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1. THE object of this investigation is to endeavour to ascertain how far the electro-
magnetic theory of light, as at present developed, is capable of giving a theoretical
explanation of Dr. KERR'S experiments on the effect of magnetism on light.

In the first series of experiments* polarized light was reflected from the polished
pole of an electromagnet, and it"was found that when the circuit was closed, so that
the reflecting surface became magnetized perpendicularly to itself, the reflected light
exhibited certain peculiarities, which disappeared when the circuit was broken.

In the second series of experimentst the reflector was a polished plate of soft iron
laid upon the poles of a horse-shoe electromagnet, so that the direction of magnetiza-
tion was parallel, or approximately so, to the reflecting surface; and it was found
that the effect of the current was analogous to, though by no means identical with,
the effect produced in the first series of experiments. It was also found that when
the incidence was normal, or when the plane of incidence was perpendicular to the
direction of magnetization, no effect was produced.

In both series of experiments it was found that the effects produced by magnetiza-
tion materially varied with the angle of incidence. It was also found that these
effects were in most cases reversed, when the direction of the magnetizing current
was reversed ; that is to say, if the intensity of the reflected light was strengthened
by a right-handed current, it was weakened by a left-handed one.

Since the effects produced by the current were in most cases reversed when the
direction of the current was reversed, it follows that the first power of the magnetic
force must enter into the expression for the intensity of the reflected light.

It will be noticed that in all these experiments a metallic reflector was employed,
and consequently the results were complicated by the influence of metallic reflection.
It therefore seems hopeless to attempt to construct a theory which shall furnish a
complete explanation of these phenomena, until a perfectly satisfactory electro-
magnetic theory of metallic reflection has been obtained, and, so far as I am aware,

* ¢ Phil. Mag.,” May, 1877.
t+ Ibid., March, 1878.
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no such theory has been discovered. Lord Ravreica® has shown that Cavcmy’s
formulee may be derived from GREEN’S theory of elastic media, by assuming that the
effect of metallic reflection is represented by a term proportional to the velocity ; and
in a subsequent papert he has shown that the same formulee may be obtained from
the electromagnetic theory by taking into account the conductivity of the metallic
reflector. The results obtained by either of these theories are open to various objec-
tions, which Lord RavLerea has discussed in the papers referred to; and he considers
“that much remains to be done before the electrical theory of metallic reflection can
be accepted as complete.”

There are, however, several non-metallic reflecting media (such as strong solutions
of certain chemical compounds of iron), which are capable, when magnetized, of
producing an effect upon light ; and the theoretical explanation of the magnetic action
of such media is accordingly free from the difficulties surrounding metallic reflection.
It would be exceedingly desirable that experiments upon magnetic solutions should be
made ; and in view of the possibility of such experiments I have thought it worth
while to develop a theory applicable to them. Whether the results of the present
paper will stand the test of experiment cannot be finally decided until the experiments
alluded to have been made ;] but it must not excite surprise if the results of the
theory do not agree very well with KErR's experiments, since the conditions of the
problem are materially different.

2. T shall now describe four of KERR's experiments, which it will be necessary to
consider more fully when discussing the results obtained from the mathematical
theory ; and I shall then proceed to give a brief abstract of the results to which this
theory leads, stating the points of agreement and disagreement.

In Experiments I. and II. the magnetization is perpendicular to the reflector.

Lxperiment I.—Light polarized in or perpendicularly to the plane of incidence is
allowed to fall on the polished pole of an electromagnet, and the analyser is placed in
the positiori of extinction. When the circuit is closed, so that the reflector becomes
magnetized, the light immediately reappears; when the circuit is broken the light
disappears, and again reappears when the current is reversed.

The light reflected whilst the circuit is closed is not plane polarized, since it cannot
be extinguished by rotating the analyser; also the analyser’s position of extinction
before closing is the position of minimum intensity after closing.

Experiment I1.—The arrangements are the same as in the last experiment, and the
analyser is turned from the position of extinction through a small angle towards the
right-hand of the observer,§ giving a faint restoration of light. When the circuit is

* Hon, J. W. Srrurr, ¢ Phil. Mag.,” May, 1872.

+ ¢Phil. Mag.,” August, 1881,

1 See, however, § 16, July, 1891.

§ The terms right-handed and left-handed refer to an observer who is looking at the point of incidence
through the analyser.
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closed, so that the reflector becomes a negative pole, the intensity is increased ; but
if the current is reversed, so that the reflector becomes a positive pole, the intensity
is diminished. The weakening effect of the second operation is always less than the
strengthening effect of the first, and its effect diminishes as the angle through which
the analyser is turned is diminished. In this experiment the angle of incidence lay
between 60° and 80° Similar results were also obtained when the incidence was
normal.

In Experiments III. and IV. the direction of magnetization is parallel to the
reflector, and the plane of incidence is parallel to the lines of magnetic force.

Ezxperiment IIT—The incident light is polarized in the plane of incidence, and the
analyser is placed in the position of extinction, and is then turned through a small
angle. The circuit is now closed, and it is found that the light restored from extinc-
tion by a small right-handed rotation of the analyser is always strengthened by a
right-handed current, and weakened by a left-handed one.

The intensity of these optical effects of magnetization varies with the angle of
incidence. The effects increase from grazing incidence up to about 65° to 60°, and
then diminish as the angle of incidence decreases.

Experiment IV.—The incident light is polarized perpendicularly to the plane of
incidence, and the arrangements are the same as in the last experiment. At an
incidence of 85° the light restored by a right-handed rotation of the analyser is
strengthened by a right-handed current and weakened by a left-handed one, and the
effects are undistinguishable from those of the last experiment. As the angle of
incidence decreases the effects diminish, and finally disappear at an angle of 75°. As
the angle of incidence still further decreases the effects reappear, but are reversed ;
for the light restored by a right-handed rotation is now weakened by a right-handed
current and strengthened by a left-handed one. The effects increase from 75° to
about 60°, and then gradually diminish.

I shall now describe the results of the present paper, in which the reflecting surface
is supposed to be a magnetized transparent medium.

As regards the points of agreement I find (i.) that the reflected light is elliptically
polarized ; (ii.) that when the magnetization is parallel to the reflecting surface no
effect is produced when the incidence is normal, or when the plane of incidence is
perpendicular to the lines of magnetic force; (iii.) when the plane of incidence is
parallel to the lines of magnetic force, and the light is polarized #n the plane of
incidence, the magnetic term increases from grazing incidence to a maximum value,
and then diminishes to normal incidence.

The points of disagreement are that in all cases the intensity is unchanged when
the magnetizing current is reversed; and also that no results analogous to those of
the fourth experiment are obtained.

It is not improbable that this disagreement is due to the disturbing effect "of
metallic reflection, inasmuch as it is easy to see, from Lord RavLEiem’s proof of
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Cavcuy’s formulee for metallic reflection, how a term in the intensity, which is
proportional to the first power of the magnetic force, and which would therefore be
the most important term, might come in, when the reflector is a metal; but the
question is one which can only be decided by experiment, and it is therefore very
desirable that experiments on magnetic solutions should be made.

Theory of Magnetic Action on Light.

3. We must now consider the theories which have been proposed to explain the
action of magnetism on light.

One of the difficulties of MAXWELL'S theory® of magnetic action is, that it is
inconsistent with his previous theory of isotropic and doubly refracting media. In
the latter theory, he has assumed that the disturbance which produces the sensation
of light is represented by the electric displacement, whereas, in the theory of
magnetic action, he has supposed that light is produced by the vibrations of an
elastic medium or ether, and that when this medium is acted upon by magnetic force,
a state of vortex motion is set up, which modifies the motion which produces light.

4. Professor Frrz¢eraLp T has modified MAXWELL's theory, by supposing that the
effect of magnetic force is to introduce into the kinetic energy an additional term

dg . dy - (2
4170[”<J§f+2129+%h>dwdydz )
where
d d d d

and f, ¢, h are the components of electric displacement, whilst &, B, y are the
components of the external magnetic force. The quantities & 7, { are the time
integrals of the components of the periodic portions of the magnetic force, and,
accordingly, f; g, h are proportional to the curl of & v, {, so that

_d&_ )

If, therefore, we substitute the values of f, g, & from (8) in (1), and integrate by
parts, we shall obtain

* ¢ Blectricity and Magnetism,” vol. 2, ch. xxi.

4 Phil, Trans.,” 1880, p. 691.
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CH{(mC — ) ;% + (né — ZC) » T (l") - mf)d }
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The volume integral part of this expression is of the same form as MAXWELL'S
expression, but the similarity between the two theories ends here ; for in MAXWELL'S
theory & 7, { are the displacements of an elastic medium, whereas, in FITzZGERALD’S
theory, they are the time integrals of magnetic force. It also appears that the
additional terms in the latter theory cannot be accounted for on MAXWELL'S
hypothesis of molecular vortices, inasmuch as this would require us to assume that
the components o, B, ¥/, of the total magnetic force, satisfy the equations

o =a+dfdo, B =B+ dy/de, v =ry+ dijdo,

where & 7, { are the time integrals of the periodic parts of the magnetic force ;—a
relation which cannot apparently be justified on any physical grounds whatever.

The equations which are satisfied at the surface of two different media are also not
deduced in a very satisfactory manmner, nor is their physical interpretation fully
explained. Professor FirzerraLD has also failed to recognise, that when light
is incident upon a magnetic medium, there are always (except in special cases), two
refracted waves which are circularly polarized in opposite directions, and whose
directions, as well as their velocities of propagation, are different. Tt is quite true,
that the angle between the directions of the two waves is very small, and would
be difficult of observation ; but since it depends upon the first power of the external
magnetic force, we are not at liberty to neglect it.

5. The theory which I propose to develop in the present paper, depends upon the
following considerations :—

It was proved experimentally by HArr,* that when a current passes through
a conductor which is placed in a magnetic field, an electromotive force is produced,
whose intensity is proportional to the product of the current, and the magnetic force,
and whose direction is at right angles to the plane containing the current and
the force. Now, Professor RowrLaNDt has assumed that this result holds good in
a dielectric which is under the action of a strong magnetic force; if, therefore,
we adopt this hypothesis, we must substitute the time variations of the electric
displacement for the current, and the equations of electromotive force become

# ¢« Phil. Mag.,’ March, 1880.
t Ibid., April, 1881, p. 254.
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{F . s dyr )
P G =

aG .
Q=—~—C(ah——'yf) \]r P e (3),

R————;gt—c(ﬁf—ag.)—jlgj

where a, B, v are components of the total magnetic force.
When the magnetic field is disturbed by the passage of a wave of light, «, 8, y may
be supposed to have the same values as before disturbance, since their variations

when multiplied by /. 9, I are terms of the second order, which may be neglected.
Since we shall confine our attention to the propagation of light in a uniform magnetic
field, «, B, y may be regarded as constant quantities.

I shall, therefore, assume that when light is transmitted through a medium, which,
when under the action of a strong magnetic force, is capable of magnetically affecting
light, the equations of electromotive force are represented by (5), where C is called
HArL's constant, and is a quantity which depends on the nature of the medium, and
possibly, also, on the period of vibration. Since we shall require to use the letters
a, B, v to denote that portion of the magnetic force which is due to optical causes,
we shall write these equations in the form

¥ : :
P=-" -m9+pﬁ“*4}

d(x I
Q= — p]h-l—pdf—;%}. N ()
T . .l
R=*’dt—29zf+P19“;ZfJ

where p, = Ca, &c.  All the other equations of the field are the same as MAXWELL'S,
with the exception that we do not suppose that d¥F/dx 4 dG/dy 4+ dH/dz is zero.

6. In order to obtain the equations of electric displacement, let us consider a
medium which is magnetically isotropic but electrostatically anisotropic. Let & be the
magnetic permeability ; K, K,, K; the three principal specific inductive capacities ;
also let

FK, = A=,  FK,= B> IK;=(C"

/( 1l
vQ~Mf+W@+UN........(m

d
g P

dw

(Z%+Z2dj+p5dz Co e (8)

From the last two of (6) we obtain
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da df df dg dh _dQ  dR
dy J

dt +r ldj+203dz pldJ Prg. = &

Substituting the values of P, Q, R from the equations P = 4#f/K,, &ec., and
recollecting that

»f+dg+ ),
we obtain )
%—4%(}32 C-'Z%L)—% R e 1)
with two similar equations.
Now,
41r7f~47rku-—%<%-—-;%> s

substituting the values of a, b, ¢ from (10) we obtain

. e
Tf _ pogop_ 92, 1 4 (dg dh
i = AV — 4k do \dz ~ dy
dﬂ 1 d (dh df\ -

2 e TR (AN e e e s (12).
dt2 =By g 47k dew <dm dz> 1 ( )
fﬂb_ ooy, _ 02 1 Ay dy
= v b= +47rlsdw<dg/ dz) )

These are the equations satisfied by the components of electric displacement.

Professor F11zGERALD has not obtained the equations of electric displacement, but
he has obtained the equations satisfied by the components of magnetic force (see
p- 702); and by forming these equations by means of (10) and (11) it will be found
that the results agree. It is not, however, easy to see what is the physical inter-
pretation of those boundary conditions which involve the differential coefficients of
the time integrals of the components of magnetic force ; and it will be seen later on
that they disagree with those given in the present paper, which are based upon
physical considerations. A term in the kinetic energy which imvolves a volume
integral, can usually be transformed in a variety of ways by integration by parts,
into another volume integral and a surface integral ; and although it is immaterial, so
far as equations of motion are concerned, which volume integral we use, the boundary
conditions will depend upon the surface integral. Accordingly, if we omitted a surface
integral term from the expression for the kinetic energy and were to apply the prin-
ciple of least action, it is evident that we should obtain the correct equations of
motion, but the boundary conditions would be erroneous. '

MDOCCXCL—A, 3¢
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The boundary conditions & = &, n, = 5 (p. 706) appear to be perfectly satisfactory,
since they imply that the component of magnetic force parallel to the reflecting
surface is continuous; and the rejection of the condition {, = { can be justified on
the ground that it implies that the component of magnetic force perpendicular to the
reflecting surface is continuous, whereas it is the corresponding component of magnetic
wnduction that is continuous,

7. We shall now confine our attention to isotropic media. In this case
A =B=C=1U, where U™ = kK ; hence (10) becomes

cz_w_w4m2<c dh> df

dz }ZZ/ do
Let,
fz S)\., g — SIJ’J h —_ SV, S - E‘an/V‘r. (lz 4+ my + nz — Vi) i X . (13)’

then v

da e U 2umr :

. (np — mw) S — Vo (Ipy 4 mp, + npy) SA
whence .

4'n'U 2m'
o= — (np — mv) S — - (Ipy + mpy + npg) SA

Accordingly if 3 denote the component of the external magnetic force perpen-
dicular to the wave-front, the equations of magnetic force become

o= fl__[[ (ng — mh) — 3;;; C#Hf ]

4 U Qe
B=—""1 (h —nf)—GCly + . . . . . (14),
y= —47(? (mf = lg) = i Cah |

where C is HALL'S constant.

Propagation of Laght.

8. We are now prepared to consider the propagation of light in a magnetized
medium. v

Let us suppose that plane waves of light are incident upon the surface of separa-
tion of air and a magnetized medium. Let the axis of x be the normal, and be
drawn into the first medium, and let the axis of z be perpendicular to the plane of
incidence ; also let the direction of magnetization be parallel to the axis of @. Then

Py = pg = 0, and none of the quantities are functions of z; whence the equations of
motion become
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T/ _ o ;P__‘li]}i )

ar = UV = d dy

Py _ 199, o P Th 5
M=ty 4+ 2T I; L (D),
ah P cz<df dg

R 22 [ A A

=0Vt (zac>J

where p is written for p,.
Let
f= A/S’ g — A”S, h — AS, S — EZmIV-r.(lw—me—Vt).

Substituting in (15) we obtain
.
(U* = VYA = opn IMA,
9 U2 n__ P 5
(U= VA" = am A

(U2 = VA = P (Am — A"),

2kr

From these equations we deduce
2 . TT2 pl
v=Ug L (6),

whence
A’ = 4 A, A" = F JA.

Hence, if V;, V, denote the two values of V corresponding to the upper and lower
signs, we see that two waves are propagated with velocities V,, V,,

It must also be borne in mind that the directions of the two refracted waves
corresponding to an incident wave are, in general, different. To see this, let the
suffixes 1 and 2 refer to the two refracted waves, and let the incident wave be

L 20/ V(L y —V
]L—-—-—é Vr.(le + my t)’
then the displacements in one of the refracted waves will be

- o o
Si=mAS, g =— A8, b =AS,
where
Sl p— EZwr/Vl-r.(llw + iy — Vit) ,

and the displacements in the other wave will be obtained by changing the suffix from

1 to 2, and changing the signs of f;, 9. Now, if , r, be the angles of refraction,
3¢2 '
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m, = 8in 1y, M, = sin 7, ; and, since the coefficient of 7 must be the same in all three
waves, we must have

Let 33, 33, be the component displacements in the plane z = 0, then since
I, = — cos ), it follows that

_ B, = fisinr, 4+ g, cosr; = 1AS,.
Similarly
332 = - LAQS;Z.

The component displacements perpendicular to the wave-fronts are evidently zero ;
whence, in real quantities, the displacements in the two waves are

2
hy = A, cos o (L 4 my — Vi),
V7 ‘
. 2 -
B, = — A sin Vor (Lye 4 gy — Vit),

and

hy = A, cos 2 (lyx 4 mgy — Vo),
V,r

.2 . :
B, = A, sin =T (lyw -+ myy — Vi),
Vor

and, consequently, the two waves are circularly polarized in opposite directions.
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The Boundary Conditions.

9. When light is reflected and refracted at the surface of separation of two isotropic
or crystalline media, the boundary conditions are (i) that the components of the
electromotive and magnetic forces parallel to the surface of separation must be
continuous ; (i) that the components of electric displacement and magnetic induction
perpendicular to the surface of separation must likewise be continuous. We have,
therefore, six equations to determine four unknown quantities; but inasmuch as two
pairs of these equations are identical, the total number reduces to four, which is just
sufficient to determine the four unknown quantities. If, however, we were to assume
these six conditions in the case of a magnetized medium, we should find that we
should be led to inconsistent results, and we shall, therefore, proceed to prove the
boundary conditions.

Since the electric displacement and the magnetic induction both satisfy the
equation

af | dg | dh _
de ' dy ' dz ’

which is an equation of the same form as the equation of continuity of an incom-
pressible fluid in hydrodynamics, it follows that the components of the electric
displacement and magnetic induction perpendicular to the surface of separation must
be continuous.

To obtain the other conditions, let us suppose as before, that the plane x = 0
is the surface of separation, and that the plane z= 0 contains the direction of pro-
pagation. Then, since the coefficients of y and ¢ in the exponential factor must be
the same in all four waves, d/dy and d/dt of any continuous function will also be

continuous, and conversely. Since none of the quantities are functions of z,

. dy
dof = dy

which shows that y is continuous.
Since the continnity of y follows from that of f, the conditions of continuity
of both these quantities will be expressed by the same equation.
Since
d
o = (Zj; s
it follows that H is continuous, whence if the accents refer to the second medium, we
obtain from (6) _
R +pf —pg=R . . . . . . .. (17

This equation shows that the electromotive force parallel to z is discontinuous.
This circumstance may, at first sight, appear somewhat strange, and may perhaps be
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regarded as an objection to the theory; but since the p’s are exceedingly small
quantities, the discontinuity is also very small. We have, moreover, assumed that
the transition from one medium to the other is abrupt, whereas, if we were better
acquainted with the conditions at the confines of two different media, we should
probably find that this was not the case; and under these circumstances there would
be a rapid but continuous change in the component of the electromotive force parallel
to the boundary, in passing from one medium to the other.

We have, therefore, as yet, only obtained two independent boundary equations.
Now, we shall presently see that when plane polarized light is reflected and refracted
at the surface of a magnetized medium, the reflected light is elliptically polarized ;
whilst, as we have already shown, the two refracted waves are circularly polarized in
opposite directions. We have, therefore, four unknown quantities to determine, viz.,
the amplitudes of the two components of the reflected vibration, and the amplitudes
of the two refracted waves. We, therefore, require two more equations. To find a
third equation, we may assume, as has been done by previous writers, that the
component of magnetic force parallel to the axis of # is continuous. A fourth equation
will be obtained from the condition of continuity of energy; for since there is no
conversion of energy into heat, or any form of energy other than the electrical kind,
it follows that the rate of increase of the electrostatic and electrokinetic energies
within any closed surface must be equal to the rate at which energy flows in across
the boundary.

[We must now obtain an expression for the energy.*

It is a general principle of dynamics, that if' equations are given which are sufficient
to completely determine the motion of a system, the principle of energy can be
deduced from these equations. The proper form of the principle of energy in the case
of a dielectric medium is this :—Describe any closed surface in the medium, then
the rate at which energy increases within the surface, is equal to the rate at which
energy flows in across the boundary. If E be the electric energy per unit of volume,

the rate at which energy increases within the surface is [[[ F dw dy dz, and, conse-
quently, this quantity must be capable of being expressed as a surface integral taken

over the boundary ; and any form of B which is not capable of being so expressed
must certainly be wrong. If the medium were a conductor, in which there is a

conversion of energy into heat, [ff E da dy dz would not be expressible in the form of
a surface integral,t but this case need not be considered, since we are dealing with a
transparent dielectric. '
Since P = 4xf/K, = 4wkA®f, equation (10) may be written in the form
do _dQ _dR _ df

at— Jz dy  de

* Rewritten, July 1, 1891.
T See Poynming, ¢ Phil. Trans.,’ 1884, p. 343.
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Multiply this equation and the two corresponding ones by @, 8, y ; then add and
integrate throughout any closed surface, and we shall obtain

345 [[[(02 4+ 8 4 ) do dy de
(32 o2 5 -
_”'(< df_}.IB %)dmdydz . (174).
Let

W = 2mk [[(A% + B> + G dodyde . . .. (178),

then

ilC_VY = ok j [ (A + Bgg + Chiv) daw dy dz

=|[[(®F+ Qg + Rh) de dy dz.

Substituting the values of £ g, hin terms of «, B, ¥, and integrating by parts, we
obtain

dW
dt

1 )11 (B8 — Q) + m (Py — Re) + 1 (Qu — PB)} dS
0ol (G =)+ 0 =) (g =) few v ro

If in the identity

§lm

f(P39 _Pgh) + 9 (Plib “ﬁef) + h (Zozf ‘—Plé) =0,

we substitute the values of £, g, h from the equations of Anf = dy/dy — dB/dz, &e.,
in the coefficients of the terms in brackets, and integrate by parts, we shall find that
the last volume integral in (17A) is equal to

— ([t tpaf = p9) B = ik = S} 73
+m {(]039 “ch) Y~ (Pef""]?lg.) o}
+n {(Plh —P3j>“ - (]039 "‘ch) B}lds . . . . (17p).

Accordingly (174) becomes on substitution from (178), (17¢) and (17D)



384 MR. A. B. BASSET ON THE REFLECTION AND REFRACTION

CZ ”j’{g; (22 + B+ %) + 20k (Af* + Bg® - C%?)}dw dy dz
1 . . . )
= EHU {(R+pof —p19) B— (Q+ pih—ps ) v

+ m {(P + P3§ - 2927*)7 - (R + Z’zf“ 291.9) o}
+ 0 {(Q+ pih — pof) o — (P + pg — ph) BI1AS . . (18),

The physical interpretation of this equation is, that the rate at which something
increases within the closed surface, must be equal to the rate at which something
flows into the surface. This cannot be anything else but energy; we are therefore
led to identify the expression

L@ B )+ 2k (AN 4 B 4 )

as representing the energy of the electric field per unit of volume. The first term
represents the electrokinetic energy, and the second term the electrostatic energy.

The above expressions are the same as those obtained by MaxweLL by a different
method, and it thus appears that the expressions for each species of energy are not
altered by the additional terms which have been introduced inte the general equations
of electromotive force.

The right hand side of (18) represents the rate at which work is done by the
electric and magnetic forces which act upon the surface of S.]

In the optical problem which we arve considering, the bounding surface is the
plane 2z = 0, whence if the quantities in the magnetized medium be denoted by
accented letters, the condition of continuity of energy becomes

RB— Qy= (R +pf — pg) B — (Q + pl/ — p:.f ')

Since 8 = B and y = v/, it follows from (17) that this equation reduces to

Q:Q'“i—?)lh'-—-pgf’ e e (19,

which shows that the components of the electromotive force n the plane of incidence
are also discontinuous.

The boundary conditions are therefore the following; (i.) continuity of clectric
displacement perpendicular to the reflecting surface, which is equivalent to continuity
of magnetic force parallel to z; (il.) continuity of magnetic induction perpendicular
to the reflecting surface, which is equivalent to equation (17); (iil.) continuity of
magnetic force parallel to y; (iv.) equation (19), which follows partly from (i), (ii.),
and (iii.), and partly from the condition that the flow of energy must be continuous,
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We have therefore four equations and no more, to determine the four unknown
quantities.

Reflection and Refraction when the Reflecting Surfuce is Magnetized Normally.

10. We are now prepared to calculate the amplitudes of the reflected and refracted
waves. ' ‘

Let us first suppose that the reflecting surface is magnetized normally ; then
Ps=p; = 0. Also let A, B be the amplitudes of the two components of the incident
vibrations perpendicular to, and in the plane of incidence; then the displacements in
the four waves may be written

h = AS, ¥ = BS, incident wave ;
=AY, ¥ = B'S, reflected wave ;
hy= A8, 1B, =AS, 1st refracted wave ;

hy = A,S,, B, = — A,S,, 2nd refracted wave.
Also '

[l = — cos 1, I' = cos ¢, [, = — cos 7, ly = — cos 7y;

m = sin 1, m’ = sin 1, my = sin 7y, My = sin 7,

The boundary conditions (i.), (ii.), (iil.), (iv.), at the end of § 9, furnish the following
equations :—

B+B)V=uo(AV,—AVy) . . . . . . . (20),

(A+A) Vo= U% (A + A) — £ (Aycosry — Ayeosy) + . (20),

| . A A, . p [A A
— A’ — 22, Ao — P (B e 22002 9
(A—A)Veosi=TU <V1 cos r; + v, cos T2> py. (Vl cos® 7, v, cos 7"2> . (22),

(B — B') V2cosi = tU% (A, cos 7, — A, cos ) — }" (A, +4,) . . (29),

where p is written for p,.

We shall now simplify these equations by introducing an auxiliary angle R, such
that

v
Yo N _ % _ U (2

sing  sin7,  sinr,  sinR

Hence, R is the angle of refraction when the second medium is unmagnetized ; and

accordingly 7, and 7, will differ from R by a small quantity which depends upon p.
MDCCCXCL—A. 3D
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Since the magnetic effects are small, we shall neglect squares and higher powers of p,
and we may, therefore, in the terms multiplied by p, put »;, = », = R.
Let q = p/4kr, then from (16)

3 R
V,=U-128 v=u4 28 ()

also from (24) and (25) we obtain

| . sin? R | in’ R
cos 7y = costi— gq{;' -, cos 1y = cos R — ﬁ%—l Coe . (26).

Substituting these values in equations (20) to (23) and ceducing, they finally
become

(B—DB) V2cosi = U% (A, — Ay) cos R + gk (sin®? R — 2) (A, + Ay) 7
(B+B) V= U (& — &) = “F (A; + A)

L (7).

q CoS 21\,

(A—A) Veose= U(A, 4+ Ay) cos R — -(A, — Ay)

(A + A) V2= TU% (A, —-!—AQ—-—ZQL(A-—-A)COSR J

These equations determine the amplitudes of the reflected and refracted waves,
when the magnetization is perpendicular to the reflecting surface.
From the first two of (27) we get

wk (A, 4+ A,) = BV (Ukcos R — V cos ) + BV (Ukcos R -+ V cos ),
JU% (A, — Ay) =BV {Uk(2 —sin®R) — Vcosicos R}
V + BV {Uk (2 — sin? R) 4+ V cos ¢ cos R}.
Substituting in the last two, we obtain

(A — A') cose .
= — B }’U CO? & (Ulc cos B — Veos) — g»-cog 21 (U (2 — sin? R)— V cos 7 cos R}}

B [U cos R (U7 cos R4V cos i) — 2 C{‘}Z}fh{Ukz (2 —sin® R)+V cos i cos R}] (28)

and
(A+AHYV
= —.B [T(Uk cos R —V cos 1) — zq ao8 ]V {Uk (2 — sin®* R) — V cos % cos R}] _

B’ [ (UkcosR+V cos ) — =5 {Uk (2 — sin? R)+V cos 4 cos R}](ZQ).
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Solving these equations, we obtain

A — A (Uk cosi — V cos R) 2qkBV cos i (30)
" Ukcost+ VeosR U (Ukcos R + Vcoss) (Ukcoss + VeosR) * ’

B — B (Uk cos R — V cos 1) + 20gk AV cos 4 31
—  UkcosR + Veost U (Ukcos R + Vcoss) (Ukcos¢ + V cos RY (31).

11. We shall now discuss these results.

Equations (30) and (31) give the amplitudes of the two components of the reflected
light, and we see that the magnetic terms vanish at grazing incidence, but do not
vanish for any other incidence.

The equations may be written in the form.

A’ = Aa +ugBB |
B/=B'y+LQA,8J‘.

(32).

In the figure let I be the point of incidence, IO the normal to the reflected wave,
and let O be the observer; also let OA, OB be drawn at right angles to OI,
perpendicular to and in the plane of incidence respectively. Let & » be the displace-
ments along OA, OB ; also let ¢ = (2a/)) (xcosi + ysin¢ —~ Vt). Then by (32)

&= Aacos ¢ — ¢ BBsin q,')} (33),

n = Bycos¢ — q ABsin ¢

which shows that the reflected light is elliptically polarized.

Let us now suppose that the incident light is polarized in the plane of incidence,
so that B = 0, and let the principal section of the analyser coincide with OB. Then
the intensity of the reflected light after it has passed through the analyser is propor-
tional to A?B%® and is therefore independent of the direction of the magnetizing
current, and vanishes when the current is cut off. '

These results are in accordance with the first experiment.

3D 2
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Let the analyser be now turned through a small angle € towards the right hand of
the observer. From (33) weé see that the intensity of the reflected light after
emerging from the analyser is proportienal to

A? <a2€2 + 16292),

from which it appears that the effect of the current is always to increase the intensity,
and that the intensity is independent of the direction of the current.

This result is not in accordance with the second experiment, since in that experi-
ment it was found that if a current in one direction strengthened the reflected light,
a current in the opposite direction weakened it. In order that theory and experi-
ment should agree, it would be necessary that the amplitudes of the two reflected
vibrations should satisfy equations of the form

A=A (& 4 qa') 4+ BB, B =B(y+qgy)+wAS. . . (34),

where «’, y' are quantities which may be either real or complex, but not purely
imaginary. Under these circumstances the principal part of the magnetic effect
would be represented by a term proportional to ¢, which would change sign when the
current is reversed. -

I do not, however, think that this failure of the theory to agree with KERrR’s
second experiment is a conclusive objection to the theory itself, inasmuch as he used
a metallic reflector, and his results were accordingly complicated by the influence of
metallic reflection ; and it is by no means improbable that the terms «’, y" in equa-
tion (84), which are necessary to explain the phenomena observed, are the result of
metallic reflection, and disappear when the reflector is a non-metallic substance.

These considerations show the importance of endeavouring to carry out a series of
experiments upon the reflection of light from non-metallic media which are capable of
magnetically affecting light. If it should be found that the intensity of the reflected
light is independent of the divection of the magnetizing current, when such a medium
is substituted for the metallic pole, the evidence in favour of the theory will be
considerably strengthened ; but if it should be found that the effect depends upon the
direction of the current, the present theory must be abandoned.

Reflection and Refraction when the Reflecting Surface is Magnetized parallel to itself.

12, We must now consider the case in which the magnetic force is parallel to the
reflecting surface.
Let the axes of 7 coincide with the direction of the lines of magnetic force, then
p; = p; = 0; and let us first suppose that the plane of incidence is the plane of wz.
Since none of the quantities in this case are functions of y, it follows that the last
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terms in equations (12) are zero, and therefore magnetization produces no optical
effect.

In the next place suppose that the incidence is normal ; then all the quantities are
functions of 2 and ¢ only ; whence the last terms in equations (12) vanish in this case
also, so that magnetization produces no optical effect.

These results are in accordance with KERR'S experiments.

18. We shall now consider the case in which the plane of incidence is parallel to
the direction of magnetization.

From (12) it follows that the equations of motion in this case are

af 202 _ﬂ_fﬁlf )

ae = =U ‘f T Ak dy?

@y ) ah .

dt2 U V + 4'7Tk dwdy > . . ’ » . . . (65),
, 292 p_d[(df dg

dtz—U h+; kdy(dy dz) |

where p is written for p,. Solving these equations in the same way as (15) we obtain
V=0t ... L (36),

A’ =4 wmA, A" = F JA.
Accordingly, the component displacements in the two refracted waves are

hl = Alsl, 331 LA. Sl M
]7/2 = AQSD %2 = - LA.zSz.

The boundary conditions (i.), (ii.), (111 yand (iv.) of §9 give rise to the following
equatlons, viz.,

B+B)V=0(AVi—AYV) . . . o o L (37),

(A4 A) V2= U%(A, +A)+§’;(A1 sinr, — Agsingg) . . . . (38),

, . A Ay cos7 inR ‘
(A—A")Vecost = U2< 1$15T1+ 2?:”)4-1028[1;” (Ajcosr — Ajcosry)  (39),

(B—B') V?coss = JU% (A, cosr, — Ageosry) . . . . . . . . . (40).
From (36) and (24) we obtain

qst gsinR

V,=U+ Vo=U~="F%— . . . . . (4,
o gsin® R . gsin®R .
cosry =cos R — 5 s cosry = cosR+ Groop - - - (42)
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- Substituting in equations (37) to (40), and rewriting, we obtain

(B —B) Vicosi = Ukeos R (A, — A) — D0 R (A, 4 A

n _ Lgst »
(B+B)V = .U (A — 2) + (A, + Ay) L (43-46).
(A — A)V cosi = U cos R(A, +A2)+Q°°SZRMR Ay
(A4+A)V2 = U%(A, 4+ Ay) + 2gksin B (A, — A,) )

These are the equations which determine the amplitudes of the reflected and
refracted light, when the lines of magnetic force are parallel to the reflecting surface,

and the plane of incidence is parallel to them.
From the first two of (48-46) we obtain

wktan R (A, + A,) = BV (UkcosR — V cos¢) + BV (Ukcos R + V cos 1),

WU% (A — Ay) = BV (Uksin® R + V cos 7 cos R)
+ BV (Uksin® R = V cos 4 cos R).

Substituting in the last two of (43-46) we obtain

(A—Acost = — LB{;CSO;R(U]GCOSR.-VCOS?;)
+ L 2RI R 7k gin R 4V cos i cos R)}

— B {U cos (Uk cos R+ V cos7)

gksin R
o LR (Uhsin® R — V cos i con B)|
A+4+A)V =——LB{U C(‘)EIE(U]{"COSR Veos1)
Zq st

+ — (Uk sin® R + V cos 7 cos R)}

- cB’{U cob B (Uk cos R + V cos v)

+ 2q s R (Uk sin® R — 'V cos ¢ cos R)}

whence
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A= A (Uk cosi — V cos R) _ 2:9kBV tan R cos %
Ukcosi + VeosR U (Ukcos i + VcosR) (UkcosR + V cos 1) (47),

B = — B (Ukcos R — V cos 7) + 20k AV tan R cos i
- Ukcos R + Veosi U (Ukcost + Vcos R) (Ukcos R + V cos z) (48).

14, In the third experiment, the incident light is polarized in the plane of
incidence, so that B=0. We therefore see that the component perpendicular to
the plane of incidence is unaffected by magnetization, but that the effect of the
latter is to introduce a component in the plane of incidence, which is proportional to
the magnetic force, and which is given by (48). Now B’ may be put into the form

2uqkAp sin 2¢ sin® ¢
V2 (u* — sin®4)? (sin ¢ cos R + % sin R cos4) (sin 27 + % sin 2R) ’

where p is the index of refraction ; and this vanishes when 2 = 0 or ¢ = }u. Accord-
ingly, the magnetic term increases from grazing incidence to a maximum value and
then decreases to normal incidence.

This result is in partial agreement with the third experiment since it was found
that the magnetic effect attained a maximum value when ¢ was equal to about 60°;
but it disagrees, owing to the fact that the intensity depends on the square of the
magnetic force, and is, therefore, unaffected when the current is reversed.

In the fourth experiment, the incident light was polarized perpendicularly to the
plane of incidence, so that A = 0; and we see from (47) and (48) that the effects
are of the same kind as when the incident light is polarized in the plane of incidence.
This result altogether disagrees with the fourth experiment.

The theory which I have attempted to develop, cannot, I think, be considered
altogether unsatisfactory, since it certainly explains some of KErr's experlmental
results ; at the same time the theory must be regarded as a somewhat tentative one,
until experiments upon magnetic solutions have been made.

[15.* In a recent paper,t I have attempted to show that the rotatory properties of
quartz may be accounted for by assuming that the electromotive force and the electric
displacement are connected together by equations of the form

P = 4af/K, +1039. "‘202}; )
Q=dng/Kytph—psf ¢ - - - - - - - (49
R = 4al/K; + pof — P19,

* Partly rewritten, July 1, 1891.
+ ¢ Phil. Mag.,” August, 1890, p. 152.
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where p,;, Py, ps are absolute constants which depend upon the rotatory properties of
the medium.

This assumption leads to equations (12) of the present paper; and, consequently, if
we introduce the additional terms into (6), the equations of motion given in the
paper in the ‘Philosophical Magazine'* will be of the same form as those of the
present paper.

I am disposed on reconsideration to modify the former theory in the above manner ;
in which case the properties of quartz would be accounted for by the hypothesis that
the molecular structure of quartz produces an effect upon light, which may be
explained by supposing that the general equations of electromotive force may be
represented by (6). There is, however, an important distinction between the two
classes of phenomena, for, in the case of a magnetized medium, p,, p,, ps are propor-
tional to the components of magnetic force, and consequently change sign when the
magnetic force is reversed; but, in the case of quartz, p,, p, p; are absolute
constants, Moreover, if the axis of z be the axis of the crystal, p, and p, must each
be zero, because a wave of light, which is transmitted perpendicularly to the axis,
experiences no rotation. In the case of syrup, turpentine, and other isotropic
substances which produce rotatory polarization, p,,- p;, p; must be equal to one
another.

Under these circumstances we should anticipate that when light is reflected from a
plate of quartz, whose faces are parallel or perpendicular to its axis, the reflected
light would exhibit certain peculiarities, which are analogous to those produced by a
magnetized transparent medium ; but in working out the problem we must recollect
that in quartz there are two principal wave velocities, and this circumstance would
lead to certain modifications in the final results of equations (30), (81), (47), and (48).

The effect produced by a single reflection would probably be too small to be
detected ; but possibly some peculiarities might be observed, if (as Dr. Kerr has
suggested to me) the method of multiple reflections were employed. In any case the
subject is one which opens up a wide field for experimentalists. |

[+16. When glass is placed in a strong field of magnetic force, and a ray of plane
polarized light is transmitted in the direction of the magnetic force, it is known that
the plane of polarization is rotated in the positive direction; that is to say, the
rotation takes place in the same direction as the amperean currents which would
produce the force. It therefore follows that HALLs constant must be negative for
glass. The experiments of KuNDT] on the transmission of light through thin metallic
films, show that the direction of rotation in iron, cobalt, and nickel is the same as in

* Rquations (10) of that paper, in which the factor (4mp)~1, or (4rk)~1in the notation of the
present paper, was inadvertently omitted from the last term.

+ Added July 1, 1891.

1 Berlin Sitzungsberichte,” July 10, 1884; translated, ¢ Phil. Mag.,” series 5, vol. 18, p. 308.
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glass ; if, therefore, magnetic rotation by metals could be explained by HaLL's effect,
it ought to follow that HALL’s constant is negative for all three metals. When
HarL's constant is negative, the additional electromotive force, or HaLL's effect, is
positive ; for if under these circumstances the conductor is a plate which coincides
with the plane of (ay), and the magnetic force and the primary current are respec-
tively parallel to the axes of 2z and ¢, the additional electromotive force will be
parallel to the positive direction of the axis of x. It appears from experiment that
Harr’s effect is positive for iron and cobalt, and negative for nickel.* Sir W.
Taomsont has, however, shown that, under certain conditions, the behaviour of
nickel with respect to magnetic force is opposite to that of iron, and it is therefore
not surprising that a similar peculiarity should exist with regard to the connection
between HALL's constant and the rotation of the plane of polarization.

At the time that this paper was written I was unacquainted with the experiments
of Kunpr referred to above. Most of them relate to metals, and cannot, therefore,
be compared with the theoretical results of this paper. KunpT has, however, made
one series-of experiments which is capable of comparison, in which light was incident
upon a plate of glass whose sides were not quite accurately parallel, so that the rays
which had undergone two refractions at the anterior surface, and one reflection at the
posterior surface, were well separated from those which were reflected at the anterior
surface. When the plate was magnetized certain effects were observed, which are
described by Kunpr, and which are analogous to those obtained by KERR in the case
of metals ; and in particular,} when the lines of magnetic force are perpendicular to
the faces of the plate, and the incident light is polarized in the plane of incidence,
the plane of polarization is always rotated in the positive direction (z.e., in the direc-
tion of the amperean currents); but when the light is polarized perpendicularly to the
plane of incidence, the rotation is positive from 0° to the polarizing angle, and negative
up to 90°.

To give a complete mathematical investigation of these experimental results would
lead to some rather complicated expressions; I shall therefore confine myself to the
case in which the lines of magnetic force are perpendicular to the faces of the plate,
and the incidence is sensibly normal, and shall calculate the intensity of the light
which has undergone two refractions at the anterior surface, and one reflection at the
posterior.

Let the incident vibration be f=0, g =0, & = 2Ae™""; we shall find it con-
venient to resolve this into the two circularly polarized waves,

% ¢<Harnr, ‘Phil. Mag.,” series 5, vol. 12, p. 157; Von Errinemavsey and Nerwst, ¢ Amer. Journ,
Science,” series 3, vol. 34, p. 151.

+ ¢Phil. Trans.,” 1879, p. 55.

1 ¢Phil. Mag.,” series 5, vol. 18, p. 326,
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h=AS, g=AS . . . . . . . . . (50),

h = AS, g=—AS . . . . . . . . (51),
where S = 72",
Since we are dealing with glass, we may put £ = 1; consequently for normal inci-
dence we obtain from (30), (31), and (50)

A=A (z — qB), B = = (A,
where ‘
2V

v BEvaay

(e
|
=

(52).

<
-+
<

If, however, the incident wave is polarized in the opposite direction, and is there-
fore represented by (51), we shall obtain

A=A (a + gB), B = A,

in which the sign of ¢ is reversed.

In order to calculate the intensity of the refracted light let us first confine our
attention to the incident wave given by (50). Then if we put 2= R = 0 in (27), we
shall obtain A, = 0,

__2AV9{ 1 g(QU-%V)} (53).

Ay = U [U+V " UBU 4 V)

If, however, we considered the other wave (51), we should obtain A, = 0,

2AV? 1 20+ V
A=y {U+¥V_“5&UF+V;}' (54),
in which the sign of q is again reversed.

In order to calculate the intensities, when light propagated in glass is reflected at
the surface in contact with air, we may use StoxEs’s principle of reversion,* and apply
it separately to each of the two circularly polarized waves, into which the incident
wave may be conceived to be resolved. Let Ab, Ac be the amplitudes of the reflected
and refracted waves, when the wave (50) passes from air into glass; and let Ae, Af
be the amplitudes when the wave passes from glass into air, then

bte=0, VP+¢f=1. . . . . . . . (55)
Also if we denote by accented letters the corresponding quantities for the other

# ¢ Math. and Phys. Papers,” vol. 2, p. 91.
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wave (51), the values of b, ¢, ¢, f' will be obtained from those of >b, c, e, f by
writing — ¢ for ¢.
By (52) and (53), the values of b, ¢, e, f are

p U=V _ 2V

R AR TCE S

_ 2w 1 ¢ (U + V)
ch{U+V+U2(U+V)2}r C e (56),
f__.%lff{ 1 q@V+0)

RRACEN Uﬂ(U+v>2},

which can also be verified by independent calculation.
If 7 be the thickness of the plate, the emergent light is

h = A. (O(§f€4"”"'vl + C’e’ "le‘h"”‘/vz) E—?mt/'r’

g = A (Cef€4zm'/V1 — 0’6/ ’€4m'/'V2) e.-zmt/.,,

whence, if
A=a(l—0a?), p=PB(3—1),

the real parts become

- h= A()\-F_C[M)COS?‘E(QJL——t>+A()\—Q/L)COSgZ<21—-t>,
T \V; T \V,
. 2w (2 . 2m (2
—-—g::—A()\—}—gp)sm%({;;—-t)—l—A(h-—qp)mn%(x—;;——t)’
Let
w2 Nl 1 N
:;—<{r;—i>s n = 7<V1 Vg) e e e e (5/),
then
—h= 2ANcos (¢ -4 7) cosp — 2Aqu sin (¢ + 7)sin,

— g = — 2A\cos (¢ + ) siny — 2Aqu sin (¢ + ) cos 7.

Let the analyser be placed in the position of extinction, and be then turned
through a small angle ¢, which will be considered positive when the analyser is turned
towards the right hand of an observer who is looking through it ; then the vibration
on emerging from the analyser is

2ANcos (¢ + m) sin (np — €) + 2Aqu sin (¢ + ) cos (n — €)
Since ¢? is to be neglected, the intensity of the emergent light is

4AN? (sinyg —ecosn)® . . . . . . . . (58),
3 E 2
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and will therefore be approximately zero when

€= tan.
Now from (16),
V32=1—2¢
Vi = U 49
. q == Ca/dr,

where C is HALL'S constant, and a is the external magnetic force ; whence the last of
(57) becomes

Since Cis negative for glass, it follows that », and therefore ¢, is negative ; whence
the plane of polarization is rotated in the same direction as the amperean currents,
which agrees with KuNDT’s experimental result.

It also follows from (58) that the effect depends upon the direction of the current ;
for if the current is flowing in the same direction as that in which the analyser is
rotated, its effect is to weaken the light, but if it flows in the opposite direction its
effect is to strengthen the light.

Hence the effect produced by the glass plate is the opposite of that which is
produced by a metallic magnetic pole. |



