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MUCH attention has of late been paid to a method in analysis known as the
calculus of operations, or as the method of the separation of symbols. Mr. GREGORY,
in his Examples of the Differential and Integral Calculus, and in various papers
published in the Cambridge Mathematical Journal, vols. i. and ii., has both clearly
stated the principles on which the method is founded, and shown its utility by many
ingenious and valuable applications. The names of M. SErvors (Annales des Mathé-
matiques, vol. v. p. 93), Mr. R. Mureny (Philosophical Transactions for 1837},
Professor DE Moraan, &c., should also be noticed in connection with the history of
this branch of analysis. As I shall assume for granted the principles of the method,
and shall have occasion to refer to various theorems established by their aid, it may
be proper to make some general remarks on the subject by way of introduction.

Mr. Grecory lays down the fundamental principle of the method in these words:
“ There are a number of theorems in ordinary algebra, which, though apparently
proved to be true only for symbols representing numbers, admit of a much more ex-
tended application. Such theorems depend only on the laws of combination to
which the symbols are subject, and are therefore true for all symbols, whatever their
nature may be, which are subject to the same laws of combination.” The laws of
combination which have hitherto been recognised are the following, = and ¢ being
symbols of operation, » and v subjects. k

1. The commutative law, whose expression is

TOU=ETU.
2. The distributive law,
7 (u+v) =7u-470.
3. The index law,
amary=amt"y,

Perhaps it might be worth while to consider whether the third law does not rather

express a necessity of notation, arising from the use of general indices, than any pro-

perty of the symbol 7.
The above laws are obviously satisfied when #= and ¢ are symbols of quantity.

They are also satisfied when # and ¢ represent such symbols as %, A, &c., in combi-

nation with each other, or with constant quantities. Thus,
262
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(au)_a—-

2 (uto)y=24 &

These properties of the symbol , taken in connection with the principle above

enunciated, lead to the most 1mp01tant results that have been yet established by the
calculus of operations. We have an early example of their application in the sym-
bolical form of TayLor's theorem, viz.

d
So+h) =6 f().

A result to which we shall often refer is the following. If we have a linear equa-
tion with constant coefficients of the form
wutArt—lut A —2u ... +Au=X,
wherein = operates solely on «, and is therefore commutative with respect to Av A,,
&c., then
u={an+Az"1+ A2, 4+ A,}-1X
=N, (7—a;) "' X+Ny(7—a,) X+ &ec.,

N, N,..a, a,.. having the same values as in the resolution of the rational fraction

1 . _ .
. . *
FrAET.. 7A into a similar series of terms*,

It is obvious that the above method is of necessity limited in its application. It
is only in linear equations with constant coefficients that the operative symbols com-
bine in subjection to the law we have supposed. Accordingly it has been remarked,
that the calculus of operations has tended rather to simplify the processes of ana-
lysis than to extend its power.

The object of this paper is to develope a method in analysis, which, while it ope-
rates with symbols apart from their subjects, and may thus be considered as a branch
of the calculus of operations, is nevertheless free from the restrictions to which we
have alluded. The linear equation with variable coefficients, whether in differentials
or in finite differences, will be treated under the form

So@utf(eutfyw)u+ &e.=U,

U being a function of the independent variable 2, and = and ¢ operative symbols,
which combine in subjection to the law

S(®)gru=g"f(z+m)u,

and which, when the subject function » is unity, further satisfy the relation

S(m)em=f(m)em.

It might be expected, & priori, that a theory of linear equations founded on such a

* Cambridge Mathematical Journal, vol. ii. p. 114, vol. iii. p. 239,
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basis, would be of peculiar character. Its actual advantages I conceive to be the
following:—

1. The necessary reductions, transformations and developments are effected, for
the most part, by theorems, the expression of which is independent of the forms of
fol), fi(m), &e.

2. We are thus able to establish a perfectly general method for the solution of
linear differential equations total and partial in series, and for the calculus of gene-
rating functions.

3. The form of the analysis affords facilities, which are believed to be peculiar to
itself, for the finite integration of linear equations, and for the classification of in-
tegrable forms.

The received theory of the solution of linear differential equations in series is given
by EvLEr*. It consists in assuming u=Z2a,r™, and determining by substitution the
relation connecting the successive values of a,, or asitis called, the scale of the
equation. This method fails when, in seeking the first index of a development, we
arrive at equal or imaginary values. I am not aware that any mathematician has
shown how this failure is to be remedied. Now the method developed in this
paper has no such cases of exception.

The theory of series and of generating functions has been successively discussed by
Eurer and Larrace. A full account of their researches is given in Lacroix’s larger
treatise on the Calculus, tom. iii., in the chapters Théorie des Suites and Théorie
des Fonctions Génératrices. 1 class these investigations together, because, although
their objects are distinct, their mathematical theories are virtually the same. EuLer
proposes to determine the generating function of a series, Su,,#", when the coefficients
are formed according to such a law as the following :

__(am+b)am=+0,)...
m (em+te)(eymteg).. L m—re

He shows that by successive differentiations and integrations, the factors am--b,
cm+-e... may be eliminated, and the problem finally reduced to the solution of a
differential equation. Laprack<, considering the unknown quantity u, in an equa-
tion of differences as the general coeflicient of the expansion of a function u,
proposes to determine #, and then by expansion to obtain w,. It is not necessary
for us to consider here whether the theory of generating functions is of any im-
portance to the solution of equations of differences. The discovery of the gene-
rating function of a series is in itself a problem both interesting and important.
Those who have paid attention to the subject will, I think, admit that the theories by
which Evier and Larrace have endeavoured to accomplish this object, labour under
two defects, one arising from the tedious character of the process by which the dif-
ferential equation is formed, the other from the difficulty of its integration. This
does by no means derogate from the genius or the claims of those wonderful men ;

* Calc. Integ. vol. ii. _ 1 Théorie des Probabilités.
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for the value of every discovery is in some measure relative, and is to be measured
by the state of contemporary science as well as by its abstract merit.

The advantages which the method of this paper is believed to possess as respects
the theory of series, are the following :—

1. The law of the series being known, or the equation of differences given, the
differential equation is known by inspection. The rule is absolutely general, whatever
may be the forms of the coefficients.

2. The form under which the differential equation is presented offers great facili-
ties for its integration. Those facilities are chiefly owing to the circumstance, that
the form of the equation permits us, as before remarked, to effect the requisite trans-
formations by general theorems. That this form has a peculiar fitness for the pro-
cesses of integration, is further shown by the circumstance, that the method of reso-
lution which in the common theory leads to the solution of differential equations
with constant coefficients, conducts us here to the solution of a large class of equa-
tions with variable coeflicients.

The arrangement of the subjects treated in this paper will Jead us to consider,—
1st, linear differential equations; 2nd, the theory of series; 3rd, the theory of
generating functions ; 4th, the theory of equations of finite differences.

" A. Preliminary Theorems.
Prop. 1. Let # and ¢ be distributive symbols which combine in subjection to the

law
ef(@u=r(#w)ew, . . . . . . . . . . (L)

A being a functional symbol operating on #, in such manner that 3(7)=f(¢(x)), it
is required to expand f(#+¢) in ascending powers of ¢.

We have o
ef(myu=nf()ew,
() u=1f(x)¢"u,
N (2)
" (fryu=n"f(z)emu
Let #+p=1, then f(z+¢)u=f(n)u. Now, as » operates solely on u, it is commutative
with respect to the constants in f{(»), wherefore

1f(nyu=f(n)nu.
Or dropping the subject u, and writing #--¢ for 7,
(m+e)f(z+e)=f(x+eo)(=x+e).
Let f(#+4e)u=2Zfn(#%)¢™u, then, still supposing « to be understood,
(7+e)f(7+e) =73 m(7)em +e3fm(7)em,
=37fm(7)e™ + e fm(7)e™,
=27fm(7)g™ + 30fm(7)g™+1 by (2).
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Under the first 2 in the second member the coefficient of ¢” is #f,.(#), and under the
second X the coefficient of ¢” is Af,,_1(7), wherefore the aggregate coeflicient of ¢” in

the expansion of (z+4¢)f(7+t¢) is

Tf( D)+ Mm-1(#). .« o o . o o L . (3)
Again, we have

Sate) (7 +e)=2fu(w)g" (v +¢),

=2 u(7)g" w4 2 (w)e"H,

=3f u(m)Aragn+3fu ()¢ by (2.),
wherein the aggregate coefficient of ¢ is

S ("7t fn -1 (7).
Equating this expression with (3.), we have

Jn(FINT A+ fouo1(7) = 2 f o (7) W =1(7) 5
Son (T)_Afm 1(7) —fnr (7 ).

AN —

or separating the symbols,

fm@r)___‘l&:)zﬁ”_).........(zl.)

which expresses the law of formation of the coefficients.

The first term fj(#) is equal to f{#): this may be proved by induction from the
particular cases of (v4¢)2, (7+4¢)3 &c., but perhaps more rigidly thus. Let % be a
symbol such that kf(#)=f(#). Then the first term of the expansion of (z+¢)f(74¢)
is kaf(#) ; but by (3.) this term is zf\(7) =#kf(=), therefore

hef () =wlf()
wherefore = and k are commutative. It is hence evident that % can only operate as a
constant multiplier, the value of which is independent of the form of f(#). Let
Jf(x)=m=, then, since f(#+¢) =7+, it is evident that k=1, wherefore
Jo(m) =),
and the expansion is completely determined.
Cor. If the symbols = and ¢ combine according to the law
eflm)u=f(z+ Am)eu,

Az being any constant increment, then
A A® ® | A® 2 I
S(#+e¢) zf(W)‘F*A‘;f(T)E'i-K;af(W) i.—2+mf(7r)m) ..o (L

. . A,
the interpretation of 4 being

A An)—f(=
A oyt i

For Af(z)=f(z+A7). Hence \»z==-+mAz and (4.) gives
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S (7 +AT) —fr_\(x
folry e 8) ()

1 A
= an/m-1(7);
whence the theorem is manifest.
If Az=—1, we find

1 ‘
S @+ =fo(=) Hh(®e+13/.)P+ &e.,
where fo(7)=f(#), and in general /(%) =fm-1(7) —fn-1(z—1).
If Az vanishes the symbols # and ¢ are commutative, % becomes %, and (I.) is re-

duced to TayLor’s theorem.

~ d
Prop. 2. If p=¢()¢ @ then x and ¢ combine according to the law

ef@)u=fz+r)eu.

For writing u. in the place of u, we have

e ‘ L
i e/ (x)ua=0(2)s * f(2)us,
iy

= (@ Aa+r)ts s,

d
=Az+r)p(z) & us,
=fla+r)eu.
d
Prop. 3. If x:’—“—b(—w)’—fi“—z and e:(p(w)s";z, then 7 and ¢ combine according to the

law

ef(m)u=f(z—1)eu,
we have f(#z)=f (ner—w) Now ¢ combines with  according to the law

efl@u=flatrien, . . . . . . . . . (5)

and ¢ combines with ¢ as if it were a mere symbol of quantity; hence
o— —(z+
ef (%2 Ju=r (=) oy by Prop. 2,

=f(w—1)eu.
‘This result may also be proved by expanding /' (197_—3) in ascending powers of ¢ by

Prop. 1, and operating with ¢ on each term of the series.

3
xe de — g
r

d

Prop. 4. If z= and p=a¢ %, then = and ¢ satisfy the following relations,
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S@emu=gflatmy, . . . . . . . . (IL)
S@er =fme, . . . . . . . . . . (L)
the subject » becoming unity in the second of the above equations.
d.

For in the last Prop. let ¢(z) =2, and n=1, then w:gw':——:f, g=we”¢%, and
e fmu=flr— .
By induction, g*f(#)u=f(x—m)e™u;

S(@)gru=¢"f(z+m)u,
which is the first of the proposed relations. Now m being a constant is commutative
with =, wherefore expanding f(#+m) in the second member by TayrLor’s theorem, in
ascending powers of =, we have

f(vr)gmu=em<f<m>u+f'<m>w+f"(m>%2u+&c-}-

For u write u,, then
4
xs de—x
r 2

'Z"’I,I,x =

LUy iy — XUy
—rr 2,
r

which vanishes if w,=1. In like manner #%u,, 7°u,, &c. vanish under similar circum-

stances, wherefore
S@)e(Dy=¢(m)(1),
S(@)e"=f(m)e",

which is the second of the relations in question.
Prop. 5. The same values being attributed to = and g, we shall have

A n
7r(7r—-l)..(vr——n—l—l)u=.7c(a:-|—r)..(.z'+(n——l)r)(x;v)u,. .o (IV)
wherein Ax=r.
We have w:"—_—;—‘?’
1—p~ly
1
e Tu=—
4 d d .
Now 5~1xu=(wsrdx) au=t¢ "z x-lou=¢ "gpu,
—rl
l—g dr
therefore e lau= ,

r

rd &
"
(e=1=)" u—l : w} u.
Now (g—lvr)“’u=e‘17r§“‘W‘:ﬁ'z(?f—- Dru=¢=2z(v— 1),
MDCCCXLIV. 2H
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and by induction, (e=17) " u=¢—rx(w—1)..(r—n+1)u,
dyn

e~ (w—1).(7—n+ 1)u=={1 -E;r%} u,

d
Il-e— rﬁ}n

whence w(z—1).(z—n+1)u =g"1 - u.

d
But er=a(x+r). (24 (n—1)r)s" &,
d

wherefore W—-1)--<w—n+1)u=w<w+r>.-<w+(n-m){‘. 'T"i."l}u,

=a(x+r).(x+(n—1)r) (&)nu

Scholium. In the values of # and ¢ employed in the two last propositions, if we
d
expand the exponential "4, we find

d 1 & 1 ,d
N L T L AN S g
= (dx+1.2”dxﬁ+1.2.3r da3+&c’)’
. d 42
e=a(14r 7 +g mate)
a . d R T "
‘Let r=0, then #=a, p=x. Put x=¢, then 7=z ¢=¢. For simplicity, let us

represent -ga— by D, then by (IL), (IIL), (IV.) the symbols D and ¢ satisfy the follow-

ing relations :

SD)mu=ef D4mu. . . . . . . . . (V)
Sy =fmyew. . . . . . . . . . (VL)
DO—1).(D—ntDu=a"(2)w. . . . . . . (VIL)

These are known relations. With a view to the maintenance of an unbroken
analogy, it has, however, been thought better to deduce them from the properties of
the more general system in 7 and ¢, than to assume them as already proved.

B. § 1. Theory of Linear Differential Equations.
Prop. 1. Every linear differential equation which can, with or without expansion
of its coefficients, be placed in the form
(a+bx+cx2..)£—q-:+(a’+b’m+c’m2..)%l:z-f+&c.=x,
may be reduced to the symbolical form ‘
SoD)u+fi(D)eu+fy(D)e?u...=U, . . . . . (VIIL)

wherein fy, f1, /2. are functional symbols, and U is a function of ¢
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For multiplying by 2", and considering first the expxessmn (a-]—bx—l—cx2 Jan d;,f,

let #=¢’, we have
(a+be+ce?.)D(D—1)..(D—n-41)u,
=aDD-1). (D—-n+1)u
+b6(D—1)(D—2)..(D—n)u,
+c¢(D—2)(D—=3)..(D~n—1)?u.

In like manner may every term in the first member of the original equation be
reduced ; also the second member, which is a function of x, will become a function
of ¢; the aggregate of these results will produce an equation of the form (VIIL.).

More generally, let it be supposed that we have a system of linear differential
equations, total or partial, the dependent variables being wv,.. the independent va-
viables x,x,.. whereof the second members of the equations are functions; if we
assume &, =:¢4, x,=¢%.. the transformed equations may be so written as to satisfy the
following conditions.

1st. Every term involving w shall be of the form ¢(D,, D,..)en4+7hy, and similarly
for every term involving v.

2nd. The second members shall be functions of ¢4, ¢4...

Let us now consider the expression fi(D)u—-f(D)eu+f,(D)su.., and let us therein
assume %= Su,e", then passing the symbols f(D), f,(D)... within the sign of sum-
mation, collecting the coefficients of ¢, and observing that fo(D)e=fy(m)em, &e.,
we have

SoDu+f(D)u+ (D). = Z{(fo(m)um+ 1 (M) tem 1+ f5(m)thre—2... )} .. (IX)

which is a particular form of the fundamental theorem of development.

To any aggregate of terms of the form ¢(D;, D,..)enit74 the same analysis is
applicable, whence our fundamental theorem, viz.

If w="Zupp. "t

then @(Dy, Dy )ertitrloy=23{@(m,n..) Un—ry, n—rpn ™t 3 o o o L L L (X))

In applying this theorem to an expression consisting of many terms, the sign =
must be affixed to the aggregate in the second member, as in (IX.), and not to each
term separately.

The relation which the first member of (IX.) bears to the linear differential equa-
tion, is the same as is borne by the coeflicient of ¢* in the second member to the
linear equation of finite differences. This analogy extends to the fundamental
theorem, which may be defined as a general relation connecting any linear differential
equation, or system of linear differential equations, with a corresponding equation or
system of equations in finite differences.

2H2
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B. § 2. On the Solution of Linear Differential Equations by Series.
Since, when u=2u¢™, we have

So(D)utf1(D)u+fo(D)e¥u... = Z{ (fo(m)un-tfi (m)sn -1+ fo(m)thm—s...) ™},

it follows that the linear differential equation

JoD)u+fi(D)eu+fo(D)e¥u..=0 . . . . . . . (6)
will be satisfied by the assumption v=3u,¢, provided that
Som) sty (MYt Hfy (MYt 2. =0. . . . L L (7))

Let p be the lowest value of m, then since u,_1, u,_2, &c. vanish, we bave from (7.)
Jo(p)=0, whence the values of p are determined. If p have » real values, there will
be n ascending developments of the form

u=upe?t - up 16TV w0602V L, ad infinitum,
u, in each development being arbitrary, and the succeeding coefficients formed ac-
cording to the law (7.).

This method fails when p has equal or imaginary values, but the following rule is
of universal application.

RuLe.—Solve the equation f,(D)u=0, and let the complete integral be

u=AP+BQ+4-CR....,

wherein A, B, C.. are arbitrary constants, and P, Q, R.. functions of 0. Substitute
this value of u in the original equation (6.), regarding A, B, C.. as variable parameters ;
the result will be of the form

AP+BQ4+CR..=0, . . . . . . . . (XL)
A", B, C.., being linear functions of A, B, C.., and their differential coefficients; P, Q, R..,
as before. The system of equations

A'=0, B'=0, C=0....

being then integrated by the fundamental theorem, the values of A, B, C will be deter-
mined in the forms A=2a,s™, B=23b,e, &c., ay by.. being arbitrary constants*.

The equation to be solved is

JoD)u+f(D)du...4f(D)eu=0,
in which f,(D)f(D), &c. are rational and integral combinations of D. This equation
may be put under the form '

S(fD)euy=0, . . . . . . . . . (8)

the summation extending from n=0 to n=r.
Now the solution of the equation fj(D)u=0 is of the form

u=AP4+BQ+CR+&ec.,, . . . . . . . (9)
wherein A, B, C... are arbitrary constants, and P, Q, R... particular values of
{fo(D)}=10. Substituting this expression in (8.), and regarding A, B, C... as variable

- % The reader may find it advantageous to look over some of the examples in which this rule is applied before
reading the demonstration.
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parameters, we have : ‘
2{f,(D)eAP+BQ..)}=0,. . . . . . . (10)
to determine the general character of which let us first consider the term S, (D)e“AP.

Separating the factors ¢“A and P, if we expand the operative symbol £, (D), as in
LEeiBNiTZ’s theorem, we have

£.(D)e*AP=F,(D)#Ax P+f",(D)e*A X DP+f" (D)A X {5D?P+ . . . (10.)
The general value of D'P may be thus ascertained :
(D)P=(D){ £,(D)}-10,
={/y(D)}-1 (D)0,
={fo(D)}~10,
=LP4+MQ+NR..,,

L, M, N.. being arbitrary constants. In the present instance, as P does not involve
any arbitrary constants, and as the direct operation (D)’ cannot introduce any, it is
evident that L, M, N are simply numerical coefficients.

The above expression for (D)‘P applying to every term of the second member of
(10'.), it is obvious that f, (D)¢“AP will be a linear function of P, Q, R.., whose coeffi-
cients are of the general type ¢,(D)e“A, ¢,(D) denoting a rational and integral com-
bination of (D). In like manner, f,(D)¢“BQ will be a linear function of P, Q, R, the
coefficients whereof will assume the form +,(D)e¥B. Wherefore the equation (10.)
will become ' -
AP4+BQ+CR.=0, . . . . . . . . . (1L)
every coefficient A', B, &c. being of the type

2{p,(D)eA} +2(,(D)eB} +&e. ;
and it is 'to be remarked, that the terms in this expression which correspond to a par-
ticular value of n, are derived from the term which answers to the same value of z in
the primitive equation (8.).

In order to satisfy (11.) independently of the particular values of P, Q, R, let us
assume

A'=0, B=0,C=0. . . . . . . . . . (12)
Each of these equations being of the general form above given, we shall have by
the fundamental theorem,
A=2(ane™), B=3(bne), C=2(cne™), &e.
the successive values of an, bn being connected by a system of relations of the general
form,
2(@n(m)an ) + 2 (dn(M)b—0)...=0.

To find the lowest value or values of m in @y, bm, &c., we must assume @n—-1, bn-1,

&c. to vanish, whence the last equation gives

¢O(m)am -l-«l'o(m)bm...:().
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Now this is the type of the system of relations derived from the term fy(D)u. But
the equation f,(D)u=0 is satisfied by the assumption u=AP-+BQ... in which A, B..
are constants, that is, by the assumption u=a,P+5,Q.., whence the lowest value of
m in an bm is 0, and the system (12.) is umvelsally satisfied.

Ex. 1. Let the primitive equation be zr? —((a—{-b—- Da+ qmz)d +(ab-+cqgx)u=0,

Putting x=¢, we have
D(D—1)u—(a+b—1)Du—ge/Du+ (ab+cqgef)u=0.

Now ¢ge/Du=¢g(D—1)s%u by (V.), hence we have
{DD—-1)—(a+b—1)D+ablu—(g(D—1)—cq)eu=0,

or (D—a)(D—b)u— g(D —c— 1)su=0,

which is the symbolical form of the equation; whence u=Zu,s", with the relation
' (m—a)(m—byu, —qg(m—c—1)u,_,=0,

(m—c—1)tty_,

whence U —QW

The equation (m-—a)(m—b)=0 gives m=a or b, which are consequently the lowest
indices of the development. If, therefore, we represent the arbitrary constants w,, us
by A and B, we have

a—c o (a—c)(@a—c+ 1). " ’
“:A(m""‘q a1 >t T2+ )@=3+2) ¢ 24&e.)

b—e¢ (b—c)(b—e+1)
+B('7“"+9 =ar ) T30 —0 =059 wb+2+&c.).

. ds d? d "
Ex. 2. Given x33—£— 4342 &3% +m(i—i +q¢a"u=0, to find w.

Putting @=¢/, we have by (VIL.),
{D(D—1)(D—2)+3D(D—1)+D}ugeru=0,
D3u4-geu=0. . . . . . . . . o . . . . . . {13)

Now as D represents l%’ the equation D3u=0 gives u=A-+4Bd-4-C#2. Substituting this

value in (13.), there results
D3A +¢e?A+ (DB +¢¢¥B)0+3D?B 4 (D3C+-¢¢#C) 2+ 6D?C+-6DC=0.
Whence by the rule
D?A+4¢e#A+4-3D2B4-6DC=0,
D?B+¢2¥B46D?C=0,
v D3C+¢eC=0;
wherefore by the fundamental theorem
A=2a,, B=3be, C=23c,m,
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-mda,+ga,,_,+3m?b,+6mc, =0,
m3b,,+gb,,_,+6m?c,=0,
m3¢,~+qC,_,=0,

whence we find
M2y =3Mbpy—p + 12Cp—n,

a,=-—q pou

Mbyy—p—6Crp—n
b= g Tomn oo L L4
m— cm;-n.

If we now substitute the preceding values of A, B, Cin the equation u=A+4Bd+4Cé,
and then change ¢ into «, 4 into log- », we shall have

u=(ay+a z"+a,r™...)
+ log @(by+b,2" + by, 2™...)
+ (log 2)2(cy+ ¢, 2"+ caut™.. ),
@, by, c, being arbitrary, and the succeeding coefficients determined by (14.).
The solution of the linear differential equation U=X is found by obtaining a
particular integral, and adding to this the complete integral of the equation U=0.
A particular integral of the equation U=X will be given by the fundamental
theorem whenever X is ‘developable in ascending powers of . 1f X is of the form
Xo+X, log 24X, (log z)2... +X (log 2)" where X, X, .. are respectively developable
in powers of 2, we must assume u=A+B{..+P¢*, where A, B...P are variable para-
meters, to be determined by the fundamental theorem, in the forms A=3ga ¢
B=3p ¢, &e.
On the same principle we must proceed if such forms as cos (zlog ), sin (nlog ),
&ec. are found in the second member.

Ex. 8. Given a? g% + % +au=log (z).

Putting 2=¢’, we have
Du~+efu=4.
Make u=A-BJ, then on reducing
D?A4-2DB+¢/A 4+ (D?B+¢B—1)d=0,
whence, as in preceding examples, |
D2A+4-2DB+¢A=0,
D?B+¢B=1.
This system of equations differs from those before considered, in that the second
members do not both vanish. The fundamental theorem gives

A=3q ¢, B=23b ™,
3{(m2a_+2mb, +a,._,)e} =0,
2{(m2bm+bm—1)5m‘}=ls
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whence m?a,+2mb, -+ a,_,=0 for all values of m, and m?b,,+-5,,_,=0 for all values of
m except m=0, which gives m?,+b,_,=1, or b_,=1; also from the other equation,

a_,=0. From these, the values of a,, b_, corresponding to negative values only of
m, may be determined ; whence writing « for ¢, and solving the above equations rela-
tively to a,,_, and b,,_,, we have

(/%)

u_a—l+ + 22 +&

-2, b :
+ loga: (b_]-}-? -+ —'z-g—l— &C.),
where '
a_,=0,b_,=1;
and in general

@y y=—(m?a,+2mb, ), b,_,=—m?b,,.
This is a particular integral ; to comp]ete the solution we must add the general

value of » given by the equation r2 pres +w T ” 4 au=0; which, as in the precedmg ex-

amples, is found to be

aytavta2?. .

+ log @(by+b1z+bya?. . ),
wherein a,, by are arbitrary constants, and the succeeding coefficients given by the law
bm—

My = 2D,y
4 = — "= 5
m

m m3

b,=—

2
Ex. 4. Given (22--qa%) %}‘Z + (x4 pa®+5qga) % + (2 +pr+(4g+r)a?)u=0.
On assuming x=2¢’, we get
(D202 u+pDefut(gD24-r)2u=0, . . . . . (15.)
which, as a final example, we propose to integrate both by ascending and by de-
scending developments.

The equation D?«+n*u=0 gives u=A cos nd+ B sin nd ; substituting this value in
(15.), and regarding A and B as parameters, we have

(D% 4-n?)u= cos nd(D?A+2nDB) + sin n4(D2B—2nDA)
pDefu= cos nd(pD=A +pne/B) -+ sin nd(pDe/B — pns/A)
gD%*u= cos nd(— gn?¥A -+ ¢qD%*¥A+2ngD:¥B)
+ sin nd( — gn?%¥B4qD?%¥B — 2ngD:2A)
re?u= cos (nd)re??A 4 sin (nd)r:*B.
Collecting these results, and equating to 0 the aggregate coeﬁiments of cos nf and
sin nd,
D2A4-2nDB +4-p(DefA4-ne’B) 4 (¢(D?—n?) +7)e#A+ 2ngDe¥B =0,
D?B—2nDA +p(DeA—neB) 4 (¢(D2—n?) +7r)e¥B — 2ngDs¥?A =0 ;
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the solution whereof by the fundamental theorem, is
A==3q ¢, B=23b ¢, _
m2a,,+2mnb,+pma,_,+pnb,_,+ (q(m?*—n?)+r)a,,_,+2¢mnb,_,=0,
m?b,, —2mna,+pmb,,_,~—pna,,_,+ (q(m?—n?)+r)b;,_,— 2gmna,,_,=0.
Whence making ¢=u, and determining the values of @, b from the two last equa- -
tions, we have
‘ u=: C.OS (nlog x)(ay+a,x+ a2+ &c.)} ... e
+ sin (n log x)(by+ b2+ byx®+ &e.) |
a, and b, being arbitrary, and the remaining coefficients formed on the laws
_ P+ 20°) a0y — pmnby,_y + (g(m® + 302) + 7)May, _o -+ 20(gn>—7)b,, o

a =

m m(m?® -+ 4n)
b — PP+ 20%)by—y + prnay ., + (9(m® + 302) +7)mb,, _o— 20{qN* —1)0),
m m(m?®+ 4n°) ' )

If g=0, p=0, r=1, we have for the primitive equation
d?u du
22 72 +o g, + (P4 a2)u=0,

and for its complete integral,
u= cos (nlog z)(ay+a,x>+aa*...)
+ sin (nlog x)(by+ byx? byt .. ),

where in general
0 =— MOy 20Dy b —— My + 210y _g
m mm®+4n%) > Tm T m(m?+4n?)

The above developments terminate in convergency for every value of . The
more general developments (16.) from which they are derived, become, in certain
cases, divergent, as is seen by making  infinite in the equations determining a,, b, .
The descending developments which are then to be employed may be thus obtained.

We have
(D24-n?)u~+pDefu+ (9D2+4-r)e?u=0.
Multiply by ¢=% and invert the order of the terms, then
(g(D+2)*+r)utp(D+2)e~u-+ (D+2)*+n2)e=2u=0.
Put 4= —4¢,, and the above becomes
(g(D—2)2+r)u—p(D—2)eu+ ((D—2)>+n*)su=0. ,

The equation (¢(D—2)2+7)u=0 determines the form of the general solution,

which will differ acéording as —;— shall be positive, negative, or 0. The process is in

all respects the same as in the preceding examples, except that in the result we shall

1
Gy —— .,
have ¢ p

MDCCCXLIV. 21
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If % is negative, we find

U=
x2+ v-T

o . a 1 b, b
Ha—N T e
q q

If ;—:0, the solution is of the form
1 @, | Oy 9
u= JFQ{ ay+—+23 . +log a(by+bx+bya?) ¢ -
If —;— is positive,

u= ;—Q{cos(v —;—logx) (a0+g~‘+jz—§...>+sin (V%logm) (b0+%+%g__,) } .
In all these the arbitrary constants are a, and b, and the values of a), 4, a,, b, are
determined by equations similar to those given in the former examples.

Objections are commonly urged against the solutions of linear differential equa-
tions in series, on the ground that the condition of convergency is fulfilled only
within narrow limits of the independent variable. Might it not be shown that when
a solution becomes divergent, there exists another which at the same limit becomes
convergent, and that where no second form of solution exists none is needed ?

In general the linear differential equation

SDuf(DYu ... +f,(D)tu=0
has as many solutions in ascending series as there are simple factors in fj(D), and as
many descending developments as there are factors of a like nature in £, (D).

B. § 3. On the Solution of Linear Partial Differential Equations by Series.

Let « be one of the independent variables, » the dependent variable, and let the
particular object proposed be to develope « in ascending powers of x.
Put x=¢’, and let the equation, supposed to be wanting of a second member, be
placed under the form
Tou+Teu+Ty?u...=0, . . . . . . . .(17)

wherein T, T}, T, are rational and entire functions of D and of the remaining vari-

d d
ables «',2", and of the symbols - ==

Should it then happen that Ty is of the form fy(D), not involving x”..—fi—, Ej%

we shall assume

Jo(D)u=0,
observing to introduce into the solution of this equation arbitrary functions of &', 2/,
in the stead of arbitrary constants, and proceed with the result as in the cases already
illustrated.
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Should T, involve 2/, 2", &c., the operations indicated may be of a kind which it is
impossible in the present state of analysis to perform. In some such instances they
may be evaded by a linear transformation, and in all cases the difficulty will be placed
in the true point of view,—no slight advantage of the method.

The theory of equations involving a second member is, mutatis mutandis, the same
as explained in the preceding section.

Ex. 1. Let the equation be such, that, on assuming x=¢’, we have

(D—a)(D—b)ut¢(y, 5?’7 D)ehu=0.
Here, by the fundamental theorem,
u="2u, "= Ju,a",
d

(m_a)(m_b)um_*_@(y: @’ m’)um~l=0-
The equation (m—a)(m—05)=0 gives m=a, m=>b; and as arbitrary functions are to
be written in the place of constants, we shall have

w=Fa(y)"+ Fua (5)2 4+ Fapny(y)ast2. .

+Fo(y)ab 4+ Fpp1(y) 22+ 1+ Fopo(y)att2...

where Fu(y), Fi(y) are arbitrary, and in general for the rest

d
¢(s bl—’m)
Fm(y)—m —a)(m—1b) Fu-1(y).

As a particular example, let W= ﬂy)lfgﬁ‘
Multiply by 22, and putting x=¢,
2
DD-— l)u-—fy)dinQ"u:O.

{fy)dy 1R

h u:"“FO(yH' 12 T2sa &
?/) SO 7= Fily
+Fi(y)x+ 1y2 3 { 1 2y32-5 x’

2
Fy(y)F,(y) being arbitrary, As the operation, implied by the symbolf(y)%ga can
always be performed, the above solution is universally interpretable.
If fly)=a?, we get
adF(.?/) ot _d'Fo(y)
u=F)+15q° ©+1234 d_;" 4

2 dF() ot d'F\(y)
+F 0)e+153 dy 3“'12345 dy .

Pat Fy(y)=¢() +4(9), F1(3) =@ (y)—¥(y)), and substituting, we get
u=0(y+az)+4(y —az),

which verifies the solution.
212
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. . d? d d?
Ex. 2. To integrate the equation wZEEZ—i-wd—Z - f(y)@%=0.
Putting x=¢’, we have

Dzu-—f(y)é%e?‘zo. e e e e o (18)

The equation D?x=0 gives u=a-B4d, which we shall substitute in (18.), regarding
A and B as functions of d and y. This gives

D2A+0D?B+ 2DB-—f(y)$;(e”A+éeZ"B)=0,
whence by the rule

2
DA +2DB—/(y) 3= A=0,

D2B —f(y)zgge?"B =0,
applied to which, the fundamental theorem gives
A=3Za,m, B:—_Ebmem";

dQ
M2y -+2m bm—f(y)@gam_2=0,
- m
b —fY) gz bm—2=03

whence writing » for ¢/, and determining am, bn; observing also that @, b, will be
arbitrary functions of y, we have
u=0y(y) +¢:1(y)v+0,(y)2*+ &e.
+Hlog 2($o(y) +d1(y)o+4y(y) 2"+ &e.),

®)(y), #:(y) being arbitrary, and the succeeding forms of ¢u(y), ¥u(y) determined

by the equations ‘
dQ m—2 - 2‘1’m—~2

n(y)=A(Y) m—a(y).

Euler has exhibited in a series the integral of the equation

*u a (du  du b
gty 3o ag) =0

and on that result are founded many of the solutions of partial differential equations
in Dr. Peacock’s ¢ Examples” We proceed to consider a somewhat more general
equation, of which we shall give two distinet solutions.

Ex. 3. Given ooy (e-h) Jo-Ho(e-H9) oot yu=0,

S [ f3 denoting any functions whatever, to find u.

X d d  d d d .
Put x=s, v+y=t¢, then w=ntaz = and transforming, we have
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Pu  d? d d
Fat O G+ O +HA0) 7 HfBu=o0.
Multiply by s, and put s=¢’, we have
d a? . d
2 £(0) Dt (Gt A+ (D) ) =0
whence, by the fundamental theorem,
U= U™ = Dty ™,
d d? d
(&£, mtnt (o (SO +£0) %+ £8) Y tm =0,
Hence, if for u, we write Fu(¢), the solution will assume the following form,

u=F,(¢) +F,(t)x+Fy(¢)22,
where F,(¢) is arbitrary, and in general

(g;+(fi(t) +ﬁ(t))6%+ﬁ(l)>Fm_1(t)

m

) HAOFa(t) =~

whence we have, as the law of derivation,

Fo(t)= — eSOl 50 (s (f,(0) A ) () ) P ().
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(19.)

To this we may add a precisely similar solution in ascending powers of y, the two

together constituting the complete integral.

We cannot, from the above, deduce EurLer’s solution, because that solution is
expressed in ascending powers of £, and not of x or y. If, however, for f,(¢), f5(¢),
/5(¢) we substitute EuLEr’s forms of those functions, and make ¢=¢’, we shall obtain

the result in question.

The general solution (19.) has been given in order to illustrate the fact before
adverted to, that when T of (17.) is not simply a function of D, the derivation of the
coefficients of the final series may involve operations which it is difficult to perform.

We shall now show how, by a linear transformation, the difficulty may be evaded.

d dds  ddt
Assume 2—y=s, x+y=t, then , =5 457 = ds+dt

d d_dds ddat_d_d
an W= dsdy Tdidy—di " ds’

and transforming the original equation, we find

O~ (AOHADV S~ tu=0.

Multiply by s? and make s=¢’, we have, on reduction,

D(D—1)u— (/) =) D= 1)stu— (3 + (A O HAD FAS( ) u=0,

whence, by the fundamental theorem,
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U= 2 U™ == Sty s™,

m(m—tem— () = fo ()= Vttm—1~ (st Ay D) Jtm—2=0. . (20.)

The equation m(m—1)=0 gives m=0 or 1, whence », and », are arbitrary functions
of £, which we shall represent by F(¢), F,(¢). The value of ., which we shall simi-
larly represent by Fy(¢), is given by (20.), whence the complete integral will be

u=Fy(t) —F,(6)s+F,(t)s>+F,(¢)$>. . . ad inf.,
wherein s=x—y, t=x-+y, F(¢), F,(#) are arbitrary, and in general
(= 1)) ) For )+ (o () H50) A1) )FM
Fu(t)= m{m— 1)
The derivation of the coefficients is thus always possible.

B. § 4. On the Integration of Lincar Differential Equations in Finite Terms.
If we affect both sides of the equation

SoD)utf,(D)eu . . . +fu(D)eu=U
with {f,(D)}~1, and for HD) /D) 015 (D), 2,(D) .., and for {f,(D)}-1U

‘ J(D) 7Dy
write U, we have

u+o(D)ew ... +0,(D)eu=U; . . . . . . . (21.)
under which form the linear differential equation will be treated in the following

investigation. ,
We however premise the integrability of equations of the form

d
F( () )u=U,
for, writing f(x)% =%, whence {= f J%’ we have

F(2)u=,

which, for the forms of F here contemplated, is an equation with constant coefficients.
The linear equation of the first order is an example of the above class, for, writing
it in the form

du
Pa—x“—l-u:Q,
have onl P2=2 in order to obtai
we have only to assume P> =-7> In order to obtain

¢ f dt+u—
w=e~YfeQdt=c7F [ Q.
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Equations of the second order comprised in the above general class are of the
form

F@PTA @) (F @)+ b qu=t, . . . L. (22)
as is found by writing f(x)%,:d% in the equation

d? d
@+t a=U;

whence t—f JT%
The equation (1+4ax?) dxg+ ZZ—Fn?u-—O is a particular case of (22.), and its solu-

tion is determined by the system

dz
t= m;, dtg +n2u 0.
The symbolical form of the equation just considered is
a(D—2)2+n® )
ﬁ,‘ﬁ“‘l‘)“—sz'III:O; T 5 )

to which we shall have occasion to refer. ‘

In the employment of the general symbolical form of the linear differential equa-
tion, two principal cases will be considered; the first comprising such equations as
are reducible to a system of an inferior order, by a method of resolution similar to
that which is employed in the solution of linear differential equations with constant
coefficients ; the second including those whose solution depends on a transformation
. affecting the dependent variable w. A more general method of resolution will be
explained in the sequel.

Proposition 1.—The equation

u+a,0(D)u+a,0(D)p(D - 1)e%u...4a,p(D)p(D—1)..0(D—n+1)eu=U
may be resolved into a system of equations of the form
u—gp(D)¢u=U
the values of ¢ being determined by the equation
q"+a 9" +a,g" " 4a,=0. . . . . . . . (XIL)
p(D)p(D — 1)eu=0(D)e'p(D)'u={p(D)e'}u,

e(D)e(D—1)..0(D—n+1)eMu={p(D)e!}"u ;
so that if we represent the symbol ¢(D)¢ by ¢, the equation in question becomes
(14ap+taet..+ag)u=U
u=(14aptae..+ag")'U
={N1(1—16) 7'+ Ny(1—g50)""..+ N, (1 —¢,2) "} U,

For

and in general
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provided that ¢,, ¢,.., ¢, are roots of the equation
qn+alqn—l+a2q’n~2..+an=0’
and that N;, N,,..N, are of the forms

_ qln-—l _ ’qnn—-l ]
Nl_ (01— 9991 —99)(1—2,) Nn- (2= 02— 92) (2, —n—1)

Let (1—q,¢)'U=1u%,, (1 —gy) 'U=u,, and so on, then
u; — greu; =U, or u;—q,¢(D)s%u, =1,
whence u=Nyu; +Nywy..+N v, . . . . . . Ce (24.)
wherein w,u,..u, are determined by the system of equations,
u;— 19(D)éfu, =U,
w=gpDpty=U, (e

w,—q,9(D)eu,=U.
The forms of (D) which render the above system integrable will hereafter be deter-

mined. The most important of these is obviously

D+
p(D)= ac]LD—l-b"

which reduces the proposed system of equations to the first order.

For the particular form ¢(D)= (D)™, the equation above considered will represent
the general linear differential equation with constant coefficients ; for every other
form of ¢(D) it will represent an equation with variable coefficients.

2,

Ex. Let the given equation be (22-+ma’+nat) %

+ (2bx+(a+b+2)ma?+ (2a+4)nw3)%f+ b(b—1)+(a+1)bmr+(a+2)(a+1)na?)u=0.
Putting x=¢, and reducing to the symbolical form, we have

A D+a D+a)(D+a—1)
ut+my G Ut ST D)

%u=0.. . . . . . . (26)

Here gq,, g, are the roots of the equation ¢*+4mg-n=0, whence

= D% Yo% __ 91”1—92”9,
Nh—9% %% 19
u, and u, being given by the equations

Dt+e , _
h—Nppdn=0

D+a
%=%DT uy,=0.
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From the former of these equations we have
(D + b) ul — QI (D+a)€‘ul = O,
(D+b)u; — ¢/ (D+a+1)u=0,

(w% +b)u1-q1:v<:c 4 ‘+a+1>ul:::0

@-—91»"02) o + (- (“+1)91~")u1—-0

o= = C
1— ‘Z’b(l"q m)a—b+l 2T ‘z‘b(l_q?r)a—'b-%I

(1 —gor)e—tt1 '*‘ce(l "‘9’1“‘)“-6“.
xb(l ___glx)a-—bi-l(l — qu)u—ﬁ-}-l

U=

The same process would solve the same equation with a second member X. .
The next class of equations to be considered comprises those which are integrable
by a transformation operating on the dependent variable.
As the theory of the general equation
u+¢,(D)s'u+0y(D)e?u ...+ ¢,(D)eu=U
is deducible from that of the equation
u4¢(D)eu=U
we shall first consider the simple case.
 Proposition 2.—The equation u+@(D)e?u=U will be converted into the form
v+o(D+n)ev=V, by the relations
u=ey, U=eV. . . . . . . . . (XII)
For assume u=:¢"», and substituting in the original equation, we have
¢y +o(D)etr =1,
gy -gvp(D+n)erw=U, by (V.),
v+o(D+n)elv =,
Let s~7U=V, then U=¢"V, and the above becomes
v+9(D+n)erv=V,
as was to be shown.

Proposition 3.—The equation u+¢(D)s"’u——U will be converted into the form
v+4(D)e’v=V, by the relations

—p ¢D) $(D)
U= P”Q;(D)”’ U"‘P’\l:(D)V

wherein P,iED; denotes the infinite symbolical product z((gﬁ((DD::))i((g:g:)) .o (XIV)

For assume «=f{D)v, and substituting in the original equation, we have

SD)v+¢(D)erf (D)=,

MDCCCXLIV., 2K
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v f(Dw+e(DYD—r)e*=U by (V.),

+—Q};{('TD—*L Py — {f(D)}"‘lU. e e e e e e (27.)

Comparing this with the equation v4-+J(D)ev=V, we have

A=),

FAY)
. SD)=53) D~ (28
hence S(D —r)-- ( f(D 2r),

and so on, wherefore the value of f(D) Wl“ be represented by the infinite product

iggﬁ({g-——?}ﬁg:gg’ which we shall express under the form PT:;EB;’ in accordance

with Siv Joun HeRrscHEL’s notation for the integrals of equations of finite differences
of the first order, of which, in fact, (28.) i- an example. Hence (27.) becomes

vt D)=V,

D : D
u:PrigDiv, U= P¢E ;V

As the above Proposition is of great importance in the solution of differential
equations, we shall devote some attention to the circumstances which attend its

application.

with the relations

That the expression of P’?{/ED} may be finite, it is sufficient that for every elementary
factor x(D) occurring in the numerator, there should correspond a similar factor
x(D-4ir) in the denominator, ¢ being an integer, and vice versd ; for

xD) _ x(D)x(D—r)x(D—2r)...
oD +ir) — (D +irjpe(D+ (i—1)7)...
1
“x(D+ir)yD+G—1)r) .. x(D+7)
which is a finite expression. Again,
pxD _ __ x(Dix(D—r)...
D —ir) = }(D—ir)x(D— G+ 1)r}...
=D D =) D= = 1)r),
which is also finite ;- the product of any number of such expressions is finite also.

If (D) is any elementary factor of ¢(D), it may be converted into yx(D-ir); for
let o(D)=x(D)x (D), and let (D) =yx(D+ir)x' (D), wherein %' (D) denotes the product
of the remaining factors, then

oD) 4 (D)
Pry@)=Pry(D+ay

which is finite.
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(D)

If (D) involves any factor of the form QX%TZ'T_)’ it may be made to disappear ; for
x(D)

let o(D)= D+m)% (D), and let 4 (D)=x'(D), then

¢(D) x(D)
Pry()=Pr(D £iry

which is finite.

From inspection of the above it is evident that if ¢(D) is in the form of a rational
fraction, and it is proposed to diminish (so to speak) D in any factor of the numerator,
or to augment D in a factor of the denominator, by a multiple of r, the process by
which « will be finally deduced from v will depend upon differentiation ; but if it is
proposed to augment D in a factor of the numerator, or to diminish D in a factor of
the denominator, the process will involve integration. The former is obviously the
preferable condition.

The general proposition (XIV.) amounts in reality to this, that the equation

utoD)eu=U . . . . . . . . . .(29)
may be resolved into the system of equations,
¢(D) 4>(D)
P"fl}(ﬁj”’ U“P’Rp(D) R Gy
v+4D)erv=V, . . . . . . . . . . (38lL)

whence V, v, u are to be successively determined. Of these equations we shall call
the two first the auxiliary ones, and (31.) the transformed one. This premised, the
following are the canons which regulate the determination of the constants.

1. If no factor of ¢(D) disappears in (D), no arbitrary constants are to be intro-
duced into the solutions of the auxiliary equations; those derived from the trans-
formed equation being necessary and sufficient.

D+a

2. Disappearing factors are in general of the form Dis

a—b being a multiple of r.

oy e —b . .
Every such factor will give a system of aT constants in the solution of one of the

auxiliary equations; if in that of the equation determining V, those constants will
be arbitrary, but one only will need to be retained ; if however in that of the equa-
tion determining », one only will be arbitrary, and the rest will be therewith con-
nected by the relation w,,~+¢(m)wu,,_,=0, derived from the primitive equation.

The reason why the constants connected with the disappearing factor are arbi-
trary in V alone, is, that V enters into no other equation than the one in whose solu-
tion those constants are found. If however the entire series of constants in V are
retained, they will be reduced to one by the subsequent differentiations in passing to
the value of u.

Ex. 1. To determine the general characteristic of those differential equations of

the nth degree, the solution of which depends on that of the equation %:b}"’v =X.
2K2
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The symbolical form of this equation is

q Y -
viD(D—l)..(D—n-}-l)e'v“V’ e e e (32)

. . . A\, . . .
wherein V is the symbolical form of (%) X, i. e. the result obtained by writing ¢

for  in the nth integral of Xdz*, no constants being added in the integration. From
inspection of (32.), it is evident that the class of equations sought, must, on assuming
x=¢, be reducible to the form

ut

D +a)D+ay) .. (D+a,)

in which we shall suppose the quantities a;, a,, .. a, to be ranged in the order of their
magnitudes. Put u=¢—%%, then by Prop. 2, :

eu=U,

n

”liD(Dwg-—al) DFa—ay@m=U. . . ... (33)

The first factor of the denominator of ¢(D) in (32.) now corresponds with the first
factor of the denominator of 4(D) in (33.). In any of the remaining factors we may
by Prop. 2 convert D into D+-ir, ¢ being any integer,—hence that they may all cor-
respond with the factors of (D), we must have the quantities

a,—a,+1 ag—a,;+2 o,—a,+3 a,—a,+n—1
n n n n g
all negative integers, which are therefore the conditions sought.
From (32.) and (33.), by (XIV.),
¢(D)

=P, YD

wherei _ U _ ¢ :
wherein ¢(D)—i—D(D +a,—ay).. (D”‘an—al)’ ‘L(D)—:‘-’D(D—l) . (D—-ﬁ—l- 1) ?

but ©=¢—%%,;, wherefore
(D—1)..(D—n+1) )
+a,—ay). (D+a,,—a1) s e e e e e (34)

u=s—“1"Pn(D

whence the value of » will be deduced from that of v by differentiation ; for since
Cay—a<—1,
P27V _p_1)D-n—1)..(D+a,—a,+n)
(D +a,—a,) 2 ’
and so on for the remaining factors to which P, is to be applied.
The two following examples will suﬁiciently illustrate the preceding case.

6
Ex. 2. Given da:2+72u — =0, Whnch is an equation occurring in the theory of
the earth’s figure. '
The symbolical form of this equation is

u+(~me u=0.
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. . @ X
Here a,=2, a,==—3, n=2; also the equation for v is EEZ""-‘IZU:Q’ whence
v=csin(¢go+c,); and by (34.),

D— 1
u=e"¥Pyy—zv

=¢=%(D—1)(D—3)v,
1 x?dz 3xdx+3)csm(qx+cl),
3 . 3¢
=c{('x‘§~—92)sm(7~r+cl)“‘}"COS(Q‘”'}'.CI)}'

The above example might have been treated directly by Prop. 3, and without the
aid of Prop. 2, but the final determination of # would not have then depended on
differentiation alone. Thus we should have had

' A
“toroo—3 =0

v +--qf~ u=V
DDO=1) :

o g g #(D) D(D—-1) _D-1
Here ¢>(D)_mm:§), mL(D)_]-)—(D Iy whence P2¢(D)_P2(D+2)(D —3=D+2

wherefore by (30.),

D-1 D-1

“=prz»  0=przV-

As no factors disappear in ¢(D), no constants are to be added in determining V,
whence V=0, v=csin(gz+-c,),

”_g+2”_(1 —3(D+2)~Nesin(gz+¢)),
=c(1—38¢~%(D)~1e¥)sin(qw+¢y),

= c(l ——%(x%) —1x2) sin(gz+-¢,),
=c{sin(qz+¢,) —-%ﬁmwsin(qx—i— )},

=c{ (1 -—7—2) sin(gr+c)+ ~cos(gre)}-

Ex. 3. Given the equation dﬁ ﬁ’jj;—l)uj:h?u=o, ¢ being a positive integer.

This equation, under a slightly different form, has been discussed by Mossorrr ir
his memoir on Molecular Action. It has also been treated by Paorr and by Prana.
The symbolical form of the equation is

h%
ui——(D+z)(D )a"u=0. N € 1:99
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Comparing this with the general form of Ex. 1, we have
ay =i, a,=—1—1, n=2, ¢g=h, whence
. l
v being determined by the equatlon = Q—HL v=0. Now P,p" T—(D 1)(D-3)..

(D—-2i41), and writing x = for D, we have
d . A
u=5;(arg“,;— l)(x(—[x-3)..(xd?-2z+1)v. R G113
The value of » may be otherwise expressed thus. Applied to any subject, we have
D-— l—e"Ds—‘—w( dx) L

D— 3—63"De—3"—x4i —}—>

D —2i 41 =¢@i—1YDg—(2i-1)= x2i%$—(2i—l)_

Substituting these expressions in the general value of u, viz.
u=¢=¥(D—1)(D-3)..(D—2i+1)v,

we find
u=— xz— -—(14‘—1; S ( - )ap=Ci=ny,
zﬂﬂ("“” )(“3 dar) (“3 de .z-"—"
1 d\i v
= (#5)
. . d% z(z+1) .
Hence the complete integral of the equation TE— u+h*u=0 is

ccos(ha) + ¢,sin hx)
u""ct+l(‘z‘3 ) x?l— ! (

and that of the equation :1;” (Hl)

u—h2u=0 is

d ca’“’-}-(;s“"" )
u-xm( e ,‘,2,; s e e e e e e e (37)

which forms are perhaps new.

Equations of the above class have been discussed by Mr. Lesuie ELus, in two
very ingenious papers published in the Cambridge Mathematical Journal*, and it is
Just to observe that the first conceptions of the theory developed in Prop. 3 of this
section, were in some degree aided by the study of his researches.

The two following examples are intended to elucidate the theory of disappearing
factors.

| * Vol. ii. pp. 169, 193.
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. 2
Ex. 4. Given (a%+g2)at((a+3)ga’+(b—i+1)2) 1ot ((a+ Dgo—biyu=X, the
second member representing any function of #, and ¢ beingk an integer.
The symbolical form of the above equation is

(D+a)D
u+9pram—i =V

wherein U={(D+5)(D—i)}~'X with the relation #=¢. Assume as the transformed
equation,

(38.)

D+a :
v+qms‘v=V e e e e e e e e .(39)

then P, (D)

14(D) —PID ,"D(D-' D..(D—i+1), wherefore

OODDoH )
U=D)D—=1)..D—i+1)V. |
Now (39.) gives

D+d) v+¢/D+a+1)v=D+b)V,

22 4 byt qr@ata+ov=D+HY,

vzmm{ [z ={(14g2)=(D+BVHC.}. . . . (41)

Now from (40.) we have
V={D(D-1)..(D—i+1)}-1U,

(D+5V={DD—1)..(D—i+1)}-}(D+bU.

But (D4+5)U=(D—:)-1X, whence
D+b)V={DD-1)..(D-9)}-1X.

In performing the inverse operation {D(D—1)..(D—i41)}-! we must, by the
second canon, retain one arbitrary constant. We choose the one derived from the

factor D. Observing then that {D(D—I)..(D—i)}—1={x"+1(d%)l+l}‘l, we have

(+1) X
O+yv=(z) """ +c.
Hence substituting in (41.),

ﬁx[x” =1(1 4 ga)e-t (/ d.r‘“~———+C )}-}-C

‘Z"‘(] + gd)"_b'H

(2L o

‘Z‘b(l + q‘z.)a—b+l

u=xt

If X=0, the above gives
_ ,< iC+C, fdwx~ (1+qa)*=?
U=T\ 7= 2/(1+ gz)*=5+ 1
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Ex. 5. Given (l—-wﬂ%-l—(%-@n—p-]—l)x %—2n(2n—p)u=0.

This equation has been discussed by Porsson*. Tam, however, unacquainted with
his results.
Passing to the symbolical form, we have

D+20—2)D+2n~2—p) ,,
u— D(D+p) 82’?,6—0, . . . . . . . (42.)

which is integrable in three distinct cases.
1st. When p is an odd integer, by assuming as the transformed equation

(D+22—1—p)(D+2rn—2
(D+p)(D+p—1)

—p) =‘UU= 0,

v—-
then operating by (XII.).
2nd. When = is an integer, by assuming

| — D+ QDn_‘__; "‘Pe‘zéu =V,
which is of the first degree.

3rd, When 2n—p is an even integer, by assuming

‘ v—gy=V,

An equation similar to the above, and susceptible of an interesting physical appli-
cation, will be treated at length in another part of this paper.

We are now prepared to assign the general conditions of integrability of the equa-
tion u+p(D)eu=0U.

In the first place, if (D) involves factors of the form %%z, in which =—=

r

is an
integer, they may be made to disappear as in the two last examples.

Such factors being then rejected, let the remaining factors, if any, in the numerator
of p(D) be (D+m,)(D+m,)..(D+m,), and the remaining factors, if any, in the de-
nominator of (D) be (D+4n,)(D+4n,)...(D4n,). The conditions required are, that

the quantities.
My—my+1  mg—m+2 m,—m;+r—1

r r r
c oo e 0. (43)
ng—m+1  ng—n+2 . Np—N+7—1
r r r

shall be all integers.
For in such cases the proposed equation can, by (XIV.), be transformed into the

following :
ollowing v+ fD)fD—1)..(fD—r+ D=V, . . . . . . (44)

wherein f(D) is equal to (D+m,), or to (D-n;)-1, or to I])):le’

“tors of (D), under consideration, are of the form D +m)(D+m,)..(D+m,),

or 1 (D +m)(D +my)..(D+m,)
D+m)(D +ng)-DFm)” * (D+,)(D+ng)(D+m)

* Journal de I'Ecole Polytechnique, cah. xvii. p. 614.

» according as the fac-
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In each of these cases (44.) is reducible by (XIIL.) to a system of equatlons of the
first degree.

If for m; we choose the least of the quantities m, m, .. m,, and for », the greatest of
the quantities n; n, .. n,, the final derivation of % from v will be effected by differenti-
ation. o :

The only integrable forms of the equation w+ ¢(D)s“u="U, which are not comprised
in the above generalisation, are those which finally depend on a transformation
affecting the independent variable. They are included, so far as I have been able to
ascertain, in the two following general cases, viz.

(D 4+m)?+¢? _ .
uta DD Ln)* Uu=U . . . . . . . .(435)

u+ta (8)—:‘ 725)]) _:_;%) 2y = U,
wherein z—m is an even, and »,—m an odd integer, positive or negative.
If in (46.) we assume d=—¢', then multiply by 2, and reduce, the result will be of"
the general form (45.), which alone therefore it will suffice to consider.
By the successive application of Propositions 2 and 3 the equation (45.) may be
reduced to the form

. (46.)

v4-a @D—(ﬁ—):l)ie%_v

and this equatlon may always be integrated by puttmg 2 in the place of ¢/, and then
assuming f Tiraa—Y vide (23.). A single example will suffice.
Ex. 6. Given (l—-x2)352— (2m+l)wd—z-—- (mZ——qz)u=O, m being an integer.

The symbolical form is

—0\2__ 2
u—-@—%?ﬁ—_g_)-l—)—q*e”u:(). e e e e . (47)
Let u=¢—m%,, then by (XIII.), Prop. 2,
(D—2)2—¢? o
"1"(1)—m)(D-m—-1)52'“1—‘0‘
Assume E (II))(DQ —l)q 2=0.. . . . . . . . . . (48)
D(D-1

Here P, “’(( ;_PQ(D_mg(D__,L_I)=D(D-—1) .. (D—m-1), whence

uy,=D(D~-1)..(D—=m+1)v=am (a%)mv
Now (48.) gives (l——mz‘)‘i—i—z-—wg%-[-q?vzo, which, integrated by the method above ex-
plained, leads to v=c, cos(g sin #=1)¢,sin(g sin—'z), whence finally,

d m M - - )
“=(ﬁ {c,cos(gsin—1z)+c,sin(gsin='2)}. . . . . . (49.)

MDCCCXLIV. 2L
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By reasoning precisely similar to that of Prop. 3, it may be shown that the equation
u+¢,(D)su . . . +0a(D)e¥u=U may be converted into the form v++J,(D)e%w.. ..
+n(D)eMv=V, by the assumptions,

—p &(D) #o(D) ¢(D)
“=Pry,0)”=Poy0)? - =Pry, )7 - (XV.)
—pa@y p""(")v oo n T
U=Pym) "4n(D)

That these assumptions may be realized, it is necessary that Yy (D), %(D) wlo,‘(D)
should be so chosen as to satisfy the conditions,

$o(D) __ ¢,(D)¢,(D—1)
Yg(D) ™ %D} (D—1)°

k ¢n(D) ¢1(D)¢1(D"l) ¢|(D"'7‘+1)
Ya(D)™ ‘bl(D)‘J’l(D ). 4, (D=n+1) :

These conditions being satisfied, the first of the equations (XV. ), viz. u=P, HDY®

will enable us to deduce « from ».
It is seldom that an application of the above theorem is necessary, and a smgle
example on the present occasion will suffice.

"Ex. 7. Given (a+bx)g‘?z+ (f+gw)%+ngu=0.
" The syxnboiical form of this equation is

D +5 L
b D+n 2
Assume as the transformed equatlon,

f o
, D+%

L __ 01 I 1
v+ a D+n—1 vt | aD4n— 1 Mo=V.

Here we have

P 2B p 2=t (Dt ne1)(Dn—2).. (D+1),

WD)
o D4+n-=1)(D+n—
P, pl=p, DD 2)__(D+n—l)(D+n—~2) . (D+1),

and these forms are identical. Hence ,
u_(D+n-—l)(D+n-— 2) (D+1)v—~ (d.z) w"*‘v, coe e (500
O—(D+n-—-l)(D+n—2) DDV L (51.)

As a factor of ¢,(D) has disappeared in the transformed equation, it is necessary, by

the second canon, to retain an arbitrary constant in the value of V. Now the com-

plete integral of (51.) is V=ce=/+-c'e=%. . +¢"s~(»—1¥, whereof we shall retain the first
term in the second member. Hence -
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b D+%—2 g 1
; Bl ——Y ) A ] Y AP
v+a (D+n-—l)ev+a Dya—1° v=Ce~",

and putting =2 and reducing,

dv  (n—1a+(f=br+gs®  C
c—ﬁ-’- azx + ba? v—mﬁ(a + bx)’

an equation of the first degree, whence the value of v being determined, that of  is
given by (50.).

The methods above developed are also applicable, mutatis mutandis, to partial and
to simultaneous equations.

C.§ 2. Some Illustrations of a more General Method of Resolution.

We have, in Propositions 2 and 3 of the last section, fully considered the theory of
the differential equation u4¢(D)¢e“u="U, and have exhibited in Prop. 1 a method of
resolution by which a more extensive class of equations may be reduced to the pre-
ceding form. In what follows I purpose to exemplify a more general method of reso-
lution, founded on the expansion of f(z+¢) in (I.). This method is deserving of par-
ticular attention for two reasons; first, because, in connexion with Propositions 2 and 3
already referred to, it enables us to integrate almost every class of linear differential
equations that admits of integration in finite terms; and, secondly, because a stiictly
analogous method is applicable to equations of finite differences.

I shall suppose the differential equation to be placed under the form

SiDYu+ADpD)eu+f,(D)p(D)p(D— ) ... =T,

where fy(D), fi(D), &c. are any rational and entire functions of D, and ¢(D) any
function whatever of that symbol.

Let D—ng(D)e!=a and ¢(D)¢’=¢, then by reasoning precisely similar to that of
A, Prop. 3, it is seen that = and ¢ combine according to the law,

ef(mu=f(z—1)eu.
Now ¢(D)¢!=¢, ¢(D)p(D—1)¥=¢? and so on. Wherefore the proposed equation
will assume the form ~
LoD u+fi(Deu+fo(D)Pu+ &e.=U. . . . . . . (562)

But D==+ng, wherefore, expanding the coefficients of the above equation by (I.),
we have

A w2 A L
SoD)=£(®) +ng fo@)e+15 amafo(7)e*+ &e.
And similarly for the rest, the interpretation of KA; being

2 fm=fm)—fx—1).
2L2
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Substituting the expanded forms of f;, (D) f; (D) &ec. in (52.), we have a resuit
which may be thus represented :

Po(P)u+(7)eutpy(7)e?+&e.=U, . . . . . (XVL)
?o(7); ¢1(7), &c. being rational and entire functions of . Several distinct cases may
here occur, rendering the above equation either integrable, or reducible to a simple
form.
1st. It may happen that by a particular determination of n the equation (XVI.)
may be reduced to a single term. Suppose that it should give
Po(m)u=U;
then if #—g¢,, #—¢,, &c. are the factors of ¢ (=), we shall, by resolution, have
u=N,u, +Nyu,+Nyu, + &e.
(r—q)u=U
(?“92)"2=U°
On replacing # by its value, D—n¢(D)¢, the above system will assume the form
u+9,(D)efu=1U,
which has already been considered.

2nd. The coefficients 9y(7), ¢,(7), &c. may be constant. The equation then be-
comnes

u;{-a,gza+a2g2u+&c.=U,
which has been already considered.
8rd. The equation (XVI.) may, perhaps, be reduced to consist of a pair of terms.
Suppose that it should give

Po(m)uto(7)eu=U;
this may be reduced to the general form
u+@(7)eu="U.
As 7 and ¢ combine according to the laws of D and ¢/, the above equation may be
treated by Prop. 2 and 3, C. § 1, and its integrable cases determined accordingly.
In illustration of the above theory, we shall investigate the principal integrable
cases of the equation

(lx?4 m.z-"-{-nx*‘)zj—;-!' (l’x+m’w2+ﬂ'w3)%.+ (l'+m'z+n"22)u=0.

The symbolical form of the above equation is
{ID(D—1)+ID+1"u+{m(D—1)(D—2)+m'(D—1)+m"}e'u
+ {(n(D—2)(D—3) 47/ (D—2)+n"}e?u=0;
or, as it may be written,

{(D+a)(D+B)u+m(D+o')(D+p)cu+n(D+a")(D+L"e2u=0, . . (53.)
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wherein

I A , 8 —=l— V(I —1pP—4ll" ,

“ 2] 21

o

y _m —3m+ v/(m’—m)9—4mm”, g ! —3m— ¥ (m —m)?—dmm/
om om ’

o' =1 =50+ V(W —n)*— g 6,,_n'—fin--- V (1 —n)?—4dnnl
- 2n ’ - 2n
It may happen that some of the factors, D+«, D43, &c., are wanting. This would
modify the investigation. We shall, however, here suppose that they are all retained,
and shall seek the conditions of integrability under this supposition.
The equation is reducible to the first order, and therefore integrable, if any of the
following eight conditions is satisfied :
z or B=d' or B'=20a" or #".
Thus if we have e=«'=¢", we find
' I(D+B)u+m(D+p)u+nD+p")eu=D~+w)~10=ce~*,
which is an equation of the first order.
Suppose that we have
I=“H= " l,
pd=prL) ”
=0 =a —1.J

The equation then becomes
{(D+e)(D+oe—1)ut+mD+a—1)(D+B)u+nD+L)(D+L'—1)2u=0;

: m D+p n (D+[3’)(D+[3'—l)‘ _
o1 v +T Drat T DFa)Dra=1) =0

which has already been integrated, Ex. to Prop. 1, C.§ 1. There are several other
cases in which this method of reduction will apply.

If the conditions (54.) are not both satisfied, let it be supposed that the first is
satisfied, we have

(D+a)(D+P)u+7(D +a)(D+p)eu+7 (D+p)(D+p — 1)eu=0.
Put D+p)e=¢, D=7+¢e,
then (D+e)(D+Bu+7(D+e)eu-+72u=0.
Expanding the coefficients as directed in the rule, we have

(D+2)(D+B)=(7+a) (7+8) +4@r+a+B—1)e-+g%. F(D+e)="(z+o+g) ;
the substitution of these values will give

(o) But{ (2047 )7+ aatB— 1)+ 70 bt (#4047 ) pe=0;
or, as we may for simplicity write,

(7o) (z+B)u-+ (Az+B)eu+ Co?u=0,



260 MR. BOOLE ON A GENERAL METHOD IN ANALYSIS.

wherein A=2q—|—”—lz, B:q(a_(_ﬁ__])_l_’%x’, C=q2+%q+—7;-

This is integrable in several distinct cases.
1st. Put C=0, and taking either value of ¢, suppose that we have A=0, B=0, then
(7o) (z+B)u=0,
which is reducible to a pair of equations of the first order, and is completely inte-
grable.
2nd. Determine ¢ so as to satisfy the equation C=0, then
(7+a)(7+LB)u+(Az+B)eu=0,

7r+§

or U +Am

eu=0.
This is reducible to the first order whenever K‘diﬂ"ers by an integer from « or (.
B . . .
Thus, suppose that 5 —e is an infeger, then assuming

v+”+ﬁgu=0,

B
+
we have Pl¢’(7‘r)v,——l)1 v,= 9r+ -7r—|————l w(met1)v.
() Tta A A

The equation for determining v is of the first order, and the derivation of u from v is
effected by processes which involve differentiation only.
3rd. Let A=0, and determining ¢, let B=0, then

C
S Fyp—.
u+(7r+“)(w+ﬂ)g u=0.
Suppose « greater than 3, and assume

C
Pt EraEran =0

then u:Pg—ﬂ_w v=(7r—|—oa— (7 +o—3)..(7+4B42)v.

Here it is necessary that « and (3 should differ by an integer. The equation deter-
mining v is reducible to a pair of equations of the first order, and « will be found, as
in the last example, by differentiation ; thus,

r=(D—gglv={D—q(D+p)}v,
={D—¢/(D+E'+ 1)},
= (2—ga) 2 — g(B'+1)a.
If in the general equation (53.) we assume d=—/, and multiply by ¢, we find
n(D' o —2)(D' =" —2)u+m(D'— o' —2) (D' —'—2)fu+ (D' -2 —2) (D'~ f—2)e#u=0.
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Let u=¢2*v, then
n(D'—o")(D—BNu+m(D'—) (D' —B)e"u+ (D — &) (D'—B)e2u=0,

. a . . . . . o s
wherein D'=—;+ The comparison of this equation with (53.) shows that if in the

equations of condition which we have obtained, we change « into —«", 3 into —@3',
I into n, and wice versd, we shall obtain a new series of conditions of integrability.
There are probably a few cases which the above analysis would fail to discover.
Should the attention of analysts be turned to this subject, it is not unlikely that we
shall soon be able to tabulate the forms of fj(D), f,(D), f,(D), which render integrable
the equation '
JoD)u+fi(D)eu+.fo(D)u=U,

an object which I bave endeavoured to accemplish for the case in which the first
member involves only two terms.

D. Theory of Series and of Generating Functions.

Let wa?+u,, 2" ...4ux* be the proposed series, and let the law of derivation of
the coefficients be
u, + o (m)uy o t0,(m)ut,_,=0, . . . . . . . (55)
alaw which we shall suppose to obtain for every set of n41 consecutive coefficients of
the series. 'This condition excludes from (55.) all values of m from p to p+n—1, and
from ¢41 to £4n, i. e. the n first values of m in the series, and the » first values of m
following those in the series, because for such values of m (55.) ceases to be a relation
connecting n+-1 consecutive coefficients of the series proposed. Now by the funda-
mental theorem, if w=3u_a™=2u, ¢, then

w1 (D). 8,(D)eru=3{ (t 8, (m)u" ..+, (m)ur=)ent},
but by (55), the expression u,+¢,(m)w,,_,+&c. vanishes except for the values of m
above particularized, hence to those values alone of m is the summation in the second
member to be extended. The result may be expressed in the following theorem.
If w=Sunam=2u.e", and if every n-+1 consecutive coefficients of the series are con-

nected by the relation
Un+ 0 (M) 8y, (M)u,,_, =0,

u+¢)l(D)e‘4u..+¢>n(D)e""u:2{(um+¢>1(m)u,,,_l..+¢n(m)um_,,')em"}, .+« (XVIL)
the summation 2 in the second member of the equation extending to the first n values of
m in the original series, and to the first n values of m following those which are found
in the series, every value of u, being rejected which is not contained in the given series.

The following are particular deductions from the above theorem.
Let u=w,a"+u, 27"+ 1t,,,0" ... 4+ua’, and let the law of derivation of the coeffi-

cients be u,=p(m)u,._,, then
u'm_¢(m)um—r: 07

u—e¢(D)etu=2{u

then

. (56.)
—g(m)u,_)em}.

m
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Here the only values of m, whereof account is to be taken, are p and ¢4r. If
m=p, we have, under the sign of summation, the expression (u,—@(p)u,_,)s*, but
u,_, not being a coeflicient of the original series is to be rejected, so that we have
simply w,e”. Assuming m=¢-r, we have under 2 the expression (u,,,—@(¢+7)w,)
¢ from which u,,, being rejected, leaves —@(¢-+r)u,, wherefore
‘ u— (D) u=u,er’ — @(t+r)ugs .

Since by (56.), w;,—@(t+r)u,=0, the above equation may be written under the
somewhat simpler form,

u—o(D)eru=uer’—u,, % . . . . . . . . (67)

If the series is infinite,

u—o(D)elu=uer. . . N 1N

Let u=wua?+u,, 2" +u,, 2" ... +ua’, and let the laW of deuvatlon of the coeffi-

cients be

u,,+ (M), _,+@y(m)u,,_,=0.
Here by the theorem,

u+ (D)l @y (D)ePu=32{(u,,~+ @1 (M)t ., + @y (M), _0)e"*},
the values of m to be considered being p, p+1, ¢41, t4-2.
Whence the second member gives
(U 0 (P 1) e A (@ (24 Dty @o(E 4 1)y, ) -0, (£4-2)e+22,
This expression also may be simplified, as in the preceding case, for
up+l+¢<p+1)up=_@2(p+l)u —13

Q1+ D)ut @o(t 4 Dty = — 4y,
Wherefore finally,

D D)= 0,k )y 8 I B 2 (39
Q 2__ 02 2 - A2

A

2 2

w3, u,,—,, wherefore by (567.),

m(m—1)
D—2)2—n?
u—(—ﬁ(ﬁ)jf)?—e”uzl.

Here u,— —

u  du
— e — 2% 2=
(1 =) — o +n?u=0.
u=c,cos(nsin~'x)4-¢,sin (nsin~'z).
Determining the constants by comparison with the original series, we find
u=cos(nw), wherein w is that value of sin—'x which lies between —% and -;—

. . . n?—12 n?—12)(n?—3°? 1
Similarly for the series x— 153 x3+( 3. 2,. i ) 5 —&e., we find U=-- sin (nw).

The correctness of these results will be shown by substituting Poinsor’s expansions,
Ex. 2. To sum the remainder of TAvLoR’s series, viz.

d”cp(a) an dn+1¢(a) antl
da® 1.2..n da™t1 1.2, n+1+ &e.
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1 d 1 d
Here um= - —ttm_1, O Um— 7 Fttm_1=0, whence
d, _dgla) =
—(D)-1 < o
u—(D) daé ~Tdat 1.2.2
du d dioa el

ol @&y, L P
B da T e 1. 2om—1’

du du__d'¢(a) am!

dze” da™ da* 1.2.n—1
a partial differential equation of the first order, of which the complete integral is

(@) @ 'dz .
”__e%<~/;~M da* 12..n—-1+‘l‘("))7

L T

+J denoting an arbitrary function.
Now u vanishes with 2 whatever way be the value of a, therefore the arbitrary
function and the lower limit of the integral are each 0; wherefore

d
wm B egy PO (60)
0

Tion—1  dar °
d

the symbol & * X “implying that after integration we are to change a into a+«.

Series of the class f(p)ar4f(p+4r)av+rtflp+2r)ar+2 4 &e., wherein f(m) is a
function of invariable form, may be reduced to linear equations with constant co-
efficients.

We have u=f(p)ar+f(p+r)ar+r+ &e. Here un=f(m), un—r=f(m—r), hence

m:j(j;%r_) Up—r, OF Up —#%um_rso, wherefore
D
-—ﬁflg—_—_%s“’u:f(p)eﬁ". N (1
Assume v—¢?v=YV, then P, #(D )MP, f =f(D), whence
¥(D) J(D
u=f(D)v,
AP =fD)V.
The last equation gives V=:¢#/, therefore v=1_5f:w, and
u:f(D)if’jn.. C e e ... ... (XVIL)

This remarkable result may be otherwise obtained; thus,

U= EZ:pV(nz)em” == 2::: f(D)em,

=AD)3.7)

MDCCCXLIV. 2 M
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If we wish to sum a finite portion of the development, let f(p)a? be the first term of
the series as before, and f{p")x?’ the first term of the remainder of the series, that is, of
the portion following that which is to be reduced to a finite form, then
J
wsfDY L (62)

1—erd ’

Ex. 3. Let u=1.2.n2x+42.3..(n41)2?4-3.4..(n+2)23. .. +¢{t+1)... ¢+n—1)at.
Here fim}=m(m+1) ..(m-+n—1), therefore

u=D(D+1)..(D4n—1) L= -‘-’(“‘”’,
. dn 1 ___xt+l
=T ® 1=z’

< )n(zm_xt+n
=¥\dz) 1=z °
Ex. 4. Let u=17x+27243n23 ... + tnat,
Here f{m)y=mn, whence
e st ( d \"p— g+
u= 1—¢ Yaz) T=% "

Ex. 5. Let u=1-(cos v)r+(cos2v)x2+ &c. to ¢ terms.
Here f{(m)=cos(mv), wherefore

1—et?
u= cos(ka) =

1 1—etl
=.§_(g'vD«/—1+e—-vD4/—l) T

1 l_st(l-{»’vﬂ/-—l) 1___51(4-—27'\/-—1)
2\ V=1 1 —d—ov=1 /?

=

1 —zcosv—atcos(tv) + «t*icos(t—1 )'v
1—2zcosv+*

prosmeny

423 ba*  6a° .
Ex. 6. Let u=y53+533t35.5+ &ec., ad inf.

Here f(m)._—-;;f_')_(:n Y whence

o D+1 e
Y=DD—-1)D—2)1—¢’

1 3 ot
= {?D'—l—-Q(D— 1)'“1+"2“(D-—2)—1 }‘“_‘“?,

= { -—D—1—254D—15—~a+—5241)—1;-2&} !
1—

‘)

e d’é e2dlf 5(16
2 1 1——s‘+ ”

-
:c(l.z'
2 1 —z f f
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Effecting the integrations, and determining the constants by comparison with the
original series, we have

7 1 1 3
u=- w2—~2—x-—-(—2—~—2m+7m2)10g(1 —2).
When, as in the above case, the factors of the denominator of f(m) are equidifferent,

the value of @ may be determined by the solution of an equation of the first order.
Thus :

0 1 2 .
Ex. Let u= lfé )n+2 of((n)+ ) m+3.4{(<nl2) 224 &c., ad inf.,

wherein f(m) is of the form a-+bm-+cm?+ &e., being finite and not involving any
negative or fractional indices.

. _ Sm)
Here Un = T+ 2) () whence
fim) m
Un™= fm—1) m+n Um-1=0,

D) D, S0
T f(D— 1)D+n 1.2..n

Assume
- +ne‘v=V,
we find u=f(D)v, {5 (O) —=f(D)V, whence V=75—, and substituting
D , 1
PTD et 2w

(D+n)v—e¢(D+ 1= 1.2..(;—1)=I‘(1n)’

_ (A==t et
v= T(n)end J[;.-i’)"’

1 —ef)n— enldl
u=f (D/( I‘(nd)e'lf f 1—e)”

1 d\(1—ay=! [Tanide
T I'(n) S ('Z‘dx) z" o A—a)”
a vesult always finite when » is an integer.

The theorem (XVIIIL.) may be extended to series involving any number of variables.
Let w=3 f (mmy..)x,™x,™.., f being a function of invariable form, and the summation
S extending to all positive integer values of m;m,.., then

1 .
u=f(D1D2")m“., . . . . . . . (63-)
wherein ¢h=ur,, ¢h=a,, &c. The performance of the operation f(D,D,..) will involve

differentiation, or the solution of a partial differential equation with constant coeffi-
cients.

2 M2
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A still more remarkable theorem is the following.
Let u=73 f(mm,...m )x,"v,"..x,"", the summation evtending to all positive integer
values (0 included) of mym,..m_ , which satisfy the condition
my—+my...4m =y,
then if ¢h=u,, ¢h=u,, &c.,
u=f1D;.Dp.. D) {X e+ Xt . 4+X e}, . . . . . (64)

wherein
e(""‘ 1)41

(651 — %) (b1~ g%)...(ehh —e"n)’
=10y
X2=(542——591)(542-—E”a)..(e”z—e"n)’
and so on for the rest. Whut is particularly to be noticed is, that the quantities
X, X,.X are independent of ».
Lastly, if the condition under which the summation is to be effected is

my~+my.. +m =,

Xi=

the rest as before, then
1 _E< 14 1— 1)
u=/Dy, Dy.DY){ X1~ R g

As an example, suppose it requlred to obtain a finite expression for 2(mna™y")
subject to the condition

+&e.}. ... (65.)

m+n=y,
Here by the theorem,
L+DA O41)4
u=D { gh— e"z e”;:s?’;}’
_ d? xv—}—l_yv-l-l
—-‘Zydxdy z—y ’
(=) (@41 =y D) (v 1) (agpr — ),
(z—y)?

=ay
Thus let =3, we have
22— 425y 4 4ay® —21/
(@—y)®
=2x% 2212,

U=TY

as it evidently should be.

D. § 2. On the Theory of Generating Functions as connected with Equations of
Differences.

The complete solution of the equation of differences
_ w,+ o (m)u,,_,+o,(m)u,,_y..4+0 (m)u,_,=f(m), . . . . (66.)
involves n arbitrary constants. This implies that » successive values of », may be
regarded as indeterminate, the remaining values being thence formed according to
the law of which (66.) is the expression. The research of the generating function of
u,, implies the finding of a function u, developable in a series, 2u, 2", of which the
first index p, and the first n coefficients w,, %,,,..%,.,, are arbitrary, and the remain-
ing coefficients are formed in subjection to the law (66.).
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In what follows we shall suppose that the first index p is 0, and that the n arbitrary
coefficients of the development of » corresponding to the = arbitrary constants in the
solution of the equation of differences, are u,, #,..u,_,

Let f(m)=t , then

w,+o,(m)u,,_,...+¢, (m)u,_,—t =0.

Let also ¢ be the generating function of ¢ , as is « of #,_, so that

w=3"""(u ) t=23"_"(t ).

By the fundamental theorem of development,

ut¢,(D)u..+ ¢, (D) u—v=2{(w,+@, (M)t —1.0. +-@, (M) 0y, —1, )"}

Now considering the expression in the second member under the sign 2, let m=0,
and it becomes w,—{,, for which as u, is arbitrary, we may write ¢, an arbitrary con-
stant. Secondly, let m=1, we have (u;+@,(1)u,—t, )¢’ =c,¢, since w, is arbitrary. In
like manner may we proceed till we arrive at the assumption m=n—1, which gives
the term c,_ ", For all values of m greater than n—1, the expression under X
vanishes by (66.), wherefore

u+0,(D)su...+9, (D)e’u—t=cy+c,¢..4c,_,£"";
or replacing ¢ by its value, and transposing to the second member,

u+0,(D)eu..40,(D)eu=3,_, fim)e+ cy+cgedco e . L (XIX)

— —2n—2
Ex. 1. Given u --l—a1 72 1 m_l—l—azm 7: U, _y=f(m) to find the generating func-
tion of u,,.
Here by the theorem
D—2n— 22[, -
u—l—az1 e"u-l—a D u=t+cytce, . . . . . (67.)

wherein t=3,,_, f(m)e. Hence
dt
Du+ays(D — n)yu+ag*(D —2nju= 75+ ¢!,

o 1taptap®  1+aw+age®

(d“‘)d‘” .
u—(l—l—alr-l—azz“?)l -I- e ... (68)

1-{-&1&'-}“(1 wﬁ nt1

du__n o +2me dz

The value of t will of course be found by the ptecedmg chapter. Suppose asa

. 1
particular illustration that f(m)=15- then t=¢", whence

g +C .
u.—(l—}-alx—{—agm?) {ﬁm+6}

Let f(m)=0, and further, let C,=0, then
u=c(l +ax+aa*";
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this value of » involving but one arbitrary constant, the coefficient of the first term
only of its development will be arbitrary, and the rest will be formed in subjection to
the law proposed.

flm) am+b, Jm) an—l—b
m—1) am+b " om— 1+f(m—-— 2) am+b Um—2=

Ex. 2. Let the equation be .- 7 F(m).

By the theorem we have

D) aD+5, (D) a,D+35, .
u+f(£( ))a“Dib 4 +f({) : aaD+b‘é =2, Fm)em'+cy+c¢.

D+d D+d
Assume v+a;D i bl v} azD I be 2=V,

Here Pf(f( ) )_P?j(J];(D 3 =f(D), whence observing that j?) ,%') are étill arbi-

trary,
u=f(D)v,

a,D+5, a,D4 b m= mF(m)
v+ D5 0D 5 © = 2 ) YO0

From the second of these equations, which is linear, and of the first order, the
complete value of v will be found, whence that of » will be obtained by differentia-
tion, or by the solution of a differential equation with constant coefficients, according
as the form of f(D) may determine.

D. §3. On the Theory of Generating Functions as connected with Equations of
Partial Differences.

We shall confine our observations on this subject to the case of equations involving
two independent variables, the most general form of such equations being

QoMU @ (M) Un—10 T Po(MR) U2 . . .
Yo (mR) U —1 Yy (M) ey —1.0—1 F Lo (MR U201 . .. }—f(mn)
+x0(m‘n)um.n—2 +%1(mn)um-—l.n-—2 +%2(mn)um—-2.n-—2
The above equation may be placed under the form

2omn)um—rp—p=fmn), . . . . . . . .(69)
the forms of p(mn), and the value of » and r!, being different in different terms of
the equation, the greatest difference of the values of r we shall represent by ¢, and
the greatest difference of the values of »* by ¢'.

Let » be the generating function of u,, its development 3 (#m2™y") being arranged
in ascending positive powers of the variables, the lowest index of each being 0. By
reasoning similar to that employed in the preceding chapter, it may be shown that
the equation for determining the value of » will be

2{p(D,D",)ert+r¢u} =3 { f(mn)emd+n¢'}
F () + Py ()¢ . Pi ()17
F+ (), (). A Vi ()=, L L L (XX))
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wherein ¢=x, ¢/=y. The summation 2 in the second member extends from m=0
to m=w, and from n=0 to n=wo. The functions ®y(¢’), P (), &c. are in general,
but not always, arbitrary and independent. Their forms are in each particular instance
to be determined by the initial conditions of the problem.

Ex. 1. Let the proposed equation be #pnn—2%ma—1—2Un—-10-1=0.

This is one of LarLace’s examples. Applying the theorem, we have

u—22"'u—2e"+"’u=(bo(s"')+‘F0(e"),. e e e e L (70D
Dy (y) +¥o(2)
== S (4

To show in what way the arbitrary functions are to be determined, let it be supposed
that when y=0, v=f(x), a known function, and when x=0, u=f (y), a known func-
tion also, then in (71.) making successively =0, y=0, and x and y together =0, we
have

®,(y) + (0

_(l—)igj————fl(y), )
DO+ ¥@=Ff@), . . . . . . . . .(73)
DO+ Yo O=A0), - . . . . . . . . (74)

(72.) X (1—2y)+(73.)—(74.) gives @y(y) +¥o(x)=f(2)+ (1 —29)fi(y) —f(0), whence

@) +(1—29)f\(4)—f10),
e 1—2y—2azy

m m 1
Ex. 2. Let um:n+a1mum—-l.n+a2”m.n—l+bmum-—l.n—l':m'

Here, by the theorem,

u-i—alD]_)He u—+asfu+ by e‘+’u—eea+5y+(b(e")+‘lfge’)

Assume v+a,ev+a,' v+ be! v =V, then PIT)%=]")%-T’
whence u=(D+1)—lv=e—’(D)—la'v=—;—ﬁdx, also V=(D+1)U

d .
=(rf+ 1)(5x+y+(b(y)+\lf(x))=(w+ Dertv4+F)+F (y),

the functions F(z) and F,(y) being arbitrary. Hence the equation determining v
becomes

v+ a 2o+ ayv4-bryv=(z+1)e*+v4-F(2)+ Fi (y),
__(+ 1) + F(z) + F,(y)
T l4aextay+bay

(@+1)e*7 1+ F@) +F\(3) .
U= fd l+alx+a2y+bxy . . . . . . ° (/5.)

Had the second member of the original equation been 0, we should have had

F(z) + F\(y) , e
d1+alm+aej+bmy e e e e e e (/(),)

1
u=_

Suppose it heve, as before, required to determine the arbitrary functions by the
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conditions that =0, y=0 shall respectively give u=f(x), and u=f(); differenti-
ating (76.) and proceeding as before, we find

L (ra) (21 )fle)+ (14 a) 0)=10)

U==— X

Z 14 a2 +agy+bay

The general theorem (XX.) applied in the two preceding examples is formed on
the condition that the generating function « shall involve in its development positive
powers only of x and y. This condition introduces into the second member a greater
number of arbitrary functions than would otherwise be necessary. If, for example,
it were merely required that the indices of y in the development should be positive
and ascending, the form of the second member of (XX.) would simply be

S (mn)emt+1 4l () by () -1 ().
Which of the two assumptions is preferable or necessary must be determined by
special considerations.
As an example of the latter form, let us take the very simple equation
m(m—1)u,, ,_y—a’n(n—1)u,_,,=0.
We have
D(D—1)e¥u—a?D'(D'—1)e2u=F (&) + F,(¢")¢*,
. @u du__Fo(x)+F (":).y
" Vap= a%y?

The solution of this equation will put us in possession of the complete value of «,
the functions Fy(x), F,(x) admitting of either positive or negative indices in their de-
velopments. If we assume those functions to vanish, we get

u=0(y+az)+4(y—az),
which is a particular value of the generating function.

Many other developments and applications might be here given, were the subject
of sufficient importance to justify further detail.

E. Application of the Theory of Series to the Evaluation of certain Definite Integrals.
Ex. 1. The function (1—2v cos w412)~" being expanded in a series of the form
Ag+2(A, cos w+A, cos 20+ A, cos 3w+ &e.),

it is required to determine the general coeflicient A,.

We have
(1 =2y cos w4-%)=n= (1 —peV=1)=n X (] —pg=o"=1)~n,

_(1_’_"”2”,/ 1_|_ 2620V — 1+n(n+1)(ﬂ+2)33~¢_1+&c'>

(n-!—l)

(n+1)

x(1+nvs—~~’*‘+ P20 =14 Wllé_*_(gi?)z 3u4/—1+&0.>’

and the quantity sought, A,, will be the common coefficient of ¢rev—1 and ¢~mv-1in
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the above product. Hence

oo+ (ntr— l)r n(n+1)..(n+r)
Ar—'l X 1.2..7 + ]_ 1.2.r+1 ) i
n{n-41 nn+1 w(n-tr4+1 . .
+ (1 > (n: 1_)2.f,_+2 )y”+4+&c. ad infinitum.

Put »2=%, then
Aq——t”E’" N A T (7D

m=0

_am+l).(nt+m—1) nn+1).(n+r+m—1)
n= 1.2.m X IO —

wherein generally  u

the law of derivation being

n+m—1)(n+r+m—1) _
m m(m +1) Uy =0.

Hence, if 3 1"=u, and if ¢=¢, then

D+r—=1)D+r+n—1), n@n+1).(o+r—1)
- D(D+7) o= 1.2.7 =U. . . .. (78)

To integrate this equation, assume .
v—gu=V,

= DD ),

=(D+n—=1)(D4n—2)..(D+1).(D4+r+n—1)..(D+4r+41)»,
=(D+n—1)(D+n—2)..(D41).(D+r+n—1)..(D-+r-4+1)V.

Hence determining V, we have

,_nn+1).(n+r—1) 1
v—do= 1.2.r RO VN R N Py T o g oy
_ 1 _ 1
T {12.(n—1)}2" {T(n)}*’
1
SRt OFS (SN
Now u=(D4r+n—1).(D+r+4+1).(D+n—1)..(D+1),
but (D-rn—1).(Dr+ D)=t (5) 7+,
d\7—1

and <D+n—-1>..<D+1>=(;,;) £,

- r+n—1 A
l]en?e u=t (dt) ¢ (dt ) { P (n)}2(1
But (ZZZ " lin_—_t (dt>"~ — (this may be shown by expansion)

_12.n—=1_ T(n)
=Ta=H" T a=”
MDCCCXLIV. 2N
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therefore u_.t"( dt)n— I‘(:)Zl e
n—1 tr—i-n——
and —-—_—__——,5(79)
=@ = |

wherein =2, a formula of great simplicity.
Hence then we find

7™ dycosrx L d "t grin-l
= — e e+ e .+ .. . (80,
o (1—2vcosa+v*" r (dt) (1—a" (80.)

LeceNDRE has, 1 beliéve, considered the above definite integral, but I am not ac-
quainted with the results of his analysis.
The following expression for the value V of the definite integral

f . dx cosrz
0 (1—2v,c08 2 +v°)(1 —2v,cosx +,%)"...¢ factors
is remarkable for its symmetry,

IR A AN e N I AN S A |
Vet () (@) st e T )T e @)
wherein, after effecting the differentiations, we must change ¢, into »2, ¢, into »2, &e.,
observing that

f1— B\ [y ("1
) (R SOy

( T >< t3)
v3 /) \"; ve
and so on for the rest.

Ex. 2. To express by a partial differential equation the fundamental properties of
the definite multiple integral

’

u=[f.de,dr,. dz,p(a,—x,, ay—2ya,—2,) . . . . . . (82)
the integrations extending to all real values of mlmz .z, subject to the inequality
+ /2 2+ + h 2<

We may consider the above integral as derived from the more general one,
u=/f..dx,dx,..dx,0(a,—2,t, ay—aot...0, — 2, 1),

by the assumption ¢=1. If we expand ¢(a,— )¢, a,—,t..a,—2,t) in ascending powers

of ¢, and integrate within the proposed limits by the aid of DiricuLET's theorem, we

find

bk o 1
= - (f‘_ ) =0 24.2p.n(n+2).(n+ 213)7"2”2?"’(“1“2"-%): coe . (83
2
. & & a
wherein AZ= h12 da19+ k22da29 + knf’dang *.

* Cambridge Mathematical Journal, No. XIV. p. 69.
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If we write the above series in the form w=23u 7", then it is easily seen that
1
o, — ﬂ?(r_n‘:!—n)h Up_y=0.

n

}\Q _2ﬁ712727r 84
U= pp = nr() C ... (84)

Hence, if t=¢’,

D(D+n)u — r22%=0.
Restoring ¢, and for A2 writing
d? d? d?
]llzm—l-hgzda'gg"—l-hnzma
and then dividing the result by #2, we have
n+1du d?u d?u
dt2+ t dt hl d Q ]1/2 (1 2"' hn da O . . . . . . (85.)
which is the equation sought.

Mr. Green*, considering a particular case of this multiple integral connected
with the theory of the attractions of ellipsoids, has obtained an equation different
from the above, and not involving the constants /... It might be worth while
to inquire whether the equation (85.) does not more precisely define the function to
be determined than Mr. GREEN’s equation does, and whether an analysis might not be
founded upon it which should be more simple, and less dependent on foreign consi-
derations. It would too much extend the limits of this paper to enter into the general
discussion of the equation here, and I shall therefore merely observe that it is re-
ducible whenever # is an odd integer, to the form

d*u d*u d? u d*u

Eﬁ—hlzda h2 da hn da Q-——O . . . . . . (86-)

To prove this, we remark that the constant in the second member of (84.) may be
rejected, because in operating on both members with D(D+-») it disappears. Writing

then the equation in the form
2

A
u— me”u: 0,
2

N
let us assume v—msﬂv:& N 78

By Propositions 2 and 3, C. § 1, we find
u=¢""(D—1)(D—38)..D—n+2)v

1/.d d d
=t—,,(t;ﬁ—1) <t%—3)..<t‘-ﬁ—-n+2)v.
Then in (87.) making ¢/=#, we have
dQ
“A—A=0,
which is equivalent to (86.)

* Cambridge Philosophical Transactions, vol. v.

2N2
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Ex. 8. To evaluate the definite mzdtz'ple integral
dxdry.dez,
A" ‘[’/-:[(zzl—.z-l)Q a;—;-g) o+ (a,—= )9} e o . .. (88)

n being an odd integer, i any quantity whatever, positive or negative, integral or frac-
tional, and the integrations extending to all real values of the variables, subject to the
condition

22422+ 221
1 . . o ags .

@i rarrad By induction it is easily shown* that
g5 ) 1 . 24(2i+2). (2z+2p——2)(22+ 2—n)(2i+4—n). (27,+2p—n)
(da,9+da +da (a2+a2w+ad) — (@ +al.+al)tr

Here ¢(a,a,..2,)= @

Hence the series (83.) becomes on making (a,2+a,%.+a 2)}t=r,

272 Ep—mgz (2z+2p—-2)(22+2 —n).(2¢+ 2p— n) L
(——-)7‘2' p=0 24 2pn(n+2).(z+ 2p) I‘( >.2; p=0 U—gp"

(2p+2)(2p+n+2)
@p+20)(2p+2i—n+ 2)t-w-2}
(n—2)(m—n—2)

(ﬂl 2‘)(m—23+n_2) me—2

the law of the series being u_,,=

or putting —2p=m, =0.

And as the series extends to all the values of %, which can be formed in subjection
to the law, we have
D—-2)(D—n—2) ,,
_(D_zi)(D_2i+n_2)5 M—O. . . . . . . . . (89-)
To integrate this equation, assume

(D—n—1)(D—n—2) _
(D-—2z+n—2)(D—2z+n 3)= v=0. . . . . . . (90.)

Then by (XIV.)
(D—2)(D—2i+n—3)
U=ty D—n—1)(D—2i) v

= (D—2)..(D—n-41)(D—2i+n—3)..(D—2i +2)s,
=(D—2)"5 (D —2i4+0—3)"32 ,

. . -1 -1
wherein the index %—-—/2 denotes the product of 2—5—- factors, decreasing by a com-
mon difference 2.
The equation (90.), treated by the method of Prop. 1, C. § 1, gives
1
v=5(v,+2,)

s —_—— Tty —
Ut D—siga—2r1=0 % D—gitn_zot 12=0.

* Cambridge Mathematical Journal, No. XIV. p. 63.
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by
3
[

Whence determining v, and v,,
_ Ci(f +1)22~2 4 Cp(ef —1)2—2~2

h g(n—2i—2)0

.. (9L

If we substitute this value of v in that of u, determining the constants C, and C, by
expansion and comparison with the original series, and effect some obvious reduc-
tions, we finally get*

ot (i )aﬂ/ (21

= (21*“1) (z_ )n,_ {(rF1)" 5 (rm )™ %2y L (92)

V=2

* This example is given merely for the sake of the process. The fullest development of the theory of de-
finite multiple integrals will be found in the writings of M. Leseune Dirrcurer and Mr. Caviey. Some
results, believed to be new, are subjoined.

Q
1. If u"‘ff dx,dz,..dz,p(0,—x,, 4,—2,..0,—2,) subject to the mequallty W 9+h - +h Q<t9 then
}\%
u——-m—o,(a)
ng
" da,?

o d2 a2
where A°= bﬂd—u:é-]- bggw

2. Let u=[f..dz,dx,..dz,f(A) in which A= {(a,—=,).+ (an——xn)g}'% subject to the inequality 2,2.. + a2
1
=, and let (¢,%.+a Q)7‘f=r ; it is evident that u is a function of £ and ». Now

( e )sa() (d 9+”“1 d)¢(r)=e-24’D’(D'+n-—2)¢(ew) if el =r.

r dr
Thus (2.) may be put in the form

1 2y — 1 Wy =) -
Iy S Vi vy

the complete integral of which, determined by Propositions 2 and 3, is

= (dt )(dt ) (dt—n+2) (’”“'l) '(”%””H){?(?‘+t)+¢f(r—t)}-

In the case of 2=3, we find on determmmg the arbitrary functions
u=" (1 =1) {pCr+D=0(r—0)},
wherein g(r)=[ff7f(r)dr®. A similar analysis is applicable to the theory of the attractions of spheroids.
3. The evaluation of the definite integral //(; " (sin @)*f(r+1tcosx) depends on a partial differential equa-

tion similar to the above. Its value is
w=2.4..(n— 1)( _—1) %"3) ( -—-—n+2) (%)_n{f(r+t)-f(r—-t)}.

4, The evaluation of the definite multiple integral S..dw,..dz, Aax,.. +a2,)0(x,..+,) extending to the
positive limits of the inequality ,...+a,=h, depends on a partial differential equation of the first order; the

u:E(a "‘%)(“f“‘“s) (“1‘““»:)/1 dt¢(t)( ) f(a,t)

A particular case of this theorem Las been obtained by Mr. Lesvie Erurs, by means of Fourier's theorem.
5. By a reverse application of the method we are able to assign the complete integral of the equation

du
o B Q0¥ :
ol da 3" ]'”d <=0, viz.

result is
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F.\ 1. Theory of Equatidns of Finite Differences.
d

m(er‘ﬁ —1) d
r

If we assume 7= 5 g:merﬁ, then it is shown (A. § 1.) that the following

relations are satisfied :

S@egru=g"fwtmyu, . . . . . . . . . (93)

J@er=fm)en, . . . . . . . . . . . (94)
and that

Ft ) =f(5) F e f)e b f ek &y . . . . (95)

the interpretation of ZA?: here being ZA—{ f(@)=f(x)—f(z—1).

d d
If r=—1, we have #=x—ua¢" dz, p=a< dz, and the above relations are still satis-

fied. These values of # and ¢ we shall first employ.
Prop. 1. Every equation in finite differences of the form

Xotta+Xjstz—1. . . +Xathy—n=X,
XX, X, &ec. being rational and integral functions of x, may be reduced to the form
Jo( @ ue+f () eus+fo(m)Pua+ &e. =U,. . . . . . . (96.)
For multiply both sides of the equation by a(x-1). .(x—=n+1), and in the second

term of the first member for axu,_1 write gu, in the third term for x(x — 1)u,_o write
o%u,, &c., we shall have a result of the form

@o(@)urt 0y (2)etha+0x(2) U . +Pn(@)e"tta=Ts, . . . . . (97)

wherein op(x)=z(@—1). .(r—=n+1)X,, o(v)=(x—1)..(z—n+1)X,,...
Uy=a(r—1)..(x—n+1)X, being all rational and integral functions of . Now

d d
fn“r:a:(l ——e“va), p=a¢ dz, whence x==-+p. It only remains then to develope ¢,(z),

¢,(x), &c. in ascending powers of p. Writing then « for #-¢ in the first member of
(95.), we have

S@)=FD) + oef Dt s D &e . . . . . (98)

. . . A -
the interpretation of +— remaining as above.

“= znl—l dt( dt—_g) (t——n+3>‘/:/: 0 AP @1y Gy .0, —,),
1
tn—-l dt( a—img) (t—‘ —n+3>f/"dxl“d‘xﬂ\b(al-—mlf aa‘"mg-'an"wn)} H

the limits being given by the inequality

2%

;Ty*_ +w<

This solution requires that » should be odd. If n=3, the result is equivalent to Porsson’s, but is in a form
perhaps more convenient for physical deductions.
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Developing by this theorem the coefficients of (97.), the result will assume the form

Jo(@ uat+fi(7)ewptfo(7)Pup+ &e. =U,, . . . . . (XXL)

as was proposed to be shown. We shall call this the symbolical form of the equation.
To revert from the symbolical to the common form, it is only necessary to observe
that since #=wa—p, and since v and ¢ combine according to the law gru,=(v—1)eu,

we have LB =)= f@)et s (@)= &, . . . . (XXID)

wherein Az=—1, and consequently A—Awf(v) =f(2) —f(r—1). Developing by this

theorem the coefficients, and writing for gmu, its value x(x—1)..(x—m-1)us_n, the
required reversion will be effected.

F. § 2. On the Solution of Equations of Finite Differences in Series.

In the equation Jo@) uatfi(7)ette . . « +fr(7)eUs=0,
assume u,= Sug™ then precisely as in the case of differential equations,
Som)wn+fi(m)un—1r. .. +fri(m)ttn_r=0. . . . . (XXIIL)

The initial values of m are determined by the equation fi(m)=0. For every such
value %, is an arbitrary constant, for all other values it is successively determined

by (XXIIL.)
"~ Ex. 1. Given (v—a)uy— (20—a— up_1+ (1 —¢*)(x—1)up_2=0.
The operation at length stands thus:
Multiply by @, we have
| 2(2 —a)uy— (20— a—1)xtty—1 + (1 —g*)2(@— Dty —2=0. . . . (99.)
Or 2(2—a)uy— (20—a—1)eus+(1—g?)Pu,=0. . . . . . . (100.)
Now developing the coefficients by (98.), we find
r(v—a)=7z(r—a)+(2x—a—1)p-+¢%
2v—a—1=2a—a—1+42¢,

whence substituting in (100.)
7(7 — @) Up— §*¢°Ux =0,

~wherefore u=2Zane”, with the relation
m(m—a)an—q*an_2=0,

: _ PP
or  m=jim—a)
The equation m(m — a) =0 gives 0 and « for the lowest values of m, wherefore, finally,

(1 P(z=1) | gtz(z—1)(z—2)(z—3) '
“mzb(l“‘ 59—a T 2.4(2—a)d—a) +&c'“)’

2(z—1).(z—a—1 Az(x—1).(2—a—38)
40, (stem . (rma ) LS TLD E ),
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We have here two distinct series. Either of these is an integral of the equation
(99.), but I apprehend that the second series only can be regarded as an integral of
the original equation. The first series appears to have reference only to the irrelevant
factor . As I am not aware that this distinction has been before observed, and as
it appears to affect the validity of the canon which assigns to the integral of an
equation of differences just so many arbitrary constants as there are units in the
index of its order, I shall make no apology for adducing another illustration.

Let us take the equation

=0, . . . . . . . . . . . (l0L)
We find as the symbolical form,

(7 +e)u,=0;

whence u,=3a,¢" with the relation ma,+a,,_,=0, or a,=—

Qp—1

pra the lowest value of

m being 0, whence

_ z  2@—1) a@—1)@—2)
“w—c("'“_f+ 12— 1.23 +&c')’
=C(1—1)5,

=Co0°.

This is obviously a true integral of (101.) for all values of » from 0 to w ; for when
x==0 it gives v, =C, and when 2 is any positive quantity, »,=0, precisely as it ought
to do. Moreover it involves an arbitrary constant C; but (101.) being of the Oth
order, there should, according to the received canon, be no arbitrary constant in its
integral.

For the solution of the equation a(2— 1)u, =0, we similarly find

u,=ayt o v +aw(v—1)taw(@—1)(r—2)+&e.,
wherein a,, a, are arbitrary constants, and in general

__2m—1)am_r+ s
=TT mm—1)
this gives
20, + a, a,—2a,

g &(r— l)+§—-—6——‘r r—1)(r—2)—&c.

For the values =0, v=1, the above series is reduced to an arbitrary constant;
for all other positive values of » it vanishes. Here then we obtain for an equation
of the Oth degree, a solution involving two arbitrary constants, and derived from the
two irrelevant factors » and x—1. '

It would be interesting to inquire whether an equation of differences admits of
integration by series when f{(m) has equal or imaginary factors. After paying some
attention to this question, I am disposed to think that such cases are not compre-
hended in any theory analogous to that which I have given for the corresponding
class of differential equations.

On the subject of this section the reader may consult a paper by Mr. BroNwiIn in
the Cambridge Mathematical Journal, vol. iii.
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F. § 3. On the Solution of Equations of Differences in Finite Terms.

We have in the preceding section supposed vr=m-—me“d%, g:me“%, and have thus
satisfied the relations (93.), (94.). We shall, in the following section, with greater
generality assume (A. Prop. 3.), , ,

r=2—nPp@)e @, e=0(r)s @.

The condition (93.) will still be satisfied, and the expansion of f(#-¢) will remain
unchanged.

We shall suppose the equation to be placed, as in all ordinary cases it may, under
the form

So(@)u, +f1(@)o(@)u,_,+fo(@)e(@el@—u, o +&e.=U, . . . (102)
So(@), f1(2), &e. being rational and integral functions of =z, or at least susceptible of
expansion in ascending powers of x, and ¢(») any function whatever.

Since gb(x)a";i*:g, we have ¢(2)p(v— 1)2_%:62’ and so on ; wherefore, writing w for
u,, we have
So@u+f1(@)eu+fo(@)Pu+&e.=U.
Now since 7=a—mnp, we have v=x-np, and expanding the coeflicients f(2) f;(2),
&e. by (I.), the equation will assume the form
Qo(muto(eu+@y(v)Pu+&e.=U. . . . . . (XXIV.)
This equation is integrable in several cases:
1st. If by any determination of » the equation should be reducible to a single term.

Suppose that it should give
Po(@u=U, . . . . . . . + . . (103)

then resolving ¢,(#) into its factors, we shall have a system of equations each being

of the form
(r—a)u=U;

or (r—a)u,—np(2)u, ,=U,
which is completely integrable.
This method enables us to integrate all equations of the form (102.), in which

fm(f)=%(fm_l(»r)—j2_l(w——l)), Coe e (104

h being any constant. We should find n=—2%, w:w—l—h@(w)e'%, and fi(z)u=U. I

am not aware that this general class of equations has been considered before. A

method of integrating equations of the form
2(@—1).(v—n+1)A",_,+ax(r—1).(r—n+2) A" u,_,,,+&c.=0,

was communicated to me by Mr. GRecory*. In reality however they constitute a
d
particular case of the above, the value of # being o —uas @,

* Late Fellow of Trinity College, Cambridge, and author of the well-known ¢ Examples.” Few in so short
a life have done so much for science. The high sense which I entertain of his merits as a mathematician, is
mingled with feelings of gratitude for much valuable assistance rendered to me in my earlier essays.

MDCCCXLIV. 20
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2nd. If the coefficients <p0(7r), ¢,(7), &c. are constant quantities. This happens in
‘the well-known class of equations ‘

Uyt 0 0(2) s +0,0(2)0(2 — Dty +&e. =T,

(I4aptae?+&e)u,=U, .
and is integrable by resolution of the operating factor, as in equations with constant.
coeflicients. It may be worth while to note that this class of equations, when of the
nth degree, involves one arbitrary function ¢(r), and = arbitrary constants, a,..a,
but the preceding class under the same circumstances involves one arbitrary function
with n+1 arbitrary constants, viz. & with » constants in fy(#). It is therefore the
more general of the two.

3rd. If the equation should consist of on]y two terms. Suppose that it should be
reducible to the form

which becomes

po(m)uto,(7)gru=U,
which may be put under the form
uto(r)erw=U. . . . . . . . . . (105)
Proceeding as in the corresponding case of C.§ 2, it may m all cases be determined
whether the equation is integrable or not.

In general the equation u-+@(7)g"u=U can be reduced to the form v+d(Ferv=V
by the relations ,

_p () ¢(vr) o
| | u= P%( o U_P%( )V e e e (106)
precisely as in differential equations.
Thus, to pursue the analogy, the equation
7 ‘
et aeta) - Gra)l t=U

in which @,a, .. a, are in the order of magnitude, can be reduced to the form

v =) .%:-M 1)5"”=Vf :
and then integrated by resolution into a system of equations of the first order, pro-
vided that the quantities
ay—a,—1 al-as-—Q a)—a,~3 al-?an—n+1

b
n n n n

are all integers.
Ex. Given (22-+ax+ b)uw+(2x-— —1)ho(2)up—1 +(h2—99)¢(.z-)¢(x— l)um._g—()

d d
Let a=x—ng(x)e &, p=¢(x)s dz, then

(z2Fax+b)u+t(20—a—1)heu-+ (h2—¢%)Pu=0.
Now x==-+np, therefore ' A
@tartb=a+ar+b+(2r—a—1)ngtni?,
2r—a—1=27—a—1-2np,
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and substituting, we have |
(72t ax+b)u+ (27 — a—1)(n+h)eu-t (n2+2nk+h2 — g2)tu=0.
To take away the second term, let n=—h, then
(724 ar—+b)u— q?*u=0.
Let #4-a,, #+4a, be the factors of 72+a7r+b then

2

T a)era =0

To integrate this equation, assume

2

T RTaTDEY=0 - - . -+ . . (107)
w+ay—1 :
then u=P, — v-(v;-{-al—-l)(vr—}-al-—s)..(vr+a2+2)v,
which is only finite when @,—a, is an odd integer.
From (107.) we have
1
=§~(s“‘+tw):
q
Ry ¢52=0,

tx+7"—'%‘;1 ¢lr=0;
from the first of which equations,
(7 ) se—ges,=0,

d a
(m-{—kqb(x)e’%)sx-i—alsw-—q¢(m)a_37vs¢= 0.

Or (@4 a)so+(h—q)p(x)s*—1=
Sy "'"C P(q—k)¢($)’
xz+a,

=C,(g—R)PEL.
In like manner,

t.z:CZ(q—l—]l)‘”P #(z)

z+a, 3

‘and as the constants C,, C, are arbitrary,
v={Cy(g—hyr+Cylg+ )P 2L,

w=(rtay—1)(7+a—3) .. (7-+a,+2) {C, (g — )+ Cyg + )} P
to interpret which we have only to observe that

zf(x) =af(x) + he(x)f(x—1).

202

x+a’
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This solution may be put under the form
u= (o)} (1ot —1) (ot —3) . - (;y-Hayh2) { LI ORI,
the interpretation of =, being '
7.f(x) =af (@) +hf(x—1).
The method of this section will, I believe, be found to succeed in every known

integrable case, while it includes some unknown before, one of which is the most
general yet discovered.

Postscripr,

The general rule for the integration of linear differential equations in series, B. § 2,
requires in a particular case to be slightly modified. If f,(D) involves a pair of
factors such as ¢(D), ¢(D+r), » being a multiple of the common difference of
the vaiues of m, we must in the equation of f;(D)u=0 write {¢(D)}2 in place of
¢(D)e(D+r), and similarly when there are more such factors. Thus, in the equa-
tion D(D+-2)u—q%*u=0, the form of the assumption for » will be determined by
the equation D=0, and not by D(D+r)u=0. A slight change of expression would
make the rule as general as the principle on which it is founded, and reduce to its
dominion every case in which a linear differential equation can be integrated by
ascending or descending developments. The theory of series infinite in both direc-
tions still remains to be examined.

Fearful of extending this paper beyond its due limits, I have abstained from intro-
ducing any researches not essential to the development of that general method in
analysis which it was proposed to exhibit. It may however be remarked that the
principles on which the method is founded bave a much wider range. They may be
applied to the solution of functional equations, to the theory of expansions, and, to a
certain extent, to the integration of non-linear differential equations. The position
which I am most anxious to establish is, that any great advance in the bigher ana-
lysis must be sought for by an increased attention to the laws of the combinations
of symbols. The value of this principle can scarcely be overrated ; and I only regret
that in the absence of books, and under circumstances unfavourable for mathematical
investigation, I have not been able to do that justice to it in this essay which its im-
portance demands.

Lincolp, August 31, 1844.



