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1. TaE first problem relating to the motion of a solid body in a viscous liquid which
was successfully attacked was that of a sphere, the solution of which was given by
Professor STokEs in 1850, in his memoir “On the Effect of the Internal Friction of
Fluids on Pendulums,” ¢ Cambridge Phil. Soc. Trans.,” vol. 9, in the following cases:
(i.) when the sphere is performing small oscillations along a straight line ; (ii.) when
the sphere is constrained to move with uniform velocity in a straight line ; (iii.)
when the sphere is surrounded by an infinite liquid and constrained to rotate with
uniform angular velocity about a fixed diameter : it being supposed, in the last two
cases, that sufficient time has elapsed for the motion to have become steady. In the
same memoir he also discusses the motion of a cylinder and a disc. The same class
of problems has also been considered by MEYER™ and OBERBECK,t the latter of whom
has obtained the solution in the case of the steady motion of an ellipsoid, which:
moves parallel to any one of its principal axes with uniform velocity. The torsional
oscillations about a fixed diameter, of a sphere which is either filled with liquid or is
surrounded by an infinite liquid when slipping takes place at the surface of the sphere,
forms the subject of a joint memoir by HermuorLrz and ProrRowskr.}

Very little appears to have been effected with regard to the solution of problems
in which a viscous liquid is set in motion in any given manner and then left to itself.
The solution, when the liquid is bounded by a plane which moves parallel to itself, is
given by Professor StoxEs at the end of his memoir referred to above ; and the solu-
tions of certain problems of two-dimensional motion have been given by STEARN.§
In the present paper I propose to obtain the solution for a sphere moving in a viscous
liquid in the following cases :—(i.) when the sphere is moving in a straight line under
the action of a constant force, such as gravity ; (ii.) when the sphere is surrounded by
viscous liquid and is set in rotation about a fixed diameter and then left to itself.

* ¢ Crelle, Journ. Math.,” vol. 73, p. 31.
t ¢ Crelle, Journ. Math.,” vol. 81, p. 62.
1 ¢ Wissenschaftl. Abhandl., vol. 1, p. 172.
§ ¢ Quart. Journ. Math.,’ vol. 17, p. 90.
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44 MR. A. B. BASSET ON THE MOTION OF

Throughout the present investigation terms involving the squares and products of
the velocity will be neglected. This is of course not strictly justifiable, unless the
velocity of the sphere is slow throughout the motion. If, therefore, the velocity is
not slow the results obtained can only be regarded as a first approximation ; and a
second approximation might be obtained by substituting the values of the component
velocities hereafter obtained in the terms of the second order, and endeavouring to
integrate the resulting equations. I do not, however, propose to consider this point
in detail.

2. In the first place it will be convenient to show that the equations of impulsive
motion of a viscous liquid are the same as those of a perfect liquid.

The general equations of motion of a viscous liquid are

du du du du 1d

gt XAy
with two similar equations, where v is the kinematic coefficient of viscosity.
- If we regard an impulsive force as the limit of a very large finite force which acts
for a very short time 7, and if we integrate the above equation between the limits
7 and 0, all the integrals will vanish except those in which the quantity to be inte-
grated becomes infinite when 7 vanishes ; we thus obtain

14/
U — Uy ~~—mj0pd1-=0.

Putting j; pdr = w where @ is the impulsive pressure at any point of the liquid,
we obtain -
dw
p (v —ug) + =0, &e., &ec.,

which are the same equations as those which determine the impulsive pressure at any
point of a perfect liquid.

3. Let us now suppose that a sphere of radius a, is smrounded by a viscous liquid
‘which is initially at rest, and let the sphere be constrained to move with uniform
velocity V, in a straight line. If the squares and products of the velocity of the
liquid are neglected, Professor StokEs has shown that the current function ¢ must
satisfy the differential equation

1d ‘
D(D-Mt)\pzo, A ).

where

d? sin @ d i\
D_&;;-l- o de(oosechG/

and (r, ) are polar coordinates of a point referred to the centre of the sphere as

mrigin.
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Let R, ® be the component velocities of the liquid along and perpendicular to the
radius vector ; then, if we assume that no slipping takes place at the surface of the
sphere, the surface conditions are

.—___1 _.Cg}k—— . ¢
= S0 0 =Vecosd, . . . . . . . R (2)
I T S

O=—-" " =—Vsin N €]

Also, at infinity R and © must both vanish.
These equations can be satisfied by putting

Y= F)sin®d, . . . . . . oL (4)
where i, and ¥, are functions of » and ¢, which respectively satisfy the equations

Py _ 2

d7'2 7.2 (5)
Py _ 2y _ 1y ()
d7,2 902 — v dt . . . . . 3 . . »

The proper solution of (5) is Y, = f'(¢)/r, which it will be convenient to write in the
form

¢1=27§/\/”ﬁj0x(a) oxp. (~@ft)de, . .. (7)

where x () is an arbitrary function, which will hereafter be determined.
In order to obtain the solution of (6), let us put v, = re=*# duw/dr, where w is a
function of r alone ; substituting in (6), and integrating, we obtain

rw = Acos\(r —a -+ a),

where a is the radius of the sphere and A and « are the constants of integration.
Whence a particular solution of (6) is

d e—)\zvt

sz:A"'d’;

cos \ (r — a + a).

7

Integrating this with respect to X between the limits o and 0, and then changing A
into F(a) and integrating the result with respect to a between the same limits, we
obtain
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Performing the differentiation and then integrating by parts, we obtain

Yy = .‘._%/\/;tj‘ {F(“)+F'(a)} exp. { —W}da

+3 V [F(a) exp{ (r_“+“)2}]0.

We shall presently show that it is possible to determine F(2), so that F(0)= 0,
and F(a) e = 0 when « = o ; hence the term in square brackets will vanish at both
limits, and we obtain

sin® @ w [©
= ~l( x () exp. ( o t> do
sin? @ F(a , » —a + o)
—=A { Fe) 4 g (oc)} exp. { —LT—Z}CZ&. .. (®)
We must now determine the functions x and F so as to satisfy the surface conditions
(2) and (8).
Equation (2) will be satisfied if

x(@) =F@) —af @="2. . .. .. ..

Equation (8) requires that

Vo= — % /\/%I (o) exp. ( 2t>da+4§— «/%[:F(a) exp. ( —_ f;)da
a

, d o?
-_ é ;ZJ’O {F (a) -|- aF (oc) }(—Z;t exp. ( - 41;t> dex,
Integrating the last term by parts, the preceding equation becomes
Var =3 A/T[ 1= X(2) + F(a) + aF () + @F (3) } exp. <»— mes> de, . (10)
provided, {F (¢) 4+ oF () } exp. ( — «*/dvt) vanishes at both limits. This requires

that F (0) = F'(0) =0, and that F(2)e™ and F’(a) e should each vanish when
a=o. When this is the case (10) will be satisfied if

— (@) + F (@) 4 aF (a) + " (o) = 22" (11)
Whence by (9) | |
3Va

F (o) =
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and, therefore,

F (a) _ ?)_Vaa

+ Ca+ D.

The conditions that F (0) = F'(0) = 0 require that C = D = 0-; whenco

Fla)="1%  x(0)= " <~-— + a0 + a2>

Also the preceding value of F(a) satisfies the conditions that F(a)e™*, and F'(«)e™
should each vanish when @ = o ; whence all the conditions are satisfied, and we
finally obtain '

Y= %I < + 3aa - —> exp. (— Z%) do
?ijﬁf I <2, + a) exp. {— (f:%ttﬂg} de. . . (12)

The first integral can be evaluated ; in the second put » — @ + a = 2u,/(vt) and
we obtain

o= Vas1n0<3t+60&/\/~+a2)

B [ euet — ko 2ol — o et (19)
2/ (vt)

4. When ¢ = 0 the second integral vanishes, whence the initial value of ¢ is

Vad sin® 0

‘,‘: 27 ?

which is the known value of 4 in the case of a frictionless liquid, as ought to be the

case.
When ¢ is very large, we may put ¢ = o in the lower limit of the second integral,
which then

= — ?3}%“322 0]’“’ {2u2vt + 20u,/(vt) + % (0® — 1"2)} e du
o L
— Vasm 9{3 t 4+ 6ay/(t) + 2(a? — )},

whence

— L Va2gin? S _a)
P QVasm()(a’

r
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This equation gives the value of v after a sufficient time has elapsed for the motion
to have become steady, and agrees with Professor STOKES’s result.
5. Let v, be any solution of the partial differential equation

=t Ly

¢
Then, if v, = 0, [ F(t — 7)v, dr, where F(r) is any arbitrary function which is inde-
0

pendent of 7 and ¢, and does not become infinite between the limits, will also be a
solution of (14); for, substituting in (14), the right-hand side becomes

F(0)or + [: F(t — Yo, dr = F(t), + [: F(t — 7) 2" dr

= ¢ <d_d7> ﬁ F(¢ — ™), dr,

if v, = 0.

6. The second expression on the right-hand side of (13) is the value of ¥, sin®  ; and
it is easily seen that this expression vanishes when ¢ = 0. Hence it follows that the
expression which is obtained from (13) by changing ¢ into 7 and V into F'(¢ — 1) dr,
and integrating the result from ¢ to 0, is also a solution of (1). Now, if F(0) =0, it
will be found in substituting the above-mentioned expressions in (2) and (8) that F(z)
is the velocity of the sphere, supposing it to have started from rest ; hence this expres-
sion gives the current function due to the motion of a sphere which has started from
rest, and which is moving with variable velocity F(z).

In order to obtain the equation of motion of the sphere, we must calculate the
resistance due to the liquid ; but in doing this we may begin by supposing the velocity
to be uniform, and perform the above-mentioned operation at a later stage of the
process.

If the impressed force is a constant force, such as gravity, which acts in the direction
of motion of the sphere, and Z is the resistance due to the liquid, it can be shown, as
in Professor STOKES’s paper, that

Z= 2704 ”<pa cos  — p fld—; sin® 0) sin 6 d0),
0 a
and that ,
dp . P .
2 = psind dtflr; — gpasin 0,

where p is the density of the liquid ; also, since

j’:]o cos Osin df = — %J': sin? 0%’ do,
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we obtain
Z= —mpa f( wl—l— 21/;2) sin®ddo + My

~ dt( LA 2%) + My,

where M’ is the mass of the liquid displaced. Now, if V were constant, we should
obtain from (13)

() ==(or et )
and
(b= —3Va (5o + A/2),
whence

< ‘V1+2¢<,> = —V<%vt+9a x\/;‘+—é—oﬁ>

We must now change ¢ into 7, V into I’ (¢ — 7) d 7, and integrate the result with
respect to 7 from ¢ to 0, and we obtain

M d ([t , ,
= J’OF($—7)<-9§V’T+90{//\/2;‘->CZT+%M’U+M9,

and the equation of motion of the sphere is

(M + 30+ 2 %[ F(: — 1) (21/7 ta ,\/”;>cz~r = (M —M). (15

Integrating the definite integral by parts, and remembermg that F(0) =0, the

result is
LF (t—1) <%V + 3o /\/;y;_> dr,

and, differentiating with respect to ¢, (15) becomes
9IM’ tF'(t—T) , .
= {vp+aV£[071—dT}=(M—M)g. 6

Let o be the density of the sphere, and let

(M + M) «

(t—f)_)g_ o qp — . >
o+ §p _‘f’ a~(2¢r+p) k )\-—]w, oo (1/)

MDCCCLXXXVIIL —A. H
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then (16) becomes

b+ W+ ka M LM_T)‘Z =f . .. ... (8

This is the equation of motion of the sphere, from which F () or » must be
determined.

7. Up to the present time we have supposed the motion to have commenced from
rest, so that F (0) = 0. Let us now suppose that the sphere was initially projected
with velocity V. In order to obtain the equation of motion in this case we may
divide the time, ?, into two intervals, 7 and ¢ — &, where A is a very small quantity,
which ultimately vanishes. During the first interval® let the sphere move from rest
under the action of gravity and a very large constant force, which is equal to
(M + IM')X, and then let the large force cease to act. This force must be such as to
produce a velocity, V, at the end of the interval, A, whence we must have V = X&,
v =Xt; and, therefore, v = Vt¢/h. Changing f into f+ X in (18), multiplying by
¥, and integrating between the limits ¢ and 0, we obtain

0t = — ha \/;f:dufoe Flu—r) 7 + jZXewdqufKeMdu. .. (19)

Now F’(¢) is composed of two parts : a large part which depends upon X, and which
is equal to V/I; and another part which depends upon f; and which we shall continue
to denote by F'(t). Hence (19) may be written

X 7 v [? L~ . ar
veM = 7: (EML —_ 1) + i(e}‘t —_ 1) — ka '\/ ;jodu <( F (“ - T) e :/;

_]ﬂa,\/ [ y(uydu, . .00 L (20)

where
v Vdr
Xt =10,

Now x (u) depends on X, and therefore vanishes when v >.A.  When u < 1,

x(u) = 2Vul/h ;
therefore
2

rt Vo
JO ey (v) du = [o b we du = 0, when A = 0.

Hence, in the limit when A vanishes, (20) becomes
R -_ Z P A N “ —A(t—u) |V _ dr
o= Ve 4L — ) ka,\/wjduj F (u T)\/ . (21)

* The following procedure, suggested in a Report upon this paper, has been substituted for the

remainder of this section as originally written.
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and the value of the acceleration is
v= = Vet b e —ha A2 [ [ T = T (29)
) Wd.t 0 0 \/T

8. It seems almost hopeless to attempt to determine the complete value of F from
the preceding equations, but, in the case of many liquids, » is a small quantity, and
(22) and (23) may then be solved by the method of successive approximation. For
a first approximation

v=TF (t)y=fe™,

whence

(!Fft—T)dT r e dr

Jo T o/ (t—1)’ (23)

The integral on the right hand side of (28) cannot be evaluated in finite terms, and

we shall denote it by ¢ (¢). Putting = = ty, we obtain

1 e—)\fydj

b () = \/tj\/(l__y) R 7))
= /[, e s) Wy dy,

where
1.3...(2n—1)
H,= 2" n)
Now
1 1 —e—At
— Aty . - .
L € dy = by
Therefore

ﬁ My = (=) (d xt> 1_>;_M’

1 —e2

and therefore

<;b(t)=x/t{ t+z:°( yH, (d M)"“)\:—M}. Coo.(25)

When ¢ is very large we may replace (1 — e~*)/A¢ by (M)~, and we shall oblain

1 H,
$0 =5 {1+ o}
— ._-———————-1
A/ (v =-1)
which shows that ¢ (¢) = 0 where t = .
Another expression for ¢ (¢) may be obtained in the form of a series, for

[ (2n)? (=) (@) :
¢ (1) = f*‘——%/t{ +1 ,5"'"1.3...(2n+1)+"'}’ (26)

H 2
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by successive integration by parts. The above series is convergent for all values of ¢,
and is zero when ¢ = oo.
For a second approximation, (22) gives

fu—-F’(t) — fe= — fha \/ﬂ%j b (t—u)du, . . . (27)
and
v=Ve L1 =) — fta A /7 [l p—wdn . . ()
Let
X(t):%ﬂe‘“‘cﬁ(t—u)du, N )
and (27) becomes

(1) = fe — fha A/ x ()

Whence to a third approximation

: ety d . d
v= — Ve~ + fe=* — fka /\/ x (?) —l-f Wa z Ldu L e M=y (u — 1) \/%
Let o
_ [\ _x(ndr :
lp(t)__[o\/(t_ﬂ, N G 10)

and the last equation becomes
. /2
v=— VAe M+ fe™ — fka ’\/;—1{ x(t) —}-ﬂ—fygtﬁe"‘“tﬁ(t —w)du, . . . . (31)

and

v=L (1 =) 4 Ve — fla V2 j:e—mqs(z — u) dut T j;e—w‘p(t-u)du. (32)

We must now express all the above integrals in terms of ¢(¢). From (29) we

obtain

x)=2 ﬁe""“““’q‘)(u) du
= () —\ ﬁe"”“‘“qﬁ (u) du

=¢ (1) — )\e""trodu}’ € 311_
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by (24). Changing the order of integration, the last integral

[l el
- <fifis )4

X ()= (GE=2) ¢ (1) + /1

whence

Substituting this value of x (¢) in (30), we obtain

s =[a=s@ = +[ A/ an

11
0

Now
top(nydr T e M du
jo V(= T)_[OdT[oV{(t — )7 — )}
¢ 2 e~ AU
= J'o du L V{t —1)(r—u)}
N K At
= wjoe" “du = i(l — ™M),
also
¢ ad(r)dr __ [? T Te ™M gy
on/(t“T) - J’od’r[o«/{(t*'f)(r— w)}
4 4 Te~ M dT
- Ld“va ~ 1)~ )}
= [ (¢ 4+ wedu
2J9
1
- {z(l — 2 41 (1 — e‘”)},
and
¢ T
[, A/ L=t
whence
Y(t) = mte™ ™.
Again,

t it
[ e~ MYt — u)du = 'rre"‘“J (t — u) du
0 0
— le,thG-—)\t’

whence (81) and (32) finally become

53

(33)

(34)

(35)

(36)

(37)

(38)
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v

v=fe = Ve — fla A/ " {(12 M) + 41 } FfHatte™ (1 — M), (39)

v=L— e 4 Ve —fhap/? {<t + gli},g(z) =V s Bawe. L (40)

These equations determine to a third approximation the values of the acceleration
and velocity of the sphere, when it is projected vertically downwards with velocity,
V, and allowed to descend under the action of gravity. If the sphere is ascending
the sign of ¢ must be reversed.

If no forces are in action we must put /=0, and the preceding equations give the
values of » and v to a first approximation only; but, on referring to (21) and (22), it
will be seen that the values of these quantities to a third approximation may be
obtained in this case from (39) and (40) by changing f into — VX and expunging the
terms f'e=™ and fA71 (1 — 7). We thus obtain, since A = kv,

Va2t

b= = Ve b I ) () /2 = Ve (1= D), (1)

v= Ve M4 Y%”. {(t—l— —2-17:>¢(z) —%“} — Ve, L .. (42)

9. It appears from the preceding equations that the successive terms are multiplied
by some power of & as well as of ». If kisnot a very large quantity, and the velocity
of the sphere is not very great, the foregoing equations may be expected to give fairly
correct results; but if % is a very large quant’ty, it may happen that, notwithstanding
the smallness of », kv may be so large that some of the terms neglected may be of
equal or greater importance than those retained. Now, from (17), k= 9p (20 + p)1a™?;
if, therefore, the sphere is considerably denser than the liquid, £ will be small provided
a be not very small ; but if the sphere be considerably less dense than the liquid, &
will approximate towards the limit 9¢ =2 and this will be very large if @ be small, and kv
may therefore be large. On the other hand, it should be noticed that when kv or \ is
large the quantities e ™ and ¢ (¢) diminish with great rapidity, and it is therefore by
no means impossible that the formule may give a fairly accurate representation of the
motion even in this case. '

All that we can therefore safely infer is this, that in the case of a sphere ascending
or descending in a liquid whose kinematic coeflicient of viscosity is small compared
with the radius of the sphere (all quantities being of course referred to the same units),
the formulse would give approximately correct results, provided the velocity of the
sphere were not too great. But, in the case of small bodies descending'in a highly
viscous liquid, it is possible that the motion represented by the formulee may be very



A SPHERE IN A VISCOUS LIQUID. 55

different from the actual motion ; and if this should turn out to be the fact, the
solution of (18) applicable to this case must be obtained by some different method.
Equation (39) shows that after a very long time has elapsed the acceleration
vanishes, and the motion becomes ultimately steady; in other words, the acceleration
due to gravity is counterbalanced by the retardation due to the viscosity of the liquid.
When this state of things has been reached, the terminal velocity of the sphere is

This agrees with Professor STokEs’s result, who applies it to show that the viscosity
of the air is sufficient to account for the suspension of the clouds.

10. We shall now consider the motion of a sphere which is surrounded by an
infinite liquid, and which is rotating about a fixed diameter.

We shall begin by supposing that the angular velocity of the sphere is uniform
and equal to o, and shall endeavour to obtain an expression for the component
velocity of the liquid in a plane perpendicular to the axis of rotation, on the supposi-
tion that no slipping takes place at the surface of the sphere.

Assuming that the motion of the liquid is stable, it is easily seen that none of the
quantities can be functions of ¢, where 7, 6, and ¢ are polar coordinates referred to the
centre of the sphere as origin. If, therefore, we neglect squares and products of the
velocities, the component velocity, v/, of the liquid, perpendicular to any plane con-
taining the axis of rotation, is determined by the equation

KA AT AT S oy (A P
dt =V \ar T edr Trsineao\M" Vag) T e sin20}’

and if in this equation we put ©' = v sin 6, where v is a function of » and ¢ only, the

equation for v is

d* 2 dv 20 1 dv
ar Tear T T ya (43)

The value of the tangential stress per unit of area which opposes the motion of the
sphere is

i 1 dR  dv

==l ot )
where R is the radial velocity ; but, since R is not a function of ¢, the value of this
stress depends solely on that of +. Now Professor STokES has pointed out that
unless the motion of the sphere is exceedingly slow, the motion of the liquid will not
take place in planes perpendicular to the axis of rotation, but the velocity of every
particle will have a component in the plane containing the particle and this axis. But
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since this component does not produce any effect on the motion of the sphere, which it |
is our object to determine, we may confine our attention solely to the calculation of v.
In addition to (43), v must satisfy the conditions:
(i.) At the surface of the sphere v = aw for all values of ¢
(ii.) When ¢t = 0, v = 0 for all values of » greater than a, the radius of the sphere.

Let v = Re™*" where R is a function of R alone ; substituting in (43), we obtain

R 2dR 2R
@ Tra T e TR=0,

r dr

the solution of which is
d (1
R= Ad—y{;cos)\(r — o+ a)},

whence
e—)\2vt

@=A%{ . cos)\(r—-@—!-oc)}-

Integrating this with respect to N between the limits « and 0, and then changing
A into F() and integrating the result with respect to @ between the same limits, we

obtain
__1/\/?T_ilrF r—at+a]
v=x2 vtdr rlo () exp. { 4vt } *

Performing the differentiation and then integrating by parts, we shall obtain

-1 %L{]ig“—br F'(é)} exp (=T L (asa)

provided F(0) = 0 and F(a)e™ = 0 when &« = .
The surface condition (i.) will be satisfied if

Vv =

F(a) 4 al’(a) = — 26_::_@’
whence

20w

Fa) = = 7 (1 = ™)

the constant of integration being determined so that F(0) = 0; this value of F(«)
also satisfies the condition that F(a)e™* = 0 when & = «. We therefore obtain

, _ dosind (*[a A (r—oa+ a)
v ——WL {;-—l— <1 w;)é /} exp. {—'- P—éyt }cloz . (44)
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Putting » — a 4+ a = 2u,/(vt) this becomes

o — 2wsinb r_ {?ﬂ_ + (1 — :~f> exp. (-— 2u/ () =7 + a>} e~ du. (45)

/T r—a (T o
2/(t)

If » > @ it follows that v"= 0 when ¢t = 0. When » = a and ¢t = 0 the lower
limit of the definite integral (45) becomes indeterminate; but since, in this case, we
are to have v' = aw sin 6, it follows that if we put £ = » — a the quantities % and ¢
must vanish in such a manner that when £ = 0 and ¢ = 0, £/2,/(vt) = 0.

When t = © we obtain

o Posing,

v = e €153

7

This equation gives the value of ¢ after a sufficient time has elapsed for the motion
to have become steady, and agrees with Professor SToKES’S result.
11. Since the tangential stress per unit of area which opposes the motion of the

sphere is
a /v
T = — vp CZ 7* ”;

the opposing couple is
G = — 2mvpa® rfl ?—> sin® 6 d6,

o dr\r

v

= - 27rvp(t3 é < > r sin® 6 d#,
' dr ado

”
a (v

8 4
= — Smvpa® —{-)-
3mpa o v,

If, therefore, the sphere be acted upon by a couple, N, its equation of motion will
be

Boaid 4 G =N,
or
oa® d [v" :
where
| N = 3pN"/8at,

When the motion of the sphere commences from rest the value of v or v’ cosec 6 will
be obtained from (45) by changing ¢ into 7, w into F’ (¢ — 7)dr, and integrating the
result with respect to = from ¢ to 0, where F (¢) is the variable angular velocity of the
sphere. v ' ’ '

MDCCCLXXXVIIT.~—A., 1



58 MR. A. B. BARSET ON THE MOTION OF

Now,
dmy 1w
dr\r), adr a’

Hence, if » were uniform we should have

dv 20
(dr)a 2w—|—\/7rJ’0 exp. (—- 2u ‘/vt/cc—-—uQ)olu—-\/(wt)
Putting u + 4/ (vt)a = B, the definite integral

3
e[ crag
v (vt)]a

— e [0 o)

3 03

a 2a?

=<«_/21_ﬂ 'Lx/_"f_“_>’

if vt be small ; whénce
dv\ _ 2o _viym aw
((E)a— - \/vr<\/Vt 2a > _\/m/t‘

Changing ¢ into 7, and e into F' (¢ — 7) dt, (47) becomes

Tt [T a—n (Vo ="y A/ L[ TR ar =N )

Putting

ky = X,
(48) becomes

w—l—)\w—-l—- j-F,(t'—T)<\/’T—-§TZL/\/V7T>dT
| +hon/” (F'(z-f)k--lmN (49)
Now we have supposed the motion to have commenced from rest under the action
of the couple N’; but if the sphere had initially been set in rotation with angular

velocity Q, and then left to itself, it can be shown in the same manner as in §7 that
the equation of motion would be

&+ )\w+-\7~[ F’(t—7)<¢7— —\/vrr)d7+1ka «/ﬂ:F'(t-—T)ii—";zo, (50)
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where F (0) = Q. Putting 0 (¢) for the last two terms, and integrating, we obtain

t
w::Qe"“-——j’oe""(‘““)ﬁ(u)du, S (:2))

17
o=—ren =S eempydu . .. (52)
0

For a first approximation we have
o= Qe N, o= —\N2e =T ().

Whence, if ¢, x, and ¥ have the same meanings as in §8, a second approximation
gives

w_F'(t)—--kme-wr’;ff”x(a) L (53)
BRaQv |
©=0 —M+2‘f/wj g uydu, . . . . . . . (54)

And a third approximation gives

6= — hyQe™ +k2f?:x( e \/ S au[ e srar
: e ﬁe"“t‘”)tjl(u)du, .. (55)
w _Qe"“—}—sz?; L == b (u) ds + 2’“\2 j du [ e /r ds
B joe—w-w(u) du. . . (56)

Now we have shown in §8 that

ﬁ e b (u) du = ¢ (2) <t + 2}{) _ % :
Also

f du f €M/ dr = ft dr fe“w-m du
=l enleyr—w)ar
__ﬁ{@(t) 5‘/‘+2h¢(t>}-

And the value of the last integral in (56) is given by (38); whence
12
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emners S22{pue 2) =)

Boh (3.t 3 ¢ y a o s ;
+4a\”/w{;§ ¢(z)<§x2+x,_>} — Liahiev, . (57)

which determines the value of the angular velocity as far as %

12. Henmuorrz and Prorrowskr discovered from their experiments that in the case
of many liquids slipping takes place at the surface of the solid; when this happens,
the surface condition is .

B (v — aw) _Vp%(:j ()
where B is the coefficient of sliding friction. Putting £ = vpB8~!, we obtain from
(434) -
4 (v\ _ 3F (2) | 21 (2) «
dr <9°>,¢—— 2 Vut[ { at + a? } oxp- < 4vt> dox
LS EIEE pal o [ #),
2 1715.(0{ a +F ((x)} da P \_ 4vt> dox
1 ' w , 3F ¥ a2\
=i AT () o (= ) e,
provided F(0)=F'(0) =0, and F(«)e™* and F'(x)e™* are zero when o= .
Equation (58) will be satisfied if

el et

a ' ka alk ’

the solution of which is
2atw

F=— oo T4+ B

where p and ¢ are the roots of the equation

2
w9+<—z+%>w+<é+kla>=0. o (59)

The roots of (59) will be real if @ >k, that is, if @ >vp/B. Now, if there is no
slipping, B will be infinite, and therefore, when there is comparatively little slipping,
B will be large, and this relation will be satisfied unless o is small or » is large ; on
the other hand, if there were no friction between the surface of the sphere and the
liquid, 8 would be zero, but it seems improbable that any liquid exists which possesses
the property of viscosity with regard to the internal motion of its particles, and which
at the same time is incapable of exerting any action in the nature of friction against
any surfaces with which it is in contact. If therefore 8 were zero, » would probably
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also be zero, and the liquid would be frictionless. We shall therefore assume that the

roots of (59) are real.
The constants A and B must be determined from the condition F (0) = F’ (0) = 0,
whence

2o qel”‘ — pe™
F (“) T Gk+a)r {1 +5 = }

P—yq
Bw/(a)____ 26!(0

—— (eP* — €%),
Tk (p — q) ( )

also this value of F satisfies the conditions that F(a) e, and F’(a) €™ should
vanish when & = o : whence the value of " is :

__ d*wsind a? Pa __ petle
, % qe Ppe
v 7\/(7rvt) j [¢(376+a) <1 +‘p-—g >

e e _ (r—a+a)
4 ka exp.{ o } de. . . (60)

13. We shall lastly consider the motion of liquid contained within a sphere, which
is rotating about a fixed diameter, when there is no shppmg, and when the angular
velocity is uniform.

In this case v must satisfy the differential equation (43), and also the condition (i.)
of §10; but (ii.) becomes v =0 when ¢t = 0 for all values of » < & : also we have a
third condition, viz., that the velocity must be finite at the centre of the sphere.

A particular solution of (43), subject to the condition of finiteness at the origin, is

T R e e S ]

whence if p and ¢ are any quantities which are independent of » and ¢, a solution of
(43) is

o=t A5 R @ e { =52 —op { - 1 aa
= o] D TE (@) e geosn (r — ) — eos M )}

dr »

If we put p=a, ¢ =0, F (a) = «, the double integral when ¢ = 0 is equal to = by
Fourier’s theorem, for all values of » between o and 0, If we put p = 0, ¢ =aq,
the integral when ¢ = 0 is zero for all values of # which do not lie between @ and .
The solution of the problem is therefore contained in the formula

v=1 %%%\: ja-{-J F( )}[exp. {(l ;—fa)z} exp{ *Q%Q-}Jdu, (61)
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where A is a constant, which, together with the function F (&), must be
so as to satisfy the conditions of the problem.

14. Though I am convinced that a solution of the problem exists in t
definite integral, I have not succeeded in obtaining it; and therefo
solution of a different character.

Let S(r) denote the spherical function d(r~!sinr)/dr; then a solu
subject to the condition of finiteness at the origin, is

v == 3A, eS8 (\r) + oa,
when » =a, v =wa for all values of ¢, whence
S (Aa) =0,

and the different values of \ are the roots of (63).
- Initially v = 0, whence
oo = — 3A,S (\r).

Let \ and p be different roots of (63) and let T = S (ur), then, since S
the equation
s 2dS 2

S
w T g~ HNS =0,

we obtain, .
00— )| 8102 dr [WT gt %?J ‘=0,
and since by (63), S and T both vanish where » = «, we obtain

f; STr*dr = 0,

provided X and u are different. To find the value of the integral whe
p =\ d\; then from (64)

"9 dr L 2| S
2\ d)\[OS ridr 4+ « [b el R

@S ds dS] A\ =0,

or,

f; ‘S22 dr = La*S? (\a),

where the accents denote differentiation with respect to A ; whence

LA (Aa) = o r d sin Ar dr,

odr 7

8

= sin Ad.
R,
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Therefore
20 (sin Aa — Aa)
aAS? (Aa)

A=—

and

_ 20 L e M (sin Aa—Aa) S (Ar) -
V= wd e AS” (na) s e (6/)

whence the velocity of the liquid, which is equal to v sin 6, can be found.

When the angular velocity is variable, the value of the retarding couple, and the
equation of motion of the sphere, can be obtained by a process analogous to that
employed in §11.

[March 10th, 1888.—Since this paper was read, a paper has been published in the
¢ Quarterly Journal of Mathematics,”* by Mr. WHITEHEAD, in which he attempts to
develope a method of obtaining approximate solutions of problems relating to the
motion of a viscous liquid, when the terms involving the squares and products of the
velocities are retained ; and he applies his method (see p. 90) to obtain expressions
for the components in the plane passing through the axis of rotation, of the velocity
of a viscous liquid, which surrounds a sphere which is rotating about a fixed diameter,
when the motion has become steady. It will be observed, however, that the expressions
for these components contain the coefficient of viscosity as a factor in the denominator,
and therefore become infinite when the liquid is frictionless. It would therefore
appear that the method of approximation adopted is inapplicable to the problem
considered. |

* Vol. 23, p. 78.



ERRATUM.
“ PHIL. TRANS.,” VOL. 179 (1888), A.
Page 63, for equation (67) as printed read

M sin e S (W)

v = wr — 203 S,
@ w3 Na 8% (\a)




