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XXX. 4 Third Memoir upon Quantics. By ArtHUR CAYLEY, Esq.

Received March 13,-—Read April 10, 1856.

My object in the present memoir is chiefly to collect together and put upon record
various results useful in the theories of the particular quantics to which they relate.
The tables at the commencement relate to binary quantics, and are a direct sequel
to the tables in my Second Memoir upon Quantics, vol. cxlvi. (1856) p. 101. The
definitions and explanations in the next part of the present memoir are given here
for the sake of convenience, the further development of the subjects to which they
relate being reserved for another occasion. The remainder of the memoir consists of
tables and explanations relating to ternary quadrics and cubics.

Covariant and other Tables, Nos. 27 to 50 (Nos. 1 to 50 binary quantics) *.
Nos. 27 to 29 are a continuation of the tables relating to the quintic
| (a, b, c, d, e, f Yz, y)°.
No. 27 gives the values of the different determinants of the matrix
( a, 4b, 6c, 4d, e)
a, 4b, 6¢, 4d, e !
b, 4c, 6d, 4e, f)|
b, 4c, 6d, 4e, [ [
determinants which are represented by 1234, 1235, &c., where the numbers refer to

the different columns of the matrix. No. 28 gives the values of certain linear
functions of these determinants, viz. ‘

L = 12564+ 2345—2.1346
L' =3.1256— 1346

8M =—1345+42.1246
8M'=—2346-42.1356

8N =—124543.1236
8N! = —23564 3.1456

80P = L'—3L=  5.1346—3.2345
16P=—5L/— L= —16.1256—3.1346—2356.

At the end of the two tables there are given certain relations which exist between
the terms of Tables 14, 16, 25, 26, 27 and 28.
* The Tables 49 and 50 were inserted October 6, 1856.—A. C.
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If the coeflicients of the table 14 are represented by 1A, B, 1C, viz.

A=2(ae—1bd+3c’)
B= of—3be+2cd
C =2(bf—4ce +3d2),

then we have the following relations between 1234, &c. and A, B, C, viz.

Cx “+B X +AX
1234= + 6 o —12 ab +16 ac —10 &
1235= + 6 ab — 2 ac —10 5* + 6 od
1236= — 2 ac+ 8 8 + 6 ad —18 be — 2df + 8¢
1245= +18 ac — 6 ad —30 be + 8 ae +10 bd
1246 = +12 be + 406 — 40d—24 |+ 4 be + 8 cd
1345= +24 ad — 8 ae —40 bd + 4 af 420 be
1256 = — lae+ 4bd+ 8 |+ 1aof + 5be—18cdl— 1 of + 4 ce+ 3 d°
2345= +20 ae +40 bd—30 ¢ | —80 be +20 cd +20 bf 440 ce —30 4°
1346= + 4 ae+ 8 bd+ 6 ¢ | —36 cd 4+ 48+ 8 cet+ 6 d°
2346 = + 4 of +20 be — 8 8f — 4 ce +24 ¢f
1356 = + 4 be + 8 cd + 40 — 4 ce—24 d*| +12 de
2356 = + 8 &f +10 ce — 6 ¢f —30 de +18 df
1456 = + 6 ce + 6 ¢f —18 de —2df + 8 &
2156= |+ 6 ¢of — 2df —10 & + 6 ¢f
3456 = +16 df —10 ¢ —12 ¢of - + 6 /2
and the following relations between L, L', &c. and A, B, C, viz.
Cx +BX +AX
N = — 3 ac+ 38 + 3 ad— 3 be — 1 ae+4 1 bd
M= — 3 ad+ 3be + 3 ae— 3 ¢ — 1 af4+ 1 ed
L = +11 ge+28 6d—39 ¢* |+ 1 af —75 be+74 cd | +11 bf +28 ce—39 d?
L' = — 7 ae+ 4bd+ 3 |+ 3 af+15 be—18 ed | — 7 bf+ 4 ce+ 3 d°
2P = — 1l age— 2 bd+ 3¢* |+ 3 be— 3 cd + 1 86f4+ 2 ce— 3 d?
P = 4+ 8ae— 6bd+ 3| — 1af+1cd 4+ 88f— 6 cet+ 3 d?
M'= — laf+ 1 cd + 3 6f— 3 4&* — 3 ¢f+ 3 de
N = — 18+ 1 ce + 3 ¢f— 3 de — 3df+ 8¢

We have also the following relations between L, L, &c. and @, b, ¢, d, ¢, f, viz.

aP —bM + cN =0
aM'4+bP' —2¢M +3dN =0
aN'-+26M'— L/ +3eN =0

+3b6N' . — dL/ 4+2eM +fN =0

+3cN'—2dM'+ eP' 4+-fM=0
+ dN'— eM'++fP =0.
The quartinvariant No. 19 is equal to
—AC+-B?,
~i.e. it is in fact equal to —4 into the discriminant of the quintic No. 14.
The octinvariant No. 25 is expressible in terms of the coefficients of Nos. 14 and
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630 MR. A. CAYLEY'S THIRD MEMOIR UPON QUANTICS.

16, viz. A, B, C, as before, and 1, B8, y, 19 the coefficients of No. 16, i. e.
a=3(ace—ad*— b’ +2bcd-—c*)
B= acf—ade— b*}f'+ bd>+bce—cd
y= adf—ae* — bcf+ bdetce —cd?
¢ =3(bdf' —be’ +2cde— cf —d?),
then No. 25 is equal to

A, B, C
@, £, vy
B, v, o

The value of the discriminant No. 26 is
(No. 19)2—128 No. 25.

We have also an expression for the discriminant in terms of L, I/, &c., viz. three times
the discriminant No. 26 is equal to .

LL'+64MM'— 64NN/,

a remarkable formula, the discovery of which is due to Mr. SaLmon.
It may be noticed, that in the particular case in which the quintic has two square
factors, if we write

(aa b, C, d, e,f}[x, y)5=5{(]0, q, 7‘}[.1”, :’/)2}2(}» {/'I‘I'a L/):

a=5np*,  b=4pgh+p’p, c=(2¢"+pr)r+2pqu,
JS=0r'uw, e=rr+4qru, d=29rk+(2§2+p9“)y;

and these values give

then

P=K(6¢*—pr) P'=K(10¢*—15pr)
M=K. 10pq M'=K. 10¢r
N=K.s5p* N'=K. 57,

where the value of K is
8(pw’ — 2qur~+ra?)(pr—g°)*.

The table No. 29 is the invariant of the twelfth degree of the quintic, given in its
simplest form, i.e. in a form not containing any power higher than the fourth of the
leading coefficient a : this invariant was first calculated by M. Faa pe Bruno.
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No. 29.
T (T T ™ —
— 1 dePF [+ 2 &bder | — 324 wédief [+ 18 abdf? | + 194 BEdF?
+ 2 a*d®deft | — 1 abtelf? — 440 a’cd'e® + 242 abc’def? | — 652 bicPdief
— 1 a'ce’f? — 16 &*b3cdf* + 78 a*d'f — 128 abc’e’f + 713 b'*d*e*
+ 6 a'edef? + 16 o | 4 428 d’Pd¢’ — 324 abd’f* | + 136 bcdlef
—16 dled’éf? | + 82 a*bPed’ef* | — 180 ded’e — 498 abdd’ef | — 246 bied'e’
+14 dede’f —132 a*bPede’f® | + 27 o*dV + 136 abc’det + 16 &df
— 4 a‘ed + 50 a*bce’f + 14 abledf? +1078 abc'def | + 4 b'd
— 4 a*'d’f? — 16 a’0*df? — 14 abiee’f? + 206 abe'd’e® | — 14 Bf?
+11 a'd'e’f? — 14 @?Bd?f? | — 32 ab’dlef® | —- 342 abPd’f | — 294 O’cdef?
—10 a‘d’e'f + 60 o%b°d*’ + 50 ab’de’f? | — 804 abld’e® | + 138 bHcPef
+ 3 a'd*e — 30 ab’de’ — 18 ab’e’f + 506 abc’d’e | — 440 Bc'df?
+ 2 &bedft | + 11 @b — .10 ab'cft — 90 gbed’ +1246 HPc'd*é?
— 4 &Bcdef? | — 30 @?Bcdef® | — 30 ab'cdef® | — 72 ac’ef? — 246 *c'de’
+ 2 a®bee'f? | — 14 AP0 | 4+ 60 abicF? | + 78 adldy* + 206 bicdle
— 6 GBdY | — 50 PBEDF | — 48 abled’er? | + 224 addef | — 866 Bde
+16 &A% | +168 a*b*dP | + 16 abed®s? + 16 aclet — 220 BFdf
—14 a*B’de’f — 48 @®b’cdetf | + 38 abledelf | — 342 ac’dPef + 550 H3cdPe?
+ 4 a*b% — 4 a’b%%" — 36 ab'ee® — 220 ac®d?® — 56 bcde
+ 6 @octdft | — 48 a’b’edlef? | + 112 abidlef? | + 106 add’f — 40
— 6 @btef? | — 2 aPbledief | — 204 ab'dief + 392 ac’die? 4+ 78 BcTef?
—50 @*bd’ef*| + 6 a’bled’e + 102 ab'd®e’f | — 222 ac'd’e + 428 bcCd*
+82 @*bidef? | + 62 o*b*dSf? + 50 abiclef? + 40 ac’d® — 516 bcCdef
—32 a*bte’f — 90 d*o’def + 46 el | — 4 Odft + 4 bt
+36 dbed'f* | + 39 @’bd'e — 2 ab’ldef? | + 4 VS — 804 Bc’dPef
—30 @*bed’df? | — 28 abcef? — 204 ab’ce’f + 8 et + 550 b’c’dPe?
—30 dbeddf | + 54 @bldfP | — 170 ab’Pdief? | + 24 bedef* | + 302 BdF
+94 a*bede® — 48 a’bcde’f? | + 308 abicide’ — 30 bce’f? -+ 139 b%idie?
—a8 a*bdlef? | +112 dlbcte'f + A2 abPSdif | + 16 B — 354 bBcPdle
150 GBI | + 82 dbldler? | — 164 abiedft | — 4 BdSf |+ 88 B
— 99 a*bd’e® —170 Q*bPdPe’f | + 674 abled'ef | — 36 O°delf — 180 bc®df?
— 4 o’ —104 a2bcPdeé® — 590 ablcd’et 4+ 27 b%° + 48 befef
36 dddeft | —108 abedif? | — 128 alfdlef | — 104 Bedlef* | + 506 bedef
—16 d’c*e’f? — 42 d’bidief | + 138 ab’d’e? 22 bclef?® — 56 bclde’
—92 dAdFE | +208 dbEdE | — 70 abddft | — 60 Bedft | — 222 bedif
—50 a*Pd*éf* | +242 a*bed’ef — 90 al?def? |+ 6 Bidelf? | — 354 bc'die
+16 a*cde’f —294 @*bed’e® — 42 abild’ef? | + 102 bdef + 330 bide
+16 a’c’e — 72 &bd’f + 674 ab’c'de’f | + 308 Ged’df | — T2 be'd’
+54 d’cd'ef* | + 78 dfbd’e — 4 ab'e — 234 bcde + 27 Y
+46 a*cdPef | — 6 a’c’df? + 394 alSldif? | — 24 Udf? — 90 odef
—60 a*cd’® + 62 aictelf? — 652 abidiet | — 4 Ud'éf — 4
— 6 d’cd’f? —108 a’c’def* — 714 ab*édPSF | + 32 bPdPe + 40 &fdf
—70 dedéf | —164 a’cde’f — 498 ab?Sdlef | + 56 b'¢'df? + 83 fdi¢
+56 o’ed'e’ — 24 ac’e® +1246 ab?cdie® | + 39 bictefr | — 72 Jde
118 ddief | + 63 @ddf? | + 224 alled’f | + 208 LPdef? | + 16 S
—14 a?d%?® +394 dc'dPéf — 516 ab’ed’e? — 590 b'cPde’f
— 1 &*0d*f* 4194 a’c'd?e’ + 48 abidPe + 32 b'cPe®
. e | S—— | S C—— | CRSE—

The tables Nos. 30 to 35 relate to a sextic.

631

No. 30 is the sextic itself; No. 31 the

quadrinvariant; Nos. 32 and 33 the quadricovariants (t.he' latter of them the Hessian);
No. 34 is the quartinvariant or catalecticant; and No. 35 is the sextinvariant in its

best form, 7. e. a form not containing any power higher than the second of the lead-
ing coefficient a.

No. 30.

60 l 15 ¢

204 | 15e l 67 | o l@:a',y)“
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No. 31. : No. 32.
+ 1 ag +Yae | +2af | +1 ag | +2 bg | +1 cg
— 6 4f (| —408d| —6te | —9ce | —6cf | —4df {a,y)*
+15 ce +8c¢ | +4ed| +8 | +4de | +3 &
—10 d* -
No. 33.
|+1ac| +4 ad | + 6 ae +4af |+ 1ag |+ 4bg| + 6cg | +4dg |+1leg
16| —4be | + 4bd| 16 be | +14 bf | +16 of | + 4 df | —4 of |—1 /7 :
( —10 ¢ | —20 ¢d | + 5ce | —20 de | —10 & Xz, y)
{ —20 d°
No. 34. No. 35.
S S}
+1 aceg + 1 &@d%* | —42 acdé’f | +60 b*df?
—1 acf? — 6 a’defy | +12 ace* —30 bcPe’f
—1 ad’ + 4 A2df? —20 ad’y +24 bed’y
+2 adef + 4 ¥y +24 ad’ef | —84 bed’ef
—1 aé® — 3 aéf? — 8 ad?® +66 bede®
—1 by — 6 abedg® | + 4 bdy? +24 bd'f
+1 & +18 abeefy | —12 befy —24 bd’é
+2 bedy —12 abef? + 8 %3 +12 cleg
—2 beef +12 abdfy | — 3 &P | —27 of?
—2 bdf —18 abde’y | +30 b’y | — 8 cPd’g
+2 bde? + 6 abe’f —24 bcef? +66 c*def
—1 % + 4 ac’y? —12 b*d’eg | — 8 ¢
+2 daf —24 adey | —24 BdF | —24 Fdf
+1 % —18 ac’dfy | +60 &’def | —39 lFde
—3 cd’e +30 ac’ef? | —27 b%* + 36 cdle
+1 da* +54 acd’eg | + 6 befy — 8 4"
—12 acd’f? | —42 bcldey
—) | SOOI

The sextinvariant may be thus represented by means of a determinant of the sixth
order and of the quadrinvariant and quartinvariant.

5% No. 35= a, 2b, Sc, 4d,
b, 2c, 3d, 4e, f
¢, 2d, 38e, 4f, &

a, 4b, 3¢, 2d, e

b, 4c, 3d, 2, f

¢, 4d, 3e, 2f, g

+4(ag—6bf+15ce—10d%)| a, b, ¢, d

Q
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The tables Nos. 36 and 37 relate to a septic. No. 36 is the septic itself; No. 37
the quartinvariant.

No. 36.
( @ ’76121c*35d!35e'21f 7y*lz}§[x,1/)7

No. 37.

— 1 & [— 40—\btleb

+ 14 abgh | — 50 bdeg

T8 acpr | —360 bdj*

— 24 acg’ +§ég b‘fef

+ 10 adeh | — 1 CZ%

+ 60 adfy | ~ 8l cf

40 2 +240 Cd%q
B | +990 cdef
— 25 62!]2 ‘—600 ce
—600 o'y

234 § ;
%80 se | +375 &

| GRS

!
©
[

The tables Nos. 38 to 45 relate to the octavic. No. 38 is the octavic itself;
No. 39 the quadrinvariant; Nos. 40, 41 and 42 are the quadricovariants, the last of
them being the Hessian ; No. 43 is the cubinvariant; No. 44 the quartinvariant, and
No. 45 the quintinvariant, which is also the catalecticant.

No. 38.
(l a« | 85 ]28¢ 56dl7()e 56 f QSgIBILl i ﬁx,y)s
No. 39. No. 40.
+ 1 a + 1 ag + 2 ah + 1 a + 2 b2 + 1 e
28w —604f | —10bg | —20h | —10ch | — 6 dh
+28 cg (] +15 ce +18 ¢f — 8 ¢y +18 dg | +15 ey ':(ay, y)!
—56 df —10 d® | —10de | +34df | —10 ¢f | —10 f*
+35 ¢ —25 ¢
No. 41.

+lae |+ d4af| + 6ag|+ 4ah|+ Vai |+ 406i|+ 6ci |+ 4di| +1ei
—4 5d | =12 be|— 8 bf |+ 8 bg|+12 bh|+ 8 ch|— 8 dh|—12 eh | —4 fh .
(| +3 ¢ |+ 8 cd|—22 ce|—48 of | —22 cg —48 dg|—22 eg |+ 8 fy | +3 & Y, v)

+24 d° | +36 de| —36 df| +36 ef | +24 2
+45 ¢
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No. 42.

—1 2{—6 be |+ 6 bd|+50 bel+ 90 bf)

—21 ¢

+1 acl+6 ad|+15 ae|+20 aj+ 15 ag

—70 cd/—105 d?

+ 6abj+ 1ail+ 6 i+ 1

—210 de|— 14 df|—210 ¢f

5 ¢i |+20 dil+15 ei|[+6 fi|+1 gi
+ 78 by|4+ 34 bA|+ 78 ch|+ 90 di\450 eh+ 6 fh—6 gh|—1 A*
+126 ¢f|+154 eg|+126 dg|—105 y2|—70 fy|—21 ¢*

—175 ¢
No. 43. No. 44.
. - .
j—_}}[al;-z +122‘%22r+31;cg/.l e e
+ 3 dg2 + 3 adfi + 1 bdes —23 cdeh
— 4 bdi — 3 adgh | —10 bdfh | 27 cdfy
+12 beh — 2aqéi | + 90y | +19 ey
+ 3 o T3 e | —23 befy | +12 d¥%
—22 ceg + 16 | +3 c’et —13 d*f?
__}_24 cjvz —_—1 62ﬁ2 -+ C?fﬁ —32 deff
+24 di — B bepi | 12y | -0 &
~36 def —
+15 €
No. 45
+1 acegi S af* —4 zdeyQ i +ljcd2g2
—1 acel® —1 begi +2 bdf’g —2 cdefy
—1 acf% +1 b%eh’ —2 be’h —2 cdf?
+2 acfyh —2 b*fyh +4 be’fy —3 ce%y
—1 acg® +1 03¢ —2 bef? +4 ce’dh
—~1 ad’gi +1 b —1 g +38 cé’f?
+1 ad®i? +2 bedgi +1 &R +1 d%
+2 adefi —2 bedh? +2 dfe —2 d’eh
—2 adegh —2 beefi —2 c*dgh —2 d¥fy
—2 adf*h +2 beegh +1 %% +3 dieg
+2 adfy’ +2 bef*h —4 cefh +3 d’%
—1 ae% —2 befy? +2 g’ —4 dé’f
+2 ac’fh —2 bd*fi +1 g +1 é°
+1 aé’g® +2 bdigh —3 cd%i
—3 aef’y +2 bde% +2 cd*fh
—— _— ——
It we write
No. 39=1
No. 43=J
No. 44=K
No. 45=L,
then the determinant called the lambdaic, viz.
a , b , € , d , e—I2a
b , ¢ , d , e+3n, f
c , d , e=2A, f > &
d , e+3n, f  , g o, ko
e—12n, f > & , h )

Kw’ y>1s
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L4+22K 4-322J 4 182° T — 25924°.

635

Nos. 46 to 48 relate to the nonic. No. 46 is the nonic itself; Nos. 47 and 48 are the
two quartinvariants, each of them in its best form, viz. No. 48 does not contain a?,
and No. 47 does not contain acé®, the leading term of No. 48. The nonic is the
lowest quantic with two quartinvariants.

Nos. 49 and 50 relate to the dodecadic.

the cubinvariant.

No. 46.
(| +1 o] +9 B|+36 c|+84 d| 4196 ¢| +126 7| +84 9| +36 4] +9 i |+17 "J'Zm,y)"
No. 47. No. 48.
— 1P [ o o af 70 b
+ 18 aby — 720 by o aby — 45 bfy?
o ack | L 439 o + 2k o o7 o
— 72 acly — 1728 i — 2 acky — 52 cgi
+ 168 adgj - e + Tadg | 4 95 g
o adh — 720 cdej — 7 adli — 45 cdef
— 108 aefj | 4+ 2160 cdfi — Sy | 4 23 capi
— 576 aegi + 4608 cdgh — 22 aegi + 22 cdgh
+ 432 ael® o céh + 27 aelk’ + 70 ce%
+ 540 af*i | _ 9592 cofh + 25 af% | 197 cofh
— 720 afyh | _ 5760 cep? — 45 afgh | 4 39 oo
+ 320 aé/ ) + 4320 ¢fy + 20 ey’ + 25 ¢f%
o Ul 4 320 % + 2ol + 20 dy
— 81 &% — 720 die - 207 — 45 d’ei
o begy — 5760 dfh — 7 beg 32 d?
— 576 bdfj | 114688 defy — 2205 4 85 defy
+ 792 bdgi | 1 4300 deh + 74 bdgi + 25 déh
—1728 bdi | T gg40 gps — 52 bdk® | _ 50 g
42160 begh — 8640 ¢’y + 23 begh — 50 €&y
+ 540 bc% 5184 oo + 25 bey 30 el
Zoreeeri | T “ — 3o | TS
(] | S—)

No. 49 is the dodecadic

itself; No. 50 is

(_

No. 49.
p I 12 6 1 66 ¢ 220d’ 495 ¢ | 7927 | 924 ¢ l 792 1 ‘ 4951}220;’[6615 ] 12;‘ " ‘Tm’y)lz
No. 50.
+ 13 | — 216 ofl | + 540 dhi
T 39 “% + 72 cgk | — 540 &k
+ 20 oo | + 300 clj | +1080 ¢f
" o4 ZJ — 270 ¢ | 41485 egi
~ 90 bj’? — 40 d’m | —1080 e’
+ 90 %) 4 120 del | —2160 /%
_T_ 60 mjt + 600 drk | +2160 fgh
— y — 3
+ 60 com 1290:1{/] 840 ¢
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Resuming now the general subject,—
54. The simplest covariant of a system of quantics of the form
Xz, y, )"
(where the number of quantics is equal to the number of the facients of each quantic)
is the functional determinant or /acobian, viz. the determinant formed with the
differential coefficients or derived functions of the quantics with respect to the several
facients.

55. In the particular case in which the quantics are the differential coefficients or
derived functions of a single quantic, we have a corresponding covariant of the single
quantic, which covariant is termed the Hessian ; in other words, the Hessian is the
determinant formed with the second differential coeflicients or derived functions of
the quantic with respect to the several facients.

56. The expression, an adjoint linear form, is used to denote a linear function
tx+ny—+-.., or in the notation of quantics (%, 7...J 2, y, ..), having the same facients as
the quantic or quantics to which it belongs, and with indeterminate coeflicients
(¢,7..). 'The invariants of a quantic or quantics, and of an adjoint linear form, may
be considered as quantics having (,7...) for facients, and of which the coeflicients are
of course functions of the coefficients of the given quantic or quantics. An inva-
riant of the class in question is termed a contravariant of the quantic or quantics.
The idea of a contravariant is due to Mr. SYLVESTER.

In the theory of binary quantics, it is hardly necessary to consider the contrava-
riants ; for any contravariant is at once turned into an invariant by writing (y, —)
for (&, 7).

57. If we imagine, as before, a system of quantics of the form

(=X, 9, .)"
where the number of quantics is equal to the number of the facients in each quantic,
the function of the coefficients, which, equalled to zero, expresses the rvesult of the
elimination of the facients from the equations obtained by putting each of the quantics
equal to zero, is said to be the Resultant of the system of quantics. The resultant is
an invariant of the system of quantics. »

And in the particular case in which the quantics are the differential coefficients, or
derived functions of a single quantic with respect to the several facients, the resultant
in question is termed the Discriminant of the single quantic; the discriminant is of
course an invariant of the single quantic.

58. Imagine two quantics, and form the equations which express that the differen-
tial coefficients, or derived functions of the one quantic with respect to the several
facients, are proportional to those of the other quantic. Join to these the equations
obtained by equating each of the quantics to zero; we have a system of equations,
one of which is contained in the others, and from which therefore the facients may
be eliminated. The function which, equated to zero, expresses the result of the
elimination is an invariant which (from its geometrical signification) might be
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termed the Tactinvariant of the two quantics, but I do not at present propose to
consider this invariant except in the particular case where the system consists of a
given quantic and of an adjoint linear form. In this case the tactinvariant is a
contravariant of the given quantic, viz. the contravariant termed the Reciprocant.
59. Consider now a quantic
(X2, Y, .)",

and let the facients z, y, .. be replaced by Az+wX, Ay+wpY, .. the resulting function
may, it is clear, be considered as a quantic with the facients (A, ») and of the form

(X, y, ..)™

N
Xy, )" (X Y, L) '
. @, @)™

=3XY,.)" }

The coefficients of this quantic are termed Emanants, viz. excluding the first coeffi-
cient, which is the quantic itself (but which might be termed the 0-th emanant) ; the
other coefficients are the first, second, and last or ultimate emanants. The ultimate
emanant is, it is clear, nothing else than the quantic itself, with (X, Y, ..) instead of
(z, v, ...) for facients: the penultimate emanant is, in like manner, obtained from the
first emanant by interchanging (z, v,..) with (X, Y,...), and similarly for the other
emanants. The facients (X,Y,..) may be termed the facients of emanation, or simply
the new facients. The theory of emanation might be presented in a more general
form by employing two or more sets of emanating facients ; we might, for example,
write Ax+puX+vX!, \oy+wY+4rY, ... for 2, y, ..., but it is not necessary to dwell upon
this at present.

The invariants, in respect to the new facients of any emanant or emanants of a
quantic (¢. e. the invariants of the emanant or emanants, considered as a function or
functions of the new facients), are, it is easy to see, covariants of the original quantic,
and it is in many cases convenient to define a covariant in this manner; thus the
Hessian is the discriminant of the second or quadric emanant of the quantic.

60. If we consider a quantic

(a, b,. Yz, y,.)"
and an adjoint linear form, the operative quantic

‘ (3us Oy - &, 1, .)"
(which is, so to speak, a contravariant operator) is termed the Evecfor. The proper-
ties of the evector have been considered in the introductory memoir, and it has been
in effect shown that the evector operating upon an invariant, or more generally upon
a contravariant, gives rise to a contravariant. Any such contravariant, or rather
such contravariant considered as so generated, is termed an Evectant. In the case of

a binary quantic,
(a, b, .X(x, y)",

4p2
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the covariant operator

(945 05, .. Yy, —2)™
may, if not with perfect accuracy, yet without risk of ambiguity, be termed the Evector,
and a covariant obtained by operating with it upon an invariant or covariant, or
rather such covariant considered as so generated, may in like manner be termed an
Evectant.

61. Imagine two or more quantics of the same order,

(a, b, .Yz, y)"
(e B,.. X2, y)"

we may have covariants such that for the coefficients of each pair of quantics the
covariant is reduced to zero by the operators

) ad,+b0,4..
“au+ﬁab+"

Such covariants are called Combinants, and they possess the property of being inva-
riantive, quoad the system, i. e. the covariant remains unaltered to a factor preés,
when each quantic is replaced by a linear function of all the quantics. This extremely
important theory is due to Mr. SYLVESTER.

Proceeding now to the theory of ternary quadrics and cubics,—

First for a ternary quadrie, we have the following tables :—

Covariant and other Tables, Nos. 51 to 56 (a ternary quadric).

No. 51.
The quadric is represented by

(a9 ba C,j; 8 h I z, y, z)25
a2’ +by* 4 cx*+ 2fyz+ 2gzx 4+ 2hxy.

which means—

No. 52.

The first derived functions (omitting the factor 2) are—

(¢, b, gXx y, 2)
(h’ b’ fIx’ .% 2{)
(g’ f; ¢ I Z, .% ,‘Z).
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No. 53.

The operators which reduce a covariant to zero are—

(h, b, 2fY09, 05 0,)—z0,
(2g, f» ¢XO, Oun 0,)—x0,
(a 2h, &Y 0, 0, 05)—y0,
(g 2 c¢Xdw % )=y,
(a, h, 2809, 0O 0,)—=x0,
(2h, b, [0, O 0O, —x0,

No. 54.

(aa’ ab’ ac) af’ ags ah'ji g’ up Z)z

The evector is

No. 55.
The discriminant is
a, h, g
hy b, f
c

g )

which is equal to ‘
abc—af*—bg*—ch*+2fgh.

No. 56.
The reciprocant is
- %} Ay g
& a b g
7, h, b, .f
& & fooc

which is equal to
(be—f?, ca—g®, ab—h, gh—af, hf—bg, fg—ch X & 2, {)*
The discriminant is, it will be noticed, the same function as the Hessian. The reci-
procant is the evectant of the discriminant. The covariants are the quadric itself
and the discriminant ; the reciprocant is the only contravariant.
Next, for a ternary cubic, we have the following Tables :—

Covariant and other Tables, Nos. 57 to 70 (a ternary cubic).
No. 57.
(aD b’ C’j’) g’ h’ z.)j, k’ ZI‘ZJ y’ 2)37
which means—

ax’+ by’ + e+ 3fy’s +3g2’w+3ha’y +3iyz*+ 3jza’+3kxy’ 4 6lry=.

The cubic is U=
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No. 58.

The first derived functions (omitting the factor 3) are—

(a, &
(h, b,
5 A

8
A

G,

l} j) h’I‘ta ,%
oL kX v,
i g (Y= v,

The second derived functions (omitting the factor 6) are—

The operators which reduce a covariant to zero

(7, 3, ¢ 2,
( a, k, 3g, 2,
3k, b, i, f,
(h b, 3i 2f,
(375 S ¢, 1
(a, 3k g 2
The evector is
(O 9s O, Op
The Hessian is HU=
—|(a, h, jXa& gy, z),
(h, k, Y2, y, =),
7 L gXa y, =),

(a, }"s ] I z, Y, z)
(’C? b’ f‘I x’ y’ z)
(& 4 cYx y, =)
(4, f, iXz, y =)
U L ogXx y %)
hy k, (Y2, y, 2).
No. 59.
are—
g, 2l I aha ab) az ’
25, hY09; 9, 9,
2(, 2kY9, 0, 9,
2l, kY9, 9, 9,
an QZI aa’ aln ag,
ja 2}l I ah) ab) az 9
No. 60.
ag: aln az‘a aj) ak:
No. 61.
(hy k, Y2 y, =),
(ks b, fX2 gy, =),
( l’ f; iI ‘279 _% Z),

2)*

2)%

af) ala
ai’ ag:
an aj’
az‘) ag,
al: aj;
af} al:
azji%; 7,
U 1
(4, f
(&
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0:) =0,
0,)—=0,
) —ad,
9,)—=20,
0,)—x0,

01) —Y0,.

&)’

gXa,
i  x,
cY a,

Y,
Yy,
Y,

)|
2)
%)
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which is equal to—

—1 agk|—1 bhi|—1 cij |—1 bek|—1 acf|—1 abg|—1 bgj |—1 ach}—1 abi |—1 abe
+1al |+1 68 |+1 el |+2bgl|+1 ai® |+2 afl {+1 g% |—1 afy|+1 af? |+ afi
+1 gk |+1 f2h|+1 fiP|—1 by |+ 2 chl|—1 aik |—1 ¢fh|+2 ail |—1 bgh|+1 by
—2 byl |\—2 fhl |—2 fhl+1 ch® |—1 gk |+ b [+2 ckl |+ ch® |42 &l |+1 chk
Q|FVE |H1R |+ |+ £ |+ fy | =2 fh |+L 15 |+1 7 |—2 k- |—3 fyh Q

—2 fyk|+1 g’k |+ ghk|—2 gik |+ gik |41 gk |+ 2 fjl
+1 fhi |—2 ghe|4+1 A% |+ 1 A® |—2 hij |+ ki |+ 2 gkl
+1 2 —1 g2 |—1 A |—1 il |—1 P |—1 AP |+2 kil

(z, y, 2)°

—3 ik
—2p
No. 62
The quartinvariant is S=
2
—1 abel | +1 /7
+1 abgi | +3 fyhl
+1 acfk | =) fyk
—1 afyg | =1 fhy
+1 afil | —2 il
—1 ok | +1 .9;];:
+1 beky —1 ghki
—1 bgh -? %cf
+1 gyl | +1 A7
-1 bf;]z -2 hil?
21 o | 3 K
+1 chkl | +1 0
—1 gk
—— S
No. 63.
The sextinvariant is T'=
F 1 aBE | —24 agfhl | —12 befhP | —12 ofWi | —12 fyhr
— 6 a®befi | —12 acfHk | —24 begh®l | +12 ¢fRPF | —12 fR%Y
+ 4 o7 —12 acfygk® | +18 beghjk | —60 cfhjkl | —12 fhyl
+ 4 dPef® | +18 acfhki | —12 beh’y | +24 offfF* | +36 fif'kl
— 3 &% | +36 acfkl® | +36 behilP | +12 cghk’l | +24 [t
— 6 ab’eqj | —24 acil®l | —24 befRkl | —12 cgii? + 8 &%
+ 4 ol | =12 af’y | + 6 bfly | +12 chUkl | —12 gPhik%
— 6 abc’hk | +24 af’s*k | +12 bfyll + 6 chgh® | —24 SKP
+ 6 abefgh | + 6 afighi | —12 bfy° —12 chkP —12 gh*k®
12 abofil | +12 afigl | —12 bg'hk | +12 GEE | —12 ghki®
+12 abegkl | +12 afyl | +24 b’ | + 8 f +36 gijkl

+12 abchil | —60 afgkil | +12 bg*hl® | —27 f¢°K* | +24 gkl
+ 6 abeyik | +12 afh®l | +12 bgYhl | —12 fiq7k | + 8 A%
290 abel® | + 6 afjk | —60 byhiil | 436 Fighjl | —24 BeP
+18 abfyij | —12 ofiP | + 6 bgitk | —12 fhiP | +24 Kilt

—24 alfgl | +24 agh®® | —12 bl | —24 R | +36 Ak
—12 abg*kt | —12 ahik 424 A +36 fohkl | —27 K
—12 abgh® | +12 ok | +12 bl —12 fo%k* | —86 yAP
+36 abgil? | + 4 &% — 3 ¢ | +36 fghtl | — 8 I°
—24 abifl | — 3 O | +24 ¢f?hY | — 6 fohyk

+ 4 ac’®? + 4 b + 6 cfyk*k | —36 fyhl®

J

[ J

The discovery of the invariants S and T is due to AroNHOLD, the developed ex-
pressions were first obtained by Mr. SaLMoN.
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No. 64.
There is an octicovariant for which we may take
U= o, HU, o HU, ©?9,HU

3,HU, 33 U, 33),U, 132,U
3,HU, #,,U, 3 U, 23U
dHU, .U, 32.U, 3 U

or else
OU= 30, U, 4o, U, 39, U,
3,U, 9 HU, 0,0,HU, ?3,0.HU,
$,U, 9,0,HU, ©o; HU, 0,0HU,
.U, 9,,HU, 3HU, 2HU,
or else, what [ believe is more simple, a function ® U, which is a linear function of

the last-mentioned two functions.
The relations between OU, OU, ©,U are—

—0,U4+40U=T.U*—248.U.HU
0,U+20U=T.U*—10S.U.HU.

I have not worked out the developed expressibns.

No, 65.
The cubicontravariant is PU=

A
r—-l bel |—1 acl|—1 abl|+1 ack|+1 abi|+1 bej |+1 abg|+1 bek|+1 acf|—1 abe
+1 bgi|+1 agi|+]1 afk|—2 afy|—1 af*|—1 bg® |+ 1 afl |+1 bgl |—1 a® |+1 afi
+1 ¢fk|+1 chj |+ 1 bhj|+1 ail |—2 bgh|—2 ¢fh|—2 aik|—2 by |+1 chl |+1 bgj
—1 fgl=1 g°h |—1 fB° | —1 ch® |+1 &l |+1 ckl |—1 &7 |—1 cf® |—2 ¢k |+1 chk
J|FL Sl \+1 gl \+1 ckl +2 57 |+3 fRL\+3 fgl |—1 flj |+2 f% |—1 fgj |+3 foh "2 g, 0
—1 Pk | =1 | =1 R |\+3 fhl|—1 fik |—1 fij |1 ghk|—1 fyk|+2 g%k |—a Fit | 4.5 )
—1 gk |+2 gk |—1 gki|+2 F% |—1 fhi |—1 ghi|—4 gkl
—1 %ig |=1 hki\+2 ki |—2 hP? |—2 fP |—2 g |—4 hil
—2 ji \—2 kP |—2 il* |+3 gkl |+3 ikl |+3 4l |+3 ik
+4
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Gy 81— | 4o 81— | L BT+ | lifg S1— | 400 31+ | 15 ve— | v 51— | Lyg s1— | Wb s1+ | ylyg g1+ | Ly g1~

149 98— | 1% 98— | A2 6 + | L9 6 + | (Bfo g1~ | fybo g1+ | 199 35— | 1yp vE— | LS ¥E— | 149 ¥E— | 160 ¥6— | e— | Lf e— &t e—
1429 81— | 147 81— | 169 81+ | %/ g1+ | 4w 9 — | 200 51— | 16fg 81+ | y4/o 81+ | 209 51— | /o 51— | (0 8T+ | W 3+ % v+ SV
Yfog 9 — | ybgp 9 — § 9 —| 797 9 — |1y B1— | 4w 9 + | ywg 9 + | ylgv 9 + | 7999 G+ | 149P F1+ | 107 I+ | AP ¥+ | S p+ | g9 5+

B9 6 +| Sp 6 + | 1609 Z1— »\% Bl—| &P 6 + | 26w gI+ | 19 B1+ | 1y9p 31+ | B9 9 + | ufam 9 + | yPw 9 + | yyqp 9— | Bow 9— | 1fog 9—

b9 9 +| 1 9 +| %29 9 + | bgv 9 + ..\.es 9 +| 4% 9 —| 99 —| fo.2 9 —| %99 9 — g 9 —| w9 — 22 1+ ZP 1+ P T+
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The preceding Tables contain the complete system of the covariants and contra-
variants of the ternary cubic, ¢. e. the covariants are the cubic itself U, the quartin-
variant S, the sextinvariant T, the Hessian HU, and an octicovariant, say ®U ; the
contravariants are the cubicontravariant PU, the quinticontravariant QU, and the
reciprocant FU.

The contravariants are all of them evectants, viz. PU is the evectant of S, QU is
the evectant of T, and the reciprocant FU is the evectant of QU, or what is the same
thing, the second evectant of T. \

The discriminant is a rational and integral function of the two invariants; repre-
senting it by R, we have R=64 §*—T".

If we combine U and HU by arbitrary multipliers, say « and 60, so as to form the
sum «U--6BHU, this is a cubic, and the question arises, to find the covariants and
contravariants of this cubic: the results are given in the following Table :—

No. 68.
U+6HU  =«U+468HU.

H(U+46B8HU)= (0, 28, T, 88"« 8)°U
+(1, 0, —128, —2T Y, 8)*HU.
P(U+68HU) = (1, 0, 12S, 4T Y, )°PU
4+, 1, 0, —4SYe, B)°QU.
Q(«U+4+6B8HU)= (0, 60S, 30T, 0, —120TS, —24T2+576S*"{«, 3)°PU
+(1, o0, 0, 10T, 2408, 24TS Y, 8)°QU.
S(xU+6BHU) = (S, T, 248, 4TS, T°—48S*Y«, B)".
T(«U+6BHU) =(T, 96S°, 60TS, 20T?, 240TS?, —48T?S+46088*, —8T°+576TS* e, B)°.
R(zU+6BHU) = ((1, 0, —24S, —8T, —485'Yz, B)')°R.
F(aU+468HU) =(1, 0, —24S, —8T, —488*Ye, 8)'FU
+(0, 24, O, 0, —48T e, B)*(PU)?
+(0, 0, 24, 0, 9687, B)'PU.QU
+(0, 0, O, 8, 0 e, B)*.(QU).
We have, in like manner, for the covariants and contravariants of the cubic
6¢PU-+BQU, the following Table :—

No. 69.
6«PU4LQU  =6PU4LQU. ’

H(62PU+BQU)=(—2T, 48%* 18TS, T°+165* Y «, 8)°PU
+(8S, T, —8S°, —TSYe, 8)°QU.
P(6«PU+BQU) = (328, 12TS, T°4-328° 4TS Y e, 8)°U
+ (4T, 9687 12TS, T2—328*Y«, 3)°HU.
42
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Q(6PU4BQU)= [ 384T §*, "
+120T°S+-7680 S,

+ 10T° +43200T S,

| +480T"S?,

+ 30T°S, |

L+ 1T —  24T°8°+5128° |
+[— 24T° + 46088%, N
+1920TS?,

4+ 480T"S,

1+ 30T° +1920TS?,
1+ 120T°S*+7680 S,
— 6T + 768TS* |
S(6zPU+LQU)= {4+ 1T* +192 SR
1128T S,
{4 18T°S 4384 8, («, B)*
+ 1T + 64TS,
+ 57— 64 S |
T(6ePU+BQU)= [ — 8T° + 4608TS’, )
+1920T°8*+73728 S,
+ 360T°S +38400TS,
{4+ 20T¢ + 8960T°S, o, B)°
+ 840T°S*+ 7680TS", |
+ 36T'S + 384T°S' 424576 S,

(o, B)°U

Lo, B)°HU

L+ 1T —  40T°S'+ 2560TS° |

R(6¢PU-+BQU)=[(48S, 8T, —965*, —24TS, —T°—165"Y«, B8)']'R>.

F(62PU+BQU=( 192, 32T , —384 S , — 96T'S , — 4T —645"w, 8)'OU
+( o0 ,512 S, 192TS* , 24T , T* e, 8)*. U2
+(13448%, 352TS,  24T°—11528°, —288T S* , — 20T*S 4648, 8)U.HU
+( 48T, o , 288TS ,  24T°+415368°, 144T §? e, B)Y(HU)z

. The tables for the ternary cubic become much more simple if we suppose that the
cubic is expressed in Hesse’s canonical form; we have then the following table :—

No. 70.
U=2’+y°+<°+6lzyz.
S =—[+1



MR. A. CAYLEY’S THIRD MEMOIR UPON QUANTICS. 647

T =1-20£—-8/".

R =—(14-85)"

HU =822 +y*+2°) — (1 +-28)xy=.

OU =(1488)*(y*s*+*2*+a%y®)
(=98 @y 4=
+(—20—=501"=200) (*+y*+2°)xy=
+ (=162 =780+ 1205)a*y’=?.

OU =4(1488)*(y*S+2**+a%y®)

(= 1 =4l —4L) (@ 4y 2)?
+ (41410084 11207) (2 +9° + )=
+ (4812455205 +481°) a2,

0, U=—2(1480)(y*s*+*2*+a%y°)
+(1—108) @4y 5
+ (6/—1800*—961") (*+y°+ 2*)ayx
+ (62— 6241 — 1920%) 2%y, '

PU =—IlE+7+T)+ (—14+48)8g.

QU =(1—108)(E47+C)—61 (5441l

FU =—4(1+80) 0+ L5+87r)
+E+7+0)*

—24PE L)L

—24l(1+4-2087°C,
to which it is proper to join the following transformed expressions for ®U, ®,U, © U,
viz.

OU =(1+8L) (' +2ta*+a%y®)
+(—2£=-01U°
+(2{—5(")U.HU
+ (=38 )(HU).

OU =4(14-88)(y*x* +=*a* +a’y?)

+ (—141284-4502
+ (—16/441* )UHU
+ (=128 Y(HU)™.
O U= —2(14-8P°)*(y’s*+2*2°+2%°)
+ (1—16—60°U?
+ (6! )U.HU
+ (68 )(HU)-
The last preceding table affords a complete solution of the problem to reduce a
ternary cubic to its canonical form.



