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I1. 4 Class of Functional Invartants.
By A. R. Forsyra, M. 4., F.R.S., Fellow of Trimity College, Cambridge.
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THE investigations herein contained are indirectly connected with some results in an
earlier memoir.* In that memoir functions called quotient-derivatives are obtained
in the form of certain combinations of differential coefficients of a quantity y dependent
on a single independent variable x ; and they are there shown to possess the property
of invariance for isolated homographic transformations of the dependent and the inde-
pendent variables. It is evident, however, from their form that they do not constitute
the complete aggregate of irreducible invariants for the case of a single independent
variable ; and the deduction of this aggregate and an investigation of the relation in
which they stand to a particular class of reciprocants were made in a subsequent
paper.t The present memoir is a continuation of the theory of functional invariants,
the invariants herein considered being constituted by combinations of the differential
coefficients of a function of more than one independent variable which are such that,
when the independent variables are transformed, each combination is reproduced save
as to a factor depending on the transformations to which the variables are subjected.
The transformations, in the case of which any detailed results are given, are of the
general homographic type ; and the investigations are limited to invariantive deriva-
tives of a function of two independent variables only, a limitation introduced partly
for the sake of conciseness. The characteristic properties, such as the symmetry of
the invariants and the forms of the simultaneous linear partial differential equations
satisfied by them, can in the case of more than two independent variables be inferred
from the properties actually given ; but many of the deductions made are necessarily
proper to functions of only two independent variables.

In the matter of notation it is convenient here to state that the independent
variables are denoted by  and y, and the dependent variable by z. The general
differential coefficient 6”*"z/dx™ 0y is represented by z,, ,; but frequently the following
modifications for the notation of particular coefficients are made, viz. :

P, q replace zy, 2, :
7, S, L replace 2y, 2y, Zgg ¢
a, b, c,d ... 2 2y, 219 %03
&Sy 9o b v o o 2y, 2a1, gy 215, 204
* ¢Invariants, Covariants, and Quotient-Derivatives associated with Linear Differential Equations,”
¢ Phil. Trans.,” A, 1888, pp. 377-489.
t “ Homographic Invariants and Quotient-Derivatives,” ¢ Mess. of Math.,” vol. 17 (1888), pp. 154-192.
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72 MR. A, R. FORSYTH ON A CLASS OF FUNCTIONAL INVARIANTS.

respectively. The transformed independent variables are denoted by X and Y ; and
quantities bearing to them the same relation as the foregoing bear to # and y are
denoted by Z,, P, Q,.... And in three different instances it has been necessary,
for the sake of uniformity of notation for similar successions of quantities, to use
different symbols for the same quantity occurring in different successions; these are
uy= Ao (§§ 3, 12), ug = — A, (§§ 12, 13), w3 = A, (§ 16, 17).

The general results of the memoir may be stated as follows :—

Every invariant is explicitly free from the variables themselves, viz., the dependent
and the two [m] independent variables ; it is homogeneous in the differential coefficients
of the dependent variable ; it is of uniform grade in differentiations with regard to
each of the dependent variables, and it is either symmetric or skew symmetric with
regard to such differentiations.

It satisfies six [m® 4+ m] linear partial differential equations, all of the first order, of
which four [m?] are characteristic equations and determine the form of the invariant,
and the remaining two [m] are index equations and are identically satisfied when the
form is known and the index is derived by inspection from the form.

Every invariant involves the two [m] differential coefticients of the first order.

The following results relative to irreducible invariants derived from a single
dependent variable z are given :—The invariants can be ranged in sets, each set being
proper * to a particular rank. There is no invariant proper to the rank 1 ; there is
one proper to the rank 2 ; there are three invariants proper to the rank 3; and,
for a value of n greater than 3, there are n 4 1 invariants proper to the rank n, which
can be chosen so as to be linear in the differential coefficients of order n. Every
invariant can be expressed in terms of these irreducible invariants; and the expres-
sion involves invariants of rank no higher than the order of the highest differential
coefficient which occurs in that invariant.

In the case of irreducible invariants, involving differential coefficients of two
dependent variables, it is shown that there is a single one proper to the rank 1, and
that there are four proper to the rank 2.

Some eductive operators are given ; and in one case the educts are discussed so as
to select those of the invariants thus obtained which are evidently reducible. Some
general results analogous to reversor operations are derived.

Finally, it is shown how the theory of binary forms can be partly connected with
the theory of functional invariants ; for functional invariants are expressible in terms
of the simultaneous concomitants of a certain set of quantities, viewed as binary
quantics of successive orders in ¢ and — p as variables.

[Note added December 5, 1888.7—The invariants in the present memoir are distinct

* An invariant is said to be proper to the rank n when the highest differential coefficient of 2z
occurring in it is of order n.

+ This addition is due to a desire which has been expressed that some indication should be given of
the difference between the functions considered in the present memoir and invariantive functions of
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in character from the differential invariants of M. HALPHEN and the ternary recipro-
cants of Mr. ErLioTT.

The earliest record of M. HALPHEN'S investigations is his well-known thesis, *
wherein he considers the invariance of a differential equation f(x, v, ¥, ", ...) =0,
when the single independent variable x and the single dependent variable y are
(p- 20, loc. cit.) subjected to the transformation

x Y 1
ac+by +c¢ dn+by+d T dw+ by +

The only reference in the thesis to the case of three variables is (p. 60) in the
concluding paragraph, where it is said that the theory can be extended to the case of
one dependent variable z and two dependent variables @ and ¥, the transformation
suggested, but not explicitly stated, being

X Y _ z 1

wt + By + oz + 0w+ By +oz+8  do+By+o2+8  om+py+y"e+8"

M. HALPHEN, again,t considers differential invariants, in which the last trans-
formation is effected on functions of the three variables; but in this investigation
y and z are taken to be two dependent variables of the single independent variable .

Mr. Erriorr’s theory | of ternary reciprocants is closely connected with the con-
cluding paragraph of M. HALPHEN'S thesis; the functions are invariantive for inter-
changes of z, z, y, where z is a variable dependent on  and v ; and the pure reciprocants
are invariantive for the above-suggested transformations.

The theory in this memoir deals almost entirely with the case of three variables,
z, x, y, where z is a dependent variable, and « and % are independent variables. The
transformations, through which the invariance is maintained, refer to the independent
variables only ; they are— ‘

@ Y 1

“1+/81X+’71Y—”‘2+62X+72Y—_“3+63X+‘YSY.

The dependent variable is left untransformed ; it does not enter into the equations of
transformation. '
It follows, from the difference between the transformation in the theory here

other classes, such as the differential invariants of M. HarLpmEN and the ternary reciprocants of Mr.
Irrort. '

* ¢ Sur.les Invariants Différentiels,” Paris, 1878.

t ¢ Sur les Invariants Différentiels des Courbes gauches,” ¢ Journ. de I'Ecole Polytechnique,” vol. 28
1880, pp. 1-102.

1 “On Ternary and n-ary Reciprocants,” ‘London Math. Soc. Proc.” vol. 17 (1886), pp. 171-196;
“ On the Linear Partial Differential Equations satisfied by pure Ternary Reciprocants,” ¢bid., vol. 18
(1887), pp. 142-164; “ On pure Ternary Reciprocants and Functions allied to them,” 4bid., vol. 19
(1888), pp. 6-23.

MDCCCLXXXIX,—A. L
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exposed in which the dependent variable does not enter into the equations of trans-
formation, and the transformations above indicated in which the occurrence of the
dependent variable in the equations of transformation is essential, that different
results will be obtained. Two examples will suffice. Iirst, a comparison of the
characteristic equations of ELLIOTTS reciprocants and of those characteristic of the
present functional invariants may be made from the forms expressed in the notations

of this memoir :(—

Annihilators of ErLrLiort’s reciprocants.

0

0 0 0 0
O =ro + 250 4ag+2bs 3054

0

0
—8+28 +d +2cab-{ 30 —I—...

P 0 9.0, .0
‘—-El_.-,u,-l—3o 8r+2883+t8‘é

d d d 6
+das +8bm+205 +ds At

0 0 0
—E,= —;L+7"a—7:+2858+3t§t

o 9, .0, .0

0 9 B
V,= 3T28—w+37‘835+(”+ 232)5;

0
+3Sta’g+

V3_37s + (rt 4 25%) 8b+38“ 0

0

2 .
+32 5+

Annihilators of Invariants in this memoir.

0
A4_pa 47 +288t

0 0
—l—aa—b+26&+30éa+. .

9, .9 d
My=g g+t t2sy

0 0 @_
+da—0+2ca-b~+3()a“+...
' 0. 0
QO=—37\+2pa_+gaTZ
+47" —I—Ss +2t
5
+6a5;+5ba‘5+4653_0+3dé;l+"'
. 9., , 9
Q= —3+pg+ 2
0 0 0
+27~~—|—388—8—|—4t5~t
9 0
+3OL +4b +5C§c+6d&z+...

0 0\
‘ A1:1<98%+2P'a;)

0 0 )
+Z<ta—0+2&a*b+3'l”g&>+. ..
0 0
A2=1<pa;+ 2q 5’5>

0 0
+2<ra%+2sa—c+3tad>+...
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Second, as an inference from the equations Q, = 0, Q, = 0, in Erriorr’s theory, it
follows that all pure reciprocants are invariants of the binary quantics (r, s, ¢ { & )3
(@, b, ¢, Y & )%, ... —Dbut all invariants are not reciprocants—and that there are no
covariants among these reciprocants. From the equations A, =0, A;=0, in the
present theory it follows that all the functional invariants are algebraical covariants
of the binary quantics (7, s, ¢t { ¢, — p)*, (@, b, ¢, d Y ¢, — p)’,. .. —but not all alge-
braical covariants are functional invariants; and, from the other equations, that no
algebraical invariants of these quantics are functional invariants. In particular,
rt — 8% is a reciprocant, but not a functional invariant ; ¢* — 2pgs + p* is a functional
invariant, but not a reciprocant. |

Isolated Transformations.

1. We may briefly consider functions which are inwvariantive for merely wsolated
changes of the independent variables, that is, for changes which are effected by one
relation between # and X only, and one relation between y and Y only. For such
transformations we have '

dzx dy dz dy
P=rx> Q=9 S=sxa

so that s = pq is an absolute invariant. Again,

0 dz o 0 dy o

X T dX o’ oY T dYoy’

so that 1/p 0/0x and 1 /q ©/0y are absolute invariantive operators, which, when applied
to absolute invariants, will produce absolute invariants. We therefore have the

series
Lo /s 19/(s ) :
pow <Z’§Z> T gy <z7)_9. ’
1oys ~ (1910\s (1010ys — [/19\s
<108w> e’ <20 Ou q3y>zoq’ <9 o p a’ﬂ)m’ <§3y> re’
and so on. The operators 1/p 9/ and 1/q /0y may be applied, any number of times
in any order, to the absolute invariant s/pg (or any other invariant which is absolute),
and the result will be an absolute invariant. .
These invariants possess their property for any general isolated transformations of «

and y; but, if special isolated transformations are effected on x and on v, e.g., the
homographic transformations of the form

_aX 40 _adY + ¥V

m——cX+ci’ y—z"?+d”
L 2




76 MR. A. R. FORSYTH ON A CLASS OF FUNCTIONAL INVARIANTS.

additional invariants will be introduced. For instance, we then have

#3020 — $2a” P51 — $%°
A(z) =2, B)=- " >
%10 o1

both absolute invariants; in the former the variation of y, and in the latter the
variation of 2, do not come into consideration. From these we can derive a series of
educts by the application of combinations of the absolute invariantive operators
1/p 0/ox and 1/q 9/0y. When any such educt is invariantive, say

19

A.m = <ZZ7 89(’) A (Z),

we may obtain from it other invariants by taking as the function, the differential
coefficients of which are to enter, not 2z, but any educt which is an absolute invariant.
All such invariants, however, thus obtained are expressible in terms of the educts
obtained from A (z) and B (z) by repeated application of 1/p 0/0x and 1/q 9/0y in all
possible combinations. Thus, it is easy to verify that if I be any absolute invariant,
and I, I,, I, its first, second, and third educts due to successive operations on
I by 1/p 0/0x, the equation

LL, — 312  A(e)
A= ' ;:[14 = — Ifﬂ
is satisfied ; and the law is general.

2. Nor is it necessary to consider in any detail functions of the differential coeffi-
cients of z, which are nwariantive for wsolated transformation  of the dependent
variable ; that is, for a transformation which connects z with a new variable {,
without regard to the dependent variables. Such a transformation can be effected by
means of an equation,

$(z,0) =0;

and we then have

dz dz
20 = L1 g&’ %10 = Cloziz'

Since dz/d{ is determinate from the transforming equation, it follows that

o1
0

is an absolute invariant for the transformations at present under consideration.
Moreover, in the present case 9/0x and 9/dy are absolute invariantive operators; and

omtn ?—@ )
oxm Oy <zm

therefore
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will, for all values of m and =, be an absolute invariant. Thus, taking in succession
m=1and n =0, and m = 0 and » = 1, we have

210711 — £p1 <
10711 0120
S and

1002 T ForPn
2
219 %10

the former of which, multiplied by zy/2;, and subtracted from the latter, gives

2, __ 2,
2" %ag — 220 %1081 Tt 210" %0

3
210

as an absolute invariant, or 2;)* 2y, — 224 210%11 + %10° %0 @8 a relative invariant, for the
present transformation.

General Transformation.

8. We now proceed to the consideration of functions which are invariantive for the
general simultaneous homographic transformation of the independent variables repre-

sented by ,
x . Y . 1

oc1+,81X+fle—u2+,82X+f}'2Y_a¢3+,33X+fng

As it will be convenient to have some one invariant at least, a relative invariant for
these transformations can be obtained as follows. An integral relation given by

_atbetey _u
P A v Vet ey v

reproduces itself in form when the independent variables are subjected to the above
transformation ; and the differential equation which is the equivalent of this integral
relation will, therefore, also reproduce itself, and so will furnish an invariant.

Now, both « and v satisfy the three equations

62 82 af!
é;?’ = O, a*m—aj"y = O’ 87/2 —

and therefore, substituting vz as the value of u in these, we have
0 = 2990 + 22190105
0 =129+ 2% + %120

0 = 2pv + 225,V

The elimination of v, V10 Uy between these leads to the result
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— — 9, __ , 2, \.
0=| 2y, 22, 0 = 2 (2% — 2%10%01%11 + %10 209) 5
211, % 210
259, 0, 22,

and, therefore,

Ao = 2% — 221020211 + 210°%0 = (20 2115 202 )01 — 210)°
1s an invariant.
The integral of a partial differential equation of the second order, which is most
general so far as concerns the number of arbitrary constants, contains five such
independent arbitrary constants ; and, therefore, a general integral of

Ay=0
is
a + bz + cy
8= g
a + Ve + dy

It has already appeared that A, is an invariant for arbitrary change of z; and
therefore, an immediate corollary is that

. o+ b+ oy
z_¢ (L/+b/$+(,‘l:l/’

where ¢ is arbitrary, is a general integral of the equation A;= 0.

4. As an invariant is self-reproductive after transformations have been effected, save
as to a factor, it is necessary to obtain the form of this factor. For this purpose it
will be sufficient to consider a simple case.

Let 2, and z, be two functions, and suppose the transformations of the variables to
be any whatever, say of the form

x=¢(X,Y), y=9(X,Y).
Then we have
O o1 Ox 0
P1=Pla§+ Q1§’ Pzzioza_i+%a—}?ir’
oz 0 0 oy .
Q1=Plﬁ+91'§%’ Q2:102%+928"%’
and therefore

0 (2, )

P 4 .
0(X,Y)

l P]_: Ql
P 92

P2’ Q2

Hence, in the present case, the factor is 0 (x, ¥)/0 (X, Y) = J ; and, by the analogy of
all invariants, the factor for any one will be some power of J.

The invariants at present under consideration may, therefore, be defined as
follows :—-
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A function ¢ of the partial differential coefficients of z with regard to x and to y is
called an invariant if, when the independent variables are changed to X and Y and the
same function ® of the new variables is formed, the equation

O = Jnd

vs satisfied, where

5. The following properties of #rreducible invariants are easily obtained :—

(i.) An invariant does not contain the dependent variable, nor either of the
independent variables.

(ii.) An invariant is homogeneous in the differential coefficients.

(iii.) An invariant is of uniform grade,” equal to its index m, in differentiation
with regard to «; and of uniform grade, also equal to its index m, in
differentiation with regard to .

(iv.) An invariant is either symmetric or skew symmetric in differentiation with
regard to the independent variables.

All these properties hold of A, the index of which is easily seen to be 2; it is a
symmetric invariant, that is, it is unchanged if = and y be interchanged.

The index of a symmetric invariant is an even integer; the index of a skew
symmetric invariant is an odd integer. :

These properties hold for functions which are invariants for any general transforma-
tion, and not merely for the homographic transformations to be adopted; but the
forms of possible functions, as well as the value of J, will be determined by the
character of the transformation. And, in particular, for the homographic transforma-
tion it is easy to prove that

J=1oa, ay, o] (a4 BX + yY)R
181’ 182’ /83
Yo Yoo Vsl

6. The method adopted for the determination of the forms of invariants will be to
obtain the partial differential equations satisfied by them ; these equations can be ob-
tained, as in a similar case,t by using the principle of complete infinitesimal variation.
For this purpose it will be necessary to have the formule expressing the relations
between differential coefficients of z when the variables are transformed. This relation
is given in the following proposition, the transformations being supposed-any whatever.
The special application to the homographic transformation will afterwards be made.

* The grade of a term is the sum of the orders of differentiation with regard to one variable of the
factors; thus, the x-grade of A, is 2; the y-grade is 2.
1 ¢ Homographic Invariants and Quotient-Derivatives,” ¢ Mess. of Math.,” vol. 17 (1888), pp. 154~192.



80 MR. A. R. FORSYTH ON A CLASS OF FUNCTIONAL INVARIANTS.
Let z = 6 («, y), and let the variables be transformed by the equations
e=¢(X,Y), y=4(X V)

o=¢(X+p, Y+ o) —u2,
W:l#(X“{*-p, Y+0')““’f/;

Let

so that ® and ¥ vanish with p and o. Then, by the generalised form of TavLor’s

Theorem,
1 am + oy

min! 0Xm 0"

is the coefficient of p”o" in the expansion in ascending powers of

04 (X+p Y+ o) v(X+p Y+ o)}
:0(&6—'—‘1), y—l—‘I’),

where p and o occur only in ® and ¥. Now,

Olx+ @ y+v)= 3 L g LR
T > Y T imo e I Oa oy ?

and therefore
1 omtnz . 1 oty

e e - o~ R
m! ! 8Xm aYn - e 0 m’ ! n') a’)&'m’ azjn, Om, n ((I) P ),

where C,, , (®"¥") denotes the coefficient of p”c” in the expansion of ®”¥* in
ascending powers of p and oo When m’ and %’ both vanish, or when m'+ ' > m 4 n,
the coefficient C,, , (®”¥") is zero.

The form of the corresponding theorem for the case of any number of independent
variables is evident.

Homographic Transformation : Characteristic Equations.

7. When we consider the general homographic transformation, we may take «; and
aq to be zero, for the invariants do not explicitly contain = and ¥, but only differential
coefficients with regard to them, and so they may be modified by the subtraction of
the respective constants /o, a,/ag; and then the general forms are equivalent to

X . Y . 1 .
X+aY  Y+BX " o+ BX 4+ oY

In order to apply the method of infinitesimal variation, it is sufficient to make the
factor J nearly equal to unity, or, what is the same thing, to make « nearly equal to
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X and y nearly equal to Y. Hence, we take a; to be unity, and B; and vy, small, say,
— e and — 0 respectively ; and « and S are to be considered small, quantities of the
first order being retained. Thus, we have

J=| 0 0 1 |(l—eX—0Y)3

1: B’ - €
a, 1, —0
=1 -+ 3¢X 4+ 36Y, '

so far as quantities of the first order. Also

X+ aY . . . <
Y + BX ' .
y:l_eiﬁ__—ﬁ=ﬁx+ Y + XY 4 07 = ¢ (X, Y),

to the same order ; and therefore

o= ¢ (X+p Vb o) — ¢ (5 V)

= p + aoc + €(p* + 2Xp) + 0 (po + pY + oX),
T =y (Xtp T b o) — (X, )

= o+ Bp+ e(po + pY + oX) + 0 (0 + 2Y0).

Hence, to the first order inclusive, we have

" = p”a” + m/p” e {ac + €(p? -|— 2Xp) + 0 (po + pY 4+ oX)}
+ n/p"o* "V {Bp + €(po + pY + oX) + 0 (0 4 2Y0)},

and therefore
le’ P— 1 + m’ (2€X + QY) + 72,’ (EX + 29Y),
Om'—], '+ = ’l’)’b/ (0(. + 0X)> Cm’-{-l, w—=1 = 7’?;/ (18 + GY),
Coyrw= (m" 4+ 2)¢ Cuwir=(m' + 2)0.
All other coefficients are negligible, being of a higher order of small quantities or

zero (non-occurring); and these give all the combinations of values of m and n for
C,,n (@"®"). Thervefore, for all values of m and n, we have

omtn z ontny v
X5 = gy L+ m (26X ) 0 (X 207);
ontn g omtng.
+ *W:i n (a + HX) + gﬁzw’n(ﬂ + GY)
am—l-n—lz am+n-—-lz

+ WM (m—4n—1)e+ o o1 n(m 4 n— 1) 6.
MDCCCLXXXIX,—A, M
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8. If, then, we have an invariant f of index A, such that

F(..., Zyw oo )=3F( 0, 2w ),

and we substitute for J and for all differential coefficients Z,, ,, and then expand,
retaining all small quantities of the first order, we have the following equations
derived from a comparison of corresponding terms.

From the terms Wl}ich are multiplied by eX

SS@m )l = L ();
from the terms in Y
53 (20 4 m) ,4-3”— =8 .. (i)
from the terms in ¢
A f=S3m (m 4+ 0 — 1)zm_1,,,82{n= 0 ... ()
from the terms in 0
Ay f =330 (m + n — 1>z“"“1£”% =0 . . . . . (iv);
from the terms in 8 + €Y
Ay f = 227)127”__1,”4,1@—3—5” =0 . . . . . . . (V)
and from the terms in & 4+ 60X |
A= 227zzm+1,n_1ag; =0 .. (W)

FEquations (iil.)—(vi.) determine the form of the function f; when the form is
obtained, the index is derivable by inspection, and equations (i.) and (il.) are then
identically satisfied. '

9. Before considering these equations, characteristic of the invariants, one remark
should be made. If the quantities € and 6 are absolutely zero so that the transforma-
tions are

=X+ aY, y=pBX+Y,

that is, transformations to which a binary form is subject, the terms which, in what
precedes, give rise to equations (i.)—(iv.) do not exist, and, therefore, these equations
do not exist ; but there are terms in B and «, and, therefore, equations (v.) and (vi.)
survive, being in fact the partial differential equations determining those covariants
which can be expressed in terms of partial differential coefficients of the form with
regard to the variables. ‘
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Invarionts in the Second Owrder.

10. First, let us consider invariants which involve no partial differential coeflicients

of order higher than the second. The differential equations to be satisfied are, in the
non-subscript notation,

(iit.) qa -I-21oaf— 0,

(iv.) pg + 29 - 0,

o
(v.) 98 + 2sa{+tf-— 0,

9
(Vl)pa +233{+ —{:: ,

so far as concerns the form of the function. From these equations we have

of of of o 4
or_ 0 _a_ 3 3
F Ty P 2(p—g) 20—

‘When 0 is taken to be the common value of these fractions, it follows that

W_Wd+wd+£ﬁ+ +Wd
= 0d (g% — 2pgs + p%).
Now, df is a perfect differential, and therefore ® is some function of ¢* — 2pgs 4 p% ;

hence, /" also is some function of ¢* — 2pgs + p%, and therefore the only irreducible
wmwariant which contains differential coefficients of order not higher than the second is

@*r — 2pgs + p*.

This is the function A, already (§3) considered ; the integral equation corresponding
to the vanishing of this invariant is known.

Invariants n the Third Order.

11. When we come to consider invariants which involve differential coefficients of

higher order, the method just used is no longer available, because the four differential

“equations are not sufficient to determine the ratios of the differential coefficients which
M 2
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enter. If the determination of the invariants be made from the point of view that
they are simultaneous solutions of the four equations, one method of proceeding will
be to adopt JAcoBI's process.

Any function £, which satisfies (iii.)—(vi.), must also satisfy each of the equations

[Af, AS] =0

forr,s =1, 2, 8, 4. Forming these, it is easy to show that

0(Af) 9(A d(A,f) (A
(A, Aglzzz{a( L0 20N 20N )
e ™ * o)

= 22 (m - n) Zm,n é;aj_

nt, 1

after substitution and collection. Since this does not vanish in virtue of any one of
the given equations, we must have a new equation

)
Ay f = 33 (m —n)2,, —é;f

(vil.),

to be associated with the rest. DBut this is the only additional equation ; for

(A, A0 =0; [Ap A]= —208gf=0; [Ag A= —Af=0;
[Ag, A ]= 05 [Ay A J=0; [A; A]=24,/=0:
(A5 Ag]= — 28,/ =03 [A; 8] =0; [A; A]=0.

It is easy to verify that /= A, satisfies (vii.). Every invariant will be a simultaneous
solution of (iil.)—(viL).

It may be noticed that the equation (vii.) can be otherwise obtained ; it arises by
equating the left-hand sides of equations (i.) and (ii.) to one another, for, on re-arrange-
ment of this, we have

33 (M — 1) Zua 8—2% = 0.
Hence, equation (vii.) may be considered as replacing either (i) or (ii.); and any
function, which is a simultaneous solution of (iil)—(vi.) and for the same value of A
satisfies (1) and (ii.), will also satisfy (vii.).
One deduction as to the character of the invariants can at once be made from the
form of the equations.
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Every Irreducible Invariant must tnvolve 2y and 2y,

For every irreducible invariant f satisfies the five equations ; if then it be indepen-
dent of z,, we have df/ 0z; = 0. Since there is no term in it which involves 2y, and
since there is a single term involving 7, in Ay f = 0, viz., 2y (0f/02)), we must there-
fore have 9f'/0z,, t.e., the function must be independent of z),, From A, /= 0, it then
follows that 9f/0zy and 9f/0z;; both vanish; from A,f = 0, it then follows that
of [0z, and 0f [0z, both vanish, and, therefore, that f involves no differential coefficients
of the second order. Proceeding in this way to the successive orders, it appears that f
involves no differential coefficients whatever ; so that it cannot be an invariant, other
than a constant or z. '

12. Proceeding now to the consideration of invariants which involve differential
coefficients of the third order as the highest, and denoting them for convenience by
a, b, ¢, d (= 23, 219, 2q, %3 respectively), we have, as the subsidiary equations
necessary for the construction of the general solution of A;f = 0, the set

To deduce that general solution, eight independent integrals of the subsidiary set
must be obtained ; bearing in mind the character of the invariants (§ 11) ultimately to
be arrived at, we take these integrals in the form

U =9,

Uy =,

Uz = g8 — pt,

u, = ¢°r — 2pgs + pt,
uy = d,

Uy = pd — gc,

u; = p*d — 2pge + ¢°b,
ug = p> d — 3p*qe + 3pg*b — Q°a.

Any solution of the equation Agf'= 0 can be expressed as a functional combination
of uy, Uy, . . ., ug; thus

Uty — Ug®
rt — §2 = _2_._47/’?~—,
— 2
b — = "=,
(ad — be)® — 4 (a0 — 1) (bd — o) = (Ut = te)” = 4 Chlly = &) ity — 1),

6
Uy

and so on.
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In order to obtain the most general solution which simultaneously satisfies
Asf=0and A, f= 0,1t will be sufficient to obtain the irreducible functional com-

binations of wy, %y, . . . , ug, which satisfy A, f= 0. Now,
Au, =0, Awu,=0, Awu,=0, Au =20;

and

Agug = U2,

Ay = = 2UjUy,

Ay = 4y,

Ayug = — 6uuy;
so that

A, (uyug + 2uyug) = 0,
Ay (wuy — 2ug) = 0,
Ay (uyug + 6ugu,) = 0

Hence, the most ‘general simultaneous solution of A/ =0, and A, f= 0, can be
expressed as a functional combination of

Uy Ugy Uy, Us,
Vg = Uylg - 2Uyls,
— 2
Uy = UyUy — 2Ug°,

Vg = U g + 6Ugl,,

In order to obtain the most general simultaneous solution of Ayf=0, A, f=0,
Ay f=0, it will be sufficient to obtain the irreducible functional combinations of
Uy, Ug, Uy, Uy, Vg, Uy, Vg Which satisfy A, f= 0. Now, it is easy to show that

Ayuy = 0, Aguy, = 0, Ay = 0, Aywg = 0;

and
Aguy = 6u,,
Bty = 20Uy, ;
go that

Hence, the most general simultaneous solution of A,f'= 0, A f= 0, Ayf = 0 can be
expressed as a functional combination of

Uy, Uy Vas Vg,
— —B,, 2
V5 = Uyy Uy’

— — Vg 2
Wy = Uy — Ugly, = Uty — Uty — 2ug’.
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In order to obtain the most general simultaneous solution of Azf=0, A, f=0,
A, f=0, A, f=0, it will be sufficient to obtain the irreducible functional combina-
tions of w,, 4y, vy, v, wy, vy which satisfy A, f=0. Now it is easy enough to show
that

Ay, = 0;
and that
Ay = p,

WA = dpvy — 3v;,

U AW = 3pvg ~— 2wy,

U AWy = 2PpWy — Vg,

wAYs = pvg -+ 6u,’
If, then, we write

Vg

8L — PS)

Uy Uy

a v, ; v
B/ A S
2 1)’7’ wd PG’
1

a-'g [m
>
I
g"'d

these equations become
u APy = 6u,’,

ule‘lPﬁ = - 2P7,

and therefore, bearing in mind that A, = 0, we have

A, (P& + 12u2P;) = 0,
A, (P + 18u2P,Py + 54u,P,) = 0,
A, (PP, — P.? + 2u,2P,) = 0.

Hence the most general simultaneous solution of A, =0, A, f=0, Asf=0,A, /=0
can be expressed as a functional combination of u, and

Q= Pg + 12uP,,
Q; = P + 184,°P, Py + 54u,'Py,
Q; = PPy — P2 + 2u,°P;.

18. Before considering the question as to whether these functions satisfy (i.) and
(ii.), and, therefore, also (vilL.), it is desirable to modify their expressions.
We have already had the quantity w,; it is the same as A, so that we write

and it will be convenient to write

—_ J— 3
— g = Ay = (230, %1 %190 %1% — %10)°
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Then we have

Q

il

1 : .
u? (vs® + 12u,’w,)

1
=3 SurPug® + 12uu, (ugtg + wgty) + 1202 (ug® — uyty)} .

But

ugttg + gty = (gs — pt) (p°d — 3p*qc + 3pg*b — ¢*a)
+ {q(qr — ps) — p (gs — pt)} (P°d — 2pqc + ¢°b)
= g (qr — ps) (p°d — 2pgec + ¢°b) + q (¢s — pt) (— pc + 2pgb — ¢*a)
0A, 0A,  0A,0A,

— 1 i il S i il Y R |
~6q<310 d O ap>—€u1J°1’

where J; denotes the Jacobian of Ay, A, with regard to u,, and uy. Similarly,
so that
Q; = A2+ 2AJ, + 12A°H,,

H, being the discriminant of A,
For the modification of the expression of Qg we have, on substituting for the
quantities P in terms of the quantities wu,

U

Qs =ug’ + 18

u u,’
:018 (ugug + wu;) + 18 u_jé (dugPug — uguyug + 6uguguy + 3u,ug).
The modification of the second term has already been given ; for the third we have

2, —_ 2 .

Ugthy + 2ugty + ugug = wig {7 (pd — go) — 25 (pe — ¢b) + ¢ (pb — qa)};
e (BN D0 Bh | BA)
1271 09 Op? Op dg Op Og op* 0g*

— 1,9
= —13 I'101>

3

where H,; denotes the simultaneous Hessian of A and A, with regard to uy, and u,,
Hence
Q= — A — 3AAJ + T2A°A H, — 5 ASH,,.
For Q; we have, after substitution for P;, Pg, P,, Pg, the form
1 2
Q= oy (uguts — ug’)
1

2
+ w (wqugttg + wtuy 4+ Buguuy + ugteu, + 2ug*uy)

1
— = (duu? — 2 4
i (dufu® — Buguu® + dug®).
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Now, for the first set of terms

ugy — U7 = ¢* {¢* (ac — V%) — pq (ad — be) + p* (bd — ¢}

— 0 2
= u* H;

where H, is the Hessian of A, considered as a ground-form in ¢ and — p; and the
third set of terms is

4 o .
= 292 — 2
it (ugtty, — ug®)? = — 4HA

For the middle set of terms it is easily found, by the results already‘ proved, that
the terms within the bracket can be expressed in the form

uy [q {r*d — 3rsc + (25 + 7t) b — sta} + p {*a — 3tsb 4 (28* + 7t) ¢ — rsd} ]

— sl
=u?Ly,

say ; so that we have
Q, = H, 4+ 2L, — 4H>

14. Considering now the question as to whether each of the functions thus obtained
will satisfy (i.) and (ii.), for one and the same numerical vaiue of the index \ probably
associated with it, we may proceed as follows. Writing the equations in the form

. Q=3 . . . . . . ... (1),
Qf=3\ . . . . ... (i)
we have the following result : — .
I
f= i Qf = O f = A=
A, 64, 6A, 2
A 9A, 9A, 3
T 12J,, 12J,, 4
L, 12L, 121, 4
Hp 9Hgy 9Hg 3
H, 6H, 6H, 2
H, | 12H, 12H, 4

MDCCOLXXXIX.—A. N
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By means of these results we at once find

QA= 6A,= QA,;
QQy = 18Q; = 0,Qy;
QOQ(} = 27Q6 = QIQG 5
0,Q; = 12Q; = 0,Q;.

Hence Ay, Q; Qg Qy satisfy all the necessary equations, and they are therefore
invariants ; their respective indices are 2, 4, 9, 6; and, therefore, every invariant
which inwolves differential coefficients of z of order not higher than 3 can be expressed
as an algebrancal function of Ay, Qs, Qg Qy, where (changing the sign of Qg from § 13)

Qs = Hy + 2L, — 4H,
Qa - A13 + 3AoAlJ 1)) 72A()2A1Ho + %AOSHOD
Q= A2+ 2AJ,, + 12AH,,

and the quantities Ay, A, J,, Hy, Hy, Hy,, L, are given by the equations

Ay = (Zseo, 2115 2o %01 — z10>33
A= (z30, a1 %190 203 %o — %10)° 5

0A, 0A,  0A, 0A,
Jog=a A — o A

3
azlo azm 02y 0%
—_ . 2.
Hy = 22 — 21,7 ;

Hy = 12 {zy (220212 — 2211291 + %) — 210 (2an%0s — 2211215 + Zog%a1) }

_0*A, A *A, %A, 0*Ay O A, |

T 0z Oy Oz 02y 02902y Ogy® 023°

— — 2 — s Y 2 .
H; = (230212 — 2% 230203 — 2012100 Z1%os — 12" W %01 — 210)° 3
T SR T Y oy 2 o N )
Ly = 2gy {290%203 — 3290211215 + (22, + zzo‘oz) %91 = 211%09%30 §
_ , {9, 2 — 2
210 {220%11%08 — (2297 + Za0%02) %12 + 8211%00%0 — %0930}

_ 1 (A, 0Hy, _ 0A, OH,
TP \Oyy Oz Oz 02y )

The invariant A, is that which was obtained before, and it may be called the irre-
ducible invariant of the second order ; the invariants Q,, Qg Q, may be called the
irreducible invariants of the third order.

15. It may be remarked that the quantities additional to A, and A, which are
necessary for the expression of Q;, Q, Qy all belong to the simultaneous concomitant,
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system of A and A, regarded as binary ground-forms in 2y, — z, as variables.* To
this we shall return (§ 34).

A Special Series of Invariants.

16. There is a succession of invariants of consecutive orders, comparatively simple
in form, which can be derived by using the remark made in §9. A set of invariants
of the form suggested by the covariants of a binary quantic, which involve only
differential coefficients of the quantic with respect to the variables, is derivable by

considering the functions in z analogous to HERMITE'S ““associated covariants” which
may be taken to be

Ao = (2000 Zw1,10 Zm—g -~ - s o me9 ZLm—1s o, n R0l — 2y0)"
for values 2, 3, 4, ... of m.

It is easy to see that each of these functions satisfies the equations (v.) and (vi.),

viz., A, f =0 and A, f=0; these, in fact, are the equations which suggest the
functions.

But, when we consider the operators A, and A, which do not arise in connexion
with covariants of binary forms, we have

0 0 0 0
= (m—- ].) <z0fm__1 — é‘zlvm*‘_l -+ 22, ”1‘25;;,;—_; ~+ 3% m_3 a—;;::;)—}- AN +7')?,Zm__1]0—zmi)> Am_2
= (m—1) {men_y, 02" — (M — 1) 2u_g 1 m20" " 210+ . . . }

=m (m—1) 2,08, _3;

and, similarly,
AgAy_y = —m (m — 1) 2An_g

Again, in regard to the operators which occur in (i.) and (ii.), it is easy to show that

QA _,= 3mA, _,,
QA _, = 3mA,,_,.

If, then, we can obtain combinations of Ay, A, A,, . .. which are homogeneous and of
uniform grade, such as to satisfy A,f =0 and A,/ = 0, these combinations will be
invariants ; and it follows from the effect of the linear operators A, and A, on the
quantities A that any combination of the A’s which satisfies A, /= 0 will also satisfy
A, f=0.

* Sanmox, ‘ Higher Algebra’ (3rd edition), § 198; CrepscH, ‘ Theorie der bindren Formen,” § 59 ;
GorpAN, ‘ Vorlesungen tiber Invariantentheorie,’ vol. 2, § 31. The quantities A; A, Jg L, Hy Hy Hy
are, save as to numerical factors, respectively the same as SALMON’s symbols u, v, (1,1), Ly A, Iy, (2, 0) 3
as CLEBSCH’S symbols ¢, f, 3, ¢, D, p, A; as GorRDAN’S symbols ¢, f, 3, ¢, Ay p, A.

N 2
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Combinations of this kind, which are of uniform grade and are homogeneous, are
A AgA, — A2 APA, — LAA A, + LAS, AJA, — m A Ay + myA?, and so on.
When these are substituted in A, /= 0 and the coefficients %, /, m, . . . are determined
so that the equation is satisfied, we find the following set of invariants :—

Uy = A,,

U, = AgA, — A2,

U, = AJA, — LA A A, + 20A 3,
U, = AgAy — 5A)A; + 3PA7,

These combinations suggest an analogy with the coefficients of the principal irredu-
cible covariants of a quantic. If we change the symbols by the relation

A,_y=m!(m—1)C,_,,

then, except as to numerical factors, the functions are

Co

COC ’l ’

CCy — 3CC,C, + 2C¢,
0004 - 40103 + 3092,

that is, they follow the same law of formation as the leading terms of the covariants
referred to; and they can therefore be expressed in terms of the quantities C and
can thence be deduced in terms of the quantities A.

All these functions satisfy the equation

|

that is, they satisfy the equation

S+ 2) (D) Ay gg 0,

by means of which the numerical coefficients in U can be directly determined.

It is evident from the form of U, _, that the highest order of differential coefticient
which enters is the mth, that all the differential coefficients of the mth order enter
linearly and into only one set of terms, and that the remaining terms all involve
coefficients of lower order of differentiation.
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Invariants wn the Fourth Order.

17. To obtain the irreducible invariants which involve no differential coefficient of
order higher than four, we may proceed as in § 11 by forming the irreducible functions
which satisfy the differential equations ; among these functions the invariants already
obtained will occur.

For convenience, let the differential coefficients of the fourth order be denoted by
e, Jr G, Iy ¥ (= 249, 215 29 %13, Zou YeSpectively).  Then, beginning as before with A, f= 0,
the subsidiary equations additional to those already (§ 12) considered are

[d_zz_dq“J de _df _dg _dh _ di

¢ 0Ty T T i T

T4 3¢ 2 i 0°

of which the irreducible independent integrals are

Uy == 1,

Uy = pt — qbh,

uyy = p% — 2pqh + ¢°g,

g = Pt — 3p*h + 3pg*y — 4,

iy = p¥i — 4p°qh + 6p°°g — dpgif + q'e ;

and any solution of A; /= 0 is expressible as a function of u,, u,, . . ., uyg.

The remainder of the analysis is very similar to that which has been used for the
earlier question, and so it is not here reproduced ; the following are the results :—

(i) The functional combinations of the thirteen quantities « which satisfy A, f= 0
(and which are, therefore, the irreducible simultaneous solutions of A;f'= 0 =A,f)

are
Uy, Ugy Uygy Uy, Uy

Vg = U Ug + 2Uyls,

Vg = Uty — U7,

Vg = U Ug -+ GUgU, ;

Vyg = Uty + SUsls,

V= U Uy + Guguﬁ + Suyity,
Vg = U Uyg + Y Uguy — 12ug3,

Vg = U s + 120 uqug + 36us u,

(ii) The functional combinations of these twelve quantities which satisfy A, f'= 0 (and
which are therefore the irreducible simultaneous solutions of Agf = A, f= A, f = 0)
are



94 MR. A. R. FORSYTH ON A CLASS OF FUNCTIONAL INVARIANTS.

Uy, Uy Vg Vgy V13
Vg = Uy — S,
Wy = Vg — Uyl ;
Vg = Uty — B usty + 6u°,
Wiy = UgVyy — FUgV;,
Wy = w0y — Buguy + Juyuy,

— _&. M
Wyg = V1g — JUTs

(ii) When these functional combinations are substituted in turn for f in A, f, the
equations additional to those in § 12 can be transformed to

Uy Ay = 6pvy — 4w,
Uy Dga0yg = Spiyg — 3wyy = 31y,
Uy Dy = 4pwyy — 2wy, + Gugwg,
Uy Ay = 3pwyy — Vi3 + uwy,

Uy Ay015 = 2pV;g + 12u,vg;

and therefore, if we write

T3 __ Wy __ Wy wlo
we PlS’ P P12’ e Pu’ s — le
h U

= P,,

_E
%,

these equations become

u?A P, = — 4Py,

APy = — 3Py + 3u,Py,
u AP, = — 2P, + 6u,P,,
w AP, = — P4 9u,P,
u?A, P = 12w, Pg.

In addition to the former irreducible solutions, Q,;, Qg Qs which were obtained
from equations in § 13, the following irreducible solutions can be obtained :—

Qi = u,Pyg — P&,
Qo = 18u,5P,, + 3u,P,P,, + 811, P, — 2P,
Qu = 72u,5P;, + 24u, PPy, 4 2u,PeP, 4+ 144u,5P, + 108,22 — Pk,
Qo = 216u,"Pyy + 108u,°PsPy; + 18u,°PPy + v, PPy
— (108u,0P.P; + 810 P2P + 18uPFP, + PJ),
Qy = 1296u,2P, + 8644, PPy, + 216uPEP), + 24uPSP, 4 u, PPy,
— (216u,°P&P; + 108u, PSPy -+ 18u,2P P, + §P5).
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These are not necessarily the simplest forms obtainable, but every simultaneous
solution of A, f= Ayf= A;f = A,f= 0 can be expressed as a functional combination
of Uys Q5s QG’ Q”ia QQ: cr Ql'o" )

It will be seen that the new irreducible functions Q,, ..., Q are linear in the
quantities Py, Py, ..., P35, and are therefore linear in the partial differential
coefficients of the fourth order. In this respect they apparently differ from Q;, Q,,
Q;, which are the irreducible invariants of the third rank in differentiation ; but, if
we take instead of Qj an equivalent invariant 144u,°Q, 4+ Q,? which is

288u,5P, + 144u,P Py + 24u2P,P2 + Py,

the law of successive formation of the invariants (the new) Q;, Qs Q, is similar to
that for the functions Qg, Qy, . . -, Qs

18. But, before it can be asserted that Qg Qg ... Qs are invariants, it must be
shown that they severally for a common value of \ satisfy the equations (i".) and (ii".).
Now the following results are easily obtained :—

f= Qf = Of= A=
P, 0 0 0
Py 3P 3P, 1
f7 6P, 6P, 9
Py 9P, 9P, 3‘
P, 0 0 0
P 3Py, 3Py, 1
Py 6P, 6P, 2
Py 9Py, 9Py, 3
P, ' 12P,, 12P, 4
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From this Table it at once follows that

Q)Qs = 18Qyy = 0,Qy,
QQ1 = 27Q) = 04Qyy,
Q)R = 36Qy; = 0,Qy,
QQup = 45Qy = 04Qy,
QQy = 54Qy = 0,Qy

Hence, Qqg, Quos Q115 Qupy Qs are tnvariants of indices 18, 15, 12, 9, 6 respectively ;
and every mnvariant which tnvolves no differential coefficient of order higher than the
Jourth can be expressed as a function of wuy, Qs Qg Qr Qgy Quos Quir Qua Qus.

General Inferences.

19. And if, among the sets of irreducible invariants thus obtained, those invariants
which involve the partial differential coefficients of the nth order as the highest that
occur, and which are linear in those partial differential coefficients of highest order,
are called irreducible invariants proper to the rank n, then we have the following
propositions relating to the complete aggregate of invariants :—

(1) The irreducible invariants can be ranged in sets, each set being proper to a
particular rank ; .

(i) There is no irreducible invariant proper to the rank unity ;

(iit) There is a single irreducible invariant (= wu, = A,) proper to the rank 2;

(iv) There are three irreducible invariants (= Qy, Qg Q) proper to the rank 3 ;

(v) For every value of n greater than 3, there are n 4 1 irreducible invariants.
proper to the rank =, and they can be so chosen as to be linear in the
differential coefficients of order = ;

(vi) Every invariant can be expressed as a function of the irreducible invariants ;
and, if such an invariant have differential coefficients of order = as those of
highest order occurring in it, the functional equivalent involves some or all
of the aggregate of irreducible invariants proper to ranks not greater than r;
it involves some of the irreducible invariants proper to the rank #, but no
irreducible invariant proper to a rank greater than r.

Simultaneous Invariants of Two Functions.

20. Hitherto we have considered invariants of only a single dependent variable
which is a function of the two independent variables ; but we may consider a second
dependent variable, say 2', which is also a function of @ and y. The two quantities
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z and 2’ are independent of one another; but, if a third dependent variable be
introduced, it can, by the elimination of x and y, be expressed in terms of z and 2’
alone, and its invariants will be expressible partly in terms of the invariants of z and
of 7', and partly in terms of functions arising in connexion with the transformation
of zand #. It is thus sufficient to consider two, and not more than two, dependent
variables when there are two independent variables.

21. In addition to the invariants possessed by each of the dependent variables
separately, there will be simultaneous invariants which involve differential coefficients
of both the variables ; such a simultaneous invariant is

J =pq —pq

which we have already obtained in § 4.

When the characteristic differential equations of simultaneous invariants are formed
by the method already (§8) adopted for invariants of a single function, they are as
foliows :—Let F” generally denote the same function associated with ' that F denotes

associated with 2. Then the equations satisfied by a simultaneous invariant i of
two functions z and 2" are

P = (2 + Q) ¥ = 3\,
P = (Q, + Q') ¥ = 3\,
8y = (A + A") ¥ =0,
B = (A, + A) ¥ =0,
Oy = (A5 + A%) ¥y =0,
Oy = (A, + A') Yy =0.

It is easy to verify that J satisfies these equations, its index X being unity ; and it is
evident that the invariants of 2 alone, and those of 2’ alone, all satisfy these equations.

As in § 11, it is easy to prove that every simultaneous invariant must tnvolve
pand q; or p'and q'; orp, q, p’, and ¢

22. The only simultaneous invariant so far obtained is J ; we proceed to obtain all
the simultaneous invariants which involve no differential coefficients of z and of 2/
which are of order higher than the second, using for this purpose the method adopted
in §§ 12, 17.  Among these invariants there must evidently occur

J =pi—py
Ay = ¢*r — 2pgs + pi,
Ay = ¢"r — 20'¢'s + p*¢,
the two latter being invariants each in one dependent variable only, which necessarily

satisfy all the equations.
MDCOCLXXXTX.——A. 0
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Taking the equations in the order adopted before and begmmng with (A + A’ )¢ 0,
we have the set of subsidiary eouations '

dp __dg _dr __ds _dt _dpf _dg __dr' _ds' _ dlf
- 0 q 0 "2 ¥ .0

nine in number. It is necessary to obtain nine independent integrals of the set; and
we may take these in the form

U =9 Uy =1 ug = qs’ — pt uy, = Ay J |
s ’ 3 s Uy = d,
u/l — q/ u/2 — t 1[//3 — qu — p,t ?64/ — A/O )

bearing in mind the property above proved. By the theory of linear partial
differential equations of the first order, it follows that every solution of the equation
(A; + A’y) ¢ = 0 can be expressed as a functional combination of wu), u'y, u,, ¥y,

/ /7
Ug, W'y, uy, Wy, us.  Thus, )
UW q — Ul
qs — pt — 1787 .

’
Uy

gy = Tt [y — w gy — U s

St
W

9y —
P, — 20/ gy — W gu,?

Q" — 2pqs’ + pt =

2

w'y?
19 2 ! A — 2
q’% _ Qp/gls + p/% — Wty + “1:237’ 5 _"?2"&1’
i N
and so on.
To obtain the most general solution of ®qf = 0 = Oy, it will be sufficient to form
the irreducible combinations of ,, . . . , u; which satisfy ®;y = 0. Now,

Ou, =0, Ou,=0; Ou,=0 0u,=0; Ou=0 0u,=0; Ou=0;

and ’
01y = qq, O’y =q'q;
so that
0, (ug — 1’3) = 0;

and, therefore, the irreducible combinations which satisfy @ = 0 are w,, w';, 4y, ¥,
Vg, Uy, Uy, Ug, Where

Vg = Uy — Uy = @5’ — q's — pt’ 4 pt.

To obtain the most general solution of @y = 0 = @ = @), it will be sufficient
to form the irreducible combinations of the preceding eight quantities which satisfy
@ = 0. Now '
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Bu; = 0, Ou';=0; By, = 0, B, = 0; Ouu; = 0;

and
Ogug =  2uy,
Oy = 2u,
Oy = — 3u;.
Hence :
O, (u 'y — utt’y) = 0,

O, (Buyty + 2uqvg) = 05
and therefore, if :
P =wuvy — wu', = qt' — ¢t
Q = 3Buyuy + 2uvg,

the irreducible combinations which satisfy @y = 0 = O, = B4, are u,, u'y, P, vy,

Wy Us Q.
It is now necessary to obtain the irreducible combinations of these seven quantities
which satisfy @4 = 0. We have

Ou = p, o', =p;

so that
WO — B = U
Again,
0,P = pt’' — p't 4+ 2¢s’ — 2¢'s.
Now, '
q(pt' —pt) =p P+ qt) —p'qt =pP + uuy;
so that
0P = 3 (pt' — p't) + 2v,
= 3(201) + wguy) + 20 ;
and hence
u,0,P — 3pP = Q.
Again,
£ 0,Q = 3suy + pvy + 9B,05;
but
O = qr' — ps' — (q'r — p's);
and

/ Vi 1 ’ , ’ ’ S
o' —p = (@ = 2pgs + 1) + 7 (a5 — pt)

—_— 1 Q.. 90y . , 9 p’llx’g )
T ? (' — 2wy "uguey — w'yu®) + u,
1%1 L

Py
u/

1
't e @ = (g 4 4 2
gr —p's = g (W' Py + 20 gy — wou®) + 3

02
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so that

? ’ 4 92

p Py Uy 4 WUy 2uy ’ U

O, = & Uy — —_ —_ U Ug ) — p.
€8 Uy 8 w4 + w? u?, w'y ( s+ 3) wu'y?
Hence
— w? s p—% ,
PUs + qOL = 2pvs + s Uy — Uy o —17(2“3‘1‘“3)-
1 1 1%y 1

Hence

w o, u au,? Uyl , , 4
§ 10,0 —'PQ=u1<u+2% _j%> _27‘2]?_ ;/1(2“3'1‘“3— 3Q3+3ﬁ‘t>
1 1 1 1 g

w' o, g s Q
= U |ty — —U) — 5P — 2,
\Wy LGl w wy

If now we write

0, =Y
P

~ =B,
Uy

Q _
w7

the three results can be put into the forms

' %0,C = u,

w,*0,B=AC—*

W POA = 200/, — 201y, — 2BCu,,
And, further, we have

®u, = 0, eu, =0, O,uy = 0.

Since the result of operating with ®, on B gives a quantity into which A enters
linearly, and the result of operating with ®,on A gives another quantity into which B
enters linearly, we are led to assume that the irreducible solution (or solutions) of
0, = 0 are of the form

RA4+ SB + T,

where R, S, T are independent of A and B. If this be a solution, we have
w' 0,1 = R (2C%/, — 2C7'u, — 2BC%;%) + SAC™ 4 Av'*0,R + Bu' 0,8 ;
and we suppose R and S so determined that

SO+ = — v/ ®,R,
IRCu? = /70,8,
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"But, if R = O, then

SCt= — ' ?C*10,C = — nu,C*';
so that
S = —nu,C**3;

and therefore

2ulC"+? = 2RC,®> = — n (n + 3) u,C"+%u',?0,C
= —n(n+ 3)ulfC"*?Y
whence
n=-—1 or —2
First, taking n = — 1, we have

and therefore '

Tuy = C/', + 2u,C~

Hence we may take as one irreducible solution

A Qu, + C’
—_ = 2, — T 2 T4
- C + BC, ,C
Second, taking n = — 2, we have

and therefore
Tu5 = 20“’_& + C_QUQ- :

Hence we may take as another irreducible solution

3,7
u, + 20 Wy

2
u,C

Y=§~2+230u5-—

And it follows from the method of derivation, and by an application of the theory
of linear partial differential equations, that every simultaneous solution of the
equations @y = 0 = @y = @z = @, which involves no quantity of order higher
than 7, s, t, 7', s, ¢ can be expressed as a functional combination of wu;; u, v'y; X, Y.

23. Tt is now necessary to consider the index equations. We have for u; (= J)

& J = 3J,
&, J =3J;
so that J is an invariant of index unity. For u,(= A,) we have

D A, = 64,
DA, =6A,;
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so that A is an invariant of index 2 ; and similarly for v, (= A’)),
DA’y = 6A",
O A= 6A";
so that A’) is an invariant of index 2.
It is desirable to modify the forms of X and Y, so as to express them explicitly in

terms of the quantities p, p, ... . When the values of A, B, C, u, v, u; are
substituted in X, and it is multiplied by — wu;, it takes the form

¢r’ — 2pqs’ + p*' 4 2 {qq9'r — (pq' + P'q) s + pp't},

which may be denoted by @,; and when exactly the same operations are applied to
Y, it takes the form

q*r — 2p'q's + p*t + 2{qq'r — (pq' + p'q) s + pp't'},

which may be denoted by @',
It is now easy to verify that

DR, = 63,
DR, = 6R,;

so that @, is an invariant of index 2 ; and similarly that

¢0glo = 6@,
O, = 63y ;

so that @', is an invariant of index 2.
24. The general result of the preceding investigation can be enunciated as follows :—
Every ssmultaneous wnvariant of two functions z and 2’ of two independent variables,
which involves no differential coefficients of order higher than the second, can be
expressed tn terms of the five wrreducible imvariants J (of index 1) and Ay A/,
A, A, (each of index 2) where '

J=pq —p'q,
Ay = ¢*r — 2pgs + p*,
A/O — qlglr_/ — 2p/qlsl + pIQt/’
o= q*r — 2pgs’ +p*' + 2 {99'r — (pg + 'q) s + pp't},
X'y = ¢ — 2p'qs + p*t + 2 {997 — (24 + P9 + pp't,
and p, @, 1, 8, 6 P, ¢ ', 8, ¢ have their ordinary significations as partial dyfferential
coefficients of z and of Z*.
* Tt is easy to see that the invariant A, formed for z + Az’ is

Ay + 03, + MR, + MA,.
This remark is practically due to Professor CayLeY.
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Theory of Eduction.

25. It has already appeared from § 4 that the operator

0 0

9@“?@
operating on 2’ produces an invariant of index unity. But for the purposes of this
operation #z’ may be regarded merely as an unchanging quantity, and, therefore, it
may be replaced by an absolute invariant (of index zero); and, when the operator acts
upon an absolute invariant, there results a new invariant, of the next higher rank in

the differential coefficient of the variable and of index unity.
‘We can, however, make the operator an absolute invariant, for the index of A, is 2;

and, therefore,
A - 0 0
0 <Q or p @)

is an absolute invariantive operator which, when it operates on an absolute invariant,
generates a new absolute invariant of next higher rank.
The operator can evidently be applied any number of times in succession, so that,

if T be an absolute invariant,
VA RN
{40 (e, = ,)}

\

is an absolute invariant for all values of the index 7.
Similarly, the result of operating upon any absolute invariant with the operator

;0,0
7% pag/

is to give a relative invariant of index unity ; and, if we are considering simultaneous
invariants in two variables z and 2, then

are absolute invariantive operators, which, when applied to absolute invariants,
produce absolute invariants.
26. Thus, in the case of a single dependent variable, we have

A=QA,% B=QA,, C= QA
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as the three irreducible invariants proper to the rank three, and they form the com-
plete system of irreducible absolute invariants within this rank. Hence

/ ./ 0 0
A=A, *<qax—p5;>A,
, [0 0
B=%°@&fﬁ»&

I
(— —% ey —
0= A (g, =77,) €.

\

are absolute invariants proper to the rank four. But it is not to be inferred that

A, B, C, A, B, U constitute the complete system of irreducible absolute invariants
within the rank four.
Again, in the operator the quantities p and q are first differential coefficients of an

unchanging quantity z; they can be replaced by first differential coefficients of any
absolute invariant I, and then
At <E_3£ o ol 8>
R

Oz Oy

is an absolute invariantive operator, the operation of which on absolute invariants

produces other absolute invariants. Hence
(B
D=4, <ay or  om 8y> ’
oC 0 oC o
_ A —3(000 OUO
E=A, <3y or Oz ay> A,
oA 0 0A 0
_ A —k[0RC oA O
F=4, <51/ ox  Ox ay> ’

are absolute invariants proper to the rank four, and they are of the second degree in
the differential coefficients of the fourth order. Among the six quantities A’, B, C,
D, E, F there is the relation,

AD+4+BE+CF=0;

so that only five of them can be independent.
27. In any higher rank n let I, J, K, . . . be the invariants, absolute and irreducible,
proper to that rank; let I’ denote the absolute invariant educed from I by the

operator
Aol _ 2
and I, the absolute invariant educed from I by the operator

A (@2
0 \Oy o Oz az/>’
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M being an absolute invariant. Then, by means of all the eductive operators associ-

ated with absolute invariants of successive ranks, we can obtain from I the set of
educed invariants

I';
I:z; Ib: Ic 5
Iu’, Ib’, Ic” Iz/, [e’ If:v

*

T, L. ..,

all proper to the rank n 4+ 1; and there is a similar set from each of the other
mvariants J, K, . . .

This number, however, can be at once reduced ; for, if I, be any educed invariant
other than I’ and I,, we have

I, ¢ p |=0;
| oA 0A
B
M
i Yy’ o

and therefore

IaM, = IIM(z + ImA,:

which shows that I, can be expressed in terms of I” and I,, and of invariants proper
to lower ranks if M be different from J, K, . . ., and that, if M coincide with one of the
invariants J, K, . . ., the invariant I, can be expressed in terms of the set I, J’, . ..
the set I, J,, . . ., and of invariants proper to lower ranks.

It therefore follows that the invariants, educed from the absolute irreducible
invariants I, J, K, . . . proper to the rank n, can be expressed in termsof I',J", K', . . .;
L, Jo, Ko . . . proper to the rank n + 1, and of invariants proper to lower ranks.
All these educed invariants are, if 7 be greater than 3, linear in the partial differential
coeflicients, which are of order n 4+ 1, and so determine the rank of the invariants.

We know that, for values of 7 greater than 3, the number of irreducible invariants
proper to the rank n is n -4 1, all of which can be made absolute on division by an
appropriate power of A, ; hence, the number of invariants educed as above is 2 (n + 1),
which must all be expressible in terms of the n + 2 irreducible invariants proper to
the rank n 4+ 1. But so far there is nothing to indicate which of them, or how many
of them, are equivalent to irreducible invariants proper to the rank to which they
belong.

H

28. Again, we have seen that there are four simultaneous invariants of two func-

tions proper to the rank 2, and that there is a single invariant proper to the rank 1 ;
so that

MDCCCLXXXIX,—A. P
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CO A J 2 CIO — A-IOJ—2’ @0 — %O J——fz’ : p/O — %IOJ—Q’

are absolute irreducible invariants proper to the rank 2. Let

1/ 0 0 1/.,0 0 _ .
j<93ﬁ0—2053_/)00=F> 3(95;7—10&3)00—1*‘,
108 N\ o s =
<qax pa‘y>00“‘(f’, 1(‘1 % a‘)CO‘
1/0 9 1/,9
ea—rg)€=9  frn-r3)e=9"
o

1' a . /_a 4 ’
3(98“.@?"2083/ ¢=a, J4<q8x p ay>®0—@

then F, I, G, G/, &, &', &, &, are eight educed invariants proper to the rank
three. But instead of ¢ and p, or ¢’ and p’, we can substitute the first differential
coefficients of any unchanging quantity, say of any one of the absolute invariants
Cyp €, &, @, and thus educe new invariants. All these, however, can be expressed
in terms of the set of eight already retained ; for we at once have

o0, o
oz =pF—p'F,
oC, ;

ay QF'—'QF

and therefore
1/0C, © 0C, 0\ v , ,
3(—@0 . —396-"53;>00=J(F G—TF @),
which proves the statement.®

Hence, through the present class of eductive operators we are able to derive from
the simultaneous invariants proper to a rank n double the number of educed invariants
proper to the next higher rank ; but it is not to be inferred that they are all irredu-
cible, or that they form the complete system of irreducible invariants proper to
that rank..

29. The foregoing linear operators are not the only eductive operators; in fact,
each new invariant suggests a new eductive operator. For the fundamental property
of non-variation on the part of z, the differential coefficients of which are combined
into invariants, enables us to substitute for z any other unchanging quantity, such as
an absolute invariant. Thus, for instance, if I be any absolute invariant, then

ol \? &I 28I8[ 01 <§_I_ ZQ@,
<8y> o~ " 0w Oy ow dy 8x> oy*

* Similarly for functions of z + \¢'; thus

FE+NM)=F+MIF+TF)+2(G&+ IF) + 2 (G + &) + MG,
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the same function of T as A’j is of #/, is an invariant of index 2, and

foal 0’1 I ol ol
@ op — Wi, TPt 2 {(97" = ps) 5, — (g5 = pt) a}

the same function of z and I as @, is of z and 2/, is an invariant of index 2.

80. The expressions for educed invariants can be applied as follows to obtain the
expressions for the effects of the operation of @,, @, 0, 6, (§20) on differential
coefficients of the wnvariants with regard to the variables. )

Let V be an invariant of index m, and let the operators ¢ .

be denoted by & and & respectively. Then

9o 40 _ 0
_pay’ T3P oy

V,=J8V — mVaJ,
V), =J8§V — mV8J
are invariants of index m -+ 2 ; they must satisfy the equations
0,/=0=0,/=0,f= 8,/

JOdV = mVedJ,
JO8'V = mVedJ,

Hence

are satisfied for each of the operators ®, because J and V are themselves invariants.
Now, actual substitution gives

0,8 = 3¢J, 0,8J= 38¢J;
0,0] = — 3pd, 0,8 = — 8p'J;
8,0 = 0, 0,8 = 0;

0,57 = 0, 0,8 =0;
and therefore

0,8V = 3¢Vm, 0,8V = 3¢Vm;
0,0V = — 3pVm, 0,0V = — 8p'Vm ;

8,0V = 0, 0,8V = 0;
0,0V =0, 0,8V = 0.
Now, since
ov ov
8, (8V) = ¢o, e e, oy ’
and

’ . OV , oV
®18V=g®18?—p®1§;’

it follows from the first pair of equations that
P 2
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\
@1%—\7 = 3mV
} .
5 OV _
Similarly, from the second pair
ov )
b
oV
from the third pair
oV _ oV )
i or Oy )
oV B
and from the fourth pair
m?~0
v _ov |’
Yoy T o )

And the geuneral laws, of which these are particular examples, and which can be
established by means of the successive educts of the invariant V, are

-~

anV an—-l Vv
O gy = St —1) £mm
v »-1v
@2 57‘;7@; = S (3’)7?/ + 1 - 1) aﬂ 5 al/s 1
v v
®; Oz oy T ! Oz =1 gyr—r 1
oV oV

0, Oz Oy =

” axn——a'+1 a?/r—-l

.J

From these the effect on V of any combinations in any order of the operators
0/ox, 0/dy, B, B,, B, O, can be deduced.

31. The following is another application of the theory of eduction.
U, (§ 16) is 6, so that U,U,™? is an absolute invariant, and therefore

The index of

d 9 _
<Q&—P@>U2Uo ]

V =V, 8U, — 3T, 5T,

is an invariant, say
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Now the quantities U are expressed in terms of the quantities A; and from the
values of those quantities it at once follows that

0A,, oA,
BAw= Auirt (g — sp) )+ (g5 — tp) 3"
\ <8AO 0A, 04,0 Am)

= A — (50 =
= A—m+1 _%JOm;

and therefore in particular ‘

3A, = A,

SA1 = Az - %Jm,

SAQ = A.3 — %JDQ’
Hence

SUz =3 (Aer - A12)
= AjA; — AJA, — AT + AyJy s
and therefore
V= A»A; — 4AA1A, + 3A° — JA T + AA T,

an invariaut proper to the rank 5. But
Uy = AfAg — 2 AAid, + 42 A
is an invariant proper to the rank 5 ; hence
Z=V—-U;=FA} - $AA A, — F AN + AoAlJm

is an invariant, and it is evidently proper to the rank 4. It must, therefore, be
expressible in terms of the irreducible invariants within the rank 4 given by
Uy Qs Qo Qo Qgs -+ + 5 Qug. The verification of this inference is as follows.

32. We have
Q3 = u, Py — P

when the values of P); and of Py—viz. :
1 2 2 1 ’
v (uPuyg + 12uyugug + 36ug’u,) and " (wyug + 6ugu,)
respectively—-are substituted, we at once have

Qi3 = wyuy3 — ug’ ‘
- AoAz - (—A1)2 = AoAz - A125

thus identifying Q.3 with U,
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Again, we have
== 3M&X + 81”’44P6 - 2P83 ;

so that X, denoting 6%,°P,, + PP, includes all terms proper to the rank 4. When
we substitute for Py, P,, and P4 their values we have

: 6
X = u"‘ o (uPugy + Yuguguy — 1205 — Suy,) —|— " & (uuyg + 12ugugug + 36ugu,)

6u Uy + Vgl
= Ut T Vs o
Uy
where
18u,* 12v
[ : 8 2
X' = w (Buyugu; — dug® — Luwg) + ot (wqustig + Susu,).

Now, for the first part of X we have

6w, + vu 6w,
DUyt T Vgthg __ V1, .
w = Ugllys + 0, (“4"12 + uguys) ;

and
. Ou,\ 0 0 0 0
Uglhyy + Ugltyg = 1 {(2 g;k + q g;) é; < S +p wlg)( 8?)} = — fu g,

the former of the two last lines being obtained partly from the forms of u, and w,,
and partly because u, and u,5 are homogeneous in p and ¢. Hence

X=X+ ugug + 3 udo,
=X — A1A2 - % AoJoz:

and X' includes terms of rank not greater than 8. It thus appears that the aggregate

of the terms proper to the rank 4 are functionally the same in Z as in Q,y; and we
have

Qo _ 32 _ iy on s o P A0 4
3u,  2u, X'+ 27u Py __~'17; T 6y, —§AJn
, P3 us
U, A
Now, from § 18 we have
6
Jo, = o (gt + u4uy) 5
1
and from the values of P, and P; it follows that
Gugu,
Uy = Py — 8%
8 8 u,
Ugthy | 2ug’

wy = U, Py 4~ " +

K
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Substituting now in X/, in J;, and for wg the values as given for u, and ug in the
last two equations (so as to express all the aggregates of coefficients proper to the
rank 3 in terms of P P,, Pgand to leave the residue of terms—if there be such a
residue—as a function of u,, u,, us, u,) and gathering together like terms, we find

P2 us P.3
’ 2 8 78 3 — k 8 )
) 4
=%
2u, "

Hence we have
Z=35Qu—5Q:;
and it follows that the first educt of U, (= Q.3) when reduced by means of Ug s
Sunctionally equivalent to the invariant Q.

33. In the preceding investigation the Jacobian of the function A;and any other
function A, of the series in § 16 entered. The following formulee, interesting in
themselves, are of use in a verification that Z actually satisfies all the differential
equations which are characteristic of an invariant :—

For m > 2, ) ,
' A, A, \
N et
0A,,_ 0A,,_
Aq ng =m(m — 1) <‘J aqs + Am—3>
and, for m = 2, " S
0A
Mg =9 |
and, for m > 2, 5 ;
A”’ -9 Avn - h
A, o =™ (m — 1) <p o + A,,,_3>
0An_s — _aé’ljﬁ.
A, = —m(m—1)p 3
and, for m = 2, v L
A aéo 2
2 P

and, for all values of m,
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DA, )
AW P =0 ‘
p '} .
A aé"ffﬂ. —_— %m_—g ’
3 0¢ op J
Mas _ _ PAy)
ooy T T |
a &m—o .

From these it follows that, if neither / nor m be zero,

0A,, 0A,
Adiw=(1+1) (I +2) <qu—1,m — Ay op > + (m+1)(m+2) <qu,m—1+Am—1 apl>\}

'aAm 0A
Ale " —_ (l+ 1) (Z"'I' 2) <le-1,m+ Al-—-l aq> - (77’L+ 1) (m+ 2) <29J1,m—1 - Am"l ‘@—l>

AaJl m = 0= A*Jl,m

3

L—"“f'

and

24, . \)
AlJo, mw—_ 2(] (Wl + 2) Am + ('m' + 2) (WL + 1) <QJO, i —1 + % Am—-l) ‘
AZJO, % = ‘210 (m + 2) A—m - (m + 2) (4’)’1, + ]') <20J0, m—-1 " ?é%g A—m— 1> i}“
AsJ 0, m — 0= A4J 0, st .J

Connexion with Theory of Binary Forms.

34. In connexion with the fact (§15) that the irreducible invariants proper to the
rank 3 are expressible in terms of the simultaneous concomitants of Aj and A, viewed
as binary forms (quadratic and cubic) in ¢ and — p as variables, it is important to
remark that the equations A; f= 0 and A,f = 0 are in fact the differential equations
satisfied by all concomitants of binary forms which have ¢ and — p for their variables,
and have

r, 8 U
a, b, ¢, d;

e, fi g b o1y

for their coefficients, that is, of Ay, A}, A,, ..., viewed as binary forms. Hach form
of a concomitant-system satisfies the differential equations characteristic of its con-
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comitants ; and it thus appears how Ag, A}, A,, . . . are (§§ 9, 16) simultaneous solutions
of the two characteristic equations in question. Moreover, since the Jacobian of two
binary forms occurs in their concomitant-system, and therefore satisfies the charac-
teristic equations, it is now evident that the quantities denoted by J; .., being

0A; 0A,, 0A; 0A,

must satisfy the equations Agf'= 0= A,f.

Hence, it appears that one method of obtaining the irreducible invariants, which
are proper to the rank n and are additional to those proper to ranks less than =, is as
follows :—(1) to obtain the concomitants of A,_,, and the simultaneous concomitants
of A,_,, and of the concomitant-system of A,_s, A,_,, ..., A}, A, viewed as binary
forms ; (2) to frame the combinations of these concomitants which will satisfy the
remaining characteristic equations A; /= 0 = A,f; (3) to select from among these
combinations such ‘as are, from the supposed known algebraical relations among the
concomitants, found to be irreducible.

85. Again, 'in the case of binary forms in two systems of variables, ¢ and — p,
q' and — p’, and with coefficients

(. 2 v, 8, U,
a, b, ¢ d, a, U, ¢, d,

the characteristic equations satisfied by their simultaneous concomitants are of the
form

(B + Ay =0= (8,4 &)Y
‘ O =0 = O

And every solution of these equations, with proper limitations as to degree and grade,
is a concomitant. Hence, every functional invariant of the two dependent variables
z and 2" already considered can be expressed in terms of simultaneous concomitants of
the set of quantltles AO, Ay A, A’1 ; ..., viewed as binary forms in variables
q and — p, ¢’ and — p'.

Thus, for example, we have seen the simultaneous functional invariants, proper to
the rank 2, are five in number, and they are—one, J, being the covariant pg’ — p’q in
the variables alone ; two, A and A’;, being the quadratic forms; and two, @, and @',
which can be exhibited in the respective forms

o o\, o )
%(‘Za'__q,+1051',5/> Ao+<q 5;+2052—0>A0,

/, 0 , 0\? 0 LAWY
Ho g+ 7 g) Mot {agg +ogy) X

MDCCCLXXXIX.— A, Q

that is,

and



114 MR. A. R. FORSYTH ON A CLASS OF FUNCTIONAL INVARIANTS.

which are combinations of polar emanants of Ajand A’ the fundamental quadratic
forms, And, from the note to § 24, it follows that they can also be represented in the
forms

N R S
<9§g+208—];+7”5;+85;+tat>A0,

0 0 0 0 o\ ,,
(30 2oy 750 50+ t0) A
and also in the forms ) ) 5 )
o 2
L — — — . . !
2 <§Zagr+pap/+ /"871/ +688/+ ta\tl> A‘O:

, 0 , 0 , 0 , 0 ’sz
<q é;—l-pa—zg—}-?”ar—l—Sé;—{-"tat)Ao.

20l

36. Returning now to the functional invariants of only a single dependent variable,
we have seen that they are combinations of the simultaneous covariants of A, A,
Ay, ..., considered as binary forms in ¢ and — p; and all these simultaneous
covariants satisfy the equations A, /= 0, and must, therefore, be expressible in terms
of uy, g, . oy Ugy o oo, Uy, . ... The actual expressions may be obtained as follows:—

From the values of the quantities » we have

= Uy,
s = us + puy,
wr = u, + 2pug + pu, ;
(4

= U,
J U = - Ug - Py,
b = uy — 2pug + piuy,
w'e = — ug+ 3puy — 3pug + pius ;
Coimu, ,

wh = — Uy + Py,

g = uyy — 2puyg + Py,

wBf= — wuy + 3puy — 3p*uy + piuy,

Luyte = gy — dpugg + 6p°uy; — 4p°uy + phuggs

A

and so on. It thus appears that any differential coefficient of z, when multiplied by
a power of u, equal to the @-grade of the differential coefficient, is linearly expressible
in terms of the quantities % proper to its rank, the coefficients of these quantities w
in the expression being powers of wu. '

But in the case of the function A, _,, which is

(zn, 00 Zn—1,10 “n—9,9 .. -Iq: - 20)”,
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the weights of its concomitants are estimated by assigning to z, ¢, Zu—1,1, Zu—g 90 + - -
the weights 0, 1, 2, ... in succession, that is, the integers which represent the y-grade
of these coefficients 2,_; .. ‘
If we have a covariant ¥ of order m which is simultaneous to A,_o, A,_, Aui_y,
., and of degrees /, I, I”, ... in their respective coefficients, and its leading term
be C;q”, then the weight of C, is

L(nl & Wl + 2T+ ... —m),

which is, therefore, the number representing the y-grade of C,, considered as the
leading term of a functional invariant. Since the grade of each of the coeflicients
of A,_, is m, it follows that the grade of C,, so far as it involves the coefficients of
A,_, is In, and, therefore, the grade of C; is, in the aggregate,

nl 40l + 21" 4. ...

But the aggregate grade of C, is the sum of the x-grade and the y-grade ; hence, the

x-grade of C; is »,
s+l 427"+ ... 4 m).

* In order, then, to express ¥ in terms of the quantities u, we should proceed to
substitute for the coefficients , s, ¢, . . . the values above obtained, and assuming

¥ = Cyg" — Cyig""'p+...,

it is evident that the only term in ¥ from which terms independent of p can come is
the first term. Moreover, since ¥ is expressible as a function of the quantities
u alone, it follows that when these substitutions are carried out the terms involving
p must disappear, for p is the only non-u quantity which enters into the expressions
substituted ; and the value of ¥ is, therefore, the aggregate of terms which survive,
that is, the aggregate of terms independent of p arising from C,g™.

Now, in C, this aggregate is obtained by replacing a coefficient, z,, ,, by a quantity
=+ w,u, ™" ; since C, is isobaric qua seminvariant, it is of uniform x-grade qua part
of functional invariant; and therefore the result of these substitutions is to give a
function of wg, ug, u, . .., divided by a power of u, equal to the a-grade of C, that
is, divided by

U Il RV A+ 4.+ m)
1 .

If, then, T, denote this function of wu,, ug, 2, . . . , we have

— 4 — e e
= ulm. u Yal+n'l +0'l + +m)’

U Sl +a/l +a 2 oo ) \II e I‘
1 0

Q 2
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37. Hence we have the following theorem :

To express any simultaneous concomitant ¥ of

(7" S, tIQa - p)z’
(Ol’a b: C, d}(% - 20)3,
(eaf; k: h: 7:3[9" - p)4,

i terms of the quantities uy, Uy, Us, Uy, . . . , Which are the irreducible solutions of
Ay f= 0, the equation characteristic of all these concomitants, it is sufficient to take the
coefficient C,, of the highest power of q in ¥, to construct o new function Ty, which is the
same combination of the coefficients of

(u@ Us, UZI% ""]0)2’
(— Ug, Uy, — g, usI% —'p)g’

(g, = Uygy gy, — Urg, UgXQ, — P)%

as C, s of the coefficients of the binary quantics, and to divide Ty by w, 07+ » ¥+t o =m),
where m 1s the degree of ¥ in q and — p, and I,1,1",... are the degrees of CO m the
coeffictents of A,_q Aw_g Awi_g,. .. Tespectively.

The theorem is illustrated by one or two examples which have already occurred i in
the reduction of Q,, Qg Q; Thus, for Hy = 7t — 5% we have only one quantic entering
into its composition, viz., Ay; so that n=2, l=2; I'=0= ...,and m=0
hence,

w22 H = w1y — w2,
that 1s,
H, = (uy 15 — ) ;72
Again
— 15 Hoy = 7 (pd — g¢) — 25 (pe — ¢b) + ¢ (pb — )
= q (— cr + 2bs — at) + p (dr — 2¢s + bt) ;

so that two quantics enter. Thus, we have, for H,

n=2, l=1;
w=38, I'=1; V'=1"=...=0;
m=1.
Hence
: L@ S D = — g (— 11g) - 205 — Uy (— )

= ug + 2ugtty -+ Uty
as before ; and so for others.
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38. We might, if we pleased, carry the theorem further, for every simultaneous con-
comitant satisfies the two characteristic equations Az /=0, A, f= 0, and is therefore
expressible in terms of the simultaneous irreducible sclutions of these two equations.
Such irreducible solutions are necessarily functional combinations of u,, ug, u, . . .
such as satisfy A, /= 0; and, as in the earlier cases of §§ 14, 17, it is easy to show
that these irreducible solutions within the rank three are equivalent to the set

u, = A,
N, -9
(ugtty — us®) u; % = H,
us = - A'l’

(g + ugug) u; 7 = Joy, (dropping a factor 6)
- (ugug — wf) w7 = H,,

(usug® — Buguqug + 2u) u, ™3 = Q,

which are f; Ay, ¢, 9, A, Q respectively in GorDAN’S notation. Thus, every simul-
taneous concomitant within the rank three can be expressed algebraically—though
not necessarily rationally—in terms of these six quantities.

The actual expression can be obtained by a development of the method adopted in
the preceding theorem. It is first necessary to replace the covariant by its value in

terms of u,, Uy, Ug, . . . ; then to substitute by means of the equations
u, = A,,
Uty = us® + u*Hy,
ug = A,

ugty = und oy + Ushy,
uPugus = w2l + (Jg + ughy),

ugSus® = uPuPQ + (udo 4 usAy P 4 3uPuH, (uJ g + 13A,),

for u, w,, us, g, Uy, ug. The result, we know, must appear as a function of Ay, H, A,,
Jo, Hy, Q; and, therefore, the terms involving ug will disappear, and the factors u,
will cancel.

For example, in the case of Hy;, = p (GorpAN) = L, (SALMON), we have, dropping
the factor 12 and using L;, which 1s § H,,

Ly = — Uyug — gty — U
A U, 1 , .
= K(l') (u32 + u*Hg) — 2 Ki (uJoy + w3 ) + K(')’Kl" {uPAPH, 4 (ud o + ugA, )%}
— (M 4, Jo® |
- <A0 HO + Al Hl + A0A1> ’
so that

L1A0A1 = A12H0 + A02H1 + J'olgﬂ
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Similarly for others of the simultaneous concomitants of Ay and A;. And it is not
difficult to show that all functional invariants within the rank 4, or, what is the equi-
valent, all the simultaneous concomitants of Ay, A;, A,, considered as three binary
forms, can be expressed in terms of the foregoing six quantities A, Hy, A;, Jo, H, Q,
and the succeeding five, viz.:—

Uy = A,

(ulz% + uguyg) u Tt = Jop,

(g — wyg’) uy ™ = H,,

(Urgttrg® = BupUygthyg + 2uyg’) 4™ = @y,

(ugtirg — dugthyy + 3uyy®) w7 = Iy

Inferences can also be deduced as to the expressibility of the simultaneous concomi-
tants of A; and A, alone as simultaneous quantics, and of the simultaneous concomi-
tants of A, and A, alone, as simultaneous concomitants; but all such results are
chiefly interesting from the point of view of the theory of binary forms, and are more
useful in that theory than in the theory of functional invariants.



