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BriNG encouraged by the friendly interest expressed by English geometricians, I have
resumed my former researches, which have been entirely abandoned by me since 1846.
While the details had escaped from my memory, two leading questions have remained
dormant in my mind. The first question was to introduce right lines as elements of
space, instead of points and planes, hitherto employed ; the second question to connect,
in mechanics, translatory and rotatory movements with each other by a principle in
geometry analogous to that of reciprocity. I proposed a solution of the first question in
the geometrical paper presented to the Royal Society. I met a solution of the second
question, which in vain I sought for in Poinsor’s ingenious theory of coupled forces, by
pursuing the geometrical way. The indications regarding complexes of forces, given
at the end of the ¢ Additional Notes,” involve it. Inow take the liberty of presenting a
new paper, intended to give to these indications the developments they demand, reserving
for another communication a succinct abstract of the curious properties of complexes of
right lines represented by equations of the second degree, and the simple analytical way
of deriving them.

L
1. We usually represent a force geometrically by a limited line, ¢. e. by means of two
points (2, 9/, 2') and («, g, z), one of which (&, ¢/, #/) is the point acted upon by the
force, while the right line passing through both points indicates its direction, and the
distance between the two points its intensity. 'We may regard the six quantities

v—a, y—y, 2—2, yd—yz, w—2w, -2y . . . . . (1)

as the six coordinates of the force. The six coordinates of a force represent its three
projections on the three axes of coordinates OX, OY, OZ, and its three moments with
regard to the same axes. By means of the three first coordinates the intensity P and
the direction of the force; by means of the three last the resulting moment R and the

direction of its axis; by the quotient % the d1stance of the force from the origin, and

- therefore its position in space is determined.

Accordingly we may, as far as we do not regard the pomt acted upon by the force,

replace its six coordinates (1) by
XY, Z, L, M, N. . . . . . .. ... (©®
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362 DR. PLUCKER ON FUNDAMENTAL VIEWS REGARDING MECHANICS.

But a force depending upon five constants only, there exists between these new coor-
dinates an equation of condition, namely,

LX4AMY4NZ=0, . . . . . . . . . . (3

which indicates that the axis of the resulting moment R (the moment of the force with
regard to the origin) is perpendicular to the direction of the force. In replacing the
coordinates (2) by the equivalent primitive ones (1), the last equation becomes an iden-
tical one between the six point-coordinates &', ¢/, 2/, @, ¥, #, and therefore is involved in
the form given to the coordinates of the force.

The three last coordinates,

Y —yz, zdd—Zw, axy—aly,
remain unchanged in replacing @, 9, z by (v—4/), (y—¥'), (2—#'). Consequently we may
substitute for them
Yo' =7y, Zis-Xd, Xy —-Yo

Thus, in omitting the accents of &', 9/, 2/,

X, Y, Z, Yo—Zy, Zo—Xz, Xy—Yox . . . . . . . (4)
become the coordinates of the force. Now x, y, # denote the coordinates of any point
of the line along which the force acts, its intensity and direction being given by X, Y, Z.
The form of the new coordinates (4) involves the equation of condition (3).

2. If any number of given forces, represented by the symbols (¢, 9, 2, , g, 2) or
(X, Y, Z, L, M, N), act upon or pass through given points, according to the fundamental
laws of statics, the resulting effect is obtained by adding the corresponding six coordinates
of the forces

r—2, y—y, 2—2, yd—yz, z'—Zu, axy—2a'y.

If the six sums thus obtained,

Se—d), Sy—y) Se—d), -y, =22, Say—dy), . ()
=X, 3Y, 372, =L, =M, =N, . . . . . . . (6)

SL.EX+3M.2Y43N.37=0,

and therefore assume the form of the expressions (1), they are the six coordinates
of a resulting force which replaces the given ones. In the general case I propose to
call the cause producing the resulting effect dyname. The six sums (5) or (6), not
satisfying the last equation of condition, may be regarded as the siz coordinates of the
dyname ; the first three indicating the intensity and the direction of a force P, the last
three the intensity of a moment and the direction of its axis.

In the case of a force (P) depending upon five constants, the moment and the direc-
tion of its axis are determined by means of these constants, 7. e., by means of

X, Y, Z, L, M, N, . . (2)

or

satisfy the condition

in admitting

LX+MY 4NZ=0.
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This equation not being admitted, the corresponding dyname (P, R) depends upon six
linear constants (2), independent of each other. There is no relation admitted between
the direction of the force (P) and the direction of the axis of the moment (R).

In denoting the angle between both directions by ¢, we have

LX+ MY +NZ
R =esg . . . (D)

3. A linear complex of right lines* is represented by a homogeneous equation of the
first degree,

A(x—a') +B(y—y’)+0(z-fz’)+D(yz’ —'2)+ E(za' —2'a)+- ¥(ay' —a'y)=Q=0, . (8)

between the six line-coordinates

(x=2), (y—=y), (¢2=7%), (y2'—y%), (2d/—2'2), (ag'—ay), . (1)
regarded as variables. These quantities are simultaneously the coordinates of a force.
Let us replace the homogeneous equation (8) by the general one of the first degree,

Q—1=E=0. . . . . . . . . .. . (9

Forces the coordinates of which satisfy this equation constitute a linear complex of forces.
The six coordinates of the two points (2, ¥/, #) and (, ¥, #) by which the force is deter-
mined may likewise be regarded as variables replacing the coordinates (1).

In order to get the forces of the complex E acting upon any given point of space
(@, ', #'), we must regard the coordinates of this point as constant. On this supposition
the equation of the complex, which may be written thus,

(A+Fy —Fz )z )
+(B—Fa'+ Do)y

+(C+Ea'—Dy')z ’
=Aa'+By' +C2' +1, )

(10)

represents a plane. Therefore the geometrical locus of the second points (2, g, 2), by
which the forces acting on the given point (¢, 9, #) are determined, is a plane. This
plane may be called conjugate to the point acted upon.

In a linear complex there are acting upon each point of space forces in all directions,
the intensity of each force being the segment on its direction between the point acted upon
and its conjugate plane.

4. In supposing the forces, and consequently their coordinates, to be infinite, the equa-
tion (9) of the complex E becomes

Q=0.
This equation, therefore, representing a complex of right lines, indicates the pos1t10n of
those forces of the complex E the intensity of which is infinite.

* See geometrical Paper, p. 734, Philosophical Transactions, 1865.
3D2
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From my geometrical paper* we deduce that, by a proper transformation of coordi-
nates, the function 2 may be reduced, in putting

,__ AD+BE+CF
U=bimm (11)
F=&/D+E+F, . . . . . . . . . (12
to the simple expression
Fay'—a'y)+C(z—2).
Accordingly the general equation of the complex E assumes the form
Flay —a'y)+CL—2)=1; . . . . . . . . (13)
and in putting
AD+BE+4+CF__ (!
mg—_rj‘r:’ﬁ,:k, e e e e e e e e e (14)
1 1 _
W:ﬁ—kk’, R ¢ 19))
may be written thus, :
(ay —2y)+k(z—2'—F)=0. . . . . . . . . (16)

There is in a complex of right lines an axis round which it may revolve, and along
which it may be displaced parallel to itself, without being changed. After this double
movement each line of the complex occupies the place formerly taken by another of its
lines. After the transformation of coordinates, the axis of the complex Q, which may
be likewise called the axis of the complex of forces E, coincides with OZ; the origin
being arbitrarily chosen on OZ, and the axes OX and OY being any two right lines
drawn through this point perpendicular to OZ and to each other.

The form of the last equation shows that a linear complex of forces =, like the corre-
sponding complex of lines Q, remains unaltered when rotating round its axis or moving
parallel to it, i. e. each force of the complex in its new direction and the new position
of the point upon which it acts, continues to belong to the complex in retaining its
intensity.

9. Let

E=0-1=0, E=0~-1=0. . . . . . . . (17
represent any two linear complexes of forces. Congruent forces of both complexes, the
coordinates of which satisfy simultaneously both equations (17), constitute a congruency
of forces. Their coordinates satisfy likewise the equation

E—E=0-0=0, . . . . . . . . . . (189
derived from the primitive ones by eliminating their constant term. Hence

In a congruency, the forces act along right lines constituting a linear complex.
The forces of a congruency belonging simultaneously to two complexes, those of them

# (teometrical Paper, p. 746.
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passing through a given point meet the right line along which the two conjugate planes
of the point in the two complexes intersect each other.

In a congruency, there act on every point of space an infinite number of forces along
right lines constituting a plane, their intensity being given by the distance of the point

acted upon from the points of a given right line confined within that plane.
6. Let
E=Q-1=0, E=0—-1=0, E'=0"-1=0 . . . . . (19)

represent any three linear complexes of forces. TForces, the coordinates of which satisfy
simultaneously the three equations, constitute a double oongruencg/ of forces. Hence we
derive immediately the following theorem :—

In a double congruency of forces there is passing through each point of space one single
Jorce of given direction and given intensity.

The intensity of the force is equal to the distance between the point acted upon and
the point where the three planes conjugate in the three complexes meet.

7. We may derive from the equations (19) the two following:

Q-Q=0, Q—Q'=0. . . . . . . . .. (2)

The coordinates of forces of the double congruency satisfy likewise both equations (20),
the system of which represents a congruency of right lines.

The forces of @ double congruency act upon right lines which constitute a congruency.

I proved in the geometrical paper that all lines of a congruency intersect two given
lines. Hence

All forces constituting a double congruency meet two fixed lines.

8. In following our way we meet congruent forces of four complexes constituting a
threefold congruency. 'Their coordinates satisfy simultaneously the equations of the four
complexes, '

E=0, E=0, ='=0, E"=0, . . . . . . . . . (21
as well as the equations
E—E=0, E—~E'=0, E—E"=0 . . . . . . . . (22

derived from them, the system of which represents a rectilinear hyperboloid. Hence

The forces belonging to a threefold congruency act along the generatrices of a hyper-
boloid *, the points of which are the points acted upon. There are conjugated to such
a point in the four complexes of forces (21) four planes meeting in another point of the
same generatrix. The distance between the two points represents the intensity of the
corresponding force, varying if the point acted upon move on the generatrix.

9. There are only two forces belonging simultaneously to five complexes, <. e. there
are two right lines, on each point of which one single force of given intensity acts along
its direction. Indeed by means of the five equations of the complexes, we may deter-
mine, by elimination, five of the six coordinates, which, for simplicity, may be denoted

# (teometrical Paper, p. 757.
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by X, Y, Z, I, M, N, as linear functions of the sixth. Accordingly the equation of
condition,

LX+MY+4NZ=0,
may be transformed into an equation of the second degree with regard to the sixth
coordinate.

10. In the complexes hitherto considered, the forces acting along a right line vary
in intensity when the point acted upon moves on that line. According to the more
usual notion there is, along a given line, one single force of given intensity acting upon
any point of the line. In order to represent complexes of such forces, we replace the
coordinates (1), made use of hitherto, either by the coordinates

XY, Z,L,LM,N. . . . . . . . . (2
in admitting the equation of condition

IX4+MY4+NX=0,. . . . . . . . (3
or by the coordinates

X, Y, Z, Yo7y, 7o —Xz, Xy—Yu. . (4)

In both systems of coordinates there is no trace left of the point acted upon by the force.
The same coordinates belong to right lines, and the homogeneous equation

AX+4+BY4+CZ+DL+EMFFN=®=0 . . . . . . . (23)

represents the same linear complex of lines which was formerly represented by the
equation

Q:O.
Put
Y=P—-1=0.. . . . . . « . . . . (24

All forces, the coordinates of which satisfy this equation, constitute such a new com-
plex. It is essential not to confound such complexes with the former ones.
11. The coordinates , 7, z of any point on the direction of a force are introduced in
making use of the coordinates (4). Accordingly the equation of the complex ¥ becomes
AX+BY+CZ+D(Yz—Zy)+E(Za—X2)+F(Xy—Ya)=0. . . . (25)
If
Yz_—:.Zy,
Zx=Xz,
Xy;Yx,

the corresponding forces pass through the origin; for these forces, belonging to the com-
plex ¥, we obtain

AX+BY +CZ=0.
Let

a=az, y=bz
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indicate the direction of any of these forces, we obtain

X=aZ, Y=UZ,

whence
1
=3 B+C’
and the intensity of the force
: _ AM1+a?+0? ‘
P — m . . . . . . . . . . (2 6)

If the system of coordinates is displaced parallel to itself, any point (2., 7,, 2,) becoming
the new origin, X, Y, Z remain unaltered, while &, , z are replaced by (x+4,), (¥+2),
(242,). Accordingly the equation (25) is transformed into the following one:

AXABY 4 CZ+D(Y (54-2.) = Z(y+1)) + B(Zw +2) = X(2+2,)) + F(X(y+50) — Y(o+a,))=1.
In putting @, y, 2=0, the following relation
(A—FEz,+Fy,)X+(B+Dz,—Fa, )Y+ (C—Dy,+LBa))2=1 . . . (27)

is obtained between the coordinates of forces passing through the new origin. Let, in
the primitive system of coordinates,
r—x,=a(2—2,),
Y —Y="b(z—2)
indicate the direction of any such force, its intensity is
P= V14 a?+ b
T (A=Ezy+ Fyp)a+ (B+Dzy—Fzg) b+ (C— Dy, + Ex)
1
A—Ez,+Fy,) cos a+ (B + Dzy—Fz,) cos B+ (C— Dy, + Ex,) cosy

1
T Acosa+ B cos B+ C cos g+ D(z, cos B—y, cos ) + Bz, cos y —z, cos «) + F(y, cos e —a,cos B)°

1

There is one force passing simultaneously through both origins, determined by the
relations
At Tyt Yyt 2 = XY 1 Z,

by which the last expression for P is reduced to the former (26). The force acting
along the same right line is the same. All other forces of the complex ¥ passing
through the primitive origin, when displaced parallel to themselves, so as to meet
the new origin, generally change their intensity. This intensity is not changed if, the
direction of the force remaining the same,

Ez, =Fy,,
Dz,=¥z,,
D;Z/o_——Eafo,

i. e. if the new origin describes what we may call a diameter of the complex. We do
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not enter into any detail, because the results thus obtained would be involved in the
following developments.

12. Indeed, in so transforming the arbitrary system of rectangular coordinates—as
we did in the case of complexes E—that the new axis OZ coincides with the axis of the
complex of lines @, the equation (24) is replaced by the equation

N+ Z-FE)=0, . . . . . . . . . (28)
k and %' retaining their signification of No. 4, and may be written thus,
P(d cosv+% cos y)=EE, e e e e e (29)

in denoting by ¢ and » the angles which the directions of the forces and of the axes of
their moments make with OZ, and by o the distances of the lines along which the forces
act from the origin. Hence we conclude that the intensities of forces of the complex

are the same if ocosy+ kcosy=const. . . . . . . . . (30)

That is especially the case if the line along which a force acts be displaced parallel to
OZ or turned round it. Hence

A force of a complex ¥ which, while retaining its intensity, is displaced parallel to the
axis of the complex or turns round it in all its new positions continues to belong to the
complex.

13. The lines along which congruent forces of any two complexes ¥ act constitute
a linear complex of lines. The congruent forces of three complexes ¥ are directed
along lines of a congruency, and consequently meet two fixed lines, there is one Jorce
passing through each point of space, and one confined within each plane traversing it.
The congruent forces of four complexes ¥ are directed along the generatrices of a
hyperboloid, their intensity only varying from one generatrix to another. Finally, five
complexes ¥ meet along two forces (either real or imaginary).

14. A dyname, determined by its six linear coordinates,

XY, Z, L, M, N, . . . (2

represents the effect produced by two forces not intersecting each other, the points
acted upon not being regarded. The six sums of the corresponding coordinates of both
forces are the six coordinates of the dyname. Reciprocally, a dyname, the coordinates
of which are given, may be resolved into equivalent pairs of forces; but a dyname
depending upon six, a pair of forces upon ten constants, four of these ten constants may

be chosen arbitrarily. Let
braxtly X, ¥, %, L,M, N,

x, y, 7, U, M, N,
be the coordinates of such a pair of forces. The following relations,
x+x'=X, y+y=Y, z47=Z,
L+1u=L, M+M=M, ~N+N=N,
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take place, and besides the following two:
1x +My +x5z =0,
X/ 'y N7 =0
The last equation may be developed thus, }
(L=1)(X =)+ (M—30)(Y —y)+(N—¥)(Z~2)=0,
and reduced by means of the preceding one as follows: '
Lx +My +Nx
+Xn Yy +Zx A C1 Y
=LX4MY+NZ '

If the coordinates of the dyname be regarded as constant, x, y, z, L, M, N as variable,
this equation represents a linear complex of forces. By interchanging the two forces we
meet again the same equation. Hence

A dyname may be resolved into pairs of forces, the Jorces of all pairs constitute a linear
complex.

‘We must desist from entering into any further detail.

15. Any number of dynames being given, the coordinates of the resulting dyname are
obtained by adding the coordinates of the given ones. If the six sums are equal to zero,
equilibrium exists.

16. Dynames (P, R) the coordinates of which satlsfy the linear equation .= =
Y= AX+BY+CZ+DL+EM—[—FN-—1 0, . . . . . (32
constitute a complex of dynames. In supposing P and R, and therefore the coordinates
of the dyname, infinite, the last equation becoming homogeneous,
AX+BY+CZ4DL4+EM+FN=0 . . . . . . (33)
represents a complex of two variable lines.
- Dynames the coordinates of which satisfy s1multaneously two linear equations,

¥=0, ¥'=0,
constitute a congruency of dynames. In eliminating the constant term, the resulting
equation, V¥ =0,

represents a complex of two variable lines.

IL

1. We determine a force producing repulsion or attraction by means of two points
in space, one of which is the point acted upon. In quite an analogous way we may
represent a rotation, or the force producing it, by means of two planes,

tetuly+dz=1, 1

. - ° ° } L] Ll . ® . . 1
to +uy +vz =1,J (1)
MDCCCLXVI. 3E
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the coordinates of which are ¢, #/, ¢’ and ¢, u, v, one of the two planes (¢, ¢/, v') being
acted upon. The right line, along which both planes meet, is the axis of rotation. The
plane acted upon (¥, «/, v') may in a double way turn round the axis of rotation in order
to coincide with the second plane (¢, w, v); but there is no more ambiguity in admit-
ting that during the rotation the rotating-plane does not pass through the origin, and
consequently its coordinates do not become infinite. (In an analogous way we deter-
mine the distance of two points.) |
Let us regard the six quantities,

b=t w—u, v—t, w—uv, vf'—vt, t—tuw, . . . . (2)
as the six coordinates of the rotatory force, as they are the six coordinates of its axis of

rotation. As far as we do not regard the plane acted upon by the rotatory force, we
may replace them by the following six,

% 9 3 & MmN ... 0000 (8
in admitting the equation of condition,
LAMYP+N3=0. . . . . . . . . . . . 4
Finally, we may write the coordinates (2) in the following way,
X 9, 3 P—3u, Jt—Fv, Xu-Pt, . . . . . . (H)

(t, w, v) being any plane passing through the axis of rotation.

2. The notation-of the preceding number being rather unusual, it appears suitable
to introduce a few remarks before proceeding.

In referring to the « Additional Notes” of the geometrical paper *, we get

X:Y :7Z = cosh:cosm:cosy, . . . . . . . (6)
L:M:N=cose:cosfB:cosy; . . . . . . . (1)
and in putting '
X4+P+3F=P, . . . .. . .. (8)
L MER=R, . . . . . .. ... (9)
there results

Here the angles made by the axis of rotation with the three axes of coordinates OX,
OY, OZ are denoted by A, w, »; the angles made with the same axes of coordinates by
the right line perpendicular to the plane containing the origin and the axis of rotation
by , 8, 7; 0 denotes the distance of the axis of rotation from the origin; finally, let
us call P the intensity of the rotatory force, R its moment, and the right line passing
through the origin and making, with the three axes of coordinates, the angles «, (3, ¥,

he axis of the moment.
# Philosophical Transactions, 1865, p. 776,
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3. Both the intensity (P) and the moment (R) of a rotatory force depend only upon
the position of the origin; they do not depend upon the direction of the axes of coordi-
nates. Indeed p and p’ denoting the distance of the planes (¢, u, v), (¢, %/, ¢/), by means
of which a rotatory force (#w'v/, fuv) is determined, from the origin, and «» the angle
between the planes, we have

= (t—t (Pt (=0 =

}E+E},_2.__2_}°]_‘]’)ST"3. ... (1D
Again, the intensity (P) being given according to (10), the moment of the rotatory
force (R) remains the same when the axis of rotation gets into any other position, as
long as 9, the distance of the axis from the origin, does not change, and in particular
when the axis of rotation turns round the axis of the moment.

4. The six coordinates of an ordinary force (#4'z, #yz) remain the same when, the
mutual distance of the two points (2'y'#') and (2, 7, 2) not being altered, the point (/, ¢/, 2')
acted upon moves along the direction of the force. So do the six coordinates of a rota-
tory force (¢%'v/, tuv) when, P remaining the same, the plane (#,¢', ¢/) acted upon rotates
round the axis of rotation. A repulsive or attractive force may act on each point of
its direction, a rotatory force on each plane passing through its axis. Let

totuy+vz—1=s=0,
te +uy +vz —1=s=0,
be the equations of the planes (¢, «/, ¢') and (7, u, v) by which a rotatory force is deter-
mined. In denoting by ' and w any two arbitrary constants, the following equations,
s —wp'd=0,
§—wps =0,
represent any two new planes passing through the axis of rotation. Let (¢, u, ¢,) and
(%, e, v,) be the corresponding symbols of the new planes. The first of the two
planes, depending upon the constant @/, may be regarded as any plane acted upon by the
rotatory force, and accordingly the second plane, depending upon the constant w, may be

determined so that the intensity of the rotatory force, and therefore its moment, shall
not be changed. In this supposition

. | !
=1 =ty —1,,
W U =20y — 11

v =t =0, —,,
whence we derive i
[ —
ptp'=2.

‘

]

There are three values of 1/,

I b

Sl
e

o~

indicating planes acted npon parallel to OX, OY, OZ; let G, H, I be the points in
which the corresponding second plane meets the same axes. If any other plane passing
3E2
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through the axis of rotation and intersecting the axes of coordinates in the points G,
', T' is taken as the plane acted upon by the rotatory force, the corresponding second
plane intersects the same axes in three points G,, H,, I,, such that the three couples
of points, 0, G and G, G,

O, H and H', H,

O, I and I',17,
constitute, on the three axes of coordinates, three systems of harmonic points.

9. If any force be given, its intensity (P) is quite independent of the axes of rectan-
gular coordinates, which may be arbitrarily chosen, but its moment (R) depends upon
the choice of the origin. The point upon which the force acts, if free, is impelled along
a given line. If the point acted upon be attached to any fixed point, the translatory
movement is changed into a rotatory one. Any plane perpendicular to the direction of
the force revolves, if one of its points be fixed, round an axis, confined within the plane,
passing through the fixed point and perpendicular to the direction of the force. This
axis is the axis of the moment of the force with regard to the fixed point which in the
considerations of Part I. was the origin of coordinates. The cause producing the double
effect is called force. This definition involves that the direction of the force and the
direction of the axis of its moment be perpendicular to each other. If there is a
moment, the axis of which is not perpendicular to the direction of the translatory move-
ment produced, the cause of it is no more a mere force: we called it a dyname.

If any rotatory force be given, both the intensity of the force and the intensity of its
moment are independent of the direction of the axes of coordinates, only both depend
upon the position of the origin (3). A plane perpendicular to the axis of rotation
remains the same during the revolution. If there is another invariable plane, i. e. a
plane not able to turn round any axis confined within it, and therefore, this axis being
infinitely distant, not able to be displaced parallel to itself, the revolution is stopped
and transformed into a translatory movement of the plane acted upon. Indeed the
intersection of the two invariable planes becoming an invariable line, able only to move
along its own direction, the plane acted upon and all the planes connected with it are
displaced along the invariable line. The movement along this direction may be decom-
posed into three, along the axes of coordinates. The cause producing the double move-
ment is called rofatory force. If the condition that both axes (of rotation and of trans-
lation) are perpendicular to each other be not fulfilled, we shall call it a (rotatory) dyname.
If any point of the line, moveable only along its own direction, be fixed, it endures a
pressure along that line which is proportional to the translatory movement, and may be
likewise decomposed along the axes of coordinates.

6. Let us, in order to confirm in the analytical way the general views of the last
number, consider a rotation the axis of which is confined in the plane XY, and within
this plane directed parallel to OX. Let us admit, too, that the plane acted upon, pass-
ing through the axis of rotation, is parallel to OZ. Under these conditions, the symbol



DR. PLUCKER ON FUNDAMENTAL VIEWS REGARDING MECHANICS. 373

for the rotation being (20, fuv), its coordinates are
0, 0, w, wv, 0, O.
Accordingly OZ is the axis of the moment; we obtain

P=ov, R=wuw, y=1;
and in putting v
dv=—tan ,

we have

tan w tan w |
§B=— a 9 %:—*STa

Here » denotes the angle of rotation, taken in starting from the plane acted upon in
the direction from OZ to OX. In passing to infinitesimals, the last equation becomes

w ]
-§B=—§a éﬁ:"’é?

7. When two rotations take place simultaneously, there is a resulting one in the case
only where both axes of rotation are confined within the same plane. Let

3{3 8)3 8) S&)v _87’69 St _x”> Xu '—@t’
¥, 0, 8, Y—3uw, {—3¥W, Xu—9¢,
be the six coordinates of the rotation, (¢, u, v) and (¢, w, v') being any two planes containing

their axes. If both axes be confined in the same plane, 7, #/, v/ may be replaced by
¢, w, v. In this supposition, by adding the corresponding coordinates, we get

4+&, 9+Y, 3+3,
(O+9)—(3+3%, (83+3)—(E+X), (X+X)u—(9+Y)t
These six sums are the coordinates of a new rotation, the axis of which is within the
same plane (¢, u, v). IHere the three equations of condition,
2HE=0, P+9=0, 3+8=0,
which render the six coordinates of the resulting rotation equal to zero, are sufficient to

express that equilibrium exists.
In the general case, where both axes of rotation are not confined within the same

plane, the six sums of coordinates
¥+¥, 9+9, 3+3,
(Dv+9V)—(Bu+3%), (t+31)—(Rv+X7), (Xut+&v)—(Di4+7),

are the coordinates of a dyname. When equilibrium exists we get, in order to express
that all resulting effect be destroyed, six equations of condition by putting the six
coordinates equal to zero.

8. By generalizing, the following theorem is immediately derived :—

Any number of rotatory forces acting simultancously, the coordinates of the resulting
rotatory force, if there is such a force, if there is not, the coordinates of the resulting
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rotatory dyname, are obtained by adding the coordinates of the given rotatory forces. In
the case of equilibrium the siz sums obtained are equal to zero.

Accordingly the given rotatory forces (or rotations) being represented by the general
symbols (¢u'v', fuv), their coordinates are

t—t, w—u, v—v, w—uv, vl—vt W'—tu,
and
2(t—t), J(u—v), Z(v—7), Z(w—uv), Z(vi'—t), Z(tu'—tu),
the coordinates of the resulting force or dyname.

9. The theorem of the last number embraces the statics of rotatory forces as the
analogous theorem of Part I., No. 2 involves the statics of ordinary forces. We gave this
theorem as the expression of known statical laws. Inversely we might, having previ-
ously stated the theorem in a direct way, deduce from it the theorems of statics.
Indeed the theorem follows from the mere consideration that the corresponding coordi-
nates of forces,—the three first of which, X, Y, Z, are represented by segments of
right lines, the three last, L, M, N, by areas,—indicating homogeneous quantities, may
be added, and after addition the sums obtained interpreted in the same way.

The following numbers will show the application of the new theorem, and of its
inverse, regarding decomposition of rotatory forces or dynames.

10. Any number n of rotatory forces acting simultaneously on the same plane (¢, «/, ')
may be represented by symbols, #, ', ¢/ being the same in all. By adding their coordi-
nates, the six sums obtained (2) may be written thus,

St—nt, Su—nu, Sv—m,

Su.v'—3v.a, v.d—3t, Stau'—3u.t;
or in putting
: St=ny, Su=ne, Sv=mns,
thus
n(d—=1t),  nle—u),  nle—7),
n(ev'—ou'), n(ct! =), n(du'—et).

These expressions are the coordinates of the resulting rotatory force; 9, ¢, ¢ are the
coordinates of a plane, replacing in the theory of rotation the centre of gravity, which
may be called the central plane of the given planes (¢, u, v), by which, the plane acted
upon (¢, w/, ¢') being given, the rotatory forces are determined. The resulting axis of
rotation is the intersection of the given plane (#, «/, v') and the central plane (9, ¢, o).
The intensity of the resulting force is

i/ SO+ = FF(r=0Y.

—) — —
I=t, e=v/, o=,

In the case of equilibrium,

1. e. the central plane is congruent with the jolcme acted upon by the given rotatory forces.

11. A rotatory force,
(tu, tuv),
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may be decomposed into three,
(tu, tu'v), (Ful, tw'), (v, t')¥,
the six coordinates of which are
0 0 v—1v' —u/(v—1') t(v—7') 0
0 u—u' 0 v(u—u') 0 —t(uw—u')
t—t 0 0 0 —v(t—t) w(t—1').
In adding these coordinates, we get
t—1t, u—, v—1, wy' —u', vt —v't, tw' —tu,
i. e. the coordinates of the recomposed given rotatory force.
The three axes of the decomposed rotatory forces are the intersections of the plane
acted upon by (¢, /, v'), with the three planes of coordinates XY, X7, YZ, constituting

a triangle, the angles of which fall into the three axes of coordinates.
The given rotatory force is thus decomposed into three equivalent ones, the intensity
of which is
Pceosy =(v—7v)=4F,
PBeosp=(u—u')=9,
Peosa=(t —¢)=3.
In putting

VEFP=2,
\/t’z +’U’2: %a
VEFP=

7, ¢, p denote the distances within the planes XY, XZ, YZ of the axes of the decom-
posed forces from the origin, and

3,9, %
r

ey —

g P

represent the three corresponding moments. These moments do not change if,
within the planes of coordinates, the axes of rotation revolve round the origin, and

especially become parallel to an axis of coordinates; i—’ for instance, if the corresponding

axis become parallel to OY or OZ, is equivalent to one single coordinate 71;;’1', replacing
both former ones—u/(v—2') and #'(v—1').

12. Any number of rotatory forces being given, by decomposing each into three, the
axes of which are confined within the three planes of coordinates, and by recomposing

* The decomposition and recomposition of rotatory forces acting upon a given plane, as well as of ordinary
forces acting upon a given point, is immediately derived from the principle of the coexistence of infinitesimal
movements, which may be replaced by the causes producing them, ¢. ¢. by forces.
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again the forces having their axes in the same plane, the following values are obtained
for the intensities and the moments of the three resulting new forces:

X, EE,
3
)
2&)’ % ’
38, 2,
in putting, for brevity,
3 ¥_22,
Y/ T
s9_329
q ®
3=3%3
r ¢

In the general case the three resulting rotatory forces constitute, if compounded, a
(rotatory) dyname. In denoting the intensity of its force and moment by IT and P, we
have

(CE)+(EY)+(E3) =11,
CHRHRC

3X:39:33=cosl:cosw:cost,

while the ratios

¥ <9 .o3_ ) i
2]7.2 ~g—.27_cosa.cosb.cosc

give the angles /, m, » and @, 4, ¢, made by the axes of rotation and the axis of the mo-
ments with OX, OY, OZ.
If
cos [ cos @+ cos m cos b+ cosn cos ¢=0,
the resulting dyname degenerates into a mere rotatory force of given intensity and posi-
tion in space.
In the case of equilibrium,

2}‘:"—:03 2@=0, 28=03
¥_ 9_ 3_
s¥=0, 3220, 330

If only the three last of these six equations equivalent to the following ones,
S 3, 3B,
1

—VY,

K

are satisfied, 7, #, ¢ become infinite; accordingly the three axes of the rotatory forces
(10) are, within three planes of coordinates, at an infinite distance, and consequently the
corresponding rotatory movements are replaced by translatory ones, parallel to the planes
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of coordinates. The three movements thus obtained give a resulting movement of the
same kind.

If only the first three of the six equations are satisfied, #, %, ¢ becoming equal to zero,
the resulting axis of rotation passes through the origin.

13. After this digression, by which a full analogy between ordinary forces and forces
producing rotation is stated, we may proceed by giving most succinct indications only.

With regard to rotations and forces producing them, we have to distinguish two dif-
ferent kinds of complexes corresponding to their different systems of coordinates. We
shall first, in making use of the coordinates

t—t, wu—u, v—t, w—uv, of'—dt, tu'—tu,
consider a complex of rotations, the coordinates of which satisfy the equation
D(t—1)+E(u—u)+F(v—v')+ A(wv' —u'v) 4 B(vt' —v'¢) 4 C(tu' — t'u)=1,
which, for brevity, may be written thus,
O=H-—-1=0.

In regarding #, «', +' as constant, any fixed plane traversing space is the plane acted
upon by the rotatory forces, and therefore containing the axes of rotation. The coor-
dinates of the second planes (¢, , v), by means of which the corresponding rotations of
the complex are determined, remaining variable, the same equation representing the
complex now represents a point, where all second planes meet. The equation of this
point may be written thus,

(D+Cu'—Bv )¢
(E—Ct' +Av)u
(F4+-Bt —Au' )

=Dt +Evw'4+Fo—1;

whence the following coordinates of the point are obtained,

_ D+ Cu'—Bv
=D Bl + T —1’

_ E—Cf+Ad
A VY Y By e

F+Bi—Ad

We shall call this point the point conjugate to the plane (¢, /, ¢').

Any plane traversing space may be regarded as acted upon by the forces of the complex,
each right line it confines, as an axis. The rotation corresponding to each axis is deter-
mined by a second plane, traced through the conjugate point and the axis.

The intensity P of each rotatory force is thus immediately given. P becomes infinite

for all rotations the second planes of which pass through the origin. In considering
MDCCCLXVI. 3F
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exclusively rotations of this description, the six coordinates of which are likewise infinite,

the equation of the complex becomes
H=0.

Being now homogeneous, it represents a linear complex of axes or right lines, identical
with the complex represented in Part I. by the equations
Q=0, or &=0.

It would be beyond the limits of this paper to develope here the theory of linear com-
plexes of rotations. Let me observe only that, in taking for OZ the axis of the complex
H, which may be regarded likewise as the axis of the complex of rotations O, the
general equation of the complex assumes the following form,

V=t F2(tw —t'u) =z,
in denoting by = and #' two constants, and may in retaining the former notation be
written thus,

P(cos vtz . Lob\sl) =z

There are amongst the rotations of the complex such transformed into translations.

They will be determined in putting 3= oo, whence
P cosy=x#.
14. The congruent rotations of any #wo complexes,
0=0, 0'=0,

constitute a congruency of rotations. Any plane being given, there is in each complex
a point conjugate to the plane; the line joining both points may be called conjugate
in the congruency to the given plane. TFEach plane passing through the conjugate line
intersects the given plane along an axis of rotation. Therefore all axes within the plane
meet in the same point, where it is intersected by its conjugate line. Among the axes
there is one confined in the plane passing through the origin; in the corresponding
rotation P becomes infinite. Again, there is one rotation transformed into a displace-
ment parallel to the given plane.

In accordance with these results, the equation

0—-0'=0,

derived from the preceding ones by eliminating their constant term, represents a linear
complex: of axes.

15. The congruent rotations of #hree complexes,

0=0, 0'=0, 0"'=0,

constitute a double congruency of rotations. Any plane traversing space being given,
there is another plane passing through the three points conjugate in the three com-
plexes to the given one. This plane may be called conjugate in the double congruency
to the given plane. There is within the given plane one single awis of rotation coinciding
with the intersection of both planes, that given, and its conjugate one.
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The axes of rotation belonging to a double congruency constitute a linear congruency

of right lines, represented by
P—-P'=0, 0—0'=0,
and consequently meet two fixed lines.

16. The axes of the congruent rotations of four complexes are directed along the
generatrices of a hyperboloid. Hence we conclude that all axes of rotation are confined
within the tangent planes of the hyperboloid. Such a plane being given, its four con-
jugate points in the four complexes are within the same conjugate plane, intersecting
the given tangent plane along the axis of rotation which it contains. There is within
the given tangent plane a line of the other generation of the hyperboloid. When the
tangent plane revolves round this line, the corresponding axis of rotation, in revolving
simultaneously, in all its positions intersects the line in a point which describes it, while
the axis of rotation describes the hyperboloid.

17. There are two rotations coincident in five complexes.

18. The second kind of complexes of rotations is represented by the equation

DX+EY+F3+A4+BM4CN=1,
in regarding X, Y, Z, L, M, N, involving the condition
LMY +NI=0,
as variable coordinates. All discussions regarding the new complexes are analogous to
former ones.

19. In not admitting the last equation of condition, the complex of rotations of the
second kind is replaced by a complex of (rotatory) dynames.

IIL

From the notions developed in Parts I. and II. we immediately obtain two general
theorems, constituting the base of statics. In a similar way, as D’ ALEMBERT’S principle
is derived from the “ principe des vitesses virtuelles,” both theorems may be transformed
into fundamental theorems of mechanics.

Any forces acting upon a rigid body may be resolved into forces producing translation
and forces producing rotation. In the case of equilibrium, neither a translatory nor a
rotatory movement takes place, ¢. ¢. the resulting forces of both kinds become equal to
Zero.

In denoting the ordinary forces by

@, 9,74, %1, 2),
the rotatory forces by
(t, v, v, ¢t u,v),
the equations of equilibrium are
Se—0)=0, y—y)=0, H(e—7)=0,
3(t—¢) =0, S(u—u')=0, Z(v—v')=0.
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In putting, » being the number of forces,
Sa'=n¥, Sy'=mny, 32=nl,
S =nk, 2y=na, Sz=nt,
St=ny, Su'=ng, Sv'=nd,
3t =0y, Zu=ng, v =no,

(8,4, &) and (& 2, &) are the centres of gravity of the two systems of points («/, 9/, 2')
and (, y, 2); likewise (¥, ¢/, ¢/) and (3, ¢, o) the central planes (IL. No. 9) of the two
systems of planes (¢, «/, ¢') and (¢, 4, v). Accordingly the equations of equilibrium
become

£=4, n=1, t=f,

=Y, =/, c=d¢'.

We commonly represent ordinary forces by means of right lines, analytically by means
of the coordinates of their extremities, . e., by the coordinates of the points acted upon
(@, ¢, #) and the coordinates of second points (, 7, z). In an analogous way rotatory
forces are represented by axes and couples of planes passing through them; analytically
by the coordinates of planes acted upon (#, , v'), and the coordinates of second planes
(t, w, v). Accordingly in the case of equilibrium—

I. The centre of grawity of the points acted upon by the forces coincides with the centre
of gravity of the second extremities of the right lines by which the forces are represented.

I1. The central plane of the planes acted wupon by the rotatory forces coincides wztk
the central plane of the second planes, by which these forces are determined.

If we introduce the notion of masses both theorems hold good, only the definition of
both kinds of forces and therefore their unity is changed. The points acted upon
become centres of gravity, corresponding to masses; the planes acted upon central planes,
corresponding to moments of inertia.

If equilibrium does not exist, there is in the general case one resulting ordinary force,
determined by the two centres of gravity, and one resulting rotatory force, determined
by the two central planes. The intensities of the two forces are

na/ E—=E) +(n—1)+(E—5),
na/ =+ (e—d P+ (o—7)

These forces decomposed into three are known, and therefore the direction of the
axes, both of translation and rotation. We get easily the six differential equations of
the movement produced.

I shall think it suitable further to develope the principles here merely indicated. A
Treatise on Mechanics, reconstructed on them, will assume quite a new aspect.




