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VI. On the Forty-eight Coordinates of a Cubic Curve in Space.

By WirLiam Sportiswoopg, P.R.S.
Received December 29, 1880-—Read January 13, 1881.

IN a note published in the Report of the British Association for 1878 (Dublin), and
in a fuller paper in the Transactions of the London Mathematical Society, 1879
(vol. x., No. 152), I have given the forms of the eighteen, or the twenty-one (as
there explained), coordinates of a conic in space, corresponding, so far as corres-
pondence subsists, with the six coordinates of a straight line in space; and in the
same papers I have established the identical relations between these coordinates,
whereby the number of independent quantities is reduced to eight, as it should be.
In both cases, viz.: the straight line and the conic, the coordinates are to be obtained
by eliminating the variables in turn from the two equations representing the line
or the conic, and are in fact the coefficients of the equations resulting from the
eliminations.

In the present paper I have followed the same procedure for the case of a cubic
curve in space. Such a curve may, as is well known, be regarded as the intersection
of two quadric surfaces having a generating line in common ; and the result of the
elimination of any one of the variables from two quadric equations satisfying this
condition is of the third degree. The number of coefficients so arising is 4 X 10=40;
but I have found that these forty quantities may very conveniently be replaced by
forty-eight others, which are henceforward considered as the coordinates of the cubic
curve in space. The relation between the forty and the forty-eight coordinates is
as follows: on examining the equations resulting from the eliminations of the
variables, it turns out that they can be rationally transformed into expressions such
as UP’—U’P=0, where U and U’ are quadrics, and P and P’ linear functions of the
variables remaining after the eliminations. The forty-eight coordinates then consist
of the twenty-four coefficients of the four functions of the form U (say the U
coordinates) together with the twenty-four coefficients of the functions of the form
U’ (say the U’ coordinates), arising from the four eliminations respectively ; viz.:
4% 6+4+4x6=48. And it will be found that the coefficients of the forms P, P, are
already comprised among those of U, U’; so that they do not add to the previous
total of forty-eight.

The number of identical relations established in the present paper is 34. But it will
be observed that the equations, UQ'—UP=0, are lineo-linear in the U coordinates
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376 MR. W. SPOTTISWOODE ON THE FORTY-EIGHT

and in the U’ coordinates; and as we are concerned with the ratios only of the
coefficients and not with their absolute values, we are in fact concerned only with the
ratios of the U coordinates unier se, and of the U’ coordinates inter se, and not with
their absolute values. Hence the number of independent coordinates will be reduced
to 48—384—2=12, as it should be.

§ 1. Formation of the equations.

With a view to the problem in question, it is first required to form the equations
of two quadrics having a generating line in common. For the present purpose the
following appears the simplest way of effecting this; let

w=ax~+ By-+yz+8t, w=dz+By+y2+8% . . . . . (1)
v=o2+ By +y% +‘815) v'=a/24By+y% +39,,
w=oyx~+ By +ys+ 8ot, w=ayx+Byy +’)’2’Z +38,'t,

From these we may form the three equations

' —vw=(a, b, ..)(® v,%0)°=0, . . . . . . . (2
wu' —wu=/(a,, by, . . )(z, y, 2, t)*>=0,

w’ —uw'v=(cty, by, . . ), Y, 2, t)*=0, A

of which two only, of course, are independent. Any two of them may be taken as
representing the two quadrics in question. Thus, if we take the last two, the equa-

tions of the common generating line will be =0, u'=0.
The next step is to eliminate the four variables in turn from the two quadrics ; for
which purpose it will be convenient to express the system (2) in the following form :

wiw=v:v=w:w; . . . . . . . . . (3)
or, introducing an indeterminate quantity 6, we may use, instead of equations (3), the
following, viz. :

w0u'=0, v+0=0, w+bw'=0. . . . . . . (4)

In order to eliminate one of the variables, say ¢, let us write,

—
e
A

w=u;+8, uw=u/+75t,
v=w,4+8¢ vV=v' 4381,
w=w+8,¢, w=w/+81.
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The system (4) will then take the form

w48t 4 0u, 4 0t8 =0,
w488+ 6w +6t8,=0,
w8, + 0w/ +60t8, =0

or, as it may be written,
0=u+06t+6u +6t8 (u, v, suffix ¢; §, &, sufix0) . . . . (6)
0=v +48t4+6v +60t8 (v, v/, , ¢ 6,8, , 1), ’
0=w—+dt+46w'+6t8 (w,w, , ¢ 8,8, , 2),

and if we multiply these equations throughout by ¢, we may write the two systems
(6), and ¢(6) thus:

ut0u 8408 . . . =0, (u, v, suffix ¢; §, &, suffix 0) . . (7)
v+t 460t . . . =0,(v, v, , 38,8, , 1)
wH0uw 8 +6t8 . . . =0, (w,w, , ¢ 8¢, , 2)
. tu+0tu +1284-018'=0, (u, v, ,, ¢ 8,8, ,, 0)
tv +0t +1284-0028'=0, (v, v, , ¢;8,8, , 1)

tw—0tw' + 38+ 01°6'=0, (w, v, ,, t;8,8, , 2)

whence we may at once eliminate 1, 0, ¢, 0¢, ¢*, 0¢*, and obtain the following result :

u, u', 5, &, . .=0, (u, v, suffix ¢; §, &, sutix0) . . . . (8)
, 0,8, .. (v, v, ., t;88, , 1)
w, w, 8, &, . . (w, ', ., t;808, , 2
w, u, 8, & (w, v/, ,, t;8¢8, , 0
v, v, §, & (v, v, . t;868, , 1)
w, w, 8, & (w, ', ,, t;88, , 2

The corresponding results, when x, y, z are respectively eliminated, are obvious; viz.:
writing down the upper lines only, they may be represented thus :

[,M’;u/:a‘a al: ‘:

lu:uI:B;Bls o l
’ ’

‘usu:')’: Y, - l

O(u,u suffixe) . . . . . (8)
,( » oY)

0, (w, v, , 2

H

From these equations it is not difficult to write down the coefficients of the powers
and products of the variables in each case. Thus in the case of (8), or ¢ eliminated,



378 MR. W. SPOTTISWOODE ON THE FORTY-EIGHT

we shall have, for [«%], . .. 8[a?y] ..., t.e, the coefficients of % ...3x%,...
respectively,

[]l=e, «, 8, &, . . (suffixo0). . . . . . . . . . . . . . 9)

a,0,8,8, . . ( , 1)
@, o, 8,8, . . ( , 2
o, a8, &, ( . 0
o, a', 8, 3/, ( ' 1)

@ a’, 8,8, ( , 2)

3['%2?/]:“’ a,’ 8: 8’: v +a, 18,: 8: 8,’ L +:8, a/: 8; 8/> e (SU-ﬁiX O)

@, 0,8, 8, .. «B,88, .. B, S, . . (. 1)
@ a,8, 8, .. «8,8°8 .. B8, . . ( ., 2
- BB,8Y . . BBEY . . BB,EY( , 0)
- BB,88 . . BB,EY . . BB, (., 1
. BB,SY . . BB.SS .. B, B,88 ( , 2

But there is another and very useful form which may be given to the equations (8)
and (8"). In fact, writing down only the first lines of the determinants, and putting

lw, v, 0 | =U, |u, o, o |=U, (4 ,sufixa) . . . (10)
Ju, o', B 1=V, |u u,B1=V, o, , )
v,y |

[w ',y | =W, |u, o,y | =W, (w, v, ,, 2)
| u, v, 8 | =T, [w, «, & | =T, (u,o, , 1)
| u, a, &' | =P, |, e, o | =P, (u,o, ,
| v, B, B | =Q, ‘ | v, B, B | =Q, (v, v, Y)
lwy, Y [ =R Wy Yy | =R, (e, , %)
| u, 8, & | =S, | v, 8, & | =S, (wu, , o

We may write the results of eliminating =, y, 2, ¢ respectively in the following
forms :

UP —UP=0 . . . . . . . ... (1)
VQ —V'Q =0,
WR' —W'R=0,
TS —T'S =0;

and these may be regarded either as the equations of the projections of the curve on
the four coordinate planes respectively, or as equations of conical surfaces passing
through the curve, and having their axes parallel to the coordinate axes respectively.
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It might at first sight appear that, in each of the curves (11), we should in general
have nine points determined as follows : viz. (taking the last equation)

by the intersection of S and S’, one point,
” ’ T ,, 8, two points,
» » T ,, ¥, two points,
» ”» T ,, T, four points.

nine in all. This however is not strictly the case, for

S,S, T, T=u, v, 6,8, (u, v, sufixt; § &, sufix0) . . . (12)
v, /U/) 8} 8/; (/U) /U/) 2 ¢; 8} 8/: » l)
w’ w/, 8’ 8,’ (w, w” 2 t; 8, 8/’ 2 2)

and since the four determinants which can be formed from the above matrix are
equivalent to only two independent determinants, it follows that if any two of the
equations S=0, 8'=0, T=0, T'=0, are satisfied, all will be satisfied. In other words,
the four curves 8, ', T, T’, have a common point of intersection.

Instead, however, of taking the coefficients of the equations (8) and (8), ¢.e., the
quantities of which (9) are specimens, as the forty coordinates of the curve, it will be
convenient to take the coefficients of the functions (10) as the coordinates. These
will be found to be forty-eight in number, and to be comprised in the following table,
as stated in the introductory remarks. For the sake of brevity, only the upper lines
of the determinants are written down:

B, B, a=DB, (suffixz), B, & o + 3§ B,a=2M (suffixz), . . (13)
e ')/: 0(.:0, ( 2 x): e 8/) o + 8; 7,3 a=2N ( 2 Ji),
8, &, a=D, ( ,, x), By,e + v, B,a=2F ( , 2,

o, a/’ 18=A> ( ) ?/)> o, 8/9 18 + 8) a’> 18=2L (

s 7,’ B=C, ( » y)’ s g, B + 3, 7/’ B=2N (

8’ 8/, B=D, ( bRl y)’ 7} al) B + a’ 7/’ B:2G ( 2» ?/
(

o, OL,, '}’:A: ( ;9 Z), o, 8/) Y + 8’ a/’ 7=2L
B, B, vy=B, ( ,, z), B, &, Yy + S, B, y=2M( ,, =z
8’ 8/: ‘}/=D, ( 2 Z), o, Bl> Y + 13: aly 7=2H ( 39 Z

o, “’: 8=A,( 5 t): B} '}’/: 8 + Y 18/) 8=2F ( ") t)’
18> 18,: 8=B: ( Iy t): Y O(./, 8 + a, '}’I: 8=2G ( » t)}

7, '}’/: 8':0: ( 35 t); a, /8/) 8 + 18> 0",> 8:2H ( b t))
MDCCCLXXXT. 3D
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with a similar set of expressions of which the follow’.ig are specimens :

B, B,a=B, B & o + 8 B,/'=2M, . . . . . (14)

Substituting these values in (10), we shall find the following to be the forms of the

functions therein contained, viz. :

(y, 2 t)*; (B, . ..sufix @) . (15)
(& 1) (G )
(acy,t),(A... » 2)
(%y,),(,...»,, t)

U=(B,C, DN, M, F)y, 2, 1), U =(B,.
V=(C AD L N, G =1 V =(C,.
W=(A, B, D, M, L, H)(x, y, 1), W'=(4, ..

-)
-)
)
T =(A, B CF GH)xuyz2?>, T =A...)

P =Ay+Az +As, P’ —-Ayy-{- )
Q =B.x+B,z +By, Q =B/z+ ...)
R =Cx+4Cy +Cy, R =Cz+ ...)
S =Dx+Dy+Dz, " =D/z+ ...)

And finally we may, by means of the equations (11), replace forms having the
coefficients (9), by forms having coefficients into which the quantities A, B, . . . enter.

Thus, writing

B,A,/—B/A,=(B, A, z,y), CA—~C/A=(C A, z7),...

The forms in question are

$B, A,z y), . . . L . L Lo (1D)
(C, A, 2, 2),

(D, A, , t),

(C, A, z, t)+2(N, A, z, 2),

(D, A, 2, 2)+2(N, A, x t),

(B, A, z, t)+2(M, A, z, y),

(D, A, @, 9)+2(M, A, =, t),

(B, A, z, 2)+2(F, A, x, y),

(C, A, z, y)+2(F, A, z, 2),

(N, A, @, 9)+ (M, A, x, 2)+(F, A, o, )}y, 2, t)°
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{(C, B, y, 2),
(A, B, y, @),
(D, B, v, ¢),
(A, B, y, t)+2(L, B, y, x),
(D, B, 9, ®)+2(L, B, y, 1),
(C, B, y, t)+2(M, B, y, 2),
(D, B, y, 2)+2(M, B, 9, 1),

(C, B, y, x)+2(G, B, v, 2),
(A, B, 9, 2)+2(G, B, y, =),
(L, B, y,2)+ (N, B, y, ) +(G, B, 9, 1)}%z, =, t)?

(A, C, 2 ),

(B, C, % y),

(D, C, 2z, t),

(B, C, z t)+2(M, C, z v),

(D, C, 3, y)+2(M, C,  ¢),

(A, C, 2 t)+2(L, C,z x),

(D, C, z, ) +2(L, C,zt),

(A, C, 2z y)+2(H, C, 2 ),

(B, C, z, x)4+2(H, C, 2, y),

M, C, 2z 2)+ (L, C,z 9)+H, C, 2 ¢)}Yx, y, )3

$(A, D, t, x),

(B, D, ¢, y),

(C, D, t, 2),

(B, D, ¢, 2)+2(F, D, ¢, v),

(C, D, ¢, y)+2(F, D, ¢, 2),

(C, D, t, ©)+2(G, D, ¢, 2),

(A, D, t, 2)+2(G, D, t, @),

(A, D, t, y)+2(H, D, t, z),

(B, D, t, z)+2(H, D, ¢, ),

(¥, D, ¢, z)4+ (G, D, ¢, y)+(H, D, ¢, 2) }¥, y, 2)°
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§ 2. The identical relations between the forty-eight coordinates.

On inspecting the expressions (13) and (14) it will be seen at once that the following
relations subsist, viz.:

N,+M+F. =0, . N/ +M/4+F/ =0, . . . . (16)
No4 . +L 4+G,=0, N/+ . +L/+G/=0,
M.A4L,+ . +H=0, M/+L/+ . +H/=o,
F, +G,+H, 4. =0; F/+G,/ +H/+ . =o.

This is a set of 4-+4+4=8 identical relations between the forty-eight coordinates.

Added February 19, 1880.

The next set of identical relations is to be sought among the first minors of the
discriminants of U, V,. .., bordered respectively with the coefficients of P, Q, . . .
Thus, selecting T, we have to examine the coefficients of A, B, ... (say the quantities
@, W, . . .) in the development of

A, H, G, D, (A, B,...,suffixi).
H, B, F, D,

G, F, C, D,

D,, D, D,

We then have, changing the sign,

@ =BD.*—2FD,D,+CD,?
= BB x|88y]|
—{IBY, 8 X 78,8388, y[x]87 8]
+ (77,8 X888
={|B B8 X8y —[%nB 8| Xx[58B]}]88 v]|
—{ 1B Y8 X188y —1vny,8[x[88¥8]}[58, 8]

=B, 8,8 . . yXx|&&y|IxXyy,d . . B
Bi. B8, - - M Yoy - - B
e A Yo Y20 - - By
B . .8 &, v Y, - . 6 8’,’ B
B - . 0,08, M Yo - - 0,88

By - 8, 8y 7 Yo - - 058,08
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and if in these last determinants we subtract rows 4, 5, 6 from rows 1, 2, 3 respec-
tively ; and then subtract column 3 from column 4, we shall find that the whole
expression

=|Byd| {888 X |88 —]y,88|x|873575]}
= l 18) e 8 l (D) D: Y, Z),
or more simply

=B 73] (D y, 2

From this result we may at once conclude the following group:
A=1B8,7v8| (D,y,2) . . . . . . . . (17)
B= |y, «, 8| (D, 2 ),
C=|o B8] (D, ).

Again, proceeding as before we should find

—948=2(AD,D,—HD,D,—GD,D,+FD2) (A, H, .. . suffix 7)
={|e o, 8|+ |aa,8]}]88 8% |33 y]
—{|la B, 8|+ [B«,8[}]88 a]|x][88,7]
—{ly, @, 8|+ ]y, 8[}]88,B]x]875,a]

+{1B Y, 8|+ v B.8[}]88alx ]85, a]

=a, a, 8 . . BX ]88, y|Xe &,8 . . yX | 6, 3, B |
a, 0, 8, . . By ' a, o, 8, . .y
I N Oy, 0y Oy . . Y
a, . . 9o, 8,8 a, . . 8 &,y
o, . . 6,08, B1 o, - - 0,0, 7
Oy . . Oy 8{ , By T e

—{o, ¥, 8 . . B 4+ B,8 . . yix |3, &, o |
a, 8, . . B a, B, 0, .+ m
I S < N A
@, . . 9, 8, RB a, . . 8 &,y

G o . 81: 8119 B, Oy o 31’ 811, 71
oy . . Oy 095 B 0y . . 0y 0y, v
:—lS,S”“’|X|8,8',7lXla,S,BI—IS,S’,“"XlS,S/,BIXI(X,S,')/‘!

188w [ X85y x w88+ |85 | x[88E x| ady]
=|°"8’B[(D:z’w)+ i')’:“’SI(D’w:y)'
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From this we may conclude the following group,

Zgﬁ:lu,ﬁ,S’](D,z,x)—l—ly, a, 8| (D,z,y). . .. . (18)
2G= |, B, 0| (D, y,2)+ | By, 8| (D, = 9),
2%: | Vs o, O | (D, Y, z)—|— I B, ')/,3 I (D, 2, 90)

From (17) and (18) we can now eliminate the three quantities |8, v, 8], |y, a 8],
|, B, 8|, and obtain the following identical relations,

BD, z, y)*—24 D, x, y)(D, 2, ©)+ED, 2, x)*=0 . . . . (19)
A(D, z, x)*>—239(D, 2, x)(D, vy, z)+I(D, y, 2)*=0

to these may be added

~FF(D, 9, 2P —A(D, 2 2)(D, 2, 1)+ B(D, 2, 5)(D, 5.9+ G(D, 4, 9(D, % 2)=0 . (20)

0
— (D, 2, 2+ B(D, 2, 2)(D, , y) = B(D, z, 5) (D, 5, )+F (D, 1 2)(D, 2, 2)=0
— (D, ,9)+G(D,%,7)(D, 7, y) + (D, ,5)(D, 9, ) = €(D, ,2)(D, 7, 2) =0

But, as the six equations (19) and (20) are in any case equivalent to only three
independent conditions, it is not necessary to go beyond the equations (19).

[ PosTscrIPT.
Added April 23, 1881.

In the present case however the equations (19) are themselves not independent, as
may be shown in the following way. Write for the moment

D.=X, D,=Y, D,=Z; D, X’D =Y, D/=7;

then
D, 4, 2)=YZ-=YZ, (D, 2, 2)=ZX—-7ZX', (D, o, y)=X'Y—XY".

Inserting these values in the first equations of (19) we obtain

BXY—-XY'P—2f (XY —-XY')(ZX—-ZX )+ E(ZX-ZX')?=0
=BY* 4+ 2FYZ4+ @72 X+ BXLY 4+ EX2 2224 XY 27
—2@ZXZ’X —2BXY.XY —24#XY.Z’X —24 ZX.XY".
But
BY* 24 YZ+ @Z2

=(CX*—2GZX+AZ)Y*—2(AYZ—HZX —GXY +FX)YZ 4 (AY?—2HXY +BX?2?

= (CY*—2FYZ+-BZ*»)X?

=AX?



COORDINATES OF A CUBIC CURVE IN SPACE. 385,

also
CZ+FY
=(AY*—2HXY+4BX*Z—(AYZ—-HZX—-GXY+FX?)Y
=(BZX—-FXY—-HYZ+4+GY*)X
= —@GX
and
BY+FZ

=(CX*—2GZX+AZ)Y — (AYZ—HZX —GXY+FX?)Z
=(CXY—GYZ—FZX+HZ)X
— X

Hence the whole expression

=(@X*+BY*+ L2+ 2 Y Z +2GZ X + 239X Y) X2,

or
(A, B,... )X, Y, Z2)»=0
i.e., _
A, H, G, D,D/=0. . . . . . . . . (21)
H, B, ¥, D,D/
G> s C, Dz, Dz/
Dx: D]/) Dz,

Dx/, Dy/, Dz/, :
The equations (19), and consequently also the equations (19) and (20), are therefore
together equivalent only ‘to the single condition (21).
Now the relation (21) has been derived from the form T; if to this we add the
corresponding relations derived from the forms U, V, W, we shall have four relations.

Others are readily obtained as follows. If we form the four systems of which (17) is
one, we may write them down thus :—

%:lfy,u,Sl(A, % 1), QD=|oc,,8,8](A, 9, t), EB:[oc,,B,ryI(A, Y, 2), (suffix x)

a=8,73|(, 1), : C=1%83|®B, 2 1), B=|e,B9[®B, %2, ( , ¥
%=I:8;%8l(0r Y, t): %=l%“’81(0’ Z, t): . m=|“)Ba'YI(C: x:y); ( » z)
g=|B»%81(D: 7/:'2)’ 33=|%“:8](D:z:x)’ @;:[“:B;SI(D)x’y)’ ( » t)
Whence
. A B,z t)=A : (C,y, )= : (D,y,2, . . (22

B (A )= . =B : (C, a2, )=B : (D, 2 2),

@Ay t)=€ : (B, )= . =@ : (D, y),

D: Ay 2= : Bz a)=D : (C,xy= .

(suffix ) (suffix y) (suffix #) (suffix ¢)

We thus have eight more relations. And if to these we add the corresponding
relations derived from the forms U’, V/, W', T, we shall have 2(4+48)=24 relations in
addition to (16), viz., 84+24=32 in all. |
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To obtain two more, write for the moment
[ B, 8 =p™ |y 8[=q7 [, B8] =17} [ By|=s" . (23)
and then multiply (17) by pD,, ¢D,, rD, respectively and add them together. This

will give

ApD,+B¢D,+ €rD,=0.

And if we proceed in a similar way with the corresponding systems derived from
U, V, W respectively, we may form the following system

BA g+ CAr—DAs=0, A, B, . . . sufixae . . . (24)
@AB.p+ . +@B.r—iBBs=0, o » o Y
AC,p+BCy+ . —IDCs=0, . w2
ADp+BD9+EDr+ . =0, »o b

whence eliminating p, ¢, 7, s, we finally obtain the following relation,

BA, CA, DA=0, A, W, .. .suffixe. . . . . (25
aB, . B, DB, . p Y
ac, BC, . MDC ) , 2
aD,, BD,, €D, . " , b

To this may be added the conespondmg relation obtained from the f‘orms U, Vv,
W', T".  These added to the former conditions give us 32+42=34.

It was however remarked at the outset that the equations UP’—U’P=0, &c., are
lineo-linear in the U coordinates, and also in the U’ coordinates; and as we are con-
cerned with the ratios only of the coeflicients, and not with their absolute values, we
are in fact concerned only with the ratios of the U coordinates inter se, and with
those of the U ’coordinates inter se, and not with their absolute values. Hence the
number of independent coordinates will finally be reduced to

48—34—2=12,
as it should be.



