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I. AccouNT oF APPARATUS AND METHOD.

In a paper printed in the ¢ Proceedings of the Royal Society,” No. 190, 1878 (vol. 28,
pp- 2-85), I gave an account of some experiments undertaken in order to test the
possibility of using the Common Balance in place of the Torsion Balance in the
Cavendish Experiment. The success obtained seemed to justify the intention
expressed in that paper to continue the work, using a large bullion balance, instead
of the chemical balance with which the preliminary experiments were made.

As T have had the honour to obtain grants from the Royal Society for the
construction of the necessary apparatus, I have been able to carry out the experiment
on the larger scale which appeared likely to render the method more satisfactory,
and this paper contains an account of the results obtained.

At the time I was making the preliminary experiments the late Professor v. JoLLy
was already employing the balance for gravitation investigations (¢ Wiedemann’s
Annalen,’ vol. 5, p. 112), though I was not aware of the fact. Later he published an
account (‘ Wied. Ann.’ vol. 14, p. 831) of a determination of the Mean Density of
the Earth by the use of the Balance. Still more recently Drs. Kanig and RicaaRrz
have devised a method of using the balance for the same purpose (¢ Nature,’ vol. 31,
pp- 260 and 475), and I believe that their work is still in progress. It might appear
useless to add another to the list of determinations, especially when, as Mr. Bovs has
recently shown, the torsion balance may be used for the experiment with an accuracy
quite unattainable by the common balance. But I think that in the case of such a
constant as that of gravitation, where the results have hardly as yet begun to close in
on any definite value, and where, indeed, we are hardly assured of the constancy
itself, it is important to have as many determinations as possible made by different
methods and different instruments, until all the sources of discrepancy are traced and
the results agree.
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The apparatus for the experiments described in this paper was first set up in the
Cavendish Laboratory at Cambridge through the kindness of Professor CrLerx
MaxweLL.  After spending some months in working at the experiment, but without
much success beyond the detection of some sources of error, I left Cambridge, and
ultimately the apparatus was again set up at the Mason College, Birmingham. The
difficulties in carrying out the work with any approach to exactness have been far
greater than were anticipated, and many times work has been begun and results have
been obtained, but examination has shown them to be affected by large errors which
could be traced and eliminated by further improvements in the apparatus.

At the beginning of 1890, however, the apparatus was brought into fair working
order, and during the course of the year I made a number of experiments with the
results recorded in this paper. '

The Principle of the Faxperiment.

The object of the experiment, in common with all of its class, may be regarded,
primarily, as the determination of the attraction of one known mass M on another
known mass M’ a known distance d away from it. The law of universal gravitation
states that when the masses are spheres with centres d apart this attraction is
GMM'/d?, G being a constant—the gravitation constant—the same for all masses.
Astronomical observations fully justify the law as far as M'/d? is concerned. They do
not, however, give the value of G, but only that of the product GM for various members
of the solar system. ,

To determine G we must measure GMM'/d? in some case in which both M and M’
are known, whether they be a mountain and a plumb bob, as in MASKELYNE'S
experiment, the surface strata and a pendulum bob, as in Airy’s experiment, or two
spheres of known mass and dimensions, as in all the various forms of CAVENDISH'S
experiment.

Knowing the gravitation constant G, we may at once find the mean density of the
earth A. Forif V be the volume of the earth-—regarded as a sphere of radius R—the
weight of any mass M, being the attraction of the earth on it, is

GVAM/R?.

But if ¢ is the acceleration of gravity the weight is also expressible as M.
Equating these we get

A = gRY/GV.
Method of Using the Common Balance.

In using the common balance to find the attraction between two masses, perhaps
the most direct mode of proceeding would consist in suspending a mass from one arm
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of a balance by a long wire, and counterpoising it in the other pan. Then bringing
under it a known mass, its weight would be slightly increased by the attraction of this
mass. The increase would be the quantity sought if the attracting mass had no
appreciable effect before its introduction beneath the hanging mass, and if, when
beneath it, the effect on the balance could be neglected. This is very nearly the
principle of the method used by von Jorry, and it is that of the method used in
the preliminary experiments referred to above, in which a mass of 453 grms. of lead
was hung from one arm of a chemical balance (about 40 centims. beam) by a wire 1°8
metres long, and was attracted by a mass of 154 kilogrms. of lead. But the attraction
to be measured was exceedingly small, rather less than 0°01 milligrm., and it therefore
appeared advisable to use a much larger balance with a larger hanging mass so that
the attraction might be made comparable with the weight of exactly determined
riders. Other anticipations as to proportionate increase of sensibility and diminution
of effect of air currents, have hardly been justified in the way T expected, though, by
the ultimate form of the apparatus, they have, I think, been more than realised.

With increase in the length of beam, a differential method became applicable,
by means of which the attraction of the mass on the beam was eliminated, and the
necessity for prolonging the case to allow of a long suspending wire was removed.
This will be seen from a consideration of fig. 1. Let' AB represent equal masses
suspended from the two arms of the balance, and let M be the attracting mass put
first under A, the position of the beam being noted.  If M is then placed under B its
attraction is not only taken away from A but added to B, so that the tilting of the
beam is that due to nearly double the attraction to be measured. Of course there are
what we may term cross-attractions, in the first position, of M on B, and in the second
position, of M on A, but these may be allowed for in the calculations. We cannot
give any mathematical expression for the attraction of M on the beam and suspending
wires, owing to their irregularity of shape. But this attraction is eliminated if
a second experiment is made in which A and B are raised equal known distances to A’
and B’.  For the difference between the two increments of weight on the right, is
due solely to the alteration of the positions of A and B relative to M, the attraction on
the beam remaining the same in each. From the observed effect of a known altera-
tion of distance the attraction at any distance can be found.

This is, shortly, the method adopted. The arrangement was ultimately complicated
by the addition of a second mass m. Originally the mass M was alone on a turn-table
which revolved about a vertical axis immediately under the central knife-edge of the
balance. And some experiments which I made led me to suppose that mere change
of position of the mass did not affect the level of the balance. However, after a
complete determination in 1888 of the mean density, when I supposed that the
work was finished, an examination of the results showed some curious anomalies,
which I could only ascribe to a tilting of the whole floor on the displacement of the
mass. Making new tests as to the effect of removal of the mass, I found that the
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previous tests had been quite wrong in principle, and that there was a very appreci-
able effect quite visible in the telescope when the masses A and B were removed,
and M was removed from one side to the other, the slope of the floor changing by
an angle comparable with a third of a second. If this had been absolutely constant
in amount, the differential method would have eliminated it; but, probably, it
varied slightly in successive motions of the turn-table, and the results showed that

Fig. 1.
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Blevation of balance room and observing room. The front of the case is removed, and the front pillar
is not shown. The pointer and mirrors arve at the back.

there was also a secular change, the amount of tilt gradually increasing. This secular
change was probably due to increasing rigidity of the floor, so that it tilted over
bodily, moving the supports of the balance with it, an increase partly due, perhaps,
to the pressure of the building, which had only been erected ten or twelve years, but
chiefly, I think, to a gas engine recently erected next door. When this was doing
heavy work, the vibrations were very plainly felt, and no doubt they greatly aided
the floor in “settling down.” A second balancing mass m was therefore added, half as
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great as M, and on the opposite side of the turn-table, but twice as far from the axis.
The resultant pressure was now always thlough the axis, and I could detect no tilting
of the floor when the turn-table was moved. Of course the balancing mass acted
somewhat to reduce the effect of the larger attracting mass, but in a calculable ratio.

Finally, in order to eliminate or reduce the effect of any want of symmetry in the
moving parts or in the masses, a second set of experiments was made with all the -
masses turned over and moved from left to right, and the mean of the first and second
set was taken.

I now proceed to a detailed description of the various parts of the apparatus and
the mode of experiment.

The Balance Room.—The balance room is in the basement of the Mason College,
immediately under my room, and about 20 metres from the street. On one side were
three windows looking on to a small courtyard, entirely surrounded by high buildings,
but the windows have been bricked up. On the two adjacent sides are two other
rooms, and on the opposite side a closely fitting door opening on a short corridor with
doors at each end. There is no chimney in the room, and only an opening in the
ceiling through which the balance was observed from the room above. The floor is
of brick, resting on earth, and is very firmly laid.

The temperature of the room was taken by means of a thermometer with a pro-
tected bulb at the end of a long wooden rod hanging down from the room above.
The thermometer was about 6 feet from the floor, near one end of the case, and it
could be rapidly pulled up into the room above and read by the observer before its
temperature sensibly varied. The temperature never appeared to vary so much as
0:1° C. in the course of two or three hours.

The Balance Case and its Supports—The case (fig. 1) is a large cabinet of
1} inch wood, 1'94 metre high, 1'63 metre wide, 61 metre deep, with three large
doors in front giving access to the hanging masses and riders, and a small door at the
back near the mirror hereafter described. It is lined inside and out with tinfoil, and
under each of the suspended masses is a double bottom with a layer of wool between,
making a total thickness of about 1} inch or 4 centims. At the top is a small
window about 10 centims. square, through which the oscillations of the beam were
observed. On each side within the case are placed three horizontal partitions, like
shelves, to hinder circulation of the air.

The larger attracting mass and the attracted masses are gilded, and it is possible
that some advantage may arise from having the surface of the case of different metal.
For if it, too, were gilded, it would readily absorb radiation from the large mass, and
when the inside temperature changed, the suspended masses would readily absorb
radiation from the inner surface of the case. But gold probably absorbs considerably
less of tin radiation than it absorbs of gold radiation, and so tempemture changes are
probably lengthened out more than if the case were gilded.

It was necessary to support the case so that the attracting masses could be moved
MDCCOXCI.—A. 4 D
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about underneath it, and also to make it independent of the floor. Two brick pillars,
58 centims. X 86 centims. and 56 centims. high, were therefore built on thick beds
of concrete under the floor, and about 3% metres apart. They rise up free from the
bricked floor. Stretching between them are two parallel iron girders (g, g), about
30 centims. apart, and with their under side 56 centims. above the floor. The
balance case is placed across the middle of these girders (see plan, fig. 2), with its
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Plan of turn-table, girders, pillars, and balance case. w. Window in case. ¢. Usual position of
’ cathetometer.

under surface level with that of the girders. The square base plate of the balance
1s placed on the girders on three levelling screws. Two horizontal screws attached
to the girders bear against each edge of the base plate, so that it can be adjusted and
fixed in any position.

To lessen vibration one tier of bricks is removed from each pillar, and in its place
are inserted eight cylindrical blocks of indiarubber (2, 7, fig. 1), originally 7°5 centims.
diameter and 7'5 centims. high. These crushed down almost 1 centim. at once, but
have not shown any further measurable contraction in the course of several years.
Their effect in deadening vibration has been surprisingly great.

The Turn-table.—On a bed of concrete, and quite free from the brickwork of the
floor, is a circular rail of cast iron, 1'3 metre in diameter. On this, on conical brass
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wheels and pivoted at the centre, runs the turn-table, about 1'5 metre in diameter.
This is made of wood and covered with tinfoil. Tt is like a wheel with a flat circular
rim, and with four flat spokes arranged as a cross. It is as nearly symmetrical as
possible, and at opposite ends of a diameter are placed two shallow cups, in either of
which the large attracting mass may rest. The centres of these cups are a distance
apart, equal to the length of the balance beam. There are cut slots through the
bottom of each cup, so that the bottom of the mass can be seen for the purpose of
measuring the vertical diameter.

Two beams, 2:74 metres long, run across the turn-table 26 centims. apart, with the
cups between them, and across the ends are two boards, each with a circular hole
12 centims. in diameter, and in either of these the smaller, or balancing mass, may
rest. These beams are braced by brass rods to brass uprights at their middle points
to diminish bending.

The turn-table is moved by an endless gut rope passing round it, and fixed at one
point of the rim. The two sides of the rope pass over pulleys on to a drum in the
room above. There are stops on the circular rail, against which come brass pieces on
the turn-table when the masses are in position at either end of the motion. The
drum can be turned easily by the observer at the telescope. Since the knife-edges
and planes of the balance are of steel, all the moving parts of the apparatus are free
from iron. As an illustration of the necessity of this, I may mention that for some
time I used what I supposed to be a brass wire rope to move the turn-table, but on
looking out for the explanation of some irregularities, I found that the brass was
wrapped round a core of steel wire, which acquired poles at the highest and lowest
points in the position in which it always rested between different sets of weighings.
These poles had quite an appreciable action on the balance beam.

The Balance.—This is of the large bullion balance type, with gun-metal beam and
steel knife-edges and plates. It was made specially for the experiment by Mr.
OErTLING, with extra rigidity of beam. Its performance has shown the great
excellence of the design. The central knife-edge is supported on a steel plate by a
frame-work rising 107 centims. above the base plate, and the usual moveable frame
can be raised or lowered from outside the case, fixing the beam or setting it free to
oscillate. The beam has often been left free to oscillate for months at a time, with
the full load of 20 kilogrms. on each side, but I have no reason to suppose that the
knife-edges have suffered at all.

The length of the beam was measured by taking the length of each half separately
by a beam compass, and the mean of several measurements gave 123:329 centims. as
the total length. The standard scale used throughout was that of a cathetometer made
by the Cambridge Scientific Instrument Company. This scale has been verified at
the Standards Office, and taking its coefficient of expansion as zgs5g, it may be
regarded for our purpose as perfectly correct at 18°, any errors being at that
temperature much less than the errors of experiment. Comparing the bheam compass

42
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with this scale, it was found that ‘06 centim. must be subtracted, reducing the length
to 123269 centims.  Now both beam and scale are of gun-metal and may, therefore,
without serious error, be assumed to have the same coefficient of expansion, so that
this is the length of the beam at 18°, At 0° it is 123232 centims.

Murrors, Telescope, and Scale.—At first a micror was attached to the centre of the
beam and the reflection of a scale in it was observed, either in the ordinary method
or in the method described in the former paper (‘Roy. Soc. Proc.,” No. 190, 1878),
where a second fixed mirror is used to throw the ray of light a second, or even
a third time back on to the moving mirror, each return increasing the deflection
of the ray. But it was then necessary to make the time of vibration very long, and
even when the time was three minutes, the tilt due to the attraction, 7.c. the change
of resting point, did not amount to more than two or three scale divisions. Now
certain irregularities observed when the apparatus was first set up at Cambridge,
led to experiments on the time taken by heat to get through the case in sufficient
quantity to affect the balance, and I found that a coil of copper wire placed close
under the case on one side (the bottom of the case being then solid, 1 inch thickness),
heated by a current yielding 100 calories per minute, began to produce an appreciable
disturbance on the balance in about 10 minutes, doubtless by the creation of air
currents from the heated floor of the case. It appeared advisable, therefore, to reduce
the time of a complete experiment to less than this if possible, and, consequently, the
time of a single swing very much below 3 minutes. This could only be done if at
the same time the optical sensibility were very greatly increased.

The employment of what may be termed the double-suspension mirror method
due I believe to Sir WiLLiam TromsoN, and used by Messrts. G. H. and Horace
DARWIN in their experiments on the Lunar Disturbance of Gravity (‘ Brit. Assoc.
Rep.,’ 1881), has very satisfactorily solved the problem, giving a greatly increased
deflection on the scale, even when the time of oscillation is as short as twenty
seconds.

This method, which deserves to be more generally known and applied for the
detection of small motions, consists in suspending a mirror by two threads, one from a
fixed point, the other from the point which moves. The angle through which the
mirror turns for a given motion of the latter point is inversely as the distance between
it and the fixed point, so that by diminishing this distance the sensibility of the
arrangement may be almost indefinitely increased.

To apply it to the balance, a small bracket (fig. 3) is fixed to the ordinary pointer of
the balance, about 60 centims. below the central knife-edge. This projects horizontally
at right angles to the axis of the beam, and it is bevelled at the edge. Close to it is
another bevelled edge attached to a microscope stage movement which is fixed on to
the central pillar of the balance. A thread of silk (as supplied for the Kew magneto-
meter) is fastened to the stage, passes over the bevelled edge, through two eyes, ¢ ¢,
on a light frame holding the mirror up over the bevelled edge of the bracket, and is
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fastened to the bracket. The microscope stage movement allows the distance between
the threads to be adjusted, and also enables the azimuth of the mirror to be altered.

Fig. 3.
Microscope stage Bracdket
el e
P | ="
Mirror

Vores working
wn dashpot

Double Suspension Mirror (half size).

Of course, if the mirror were weightless, it would not affect the sensibility of the
balance, and the threads might be brought very close together. But the weight of
the mirror-—it is silver on glass, 56 millims. X 88 millims. X 10 millims.—has a
considerable effect on the sensibility, diminishing it with decrease of distance between
the points of suspehsion. In practice it has been found convenient to work with the
threads parallel, and from 3 to 4 millims. apart, the time of swing one way being
adjusted to about 20 seconds. A less time hardly suffices for a correct determination
and record of the scale reading. Taking 4 millims. as the distance, and supposing
the bracket to be 600 millims. below the knife-edge of the balance, the mirror
evidently turns through an angle 150 times as great as that through which the beam
turns.

The drawback to this method of magnification is that the mirror has its own time
of swing and is easily disturbed. The swings of the mirror and the disturbances are,
however, effectually damped by having four light copper vanes attached to the end of
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a thin wire, projecting down from the mirror and working in a dash pot with four
radial partitions not quite meeting in the centre, one vane being in each compartment.
I found that mineral lubricating oil is very suitable for the dash pot, as the surface
keeps quite clean and there is little evaporation. The swings of the balance are also
very greatly damped by this arrangement, but the effect of this will be discussed
later.

The telescope and scale are in the room over the balance room (see fig. 1), a hole
being cut through the floor, and a small glass window being fixed in the top of the
case. As the suspended mirror is in a vertical plane it is necessary to have an
inclined mirror fixed in front of it to direct the light from the scale horizontally on to
it and back again to the telescope. With the magnification used it was necessary for
good definition to have an exceedingly good inclined mirror, and several were rejected
before a suitable one was obtained. That finally used is a silver on glass oval mirror,
60 millims. X 40 millims., by BrowNiNa.  The glass window in the case is optically
worked and carefully adjusted to be normal to the path of the light.

The telescope has a 3-inch object glass of about 4 feet focal length. It is fixed on a
brick pillar built on one of the brick arches, which form the ceiling of the balance
room, and it rises free from the floor of the observing room. To destroy vibration one
course of bricks is replaced by blocks of india-rubber. The scale hag 50 divisions to
the inch (say 4 millim.), ruled diagonally, and divided to tenths by cross lines. It is
photographed on glass from a scale drawn on paper with very great care, 50 inches
long (say 127 centims.), and with 500 divisions. The photograph is {sth of this
length, and only the central part of the scale, about 60 divisions in length, has been
used. The diagonal ruling enables a tenth of a division to be read with certainty,
and the readings recorded in the Tables, pp. 625-655, are in tenths. Though the lines
appear somewhat coarse, I have not been able to find another scale equal to it in
distinctness and in ease of reading. As all the results depend on the ratio of
measurements, taken almost simultaneously, of deflection due to attraction and rider
respectively, in the same part of the scale, I have mnot thought it necessary to
calibrate it.

The scale is fixed horizontally on the end of the telescope close to the object glass
with a piece of ground glass over it. It was illuminated in general by an incan-
descent lamp placed above it, once by an Argand burner.

The distance from the scale to the mirror and back is about 5 metres. It follows
that 1 division of the scale corresponds to an angular motion of the mirror through
‘0001 radian. But this is at least 150 times the angle through which the beam turns
for the same deflection. So that 1 scale division implies an angular motion of
0000006 radian, or %" in the beam. As the total length of swing in Table III.
is never more than 12 divisions, the angular vibrations of the beam are at the most
about 17:6, and the linear vibrations of the masses, since the half beam is about
60 centims,, are at the most about *005 millim. This shows that it is quite unneces-
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sary to consider any change of distance due to vibration. The greatest deviation
from the mean in any of the series of weighings recorded is about 1 per cent. of the
rider value, corresponding to about %th of a division, or an angle of -%" in the
beam, and a distance of ‘00004 millim., say 55955 inch, in the motion of the masses.
This seems to show that the method is accurate as well as sensitive.

Determination of the Value of the Scale Divisions by means of Riders.—-This was

done by means of centigramme riders (fig. 4), these being the least weights which

Fig. 4.
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Rider, actual size, and end of lifting rod, 7.

appeared capable of sufficiently accurate determination. Instead of transferring the
same rider from point to point, it was much easier to use two equal riders, and to
take one up while the other was being let down a given distance from it. The
distance selected was about 2'5 centims., since the deflection due to the transfer of
one centigramme so far along the beam was nearly equal to that due to the greatest
attraction to be measured.

Fig. 5a.

Fig. 5b.

|
Wire frames depending like scale
pans from ends of bb, fig. 5a,
} \ side and end views (half size).
Subsidiary rider beam, bb, attached to centre of balance beam,
BB, by plate p just above central knife-edge, % (half size).

At first the riders when on the beam rested in V notches in a pair of parallel brass
strips fixed on and parallel to the beam. But this plan was soon abandoned, as there
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was no certainty about the position of the rider in the notches. The riders were then
supported in little wire frames, each hung by two cocoon fibres from the edges of a
plate fixed to the beam, the edges being parallel to the central knife-edge. The only
objection to this method was the very considerable time spent in replacing the
fibres after the breakages which occurred on dusting or any readjustment of the
balance.

~ Ultimately a small subsidiary beam, about 2'5 centims. long, was attached to the
centre of the balance beam just above the kuife-edge (fig. 5a), the scale pans being
represented by small wire frames in which the riders could rest (fig. 50). These
frames depend from agate pieces resting on steel points at the extremities of the sub-
sidiary beam in the way now usually adopted in delicate assay balances. This mode
of supporting the riders appears to be perfectly satisfactory.

)
2 e MJ7/

Tifting rods to raise or lower riders (half size).

To raise or lower the riders two short horizontal lifting rods parallel to the beam
move up and down within the supporting wire frames with a nearly parallel motion,
and on them are two metal pieces with their upper surfaces shaped so that the riders
rest on them without swinging (fig. 4,7). They are the extremities of L-shaped pro-
jections from a jointed parallelogram framework (fig. 6), supported on an upright in
front of the subsidiary beam. The framework is moved by a tongue engaging with
it, and projecting from a horizontal rod, which rotates about its axis in bearings,
one within the case and the other outside. The rod is turned through an angle of
about 30° between stops by an endless string passing upwards and round a wheel in
the observing room.

The parallelogram framework and the bearing of the rotating rod within the case
are both supported independently of the case from the ceiling. At first they were
supported respectively on the central pillar of the balance and on the case ; but when
the increase of optical sensitiveness enabled me to detect small irregularities, I
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realised how essential it was for accurate weighing that all parts of the apparatus
moved from the outside should be supported quite independently of the balance.
Even the string moving the rod transmitted great and continual vibration. The rod
and the framework with the lifting levers were, therefore, supported by iron rods
coming down from the ceiling through holes in the top of the case, large pieces of
cardboard stretching from these rods over the holes to hinder the passage of dust into
the case. Once or twice in the course of preliminary experiments irregularities were
traced to accidental contact of outside bodies with the case.

It appeared just possible that there might be electrification of the riders by friction
with the lifting rods, especially when they were supported by cocoon silk. It was,
therefore, advisable that the surface of the lifting rods should be of the same kind as
that of the riders. As the latter are silver wire gilded, the lifting rods are also
gilded. It may not be uninteresting to note here a curious phenomenon which
occurred during some early preliminary experiments. The shaped pieces on the
lifting rods were then of wood covered with gold leaf, put on with ordinary paste.
After they had been on for some months, I obtained some very various results for the
deflection due to the riders, and on examining the lifting rods I found that a number
of long needle growths projected from the wood pieces and interfered with the
supporting wire frames. At first I thought these were organic, but my colleague,
Professor HILLHOUSE, examined them and found that they were crystalline. Doubt-
less, the hygroscopic paste set up electric action between the gold leaf and the brass
to which the wood pieces were attached, and the crystals were probably zinc sulphate.
The wood was then replaced by brass gilded, and no further difficulty of the kind
was experienced.

The length of the subsidiary beam was kindly determined for me by Mr. GLAZE-
BrROOK at the Cavendish Laboratory. The steel points are hardly sharp enough to
determine the distance to 1in 10,000, but the mean of the results is sufficiently exact.

The following are Mr. GLAZEBROOK'S determinations ; the four points being denoted
by abed — ’

Number of Number of
Date. Temperature. readings. a to b. readings. ¢ to d.
° inches. inches.
1889 July 4 . 22-5 6 ‘9985 6 9979
July 11 . 215 3 ‘9990 3 ‘9982
July 12 . 23 3 9988 3 ‘9979

These are in terms of a gun-metal standard of which the error is only 8 in 100,000
at 0°% and, therefore, for my purpose negligible. The beam is of brass, and we may
assume with sufficient exactness that it has the same expansion as the standard. The

MDCCCXCL~— A, 4 B
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temperature may, therefore, be left out of account. The mean value of % (ab 4 cd)
is therefore *9983375 inch, or taking 2°539977 centims. to the inch we obtain

Length of beam at 0°, 2°53575 centims.

There is an advantage in fixing this beam at the centre, which should be noted
here. Suppose the riders are not quite equal, but have values w and w -+ 8. Let the
two ends of the subsidiary beam be distant « and « 4  from the central knife-edge.
Then the effect of picking up the rider w from the nearer, and letting down the rider
w -+ 8 on the further end, is equivalent to putting at unit distance

(w + 98) (Ob—l—l)—-woa:wl-{-S(c&—i—l):wl(l +Q§doi;L_l>,

or the error 8/w is multiplied by (« + ?)/l, and, if the beam is not central, (¢ + 1)/
may be greater than 1, so that the error is magnified.

If, however, the small beam is central, { is equal to — 2¢, and the error is
multiplied by + 3.

If the riders are interchanged and the weighings are then repeated, the mean
vesult is the same as if riders with the mean value were used for

w(Olf~|~l)—-(w+8)o¢:wl-—-8a::wl<1_39’

and the mean of this and the above is

2

The Attracting and Attracted Masses.—These are all made of an alloy of lead and
antimony, for the sake of hardness, the specific gravity in each case being about 10-4.
They were made at various times and places, the large attracting mass M being made
more than 12 years ago by Messrs. StorEY, of Manchester. The smaller balancing
mass m was made in 1889 by Messrs. HeenAN, of Manchester and Birmingham.
These were both cast with a “head” on, and then turned. The attracted masses A
and B were made by Messrs. WaITWORTH, and subjected to hydraulic pressure before
turning. The dimensions have been measured from time to time, and there is no
evidence of any sensible change of shape.

The larger mass M and the attracted masses A and B were weighed at the Mint
through the kindness of the Deputy Master and Professor Rosrrrs-Ausrten. For
the weight of the balancing mass m, I am indebted to Messrs. AVERY, of Birmingham.
The large mass M bas suffered two accidents since it was weighed, once being
slightly cut into by a saw during some alteration of the case, and once being scratched
by coming into contact with a piece of metal fixed to the turntable in taking it out of
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its place. The saw-cut was carefully filled in with lead, and the scratch removed
only a fraction of a gramme, as was determined by taking a mould of the hollow. T
should be glad to think that the determination of the attraction was sufficiently exact
to make reweighing necessary, but I am afraid that the alteration in weight is very
far beyond the important figures, and I therefore take the original weight as suffi-
ciently near the truth. The masses A and B have been gilded since the original
weighing, but I carefully determined their increase of weight by the balance used in
the gravitation experiment.

The values given below in the second column are the true masses. In the third
column are the masses of M and m, less the air displaced by them, this being taken as
1841 and 92 grms. respectively. It will be shown later that the true masses of A
and B and the reduced masses of M and m may be used in the calculations of the
result.

. Mass less t of air
True mass in grammes. ass less that of air

displaced.
M 153407-26 15338885
i 764974 764882
A 21582-33
B 2156621

Suspension of the Attracted Masses.—Each of the attracted masses is drilled
through along a diameter, the hole being 6215 centims. in diameter, and a brass
rod (fig. 7) terminating in an eye e below, is passed through the hole. The mass is
secured in position by a nut % working in a screw thread cut for a short distance
in the rod. An exactly similar rod terminating in a similar eye ¢, and with a
similar nut #/, is fastened end to end to this by a union w. The nuts and the inner
sides of the enlargements for the eyes are hollowed out so as to fit exactly on to the
spheres.

From the ends of the balance beam hang down stout brass wires terminating
in hooks. If these hooks are passed through the eyes ¢’ the attracted masses are close
to the floor of the balance case, and their centres are adjusted to be about 82 centims.
from the centre of the large attracting mass when under either of them. If the masses
are turned over so that the hooks pass through the eyes e, they are about 30 centims.
higher or at nearly double the distance, the length e¢’ being about 48 centims. The
rods being perfectly symmetrical about the union w, the attraction on them is the
same in either position. The weight of each is about 212 grms., or about &5 of the
attracted mass, so that any small varjation in their position would produce a
negligible variation in the total attraction. By the differential method, the attraction
on them entirely disappears from the results.

4 82
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The mode of support of the attracting masses M and m.—This has already been
described when describing the turntable,

Fig. 7.

©«

Suspender for Attracted Mass (one-fourth size).

The Riders.—Four centigrm. riders, A, B, (, D, of silver wire gilt were made by
Mr. OrrLiNG of the form shown in fig. 4. These were weighed in 1886 at the
Bureau International des Poids et Mesures, by M. Turesen. The following is an
extract from the certificate :—

“ Densité et wvolume.~—Comme densité on a accepté celle de largent, et par
conséquent, comme volume de chacun des cavaliers, 0°0010 millilitre.

«« Détermination des poids des cavaliers.——L'étude des poids de ces quatre cavaliers
a été faite par M. le Dr. Turusen, adjoint du Bureau International, chargé de la
section des pesées. M. THIESEN au moyen de la balance StticuraTH, destinée & des
poids au dessous du gramme, a d’abord déterminé les différences entre les quatre
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cavaliers pris deux & deux dans les six combinaisons possibles, et ensuite la différence
entre l'ensemble des quatre cavaliers et le poids de 40 milligrms. de la série 0
du Bureau, série en platine iridié récemment étalonnée par M. TrrmsEN. Les
comparaisons ont été faites du 19 au 29 Mars, 1886

“ Résultats.—De T'ensemble de ces comparaisons résultent les poids :—

A = 101247 milligrms.

B = 100615 }
C = 101196 .,
D= 101262 .,

“ L'incertitude de ces déterminations ne dépasse pas 0°001 milligrm.”

A and D were selected for use as being the nearest to each other in value. B and
C were kept untouched in boxes till 1890. In the various experiments made between
1886 and the final weighings, A and D had necessarily been handled to some
extent, especially through the frequent breaking of the silk fibre suspension used
before the subsidiary beam described above, and it appeared possible that their weights
might be altered. It was also necessary to determine whether an appreciable amount
of dust was deposited on them in the course of several weeks as it was inconvenient to
dust them frequently. The riders B and C might be assumed to have the same weight
as in 1886, and could be taken as standards.

To make the weighings a 16-inch chemical balance was arranged with a double
suspension mirror on exactly the principle already described for the large balance.
The apparatus was put together quickly with materials at hand, and might easily be
greatly improved. It is only described here to show how accurate the method is, even
with such rough apparatus, and that it is applicable to a small as well as a large
balance.

A cork sliding on the pointer with a horizontal needle stuck in it, served to support
one thread of the mirror ; a stand with a projecting arm-—one made to hold platinum
wires in a Bunsen flame—served to support the other thread. A wire with a small
copper vane depended from the mirror and was immersed in an oil dashpot. The tele-
scope and a millimetre scale were on a level with the mirror about 2 metres distant on
one side of the balance. Two brass strips, parallel to each other and the beam, were fixed
on the top of one arm of the beam, and in each of these were two V notches in which
centigramme riders could rest. Two levers, worked by cams on a rod rotated by the
observer, picked one rider up and let down the other, so that the effect was equivalent
to the transfer of 1 centigrm. from one notch to the other. Their distance apart was
such that this was equivalent to the addition of ‘3284 milligrm. to one pan of the
balance. This was the arrangement described in my former paper. Attached to one
pan was a pair of brass strips parallel to each other, and such that the riders A, B, C,
or D, would just rest across them. Two lifting rods worked up and down between
these strips, so that of the two riders to be compared, one could be picked up at the
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instant the other was let down. The lifting rods were worked by a rod rotated by
the observer and supported quite independently of the balance, and of the slab on
which it rested. By this plan the value of the scale divisions and the shifting of the
centre of swing on changing the weights to be compared, could all be determined
without raising the beam of the balance hetween the successive weighings, an essential
condition, I believe, for exact work.

The weighings were made in the large room of the Physical Laboratory, and no
precaution was taken to protect the balance case beyond placing a board in front of
it. The room is draughty and subject to great variations of temperature, so that the
weighings were made under very disadvantageous circumstances. One result of this
was a rapid and sometimes very great change of resting point in the course of a few
hours, so that the scale passed out of the field of view. In order to bring it back
without opening the case, two glass tubes passed through the top of the case, almost
down to the scale pans, and small bits of wire could be dropped through these on to either
pan as needed. Caps fitted on to the tubes to prevent draughts. This plan appears
worthy of mention, as it suggests a mode of determining the value of a scale division
when a balance is either too sensitive for riders or has no special arrangement for their
accurate use. If a piece of wire weighing, say, 1 milligrm. is cut into say ten nearly
equal parts, and if these are dropped on to the two pans alternately the shiftings of
the centre of swing will be to and fro, about equal distances, due to about 1 milligrm.,
but the sum of the shiftings will be that due to 1 milligrm., and the balance at the end
will be nearly in the same position as at the beginning.

The following is an abstract of the comparisons of the riders. They were made
soon after the first determinations of attraction on February 4, when A and D had
not been dusted for three months.

In each case three extremities of swing were observed, and the centre of swing
was determined from these by the graphic construction described later (p. 595).

The centres of swing were combined in consecutive threes in the usual way to give
the differences in scale divisions.

Thus, in the first series, the successive centres of swing with D and A alternately
in the scale pan were

D A D A D
231 223 217 2119 208
whence
2 231 o
(D —A), = ﬂ~;§—i — 223 = - 10 division.
22¢ 2116 - e
(D—A), =217 — 223 _;-—1-2 = — 0°45 division.
2

(D —A)y = 21—7;;—“—933 — 2119 = + 0'6 division.

Mean D — A = ‘38 division.
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Successive values of the differences alone are given below.
The time of swing one way was about 16 seconds.

February 16, 1890.
(1.) Comparison of A and D, undusted.

Deflection due to *328 malligrm. 83°45, 82°45, 8445 divisions. Mean 8345 divisions.

D—A=10,-— 45, 4 ‘06 division. Mean ‘38 division ;
therefore
D= A 4 0015 milligrm.

(2.) ComparisoN of A undusted, D dusted.

Value of scale division taken as in the last.
D—A=—"-5 43, —"1, — 4, 4+ 25. Mean — "09 division ;
therefore
D= A —-0004 milligrm.
February 17, 1890.

(3.) ComparisoN of A and D, both dusted.

Value of scale division taken as below (4).

D—A=—"1,—"2, 4 3, —3, —*8. Mean — ‘22 division ;
therefore
D= A — 0008 milligrm.

(4.) Comparison of C and D.
Deflection’due to 328 milligrm., 8535, 85°4, 84'65. Mean 85°13 divisions,

D —0C =+ 15,00, + ‘05, -- ‘15, 4 05, + '3, + 05, — 05, — '35, "05, "85, 45,
‘50, '2.  Mean ‘114 division ;;
therefore

D = C + 00044 miiligrm.
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February 18, 1890.
(5.) Comparison of C and D repeated.

Deflection due to *328 milligrin., 92:75, 92°3, 91°65.  Mean 9223 divisions,

D—(C="35, — 05, — 8, — 95, — 1, 4+ 05,0, — 15, — 1, + *05. Mean — 17
division ;
therefore
D =C — 0006 milligrm.

Comblmng this with the last, and weighting them in the ratio of the numbers of
determinations in each,

D =C+ (100044 X 14 — 0006 X 10) + 24 = C — 0000 milligrm.

(6.) ComparisoN of A and D.

Value of scale division taken as above, 328 milligrm. = 9223 divisions.

D — A = ‘45, 25, *1, — "2, — °1, '35, *25, *45, *60, 5, 5, *55, *5, 75, *55, °1, ‘05,
‘45, *10, *30, *8, *9, "35, *2, *30, *55, ‘50, '35, *45, '45. Mean 378 division;

therefore
D= A + 00134 milligrm.

Examining the values obtained in (1), (2), and (3), it will be seen that no trust-
worthy evidence is given of a difference due to dusting. Any existing difference
was probably under 002 milligrm, and since the weighings on February 4, before dust-
ing, were made with the attracted masses in the upper position, when the attraction
was only one-fourth of that on which the final results depend, we may safely neglect
the effect. After this the riders were dusted more frequently, so that we may
probably assume their values more constant.

The comparisons of C and D, and of A and D, in (4), (5), and (6), were made move
carefully. That of A and D in (6) is much the best of the series, the air in the
laboratory happening to be steadier while it was made. The range between the
greatest and least values of the difference is one scale division, or *0036 milligrm.,
and the different results are grouped fairly closely about the mean.

The centres of swing and the differences are plotted in Diagram VIIL. I do not
claim that these results show any remarkable accuracy when compared with those
obtained at the Bureau International des Poids et Mesures, but remembering how
rough the apparatus was, and how little precaution was taken to ward off air currents,
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I have not the slightest doubt that, with special design of apparatus and more suit-
able locality, the results could be very greatly improved, and the accuracy carried far
beyond anything hitherto reached. As they stand, they seem to show the value of
the combination of a short time of swing with optical magnification.

The result of comparisons (4), (5), and (6), is, that if C has its Paris value, viz.,
C = 101196 milligrms., then, A = 10°1183 milligrms., and D = 10°1196 milligrms. ;
whence (A + D) = 10119 milligrms. This value may be used in calculating the
result, since the riders were interchanged before Set II. was taken.

The losses experienced since 1886 by A and D are respectively, by A 0064 milligrm.,
and by D 0066 milligrm,, 4.c., they have diminished by practically equal amounts.
This was to be expected as they have probably received equal amounts of rongh usage.

The substitution of the subsidiary bearn for the cocoon fibre suspension of the riders
having greatly diminished the handling to which they were subjected, I have not
thought it necessary to weigh them again during the work.

Linear Measurements.

In the mathematical theory it will be shown that the lengths required are those
marked in fig. 15, viz., the horizontal distances, L and 7, and the vertical distances,
D, Dy, d, d,, H, Hy, hy h,.

The Horizontal Distances.—Except when estimating the moment of the rider, the
distance L is really that between the verticals through the centre of M and the
centre of the more distant attracted mass. But the verticals through the centre of M
in each position, so nearly passed through the centre of the mass above it, and, there-
fore, through the knife-edge from which it hung, that L was taken as equal to the
length of the beam (p. 571).

The accuracy of this adjustment was secured as follows. A horizontal cross-piece
was fixed on the top of each attracted mass, with two horizontal cards at its two ends,
each with a portion of a circular arc on it, with radius equal to that of the large
mass M, and with centre over that of the attracted mass (fig. 8). A plumb line was
then hung just in front of the case, and the balance was moved by the horizontal
screws bearing against the base plate until the plumb line always appeared to touch
the circular arc above, when it appeared to touch the large mass below. The adjust-
ment was not quite perfect, but the error in the worst case was probably not more
than 1 millim., and certainly less than 2 millims. Such an error in the horizontal
distance is negligible.

The distance / had different values for the two positions occupied by m on the
turntable. Calling these values I, and [, respectively, I, + I, was foyund by measuring
a, the inside distance between M and m, arranged as in Set I, and b, the inside
distance between them, when m was put on the same side of the turntable as M, and

MDCCCXCL~A. 4 F
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adding to @ -+ b the sum of the diameters of M and m in the radial direction of the
turntable as taken by square calipers.

Fig. 8.

Plunib line Adjustment of Masses.

The following are the values in terms of the cathetometer scale already referred to,
the temperature being 15° C. :—
o = 15701
b 3395
Diameter of M = 30°52
m = 2423

i

55 9%

therefore [, + 1, = 24571

The value of I, — [, was found by measuring the shortest distance of m from the wall
when respectively in the first and the second positions on the turntable. It was
found that

b= ly=_ 12
whence
1, = 122915
ly = 122°795.

We may obtain from these measures an independent value of the radius of the
circle in which the centre of M moves. With perfect adjustment this should be
1L == 61°66 at 18°,
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It is equal to @ 4 radius of M + radius of m — [, or, by the above measures,

= 157°01 4 1526 4 12115 — 122:795

= 6159,
which is only 07 centim. less than & L.
*Inasmuch as the wood probably expanded less than the cathetometer scale, while
the metal expanded more, I have assumed as a rough approximation that the total
expansion equalled that of the scale, so that the values of /, and [, are correct at 18°
(see p. 571). No importance is, however, to be attached to this temperature correction.

g 9.

S

gk ng

(B[

=

Cathetometer used to measure Vertical Diameters.

The Vertical Distances.—At the conclusion of each set of weighings with the
attracted masses in a given position, the vertical distances between the top of the
attracting masses and the bottom or top of the attracted masses (accordingly as they
were in the upper or lower position) were measured by the cathetometer already
referred to.

This instrument is of the well-known design of the Cambridge Scientific Instrument
Company, and is especially adapted for measuring differences of level at different

4 7 2
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distances in different vertical planes. It veads to ‘002 centim. The account of
these measurements will be found in Table IL. (p. 614, et seq.).

To find the distances D, d, H, & (fig. 15), it was necessary to add to the actual
distances measured the sum or difference of the vertical radii of the attracting and
attracted masses, and, therefore, the vertical diameters of all the masses were
measured.

For this purpose I used a cathetometer which has lately been constructed for me
by Messrs. BAtLEY, of Bennett’s Hill, Birmingham. I have to thank Mr. Ports, of
that firm, for his care in its construction, and also for the trouble which he has taken
in the construction and alteration of much of the apparatus used throughout the
work recorded in this paper. As the cathetometer is, I believe, new in design and
satisfactory in its performance, it appears worthy of description.

The Cathetometer used to measure Vertical Diameters (fig. 9).—There are two
telescopes, one to sight the upper the other to sight the lower of the points between
which the vertical height is required. There is no scale on the instrument, but after
the telescopes are fixed to sight the two points the instrument is turned round a
vertical axis, so that the telescopes sight a vertical scale at the same distance from
them as the points. In general, of course, the cross wire will appear to lie between two
divisions, but by means of the fine adjustment, to be described below, the two nearest
scale divisions are brought in succession on to the cross wire, and by interpolation
the reading corresponding to the point first sighted by the telescope is determined.

The telescopes are fixed on collars running up and down the main pillar, which
has a section of the forn: shown in fig. 10 (shaded).

Fig. 10.

% e B

c St 7
e
i W) ]U Jy
Telln 8 i 4 L.
s
Section of pillar and collar of new Cathetometer.
s, clamping screw. k, k, guiding knobs. g, glass plate for fine adjustment, turning on axis %, &, with
pointer at p perpendicular to plane of figure.

The guides consist of three knobs, & k&, on the inside of the collar, two sliding in a
vertical V-groove and one on a plane, both groove and plane being at the back of the
pillar. A screw, s, clamps the collar in any position. Gut strings running up over
pulleys and supporting counterpoises, sliding on the thinner pillars (see fig. 9), are
attached to the collars so that these move easily. At first springs were used to keep
the knobs always in contact, but I found it much better to remove these and trust
merely to hand pressure to keep the collars in the proper position before clamping
with the screw s.

The fine adjustment is secured by the use of a piece of plate-glass placed in the



DENSITY OF THE EARTH AND THE GRAVITATION CONSTANT. 589

front of each object glass (¢, fig. 10), and capable of rotation about a horizontal axis,
h h. A pointer is fixed on the end of this axis at p, and at its end is a small glass
plate with a scratch on it moving close against a straight scale. If the plate is
initially normal to the optic axis of the telescope, on turning it through ¢, the ray
which now comes along the optic axis has been shifted by transmission through the
plate parallel to itself, a distance ¢sin (¢ — )/ cos ¥, where ¢ is the thickness of the
plate and  is the angle of refraction within it (see fig. 11).

Tig. 11.

. R

: y : i‘lji /(/) P
TS
~

Section of fine adjustment plate.

This shifting happens for small angles to be nearly proportional to tan ¢, and,
therefore, to the reading on the straight scale. To show how nearly this is the case
the following table gives the shifting for angles of 5° 10°, and 20°, with a thickness
of t = 1 centim. and a refractive index p = % :—

Angle ¢ = Shifting.
| .
!
% { Ltan5° (1 - 00042)
10 | 1 tan 10° (1 — ‘00156)
20 1 tan 20° (1 — -0052)
|

The errvor in taking the shifting as proportional to tan ¢ is, up to 20° quite
negligible in ordinary telescope-cathetometer work. If it is desirable to have
greater accuracy, it is probably best to use a table of corrections to the tal_;.gent ; but
it is possible to get an exact scale thus:—

Let OP, fig. 12, represent the pointer of length », making ¢ with a line MN.
Let a pointer PM jointed to this at P be of length ur, and let its extremity M move
on the line MN. Drawing OD at right angles to MN, if s is the shifting, we have

COS Jr

s

H

¢
or

s=" 0D,

7
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- Probably the practical difficulties in the use of such an arrangement would render
it troublesome and uncertain.

Fig. 12.

M

e
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/ﬂf' (/)

r
P
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The plate is used as follows:—Adjust it normal to the optic axis of the telescope,
and move the telescope till the required point is brought as near to the cross-wire as
is possible by the hand. Clamp the telescope, and then turn the plate till the point
is exactly on the cross-wire.Read the position of “the pointer attached to the plate
on its scale. Repeat these-operations with the other telescope on the other point,
then turn the instrument about its vertical axis till the telescopes sight the vertical
scale placed at the same.distance.away-as-the-two-peints.—Looking through one of
the telescopes the cross-wire is in general not exactly on a division. Turn the plate
so that fivst the nearest division above, and next the nearest division below, is on
the cross-wire. Readmg the position of the pomter in each case, interpolation gives
us the reading on the vertical scale corresponding to the pos1t10n of the pointer
when the cross-wire was between the two scale divisions. Doing this for each
telescope the difference between the two points is found in terms of the vértioal scale.

The plates T have used are about 9 wmillims. thick, and the pomters about
9 centims. long. They move over scales such that 25 to 27 divisions corr espond to a
shifting of 1 millim. The lower scale is graduated from 0 to 50, the upper from
50 to 100 to prevent confusion. The 50 divisions occupy a distance of 66 millims.

It will be observed that in this form of instrument the level error is practically
entirely obviated. It can only come in if the scale is not at the same distance as the
height to be measured, and may then be made negligible in practice by levelling the
telescopes. Indeed, the uncertainty of measurement appears only to depend on the
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uncertainty with which the cross-wire can be brought to the proper point, that is, it
depends only on the magnifying power and definition of the telescopes used. '

To illustrate the use of the instrument, a full account of the determinations of the
vertical diameters is given in Table II. Below are the results, and for the sake of
showing that there has certainly been no great change in shape, I give results
obtained with a cathetometer more than 10 years earlier at the Cavendish Laboratory

at Cambridge.

1890. 1880.
centims. centims.
Large attracting mass M . . 30526 305192
Small ” mo. . 24176
Attracted mass A . . . . 15:8203 158166
» s B Lo 15-7829 i 157842 -

The diameters of M and m in a horizontal direction parallel to a radius of the
turntable measured by square callipers were

M = 30'52 centims.
m= 2423

Temperature Correction.—Though the expansion of the masses was to be expected
of an unimportant amount, I thought it advisable to attempt to measure it, in case
there might be anything anomalous. One of the attracted spheres, B, was for this
purpose placed between two vertical levers, in a tank through which could be run a
continuous stream of cold or warm water. These levers depended from horizontal
‘rods which could rock or slightly rotate on fine point suspensions. This was, in fact,
a kind of double Lavoisier -and Laplace apparatus. The motion of each lever was
shown by another lever of about the same length, rising vertically up from each
horizontal axis, and serving as the moving support, for a double suspension mirror
in which was viewed the reflection of a millimetre scale. Two telescopes and one scale
were used for the two mirrors, though it would not have been difficult to arrange
one telescope and two scales. The value of one scale division was determined by
inserting a piece of thin glass between the sphere and each lever in turn. ~The method
is exceedingly sensitive, but I have not been able to make it exact, owmg to the
warping produced in the rods due to unequal temperatures.
- The measures of the expansion varied between ‘0000214 and *0000277, both vertical
and horizontal diameters (in the position inthe balance) being tested. The true value

s probably nearly -000025 or 1/40000. Tt will, therefore, lead to no appreciable
error if we take the expansion as equal to that of the scale of the cathetometer, say
1/60000 (see p. 618, Table II.). '



592 PROFESSOR J. H. POYNTING ON A DETERMINATION OF THE MEAN

Determination of the Attraction by the Balance.

When the balance is used to measure such small forces and weights as those with
which we are here concerned, it must be left swinging on its knife-edge throughout
any set of weighings in which the deflections are to be compared one with another.
For there is not the slightest reason to suppose that if the beam is lifted up and let
down again, its new position of equilibrium will coincide with the old. And again,
the beam, especially with such loads as the attracted masses, is put into a state of
considerable strain, and continues to alter its shape sensibly for hours, and probably,
even days, after the masses are put on to it. I have, therefore, always left the beam
free for at least two or three days before commencing work with the balance, and it
has of course remained free during the course of each day’s work.  The balance room
was never entered just before any weighing, as it took many hours for the disturbance
due to entrance and interference with the case to die away.

When the turn table supporting the attracting masses is moved half round, from
one stop to the other, the bulk of the attraction is taken away from one attracted mass
and put on to the other. The balance, being free, is slightly tilted over to the side on
which is the larger attracting mass. But the deflection in the apparatus as arranged
is so very small—at the most only 10 scale divisions—that errors of reading can only
be neutralised by making a great number of successive measures.

Probably other errors are also largely eliminated, such as those due to the deposition
of dust particles, shaking, change of ground level, and varying air currents. Of such
errors I have found those due to varying air currents by far the worst. Sometimes—
especially in autumn and winter—the balance will move quite irregularly through
more than a scale division, and continue to move to and fro in this way for days or
weeks. When in such an unsteady condition it is useless for accurate work. In spring
and summer, however, it is much more steady as a rule, and frequently the scale can
hardly be seen to move. I have never worked when on looking into the telescope for
some time the irregular movements appeared to be more than a fraction of a tenth,
v.e., a fraction of one of the diagonal divisions, though, doubtless, irregularities com-
parable with a tenth of a whole division have often made their appearance in the work.
It is perhaps not safe to ascribe these always to air currents.

I have always found the air steadiest in warm quiet weather, with a slowly rising
temperature in the balance room, and most unsteady after a sudden fall of temperature.
As the alteration of temperature spreads downwards, this is fully in accord with Lord
RAYLEIGH'S observation that when the air is steady the ceiling is warmer than the
floor, and that when it is unsteady the floor is the warmer of the two. In the
observing room I had a gas stove often kept burning day and night, in the hope that
the higher temperature it produced in the ceiling of the balance room below might
steady the air. But the vertical walls of the balance room interfered with the action
of the ceiling, and often produced unsteadiness.
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A door opening or shutting anywhere in the building had a visible though transient
effect, doubtless through an air wave. In a high wind the balance was always
unsteady, partly, I suspect, through rushes of air into and out of the case with sudden
pressure changes, and partly through changes of ground level, with variations of wind

- pressure against the building.

At all times there was a march in one direction or the other of the centre of swing.
This was especially marked soon after the frame was lowered and the beam left
free. As already remarked, readings were not taken till changes due to change in
strain of the beam had subsided. But the march was very appreciable at other times,
as will be seen from the diagrams. Perhaps the change was sometimes due to tilting of
the ground, with barometric variation, since the balance was a very delicate level, and
sometimes due to the change in buoyancy of the air affecting the two sides unequally,
though I have not been able to make out any direct connection between barometric
height and position of centre of swing. I believe that the explanation is to be sought
for the most part in unsymmetrical eflfect on the beam of slight changes of temperature,
for I have frequently noticed that a rising temperature produced an upward march,
and a falling one a downward march. This explanation is supported by the following
table of observations of the centre of swing, extending from May 9 to May 22, 1890,
the balance being free, and the balance room undisturbed meanwhile.

The relation between temperature and centre of swing is represented in Diagram
IX. (Plate 19.)

MDCCCXCI.—A 4
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|
Temperature. |
’ o Centre of . §
Date, 1890. - Time. swing. Balance Obsorving Barometer.
room, room.
May 9 . .| 115 am 1360 12°0 134 7398
12.55 p.m. 1330 12:0 150 7392
»w 12 . . 11.15 a.m. 133-8 12:05 145 7386
1.15 p.m. 131-9 12-05 158 7383
2.40 .. 1337 12:05 16:6 7381

Stove left on all night of 12th~13th.
| I

, 13 . . 11.0 aw. | 1817 12-6 175 7402
12.35 p.y. 1815 12'6 184 7403
3.15 p.v, 1850 12-7 186 7403
Stove turned off,
5.25 .M. 1894 12:7 165 7405
R ¥ 11.20 A, 1674 : 126 143 7458
1.10 p.v. 1655 : 12:6 14-4 7460
, 15 .. 11.5 A 156'8 124 138 7495
2.45 p.u. 1600 12+4 140 7493
, 16 . . 1.25 pav. 1583 124 14-0 744-3
, 17 .. 8.50 p.m. 1710 12:55 137 7419
, 19 . . 10.30 A.m. 174:3 12:55 140 7435
6.5 v.M. 181'8 126 14:0 7410
s 20 . . 11.30 A.m. 1752 12:75 14-0 7398
1.5 »r.m. 1737 12:75 14-1 7400
5.20 p.m. 1723 127 138 7417
, 21 . . 11.10 A, 1727 126 137 7519
»y 22 . . 11.30 A 192 about 12:85 141 7576

Of course, after a change in the position of the attracting masses or of the riders,
the balance does not at once settle in a new position of equilibrium, but oscillates
about it. Inasmuch as the balance never rests in this position, it is better to term it
the centre of swing rather than the equilibrium position or resting point. The
dashpot used to damp the vibrations of the mirror reflecting the scale serves also to
damp those of the balance beam, and they die down rapidly. Instead of waiting,
however, to observe directly the point on which they are closing in, it is much more
exact, and also saves much time, to find the centre of swing as with an undamped
balance from the extremities of the swings. I have always observed and recorded four
extremities of three successive swings, occupying in all a little more than a minute.

Notwithstanding the very considerable damping, the successive lengths of swing
are still in geometrical progression, but the rate of reduction is too great to allow the
ordinary approximation, in which the geometrical is assumed to be an arithmetical
progression. The exact method of determining the centre of swing is as follows i—
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Let a, b, ¢, d be four successive readings of extremities of swing, and let « be the
reading of the required centre.

Let the constant ratio of each swing length to the next be \.

Then
a—xz=Nx~—=0) . . . . .. . . . (1),
R )
c—x=Mx—a) . . . . . . . . . (3).

Eliminating N from (1) and (2), we may readily obtain « in the form

. (¢ — b)?
BEC— Wy (4),
and from (2) and (3) 1 .
® =10+ N Al N (5).
¢ —1b) + (c — d)

With no disturbances and no errors of reading the values of @ in (4) and (5) will
coincide ; but usually there is some small difference, the result of error or disturbance,
and it is better to find both and take the mean. A third value might be obtained
from (1) and (3); but it appears unadvisable to combine directly observations so far
separated in time.

These formulse lend themselves to easy arithmetical treatment, especially with the
aid of a slide rule ; but the following graphic method of finding the centre of swing is
much less tiring and quite sufliciently exact.

Fig. 13.

Let the line OA, fig. 13, represent the scale; O its zero, and A, B, C, D the points
distant respectively a, b, ¢, d from O.

4 ¢ 2
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Let O'C’ be a parallel line, B, C’, D" being points opposite to B, C, D respectively.
Let AB’" and BC’ intersect in K;. Draw X;K,X," perpendicular to OA. Then X, is
the centre of swing given by equation (4). For

AX, AX, KX, _ XB _XB

~ o~

XB~ X/B KX/ X/ XC

v.e., X, is the point dividing AB and BC in the same ratio. Similarly if BC" and
CD’ intersect in K,, and X,K,X," be drawn perpendicular to OA, X, is the point
given by equation (5). '

The third point given by equations (1) and (38) is obtained from the intersection of
AB and CD’, but evidently a small error in C or D’ may considerably alter the
position of this point, and it is better not to use it.

The construction was carried out thus: a large opal glass plate, 10” x 117,
was etched with cross lines 10 to the inch, so as to present the appearance of ordinary
section paper. The glaze was taken off so that pencil marks could be made. A
diagonal line ran at 45° across the plate through the corners of the inch squares,
and this was always taken as the line BC'in the figure. Taking any convenient
horizontal line, usually, of course, far below the plate, as zero, each inch represented a
scale division, each tenth a diagonal division. The values of b and ¢ fixed the lines to
be taken as OA, O’C,and on these were marked the points A, C, B, D". A long gilass
slip, with a straight scratch on it, was then laid across from A to B’ so that the scratch
passed through A and B/, and its intersection K, with the diagonal BC', was , from
the zero line. The slip was then laid with the scratch passing through C and IV, and
its intersection K, with BC' gave @,. It will be observed that all the actual construc-
tion for a set of readings of the balance swings consisted in marking four points on the
plate.

The following cases, the first of very regular, the second of very disturbed swing,
will serve to compare the results by this exact method with those obtained from the
ordinary arithmetic mean method. At the same time they will show how nearly
constant is the ratio of swing decrease.
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Scale read- Ratio of Centre of swing,
Date and Number, ings in Length of a }110 to Centre of swing, approximate
1890. diagonal swing. each 1o exact. o+ 2b4 ¢
divisions, preceding. 4 ’
May 4, No. 3 865 74
939 43 581 9118 90975
896 o5 581 9118 913:0
921
Mean 911'8 Mean 911:375
Sept. 17, No. 45 1118 65
1053 40 615 1077:8 1079-25
1093 25 625 10786 107675
1068 -
Mean 10782 Mean 10780

In finding the attraction the observations were always made in
the determination of the scale value of rider and attraction being sandwiched so that

each might be equally affected by any comparatively slow changes.

the same order,

Starting with the

initial position, the attracting masses and riders were so arranged that, on moving
either, the balance was deflected in the same direction and over the same part of the

scale.

The following was the order of proceeding always observed, the column headed
« Centre of Swing ” being supposed to contain the values of the position in each case
determined from four swing extremities as just explained :—

(1) Imitial position
(2) Riders moved .

(4) Masses moved round
(6) Riders moved .

(8) Masses moved round .
and so on.

(3) Riders moved pack to initial p051t10n
(5) Masses moved back to initial pos ition .

(7) Riders moved back to initial posxtlon

Centre of swing.

g

To minimise

the effect of progressive changes these observations were always

combined in threes in the following way. Denoting the scale value of rider by R, and

of attraction by M :—
- From (1), (2), (3)

o (3) (4) (9)
s (8), (6), (7)

and so on.

Ry=mr —
M, = m, —

R2:T2—

1+ %
2 )

Ty -+ g
2 9’

T3+ Yy

5
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These again were combined in threes, so that (the notation being continued)
the successive values of attraction/rider are

M, M, +M, 2M,
@ Rl + Ry ! 2R2 ’ RZ + RS ’

and so on.

The successive centres of swing 1, 7, %, my, &ec., correspond to instants of time
following each other at intervals of about 2 minutes, rather more than 1 minute being
taken up in making and recording the four readings for each, and the rest in making
the change of position in rider or mass and waiting for the next readings. It will be
seen that each value of M or R is based on three successive centres of swing, the
weighings extending over about 6 minutes, while each value of M/R is based on
seven successive centres of swing determined in about 14 minutes.

A series of readings was usually continued for about 2 or 3 hours. The tempera-
ture in both observing and balance room was read at the beginning and end of the
series, and the barometric height was also observed. As soon as possible after the
desired number of determinations was completed with the attracted masses in one of
the two positions, the vertical distances between attracting and attracted masses
were measured by the cathetometer in the manner explained in Table IL., and the
position of the attracted masses was altered.

A full account of all the weighings is given in Table III., and the results are
represented in Diagrams L-VI. The three upper rows of points in each diagram
represent the centres of swing, those in the initial position being marked o . After
movement of the rider they are marked X, and after movement of the masses they
are marked O. The base lines for the different rows are altered to save space, as
described on the diagrams, for on the scale adopted the rider series would always be
about 10 inches above or below the initial series. In Diagram I. the rider and mass
series are also brought down and superposed on the initial series, so that each of the
three has the same average height. It will be seen that all three are affected by the
same disturbances. The advantage of the short time of swing and the mode of com-
bining the results in threes will be realised more easily from this superposition.

The base line may be regarded as a time scale, as the instants corresponding to
successive centres of swing were almost exactly equidistant.

In each case, under the representation of the centres of swing, are plotted the
resulting values of M/R, and at the side will be found a representation of the
distribution of results about the mean.

Assuming that each day’s mean value is correct, and that the differences for
different days are to be set down to variation of distance, &c., we can find the
distribution of all the values about the mean by simply superposing the marginal
curves at the side of the figures. The result fairly shows the accuracy as far as the
weighing alone is concerned. It is represented in Diagram VII., where A is the
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mean value of the attraction in the lower,and o that in the upper position. A and a
are brought near together to save space, but really they should be 40 inches apart.
It will be seen that the range is about 2 per cent. of A — a on each side of the mean,
or taking the value of A — a in milligrammes weight as about § milligrm., and the
load on each side as 20 kilogrms., the range is about 1/8 X 10? of this load on each
side of the mean.

A comparison of the values of M/R in Diagrams I. and II, shows a very curious
similarity in the fluctuations, and at first I was inclined to think there was some
common external disturbance producing these fluctuations. But an analysis of the
two sets of values appeared to show that the resemblance is merely accidental.
When the values of M and R are set out separately, it is seen that the fluctuations
depend chiefly on M, of which the fluctuations are slightly like each other for the two
series, while those of R are quite different, but such that they make the fluctuations
in M/R resemble each other much more closely than those in M alone. Further, it
is not easy to see how fluctuations due to some external source would affect the
values of M equally in the upper and lower positions and not have any effect on R.
Some periodic change of level might be suspected, but this ought certainly to be
traced in R. I have examined all the other diagrams and plotted out the component
values of M and R, but have found no trace of resemblance, so that I think the
curious likeness in I. and II. must be set down to accident.

There is a curious step by step descent of the centre of swing in the initial position
on September 23, Diagram V1., which I cannot explain. It may be due to some
error in the method of finding the centre of swing which comes in with a rapid march
of that centre. The effect on the result is probably only small, for the value of M/R
obtained with a march in the reverse direction on September 25 is very nearly the
same, the two values being

"2112758.
2112533.

September 23 .
. 25 .

The following is a list of the weighings recorded, with the distances measured and
the mean values of the attraction :—

Ser L
Date. P?ﬁiitioil gf No. of values | Mean values Dord Horh
1890. attracte of M/R. of M/R. in centims. | in centims.
masses.
Feb. 4. . . . . .| Upper . 50 2142212 62318 61-416
April 30 and May 4 . | Lower . 100 1-:0109685 31-783 30824
May 25 . .| Upper . 50 2157379 62308 61:378
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Ser II.
Date. I;‘Eiijdgzl 5 £ No. of values | Mean values Dord H or 5.
1890. racte of M/R. of M/R. in centims. | in centims.
masses.
July28 . . . . .| Lower. . . 25 9973168 32106 30-965
Sept. 17 . . . . .| Lower . . . 25 9984148 32-116 30954
Sept. 23 and 25 . . | Upper . . . 52 2112647 62-708 61:566

On the completion of Set I. the four masses were inverted, and changed over from
right to left or left to right, and the initial position was after this always arranged so
that movement of rider or mass decreased the reading. This was done in order to
lessen errors due to want of symmetry. If reversal had no effect, Set II. should,
with the increased distance recorded above, give a value of M/R in the lower position
of about ‘990, instead of ‘998. The larger value actually found is no doubt chiefly
due to a want of symmetry in the large attracting mass M. The effect of this
want of symmetry will be discussed after the investigation of the mathematical
formula, and an account will be given of an independent method of detecting it. I
think there is still outstanding a small difference, due, perhaps, to want of symmetry
in the turp-table or in the attracted masses. The result of the reversal shows how
necessary it was to make it. I should have liked to have in Set II as many deter-
minations as in Set I, so that the mean should be based on values of equal weight.
During June and July, 1890, a complete set of 100 in each position, upper and lower,
was made ; but, owing to the pressure of other work, I was unable to calculate the
results till the completion of the set. I then found that the value of M/R was still
more than in Set II., and, on plotting out the results, it appeared that occasionally the
rider value fell very considerably, and in an irregular way. On examination, there was
little doubt that the rider came in contact occasionally with the suspending frame,
when it was raised and should have been clear from it. Very likely temperature
changes had brought about a displacement of the lever apparatus. Comparison with
Set 1. seemed to show that during that set no such contact had taken place, for there
was no comparable irregularity. As it appeared dangerous to attempt to disentangle
the good from the bad, the set of June and July was rejected, and Set II. was taken
as recorded. When I had made the weighings giving 50 and 52 values in the two
positions respectively, the balance became so irregular, through the cooler weather,
that it was useless to continue work. Rather than carry over the experiment into
another season, when it might be necessary to repeat the whole of the work, I have
preferred to take Set IL as it stands, and give it the same weight as Set I. The final
results are calculated from the means of Sets I. and IL, as explained hereafter. I
may here state the results obtained :—
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6:6984
108 °
Mean density of the Earth . a = 5'4934.

Constant of attraction . . G =

General Remarks on the Method.

Comparing the common balance with the torsion balance, there is no doubt that
the former labours under the great disadvantage that the disturbances due to ar
currents are greatest in the vertical direction, that of the displacement to be
measured. But even with this disadvantage the common balance may, I believe, be
made to do much more than has hitherto been supposed possible. As an instrument
in itself, apart from the external disturbances of air-currents, dust, &c., I believe its
accuracy would be far beyond anything approached when these external disturbances
are, as they always are, present to interfere with its action. I have always found
that every precaution to ward off air currents and external disturbance bas been
accompanied by a corresponding increase in steadiness ; and I have seen no sign of a
limit of accuracy depending on the instrument itself.

Besides the protection from air currents, there are two conditions essential above
all others for accurate work :—

Ist. That during any set of weighings in which the deflections are to be compared
with each other, the beam should be supported on its knife-edge, and should be under
constant strain.

2nd. That all moving parts, such as apparatus for changing riders or weights,
should be supported quite independently of the balance or its case.

With regard to the first condition, it seems impossible to make the suppbrting
frame move so truly and with =o little disturbance that the knife edge shall return
exactly to the same line. Even were it possible, the beam after raising and lowering
would be practically a different beam, for, as my observations show, the condition of
strain changes considerably after the load is first put on, and it would be merely a
chance coincidence if the mean state of strain were the same during successive
weighings. I have, in my former paper (‘ Proceedings of the Royal Society,” No. 190,
1878), described one method of comparing weights of nearly equal value with the
beam throughout on its knife-edge and equally strained,* and I should now only
modify that method in having regard to the second condition, of which I have since
realised the importance when working with the large balance and with increased
optical sensitiveness. It is surprising to find how much disturbance is produced by
having the moving parts of the apparatus connected with the balance or its case.

As to air currents there is no doubt that, as Professor Boys has shown, the greater

* T am glad that Dr. THIESEN urges the importance of this condition (‘ Travaux et Mémoires da
Bureau International des Poids et Mesures,” vol. 5, ¢ Etudes sur la Balance ).
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the apparatus the greater the errors produced by them. At the time my apparatus
was designed I did not know this, and there seemed to be a great advantage in
making it large, as riders could be used of weight large enough to be measured
accurately. Were I about to start with a new design I should certainly go towards
the other extreme and make the apparatus small, attempting to get over the rider
difficulty by some such method as that explained on p. 582. For not only is a smaller
apparatus kept more easily at a uniform temperature, and, therefore, freer from the
source of air currents, but it is much more handy to adjust, and even if the adjust-
ments are not more accurate they will at least take much less time to make.

At the same time it is only fair to say, on behalf of the large apparatus, that some
errors have been magnified on a like scale till they have become observable, and so
could be investigated and eliminated. Starting with a small apparatus they would
probably never have been detected, and would, therefore, have appeared in the final
result.

IT. MATHEMATICAL INVESTIGATION.
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