,
derived from a method of LacrANGE, contained in the Berlin
. . : 1—e*a2%\ .
Acts for 1784, Accordmg to that method, dx J ( — ) is put
under the form Adé{ 1 - a*+4 2a cos. 24 }%, and its exponential
expression substituted for cos. 24. '
I have deduced the preceding series ascendmg by the powers
of ¢/ or of Z, in order to show, that it is a particular result of the

lem®™ X

general method of the transformation of dx J ("'T:"") For pur-
poses of computation, it will be convenient to push the transfor-
mation farther; if, for instance, to quantities involving e”, the

integral of a’x\/ ( l"'le_z__f ) from z£==0 to x =1, may be com-
puted from 2 series; or the whole integral equals '
('1—3:7)'(':'17)-{ 134 (p1z)". e (D" 13)" ¢ &e. }
- = (l"':) 1+) {1754 (p1d) emp (pr1—2) e 4 &e. }
which expression may be derived after a manner precisely similar
to that by which I have deduced the series ascending by the powers

of e'.
If the transformation of df be indefinitely continued, there

results a form very convenient for the computation of the mtegral_
of dx J (-'-’-';f—-’f—-) in all values of ¢ between o and /%; thus,

1—e  du af’
df'—TSF? dv'——- .5+ =57 (@)
1+e dw af’
U/ +/]+6”

} d ull tzf/’ )

similarly, df' = ——-. du "+{ I+e o T e
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Hence,/ )
c{f:-&-;-;.du’—{- z{-_—;_—-;,-)-‘(m .du
.o P .

du’ 1 du’ X £11
- U’ + 1+e’ Ve }+ (14-¢) (14¢") (g/

I

Ill

1 11
1+e -du’ + l+e) (1+e”) - du + (14¢) (1+4€") ( 1+e”') du + &e.
14¢  dw 14-¢” I du" 14-e” du"
+ 2 U + z 14e " U’ + 2 (14€) 14 * U + &e.
du’' 1 du’ 1 du" 3

U + 14+¢° U’ + (i+e) (14e) = U7 + &C.—}

! n
+ (14€¢) (14e€") o & ’ ‘.Zf( .

dd __ 1de’ A - (14" (14"  du"
Now, Uz U T T L 2 e

4 ( L TR E v 3
= L )Z,,‘I"Le Y e (140) “17, (e, v V, representing the last terms

of series, ¢, ¢”, e, &c; 'y u”, ", &c; U, U”, U, &c.),

€ e e e’ &co (14¢) (14€") eue (14F2)
(1+€) (1+4¢') v 3bs ™ 444 &C ?

and,(b[(”)=%-"-—f-€—€5-; let P==(1--¢") ('1+e") venn, (142) 3
then, _— )
+e).(14e") y ee (1) (1o (146"
df=—- (14e). du+ (1+e) du —[—-4 oo
+ &c (dzu') .
P 2 2* i 2% dv
+-27{1 + (14¢)? + (1+e) (1e) '-{w-l?’—z + &C‘}‘ v

P 2. 2? (14e) 2 dv
""'z?{o + 14¢ + TEYEEYA) +P= + &e. }+2"P 2k
consequently,

df =dzu' + Z-._‘l”_.
P [ o2 22 ¢! -‘_11
e -2_7'-1(!+e’)’&+ (‘+61)z (l+e¢/)z + &C. } . V

2 dv
+Fevs

and, consequently, since ——

e* 2%’ e ¢
o

(x+e1= = TP 4er 2.2
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————

\/(1——62) 2. 47
Tioy/[1— )e"“(l-f-e’)‘)’

(fore bemg =

g% dv
+‘P‘ v
Now, Gras S8t (4 o) (1he) (14”) o (14¢)

iz

consequently, since ¢/, ¢”, ¢, &c. continually decrease, the quantity

2 dv d dy
'Ff—V" may be rejected, and V= V0V e VT’

nearly (d ok consequently, .

]( € (1+el) ul XL [1+€) (14¢") thl + &e. (5)
e ¢ . ¢ ¥

+7”L 1—V> 7 {_ 2.2.2 +&C'}L/:/(1—Vz)'

- When & passes from o to 1, u' passes from o to 1, (its maxi-
mum,) and from 1 to o; similarly, when #’ passes from o to 1,
' passes from o-to 1, (its maximum,) and from 1 to o. Hence,

/1/(1 ye generated fromz = oto r = 1 = /;/ from wW=o0
I "

to u’___l,.._4f(“ , from #"’ = o to u”-—1,= 1/’?1 77

fromvy=o0 to v = 1; consequently, since #', u", u", &c.=o,

when x = 1, the whole integral of dx J ( -l-_-;i—Jf-) from =0 to
r=1

= (puttingQ:-g—-}-i'_i'—]— 2.2'_2 + &c.) P.;—-——-PeQ-Z—
=P (1—eQ) = (6)

Which is the same form as was first given by Mr. WALLACE,
in the Edinburgh Transactions, Vol. V. p. 28o.

The form (5) may easily be made to agree with that given, by
the last mentioned author, for the length of an elliptic arc.
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' T2 — 2 ’ 1—u'”
Thus, #' = —. x/( o ) = x+”\/(T:;“7) &e.

If we call, then, x the sine of an arc 6,

0 — 2 sin. ., cos. § . sin. 2

TToa4e (1=t sing 62) T (i4€) ¢/ (1—e* (31 cos. 26))
e [l e 2¢ sin. 20 .. . 7
= (since —= (1+e’)2) FeroTrarene similarly, calling «’ the

sin. 44
(1-+e"™2€". cos. 46)

sine of 20, '’ will equal T>andso on; consequently,

expressed in geometrlcal 1anguage,
f== (1+e') sin. 20/ £ (]+e)“+e") sin. 46" + &ec.
~+ P. cp-— PeQo, (where cp 1s the limit to which the arcs in the

series ¢, ¢, 6", &c. approach,) and, consequently, since v =29,
»:/51%1—_—_-7;) = o".dp, and -2—[:/—(1-_-——‘/2) = Po.

Mr. WaLLACE obtained his formula, following a method given by
Mr. Ivory, in the fourth Volume of the Edinburgh Transactions ;
and both these ingenious authors have employed, probably without
adopting, the substitution of LAGRANGE, and the principle of his

transformation, such as that great mathematician. uses in finding

. P.dx
the integral of T eI
. e
Since ¢ = (hw“ e e = IV a=ar &e.

When ¢ is a small fraction, the quantities ¢’, ¢”, e'”, &c decrease
‘very rapidly ; ‘and, consequently, the preceding form is very com-~

1~—e” X

modious for the computation of fdx \/ (——;—:;—
fraction between o and /L. It ceases, however, to be commodious
when ¢ is nearly = 1, or is not equally commodious thh the series
1 + Ab 4 Bb* 4 &c. :

{ab’—]—ﬁb‘-}- &e. \log b, given page 234.. I purpose, therefore,
now to exhibit a form by which the integral of dx\/ ( el )
may be conveniently computed, when e is any fraction between
4/ L and 1,

) when e is any
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If=de/(525). Leta= s, the“"”zﬂﬂ%%%
2 2 b* v* dv
= d 775 ‘/(‘"H’ ")) = AT

b? 2% 2 o2 s 2
Letz=1, /("5 ), then o = 2 1y (1 #) (149 =) .

since (14 p*2") (14 ¢* 2*) =1+42. (2=0*) 2*4 b* 2*, when
p=14+4(1—0) and ¢ =1 — J(l-——b‘)

Hence, since dv
> V(1vr) (14067 v) T 1/(1+P 24 (14+¢* &%)

—_ & : 2y g 1—y(1=b)
= TRz (Puting 2= o, b= = Ty )
we have ]

b v* dv L ba B 1
V{14v*) (140> v*) —  p. 2 { 2p* 2 + 2 Z }

b, b* d=’ ‘b* 2> dz’
=L 10y dv— £ (140) 2 4 o 2
24/ 142%) N l—x/(!—-‘b’)

Similarly, putting %"/="

VTS T A=
VOt (2 =2

L2 Iﬂ.‘ “bz = d 4
. 7 = (1+“b) dz' — = (1+“b) Z 1+ Sz
&ec. &c.

.o 14 dx 14N 14 de
Consequently, since — == ———. -7 = ————— .57

: + b* v*
(gfzd(v\/(‘ W,)

\ b* +"b o b* I+b "
_..{ (1+b)dz+ '11+b --}-4 TR T dz -{—&c}

&ec.

1+ b 14%h 1487
—(1+‘b) . Ceeee T
S “b l+b.....x+6 d¢ '
+< +§b,“+”) (1 ) i (VO GHF D)
+ (I"}-\b) (l+“b (1+ b) ..... 2
+&c , ]
— B> ¢*de
T GFD o GFB ? VaF0 (AP )

B, ¢, being the last terms of the series ‘b, “0,™d, &c. 2/, ", 2", &c.
continued to# terms; put the product (1-4-0) (14"0) ... (1£)=
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b, bbb =0 then. since =%
and — 4 —— 4 2 4 &c. ="Q; then, since TP TE )

&
nearly ;;z-(-;-_é—éa——'—-“ 2 d(lv (+8))—3% 1/(1+€‘)’

and B? 200 D aveens B . (14D) (14%0) ... (148) )
2.2.2 . 2 . 2 . 2
we have ' ' ,
— 14-5% v2. )
f_ v\/( 1472 ) : (7)
b a4'b _, o b2b. (1 4D) (14B) g 0% SB (14'D) (141D) (14D)_,,
"{.z. z+z.z .2z . 2 z+z.z.z. 2 . 2z 2 %
-+ &c} ’

el : +ée Jhlog. 24 v/ (140);

b b b o B.(140) (148) ..o (148) <

2.2 z . 2z Z

I+ (14+0), or a (H‘/(l“ Hen ﬁlay be neglected, on account of
its smallness. '
Suppose it were requlred to find, from this form, the whole in-

since the last term, to wit,

tegral of dx \/(%) from z=0 to x = 1, put v = —, then

&= l—:‘b 7’\/( 1+!1:v:)= (12+‘b).b = (since b= (‘tib)%) I‘b
similarly, %"= «/ =5 2/1,:71“7)' &ec. '

Consequently, since

f=o/ 55 |

ERJOR. . (x+b)(z+ D) g Db (D) () QD) g

2 2 . 2z 2.2 . 2 . 2 2

|

+ &e. :
| +’Z_-.f.2_;%.,l (§+\/(1+Z )) (L. denotmg the NAPEREAN loga-

. 1
rithm,) when v = ——,
f::: i : ’ :
b [b.14% 1 b'b (1+‘b)(1+“b) 1
-__z_( z ' ‘b+' P z»'d“b+&c'}
b.'P'Q_ 144/ (148)
+ = 2t * l'( 1/6( )
MDCCCIV., Kk
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=1

b Dy b () (14
— (4 e 4 &c.
b

P Q 7 (1+«/(1+B))’
but it has been shown that, f(1) denoting the integral of
dx\/( i )whenx.—lf(l)__zf(x__vl(x_yb))——l—l-b;

consequently,

f(1)=1b + b (14°0) (14°D) (8)
e ' 1 1+
—b (z 2 + 2.2 . 2 . 2 + &C }
Zb \P Q L (1+1/('+5).
N B N b
Since b“‘(ﬁ’?/?x‘”b’)“)’f’ b= Va5

the terms ‘b, *b,“b, &c. decrease very rapidly ; and b bemg a small
fraction, ‘b is nearly -——%r- “b more nearly = \-;; *b more nearly =

\\2

—, &c. Suppose, then, in the series ‘b *b,%b, &c B, that {3\, B By»

&c are the terms precedlng G, B__ o ,G_. , &c. consequently,
1+V(48) 4 4

Z( =z )_._l 1.1l A =2q.l VB =, simi-

larly, 2”1, R/_E: == g’, l v 7 &c. Hence, supposmg (b the term in

. the series ‘b, Vb, “b, &c.* after Wthh without sensible error, each
term = 1 of the square of the preceding term, we have

fo=1 o
—-_-b( S D 4 s (9)
+ 2 PQ L ()

3 14/ (14B) 2 B 1.3 ﬁ5 ’ 2 B
* Or thus, 2 =L oo e s L L& = L e
FES VB vE Ty 2-44* VBT
very nearly ,°, instead of L (1+‘/l+ },wemay put L. —«75 4 — or 21'.«;‘-9?-*-%:’
4 3
or 221, -1-/?“- fi‘;—-, or 23 175: —-6-41‘—-, or 2" l-‘,-)-l;,very nﬁarly.
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or =1
b b (x+b> (x+“b>
— b {1 4 S g ) (9)
| P.Q.1 ("f?b»
in which, the last term, ‘P Q.1 (m)b ,1s in particular values of m,

22.‘P Q. l\b,or -2 ‘P Q l.5t, or 2' ‘P Q. 1~ &o.
each successive value being nearer the truth.

Letb=y/% .. /(1—=b") or e==¢/%; hence, the two formulas
for the integral of dz / (’—"—If_f_—f:%) being equal, and the térms of
the series b, b, *b, b, &c. being ‘respéctively equal the terms of
the series e, ¢, ‘e", e, &c we have P=P, Q=0, and

rb. b ‘b b ) :
=1—b{22 1.2 <’+><‘+>+&c}+ P.Q.lLg

2.2. 2

The two forms (5) (7) are fully adequate to the computation of the
1ntegral of a’x/ ( ) in all values of ¢; the series (5), in-

volving e, e e, e, &c is to be used, when ¢ is any value between
oand ¢/L; and the series (%7), involving b ."b, b, “b, &c. is to be
used, when e is any value between /% and 1, or, what is the
same thing, when b is any value between o and v/ L.

From the preceding forms may be deduced a very curious and
remarkable theorem for the circumference of a circle, which I
shall now exhibit.. '

By former substitution, #’'=— +e, x / (i:i;;-—,) H

and .., w;len x= m, u'=1. +
X 1 1+4¢
Hence, S VA= T (v = V) = o (=1
. : I+c o dv’ PR
and V(x oYy "U"'(u =1)

'Kkz
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Consequently,
dr N A 1 .
V{I—x")( —e* «*) (w.__l)._..z V(1) (1=e® x?) (x—- V{1+0) ) ?
, {14 (14" .. = dv
but 1/(1-x1)(1—e X 2. 2 e 2 v (1=*) _
=(14¢) (14-¢") 1. -';i, when z=1.
Agam d” — = [ utting 2 = —i
’ —2) (1—e* 5*) V(1% (140% v*)° P g - VT.T{F’

1D 14 e 148 .
and \/ 1+v)(1+b2vz) - 2 ° 2 2 L. (C+‘/1+Z )’

and, when v = that is, when o =

_i_ I
Vo’ V(1+06)?

j‘clv 145140 .. 1+B VA 14+ 4/(145)
V(v (140*v) T 2. 2z ... ( VB )

dx

I .
Hence,smcej;/(l_l_vz)(H_bzvz) (v=Vb ) = [Tn=A =

1 dx
(x: V(140) ) = 2) V= )(I_e" (x""‘l)

we have ¢ . {'“"b '“Lzb "”’B}l (I+$(/;+m‘)

= (14¢) (14¢") ... (14e). —
Let now e=4/7 .". b=y L..e ——-b e'"="b &c. and e=p3

L 2Ly (4R) —_
LAY 2" X ‘\/B Z °
or, from what has preceded,
A
B (m)b . P
" 2
In particular cases, r
i — 4 — 4
= =9~ /.=~ = (more nearly) ="/ - (more nearly )

o, [, -j—;—&c.

® Or thus, when e=+/% . ¢'v will be a very small fraction, for 10 zeros will precede the
first significant figure,

vh
(14e) (14ev) (1) {14 -;i = 22-5. 1. (1_._}._:%7)-_;-__)’
or (14¢") (14e%) (14€¥H) s (15} . -er- = 24,1 Té%’

or very nearly — =t —
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It has been shown, (page 239), that ‘/(A“LB,’; )11].I_J.ce’- — (F) may

be transformed into a form such as

a (AL B w?) di ,

i P .

m.u' ”fU f =TT e,z =5 (F");
d "

and, similarly, F/ into a form as m' u"~+n ‘[-—ﬁu,— + . F”.

1 +ell ' du"
2 . Ulf 2

and obtain a resulting equation, such as

BF4 vz F' 4 0F"-pu'+ qu'’==0; which expresses the relatlon

between the integrals of three expressions similar to a’x/ ( = xz).

. du
we can exterminate [,

' . duw
Consequently, since [ T =

If =1, then o/, u”, u", &c.=o0; consequently, BF(1)429F'(1)
44 . F”(1)=o0, since, x passing from o to 1, ' passes from o to
its maximum (1), and from 1 to o; consequently, between the
values of x, 0, and 1, fdF’'=2F'(1), F’(1) representing what the
integral ¥’ becomes when #'=1; similarly, fd 'F"\, when =1,

;QF"( 1).

Since similar equations must be true for ¥/, ¥, ', for ¥, F'",
Frv, &c. as for F, I/, I, it is plain that, by a simple process of
elimination, we may arrive at an equation.of the form SF -+ p F¢—)
+vF(”)+7ru’+gu”+ &C.-:o, ‘B, 7, v, g, &C. being constant quantities,
F=1, F(, the two last terms of the series ¥/, ¥, F'", &c.

It is clear also, that we can obtain an equation as BF 4 o F/-}-
SF" 4 eF"J-&e. ... MF(”“’)-}-vF(")+nu’+éu"+¢u"’+&c. . ==0.
(A4-Ba?) . dx

Y (1—€* %) (1mmix?)
or area of a curve, the foregoing results, differently expressed, will
announce properties subsisting between the arcs and areas of

similar curves; - for instance, when A==1, B=¢’, the integral
(1—e? x?) dx

V(1= (1—e® &

represents the arc

If, in particular applicationsJ

7 expresses the arc of an ellipse, abscmsa ¥, semi-
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axes 1 and ¢/ (1—¢%); conseqﬁently, the arc of one ellipse may
be represented by the arcs of other ellipses whose excentrlcmes
vary according to a given Iaw thus

1—¢ dv (1—¢) (142" .
2 °JU? Or 2 ( 2 U” =_ (1+el)u f+ 1re’

. e d”- /2
and —— [ = : (14-e") w/'emf' o Lo Sl

Consequently, _
¢ w—(1te) = T = (1+e”) +7},

ore'u'— (14¢)f+ %mf’ :’('I:e,, == l(';:) "—03
which equation, calling »' sin. 26, u" sin. 48", agrees with the
equation
2. (14¢) E'= %E' "l'j_c (E+c sin. ¢) +-2c . sin. ¢,
given by LEGENDRE, Mém. de I’ Academie, 1786, page 657

Ifx =1, w'=o0, and u"=0; consequently,

: () (1) = 3;::,) of (1) + L35k 4f(1) ()
Putting @ = ( —> We have (see page 246) df = dv ( : i :z) -
I 2 4% ) . , ) \ b* o/ dz"
=d{ v,/ [H2 ) J=Z (14%) dz + - (1+ b)*"‘m""r’
I 14+0* v* , 4% d2’
orfzv// —'—21”2)—————(1+b)z+ + -t

i =AM
Similarly, \f = = \/(x«i—‘;;- '2)_____(1+“b) PR (1+“b) Z,,

1 +zlz
I+\\b2 2
g = m x/(—-;r;‘)
Hence, exterminating —- L,, , there results an equation between £, 'f;' f
and certain functions of .

Ifyi= = —, substitute these quantities, and

o E=Ey Y=y
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forf, 1, s PUtf(lH';—b, fm’“;'b, f(1)+12— !, and there results an
equation between £ (1), (1), "f(1), the same as the one given in
the preceding page.

LANDEN, Mem. page 35 and LEGENDRE, Mém. de Z’Acad 17865
p-678, have deduced an equation subsisting between the circum-
ference of a circle and the peripheries of two ellipses,' whose

excentricities are 1/1 and i ‘1//2 ;* but the application of the -
1+

preceding forms will enable us to express, immediately, the rela-

‘tion between the peripheries of a circle and of two ellipses, the
excentricity of one ellipse being assumed of any magnltude,
thus, by equation (), page 242.

Z‘f = ,i e{ =/ + L5 e } consequently, since
d

V(J:—xﬁ)( 2 x-‘H fU' » when & =1,

dx ’ zf

1) 14¢ .
V=) (e at] — 1_.y —1= S (1);
b“tfv — T (v=1) = P. =, (page 250)
v zf (1) 14¢ .
=T (1)
or, (1—-e\) P s (1)+2.(14+€) f(1)=o0;
or; since —2~ =quadrant of circle (q) radius =1,
(1—¢') P. g—of" (1) +(1+¢') f(1)=0.
And f, f’, may represent arcs of ellipses described on the same

semiaxis, major (1), with excentricities equal to e, e’ being
— 1—‘/(1—2“)
TFy(i=e)

o . . I
* The semiaxes of the two ellipses compared by LaNDEN, are 4/2, 1, and W
1 . : ‘ : 2
oy E
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It is plain that, by a similar method we may deduce an equatxon

between f (1), f'(1), and - (,,%
LEGENDRE puts ¢"= + —_ ; therefore f answers to E” in his equation.

From what has preceded it appears, that the forms
P(1—cQ)

f=—-(1+€')u'+ —. l+e)(1+e)u1/+&c + = V 4
+0 v

f==vJ (2
=L (1) “‘”) (D) o0 4 g, 1

JEIRERS: N ) <:+¢(1+z ) |
=) S &ec.

-—-* ea ul . ell (l-—e”) . u + q__l_eﬂ . f[__‘
bR v N e M T (e 2. (1+9) (Fe)°

are parts of the same method of computation, differently ex-
pressed. It also appears, how certain analytical artifices of com-
putation, translated into geometrical language, become curious

properties of curves.

FacnaNnr’s theorem, as it is called, may be deduced from the

form for the transformation of f; thus, taking the simplest case,
e* (1€ du I ;
4f=-;(1+e').du’-—— ~ . 7 +l+e,.ci]’,
. . i . I
when #’ is at its maximum, (1) x = VT

- d J' (1)
(1+e')""1-—e" 'f]l_f'( ""1)+(1+e

I
S =) =7
(ul=1) .
v e &, 2f (1)
and f(1) (x=1) = e[+ L0,

Consequently, of —f(1) =— (1-|-e ).....(1--b’) I’”’

= (1—0*) —5 = 1—0b;

1+b -
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or af=f(1)+1~b, orf--{f(:)—f}~1-—-b

or f— f) (1) _!;_—z__b__
“This, expressed with reference to an elhpse, announces that the

difference between an arc of an ellipse (abscissa = 17_(717)7) and

half the quadrant of an ellipse, equals half the difference of the

semiaxes.

SimiIarIy, the difference between fand L%l may be asssigned, when

I-—e x e _— H :
J= jde ) u"=1, and, consequently, when u'= e

1—z*
== - + = xJ — , ; thus, supposing the value'of x to be @, -
when #//=1 since,
€ ry. € : ’ 1—e¢  I4e” 1—e" du’
’df"'— 14¢ - du'+ (1+4¢) (14¢") '~ { 2" 2z + 2.(14€) J U

dfll N
+ (1+e) (1+e") ’
f(:L‘--d) - 1+e’ 1/(1+b) + (1+e) (1+c”)

1—

z. (‘+e') } U" + (14e) (14’
. (1—¢) (14¢") (1—2") ) au’ 4f" (1)
and f(1)= ""{ 2. 2 + (146" }4JU" + (i+e) (1+e) ?

= 4 ! _4¢
~Af (r==a) f"f(l)"‘ 1+e’ 'V(ITb’) + G aTe

{(i—e) (l+e")

. (14 /0)* ) 10 - o
Now, 1-4b'= — ¢= I+b, and =773

consequently,

4f=f(1)=2(1—vb) v (1+b) + (1—v'b)}
Orf'—"-‘ (1)__ (1—- b) 1/( +.0) + ( l—-\/b) .
R

easen i _——-—-;
Temg® X

1€

Now, to determine x, we have u/= J

consequently, putting , / (—fizf—)._.m,
; 3 —'-’1/ — 2 y —_—an? P2 . .
pre L= Gem)O oD o putting for m?, ¢, their values

MDCCCIV. : L1
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rr= 1-:4/12{ 1— ‘/é)l—}-b) }.
which conclusion agrees with LEGENDRE’S, obtained by a different
process. See Mem. de I’ Academie, 1786 p. 665,
The foregoing method may be continued at pleasure; thus, if

v " I+8’”) o 1 J‘ '_ Vv .

putting this value = m'*, 2* must be determined from the equation

T4+m'® é—y/ (1—m'?) (1—m'* %) |
— P
be conducted, if ™, or u¥, or u¥'=1.

These results, applied to an ellipse, cause it to appear, that right
lines can be assigned, respectively equal to the difference between
an arc and half the quadrant, between an arc and one-fourth of
the quadrant, between an arc and one-eighth of the quadrant, &c.

Here may again be remarked, the connexion between the arti-
fices of computation and the properties of curves; for the series

XP=

; and, similarly must the process

expressing fdz .,/ (I—"lf_z-_—%) (ceteris paribus) converges more
quickly, the less x is; consequently, the whole integral is more

commodiously calculated by the theorem f(1) = of (JC—-— (, s, )

—1- b, than 1f £ were put =1, in the form of the expansion of

dz J 1-¢2) - still more commodiously, by the theorem

Sf(1) -=4./(x=a)-2(1-1/b) v (140) — (1—v/b],

where a°= - b)} is less than ———— and so on.

T
ol = Yo VaEn”

It has been already observed, that the methods of determining
£, by f, and £, or by f, ", f"', or by f”, f'"", &c. as LEGENDRE
has done, or by the regular form which the indefinite reduction of
J> into U=, ), assumes, are, au fond, the same methods; and I
purpose now to show that the substitution, which is to be considered
as the base and principle of the method, is the same, although dif-
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ferently expressed, in the methods of LrcENDRE, of Mr. Ivory,
and of Mr. WaLLAcE, who have learnedly and ingeniously written
on this subject.

In order to deduce the relation between three ellipses, LEGENDRE,
Mem. de I’ Academze, 1786, p. 650, assumes

¢, sin. ¢'. cos. ¢’

(1—=0b") sin. p =

vV (1=c?sin. @) °
Now, according to this author’s notation, ¢’ (f‘ o and 1 —b=
2, s 2 sin. ¢'. cos. ¢
ot consequently, sin. ¢ = e VS e, ‘P),whxch is precisely

the same substitution as u'— - +e, z J (I“x: > )

In the Edinb. Trans. Vol. IV. p. 183, sin. ($—¢) is assumed

== c.sin. ¢; but sin. (—¢)==sin. J . cos. ¢ — cos. ¢} . sin. ¢,
.9 ?\*

s Qq} i N (z . sin. -z-.cos.-z-)

v C YT 14’ —2c.€08. 9

s

1 +c‘-;zc (2 (cos. -g—)z-—x)
consequently, puttting "('?%)T =,

2 . sin. % . cos.-e-

sin. § = 2 , the same substitution as

2 24
(x+c)<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>