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The subject of the earlier parts of this paper is immediately allied with the late
M. HavpHENS investigations in his Thesis, “Sur les Invariants Différentiels,”
(GAvTHIER-VILLARS, Paris, 1878), and in his Memoir, “ Sur les Invariants Différen-
tiels des courbes gauches” (‘ Journal de I'Ecole Polytechnique,’ vol. 28, cahier 47, 1880),
and in the latter paper the word covariant is applied to a function having the
character of the functions which are generally treated of in this paper.

The connection is perhaps greater with a previous, and, I think, less familiar
paper of the same author, “Sur la recherche des points d’'une courbe algébrique
plane, qui satisfont & une condition exprimée par une équation différentielle
algébrique, et sur les questions analogues dans l'espace ” (‘ Journal de Math., 8rd
series, vol. 2, 1876). I am not able to point out any paper which touches upon
the actual investigation attempted in this paper, and the mode of investigation can
not claim any resemblance to any of HALPHEN'S work, and does not offer in itself any
element of novelty.

The subject of Differential Invariants has been further treated by Sormus Lig,
« Uber Differentialinvarianten ” (‘ Mathem. Annalen, vol. 24, p. 564, 1884), and by
SYLVESTER, in his lectures ““ On the Theory of Reciprocants ” (‘ Amer. Journ. Math.,’
vols. 8, 9, and 10, 1886 and 1887). '

The literature on the cognate subject of Reciprocants has become extensive, several
papers by Evrriorr, Forsyra, HaMmonp, LEupEsporF, and Rocers have appeared in
the ¢ Proceedings of the Mathematical Society ’ (vols. 17, 18, and 19), and in the
‘ Messenger of Mathematics’ (vols. 17, 18, and 19). Of these papers, those of
which the analytical method is most similar to mine are by Mr. ForsvrH, “ Homo-
graphic Invariants and Quotient Derivatives” (‘ Mess. of Maths.,” vol. 17, No. 10,
p. 154, 1888); “On a class of Functional Invariants” (‘ Phil. Trans.,” A, 1889,
p. 71). I may also mention, as cognate matter, papers by Mr. Erriorr “ On the
Interchange of Variables in Certain Linear Differential Operators” (‘Phil. Trans.,’
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1172 MR. R. F. GWYTHER ON THE DIFFERENTIAL

A, 1890, p. 19), by Professor L. J. RocEkrs, “ Conjugate Annihilators” (‘ Mess. of
Maths.,” vol. 18, p. 153-158, 1889), and by Major MacManon, “ On Multilinear
Partial Differential Operators” (‘ Lond. Math. Soc. Proc., vols. 18 and 19, 1887
and 1888). ‘ :

Starting with the mode of formation of Differential Covariants, I attempt to give
greater prominence to the geometrical character of the problem of invariancy, which
seems to have been prominent in HALPHEN’S view of the subject, and hope that while
the results are partly coextensive with the work of Professor SyLvESTER and others,
they may still be complementary, and may be found applicable in investigating the
characteristics of higher plane curves.

§ 1. General Statement of the Problem Considered, as far as relates to
Plane Curves.

If a plane curve is transformed by the general homographic transformation, the
transformed curve remains of the same order and possesses the same perspective
singularities. If we introduce no other complications we may say that Harrmex's
Differential Invariants indicate properties which, if they exist at any point of the
oviginal curve, exist at the same point of the transformed curve. Any function of
the differential coefficients at any point of the curve which, a definite factor prés,
retains its form under the general homographic transformation is a differential
invariant. I shall write these differential coefficients v, vy, 5 . ... In this paper 1
introduce a curve, the current coordinates of which I write & #, and of which the
equation consists of an algebraic relation between & g and @, ¥, 4, ¥y, 45 . . .. (2, ¥
being the coordinates of a point on the curve which I shall call the standard curve).
Then, if this equation is such that, a definite factor prés, its form is unaltered under
the general homographic transformation, I call it a differential covariant of the
standard curve.

Besides the sense in which a differential invariant has here been spoken of as
indicating a perspective singularity at a point in a curve, it may, equated to zero, be
the differential equation to a curve, each point of which has that singularity. (I here
consider a sextactic point and other points of similar characteristics, as singular
points for homographic projection. ) '

A conic is one of the curves which, by a general homographic transformation, can
be transformed into itself, sothat any one arbitrary point can be replaced by any other.
Hence, if V = 0 is the differential condition for a sextactic point, it is the differential
invariant equation of conics, and if f(& %, Y1, Yo Y5 %u) = 0 is a covariant equas-
tion of the second degree, such that when & =« and n = y we have 9, = y;, 7, = y,,
s =Yg 4 = Yy it is the equation to the conic osculating the standard curve at
(x, y). Also regarding £ 7 as the variables and #, y, 9, . . . as arbitrary constants,
it is the complete integral of V = 0. Generally the differential covariants will
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include the integrals of the differential-invariantal equations, provided these integrals
are rational, integral, algebraic functions.

Having found a covariant curve, its polars, as well as its ordinary covariants, will
be included among the differential-covariant curves. |

To find the degree of contact with the standard curve, we substitute for the
covariant € —ax="h, n —y=yh + y,h*/2 !+ &ec., if the equation is identically
satisfied by %, = v, 5, =¥, . . ., as far as the coeflicient of h*, the contact is of the
n't order. Equating to zero the coeflicient of 4**! we obtain the condition for contact
of the n 4 1% order. Since this condition is generally capable of being satisfied, and
since the relation is unaltered by homographic transformation, the coefficient of 27+ is
a differential invariant.

The first section of this paper investigates the conditions which must be satisfied in
order that (except as concerns a factor), the form of a function may be unaltered in
consequence of any homographic transformation whatever, and finds the form of the
factor.

The results are given in the equations (15).

In the second section, the relations of certain partial differential operators Q,, Q,,
and Q, with one another, and d/dx are considered. A method of eduction of
covariants is established, and a method of development of a covariant from a source
or matrix, as well as a process of eduction of matrices. The matrices are shown to be
dependent upon differential invariants and two fundamental matrices %, and L, and
from the mode in which these enter, the order of the covariant can be predicted.

This section prepares the way for the application of the theory in the two last
sections. ' '

The third section deals with the dual reciprocal relationship between the operators,
and the deduction of reciprocal and contravariant functions.

The fourth section contains applications to the cubic of the methods which have
been considered. The equation to the osculating cubic is determined when the cubic
is non-singular, nodal, and cuspidal, and the differential equation in each case found.

The fifth section takes a new view of the subject. It is shown that the position of
any point which is “ homographically persistent ” with regard to the standard curve
(which, for example, is a point of intersection of two curves which are each
covariaht) is determined by the ratios of three differential-invariant functions.
These can therefore be considered as invariantal coordinates of the point. It is also
shown that there are similarly invariantal coordinates of a line, and the relations of
these line and point coordinates are investigated, showing that the general methods of
higher geometry are applicable to the novel system of coordinates.

The condition that the point should lie on a covariant curve is now given in terms
of the invariantal coordinates by an equation in which the coefficients are the
differential invariants which determine the character of the curve. For this reason I
call it the intrinsic invariantal equation to the curve,
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Also the invariantal coordinates are connected with the ordinary coordinates by
relations having the form distinctive of a homographic transformation. And there-
fore, regarding the invariantal coordinates as ordinary coordinates, the curve
represented by the intrinsic invariantal equation has all the perspective singularities
of the original curve. No attempt is made to show the application of this method to
the difficult case of the quartic, but several well known theorems regarding the
cubic are shown to be arrived at without difficulty.

§1.

1. In general, the complete curve of the d™ algebraic degree is completely deter-
mined by d (d + 3)/2 (=) points, and if the coordinates of these points are known,
the equation to the curve can be written down in the form of a determinant, thus

Sy . )=] & &N ... 1 | =0
le’ wd—ly’ U |
L T |

If a general homographic transformation of the coordinates be now made, the form
of the function will be unaltered, except by the introduction of a factor.
Denote the transformation by

& . Y . 1 (1)
AX4+BY+0C~ AX+BY+C AX+BY4+C T 7

with similar relations for £ and », except that we may retain the letters £, m, in the
transformed equation without causing inconvenience.

Thus
Py ) =DTEEDEED (h gy By 4 C)=0 (AX, 4 BY, + ). .
X (X, Y,...)
We may also write
Sy . )= (E—af (=2t (m—y), ... E—=x 19—y,

(@, — @), (2, — )" (y, — Y)h . =, 1y —Y,

Imagine the 7 points now moved up into coincidence at x, y, subject to some
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geometrical condition, such as that of moving along an are, free from singularities, of

a curve of degree not lower than the d™.
The equation to the resulting curve, which will osculate the assumed curve at the

chosen point may now be deduced. Most easily, write

f—w=h m—y=yh+ BRI+

For further simplicity, write # — p for » — y — y, (€ — %), so that
(ﬂ—p)1=%h2+ g‘%kﬁ‘-{-. ..
and transform the determinant so that, in the first row » — y may be replaced by = — p.

To fill up the several columns in the determinant we write under (¢ — x)* (w — p)*
the coefficients of h% 15, .. . in the expansion of A" (w — p);”. We thus obtain

f(m,."/»w-): (f_a;)d’ (f—w)d—l(ﬂ_.p)’ c ot (f_x)(ﬂ-—p)’ 7T‘—p
0, 0, 0, o

o LA DA+ @) @ +3)
8 2
The transformed equation is affected in the same way, so that
S, y, .. .)=Di@verast (A& 4 By 4 C)~¢(AX 4 BY 4 C)-7@+an
¢ FLOE+ D@+ D@+ 98- @+ (E—X), (§—X)"1(w=P), ... T—P

=
=
[\ l;\oe
=

0

Now write the determinants shortly

f(f_w’ﬂ'_p’?/z"-) and f(f—'X,W‘-P,Yz.. )

Also
H/h = dX[de = p\~1
where ,
AX + BY 4+ C = p. )
(AX4+BY 4+ C) (A, +B,Y) —(AX 4+ BY 4+ C) (A4 BY)) =)\ If @
l

Also write
A+ Bp+C=w
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Then

f(f—w’ﬂ-—p5y23"')

= DA+ =A@+ AR+ 1)+ A+8) = d(d+3) =@ +8)2 =d

X FE=X,a=PYy.. ) .« . . .. ().

To put the multiplying factor in a more concise form, we will use HALPHEN'S
nomenclature. If a term contains the differential coefficients y,, 5 . .., we will call
the number of differential coetticients in the term its degree, and write it d,, and the
sum of the indices of differentiation its weight, and write it w.

Considering the transformation to be made in the ultimate form of the equation,
we see that

7 — p = DN Y7 — P)
gy == DAY,
45 = DAY, + &e.
yr = DpH~IN-EDY, 4+ &e.

From the mode of formation of the determinant, the degree of the terms in each
coefficient of ¢ — @ and 7 — p is uniform, and their weight is uniform, so that we
may consider the weight and degree of each coeflicient.

Let d, and w denote the degree and weight of the coefficient of the highest power
of m — p in the expanded determinant.

We thus determine the multiplying factor to be

D(l + dx }\— (d+ do +w) IL?w —ds y- 4

From this we conclude that

d+dx=d(d+ ;)l(cl+2)

d(d+1)@+2) (30 +5) dd+3)
w= 41 — g

results which can be verified by arranging the terms in the determinant in descend-
ing order and summing the quantities required.

It is also easy to see that if d,(m, n) and w (m, n) are the degree and weight of
the coeflicient of (w — p)¥(§ — a)"

d,(m.n)=d, +m

w(m, n) = w ~— n,

or the determinant is a homogeneous function of = — p and of the differential
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coefficients (independent of their order), and that the difference of the weight of the
coefficient of a term and the index of the power of § — & which it contains is uniform
throughout.

These determine the character of the general equation of a curve of the d™ degree,
osculating a given curve, the order of the highest differential coefficient being
d(d+38)2—1

In its differential equation the degree is greater than this value by d, the weight
by 4d (d 4+ 38), and the order by 1.

If the curve has any imposed condition, such as the possession of a double point,
these criteria are altered.

2. Determination of Dyfferential Covariants of Plane Curves.

Abandoning the condition, as yet imposed, of considering the equation to an oscu-
lating curve, the question proposed is to examine the conditions, both simple and
in the form of linear partial differential equations, which f (& — x, 7 — ¥, ¥y, Y .. .)
must satisfy in order that it may become

Dot Nk o=t =t £(& X, p =Y, Y, Yy.o) . . . (36)

under the general linear homographic transformation stated above.

The condition that d, and w are necessarily connected with d, by the relations
just found, will not be required, but they will serve as criteria for recognising
general cases.

The simple conditions are exactly analogous to those found by HarpmEN for
Differential Invariants (¢ These,” p. 21), and result from the same simple transfor-
mations.

1. From putting « = X, § = ¢ v = B,Y, n = By, we conclude, as before, that the
function is homogeneous in 7 — y and the several differential coefficients of .

2. From putting o = A X, £ = A§ y=1Y, ==1, we conclude that the weight
of the coefficient of each power of ¢ — @ is uniform, and that this weight diminished
by the index of the power of ¢ — & is uniform throughout the function.

3. We have chosen the form of the expression, so that we draw no further
conclusion from a mere change of origin of coordinates. The form of the multiplying
factor as well as that of the function might have been found from the method which
follows, and its correctness is established from it.

To obtain the linear partial differential equations which the functions must satisfy,
we consider infinitesimal transformations. Being infinitesimal we may consider
them separately. The transformations are four in number. The first two would
apply to a general infinitesimal Cartesian transformation, and so the results are
the partial differential equations suitable to that case. The other two only concern
our more general transformation, and, as we shall see, the results have a different
character from those of the first two.

MDCCCXCIIL—A, 7L
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Write
sz: f:f, y=Y+€Xa =7)+€§)

where, € being infinitesimal, we shall only retain its first power.
Then, by hypothesis,

SE—=z, =y 9. -.) =f(—X,n=Y, Y, Y,...).
Also expanding by TAYLOR’S theorem

f(f—oc,n—-y,?/p?/zu-‘) 3
=f@—an4&Y@%w)+*{@ X%( m*’f}

Therefore

(6=, Y)Jrf A A\

Hence we come to the conclusion we arrived at before, that

7 — Y and Y, only enter in the form y — Y — Y, (¢ — X)), or v — P.

We shall now reintroduce 7 — p, and write the functions
f(f_ Ty T — P5 Ygs Y35+ + .), &e.

The method we have used here we shall use in the other cases. We evaluate the
multiplying factor to obtain one expression for f(é — «, = —p,...), and obtain a
second by expanding the function in accordance with the transformation considered.

3. Having now introduced = — p, we shall treat the other infinitesimal trans-
formations by a more general method.
Consider the homographic transformation

e _y__ 1
X+BY ™ Y AX +BY+1

where B, A and B are indefinitely small quantities whose squares and products will

be neglected.

Thus »
"A=14+BY,+B(Y—-XY)

p=14AX + BY
v=1+4Af+ By
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so that the multiplying factor
=1—(d+d,+ w) {B,Y, + B(Y — XY;)}
+ (2w — d,) (AX + BY)
— d (A€ + By).

4. Determination of Y,.
The dependent variable is supposed to be connected with the independent by some
relation, say

y=¢(*)
so that y,/n! is the coefficient of 4* in the expansion of ¢ (x + h).
The homographic relations may for our present purpose be written
x=X + B,Y — X (AX 4+ BY)
y=Y —Y (AX + BY),

whence

Y = ¢ {X + B,Y — X (AX + BY)} + Y (AX + BY)...

where on the right-hand side Y never appears except when affected by a small
coefficient.
Now write X 4 % in place of X, and consequently

Y 4 Vbt &+ 2 o o (=Y + 4) for Y,

the coefficient of A” in the resulting expression on the right is then

Y,/nl

But this expression may be written

(@ + b+ By — (2AX + BY) h — BXy — AR — Bhy}
+ Y (AX + BY) + A (X¢ + Yh + ) + B (2Yy + v2).
Hence
Y, = 5, {1 + B,Y, — BXY, — 2AX — BY} + A (XY, + Y) + 2BYY,,

and generally Y,/n | = the coefficient of A" from
7L 2
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S y,hv [h 4 p {Bp — (2AX + BY) h — BXyy — AR? — Bhy} |/p!
+ A_{ %' + n-— }

2YY, Y, Y.,
+B{ +229’n—20}

=, {1 —n (2AX 4+ BY)}/n!
4+ B 2y,Y,pu/p — Lln —p 4 1!
XY, Y. Y-
+A{ +n—-il_n-—12?}

ZYYn Y, YLWI’ ?/pYn—p+l
+B{ _(p_l)zp'n—p sz—l!%w]o‘+ll}'

In the small terms we may substitute Y for y, and thus obtain

Yu = Yn - B1 b nOp-lYpYn—p+1
+A{@2n—1)XY,+n(n—2)Y,_1}
FB{(n—2)YY, +3(p—1),GY, Y, + X3,0,.Y, 0} . . (5),

where by 3 we denote that all possib]e values of p are to be taken from 1 upwards.

5. Determination of w— p and & — .
7 —p stands in place of » —y —y, (6 — ), and, upon transformation, 5 — y
becomes

=Y —A{({=X)(n—Y)+X(n =)+ Y ({-X)}
—Bi{n—=YP+2Y (=Y. . . . . . . . .. (6)

f—mbecomes
f""X'*‘Bl(")_Y)
— A {(§ = X)* 4+ 2X (¢ — X)}
~B{{—-X)n—V)+X(n—=YV)+Y(E-X)} . . . (),

and y,; becomes

Y, -B Y+ AXY, —-Y)4+BY, (XY, —-Y). . . . . (8)
therefore = — p becomes
7—P—BY,(r—P)— A {(f— X) (m — P) + X (w — P)}
— B{(m— P} +Y,(r = P)(§—X)+ @Y = XY)) (r = B)} . (9),
and & — x becomes
¢~ X+ B, {(r—P)+ Y (£~ X)]
— A (£ = X) + 2X (¢ — X);
~B{(—=X)(@- P) + Y, (§=XP+ X(z—P) + (Y +XY,) (§=X)} . (10).
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6. Deduction of the conditions in the form of linear partial differential equations.

For this purpose, it will be convenient to consider the independent parts of the
conditions separately, and the headings of the paragraphs indicate the portions
considered.

B, only.

Multiplying factor = 1 — (Ol + d, + w) B, Y,
Y=Y, — B3.Co 1Y, Yupis
w—pbecomesw-—P — B,Y, (# — P);

& —x becomes § — X + B, {w — P+ Y, (£ = X)}.
Therefore

—Y,(r = P) 57 fP)+{'n' P4 Y, (¢~ X)}a(EfX)

= 32,0, 1Y Yuopa1 aY —(d+dy+w) Y. [,

Since Y, does not occur explicitly in the function, we must equate separately the
parts which contain Y; and those which do not contain it. The symbol 8 will now
be used instead of 3 to denote that Y, does not occur within the summation.

Thus

(W—P)a—(;af__—‘ (€— X)‘m_af__ (cl+dx+w)f—S(n+1)Ynaa%

)
(W—P)a(gfx)=ssnop_1Y},Y,L_p+15—§n. S . ()

Since f is homogeneous of degree d +d, in 7 — P and the differential coefficients,
we may write the first of these equations

of + (€ — X)a(g X)_% Y,,a?; C L (),

which expresses analytic&lly a condition already found.

There is no other condition necessary in order that a function may be a covariant
for the ordinary Cartesian transformation, which leaves the relations of a curve with
infinity unaltered, that is for a change of coordinates,

To proceed, we have
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A only.
Multiplying factor
=14+ @2uw—d—d)AX — dA (§ — X),

Yo=Y, + A{(2n — 1) XY, +n(n—2)Y,_,},
f—w=¢—X— A{(—XP+2X (¢ —X)},
T—p=m—P—A{(¢—X)(z—P)+ X (v —P)}.

Hence
{(€ — Xp 4 2X (6 — X)} é—zé—am*«fm + {(§ = X)(r —P)+ X (w — P)} a——-—~(7,a{_ D)

—3{(2n = 1) XY, 4 n(n = 2) Yooy} 22
— (d(f—X)— (2w —d — d) X} /.

The only new condition arising from these terms is

(E—X){(S—X)a(:{m+(w~P)a(wa{P)_df}=Sn(n-—2)Y¢,_1§a€—n . (13).

Lastly,

B only.
Multiplying factor

=1+B{(w—2d—2d)Y + (w+d +d) XY, — d (g — Y)}

Y»=Y,+B {(” - 2) YY, + 2(]0 - 1)%CprYﬂ—ﬁ + X2,C —IY}’Y”-.?+1}
§—e={—X=-B{({{—X)(m—P)+Y,(¢—XP+ (Y+XY)) (§=X)+X (v — P)}
m—p=m—P=B{(m—PP+Y,(r~P) (¢~ X)+(2Y — XY,) (v — P)}

therefore

(E=X) =P+ V(= X+ (T+ XV E= 0 +X(r B s

+ {(m = PP+ Y, (x — P) (¢ — X) + (2Y — XY)) (v — P)}a(Ta“fP)

9
= 3{(n =2 YY, 4 3(p — .G, Yy + X 3,0,V Vompn} 5
= {di—Y)+@d+2d —w)Y — (w+d + d) XY} £

We have again repetitions of previous conditions with the sole new condition

0 ) 0
(r=P) {(n = Pyl + (=Nl — &} =88 (0- 1.0V, V., L (14)
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The capital letters may now be conveniently replaced by the smaller type, and the
equations of condition written

2 3 7
(w_p)a—(?f—@=ssnop_lyﬁyn_ﬁ+15£ N 7Y

(=)= g5z + o~ seis— & | =S (= Dyl . (B)

(r =) {(E = @) 5L + (= D) oty — I}

o 15),
=SS(p—1)nprpyn_p§;—n oW
also
3 3
wf+(f-—-x)a(éjix)=8nyna—yfn_=_Wj @
and
2
(@ o) f= (7 = D) sy + S5 = (7 — p)a(f +H .. ()]

of which equations the last two will be identically satisfied by any functions which
follow the laws of weight and degree which the simple conditions impose upon a
covariant.

We may call these the form, weight, and degree conditions, respectively.

[A precisely analogous process may be applied to the covariants of surfaces, as is in
this paper used for plane curves.

If we, in this case, write = — p to stand for

(—2— (=) =5 (0 =)

and c,,, for
omtrzloxmoy" m! nl,

the set of conditions corresponding to (15) are

9 ()
(n —y) a(gj_f_ ) = 8,8, (m 4+ 1) cuy1,01 'ab)%l )
J : 9
(€& — w)a(n{_ ) = 8,8, (n + 1) cm-—l,%+1é—c;{:;’
9 )
(m _P)a(gi @) SuSy 8,8, pey,q Cneps1 ”—ch_j:_n ’
o o

Co,

(=) iy 3y = S S o
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(=) [ =) gl + (1= D g e+ (r—0) gy — U}

of

o) S S”(’l’n-‘— n—-2) cnz—-lna }

(=9 {(€ =2 555+ 0 =95, L5+ 0-p) 5 df}

P)
:SﬂlSn(m+n—2)cm,,l_1£f—,
o /A
(=D {(E =) s s+ (0= ) 5 e+ = D) gy — U |
0
= 88,88, (P + ¢ = 1) 6ps Gumpremy g

and

2 2
(1= ) g gy = 0 ) = 88, g

2 2
(=) 5y = — 0+ Sl s
of ¥

(77""3/)8(,’7__ ) wf+Ssncmﬁa

7)& n

The coeflicient, of the highest power of 7 — p is not only isobaric in # and in ¥, but
is homoiobaric, of weight w, in = and 3. Also d, denotes the degree of that coeffi-
cient, d denoting the algebraic degree of f.

We have, as in the case of plane curves, a theory of deduction from a matrix, and
a theory of eduction (in the form of a Jacobian function) of both matrices and
invariants, _

The subject is quite similar at all steps to the investigation for plane curves in this
paper, and offers little additional interest except in the solution of the differential
equations which the matrices and invariants satisfy. By solution we can verify
HarpHEN'S statement in the last paragraph of his thesis (p. 60).

There 1s an invariant of the second and of the third order, two of the fourth and
six of the fifth. There are three matrices, not invariants, of the fourth order, and a
system of invariantal coordinates (§ 5 below) can be formed.

The theory of covariants of twisted curves is sufficiently ditferent to merit a
separate investigation, but the germ of it already exists in HALPHEN'S paper (quoted
above) “ On the Invariants of Twisted Curves.”

The conditions for covariants of surfaces given above, include those previously
obtained by Mr. E. B. Erriorr, “ On Ternary and n-ary Reciprocants,” ¢ Proc.
Math. Soc.,” No. 262, 1886.—August 2, 1893.]
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§ 2. On the Conditions of Covariant Function, and, on the modes of Eduction
and Development,

7. The Form Conditions.
The equations (A) (B) and (C) determine the form of the covariant functions; we
will write them respectively

(01 - ‘Ql)f: 0 (A)
(O — ) f=0 (B)
. (05— ) f=0 (C),

0
O=(m—p Q; = B88,Cpm1¥plupir oy’ &e.

0
)3(‘<’~w)

Expanding the expressions for Q,, Q,, and Q;, we obtain

, 0 0 0 0
3% — 2 . 2y .. - —_—
Q, = 3y, s + 107595 v, + (15y,y, + 10y, )ayi + (21yyys + 3593%) e

0
+ (28y,ys + 56y5y; + 353/42)83/—7 + &e.
% — 9 0 2 £ o |
Q, = 3y, Oy, t 8y33Z + 159, 0Ys + 2495 Y + 354s s e

d N d d
— 2 . . 2
Oy = 69" 5, -+ 30y 5~ + (609 + 40y ) 3y, T (L0595 + 175y5) 5 -

0
+ 42 (4y5y + 8ysys + 5%2) a_ys + &e.

Relations between the Operators wn the Form Conditions.
It is easy to prove that we have the relations

(Ol - ‘Ql) (02 - Qz) - (Ofa - Qz) (01 - Q1) = 03 — 4
(02 - Qz) (03 - 93) - (03 - Q3) (O-z - Qz) =0 L (16)'
(05 — 0,) (O, - Ql)._; (01— 9,) (03 — Q) =0

#* The operators Q, and Q, are considered most conveniently in the form (25).

Q, = 0 is the partial differential equation which is satisfied by invariants in the theory of forms, and
Q; = 0 was established for remprocants by Professor SYLVESTER in his lectures ¥ On the Theory of
Reciprocants ” (¢ Amer, Jour. Math.,” vol. 8, p. 238).

T have not been able to consult a paper by Soprus L (‘ Mathem. Annalen.,” vol. 32), in which I am
informed that this operator is applied to kindred purposes.—August 2, 1893..

MDCCCXCIIL.—A. 7 M
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8. Relation between the operator and d/dzx.
In the functions under consideration, # and y only appear in & — x, 7 — p, and the
differential coeflicients.

Hence
d 0 0"
5= "5 R g+ Sy
= D'c + axv say,
where o - ; ) 5 oL (1),
@ SE—a Y d(r — p)
and ’
o= Sy
GO Ynia ayn _J

None of the operators Q,, Q,, Q,, contain 0/dy,. Also we have to bear in mind that
the functions do not contain ¥ (except so far as it enters through = — p), and there-
fore, in dealing with general terms, we must exclude ¥, when it makes its appearance
as if a derivative of ¥,. ,

The division of d/dx into two parts makes the steps somewhat easier, and the final
results are

d s h
(01*91)%”5;(01_01)=?/2(w+ d +d,)
d d
(0= 0) % = L(0,—0) = — (2w —d) L8,
d a
(03"&)3)(@_&;(03“9‘3) :<Ol ""Ql)"'?/z(oz""ﬂz)

Hence if f be a covariant, satisfying the necessary conditions, and if f” stand
for dffdx, it follows that

0, —0)f = —yy(w+d +d)f
(0, — Q) f = — (2w —d,) f C oL (19)
(03 - Qa)f' =0

Now f” satisfies the condition as to weight and degree necessary for being a
covariant, simply d and d, remain unaltered, while w is increased by unity.
Hence if the weight and degree of f are such that

wt+d4+d, =0
9w —d, =0,
then f* will also be a covariant.
We are thus led to the
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9. Theory of eduction of covariants.

This theory is clear from what has preceded, but, to give it its simplest form, it is
best to return to the preliminary conditions for a covariant.

If ¢ is a covariant, such that w + d 4 d, = 0 and 2w — d, = 0, the multiplying
factor is D% »~¢ and we may write the relation

¢ = Di+d =i,
Then
dp X d AP

_____ J— d+d: \~1 ,,2 ,,~d
= dp ax = DTN e

Hence d¢/dx is a covariant in which d and d, are unaltered and w is increased by
unity (3).

Before making use of this theory of eduction it is necessary to find a method of
finding some covariant functions from which the eduction must be made, and the
method now to be explained will in general supersede this mode of eduction.

10. Method of development from a matrix.

We have, however, another method for the formation of a covariant, namely,
directly from the differential equations.

Let 4_,® stand for the collection of terms algebraically homogeneous, and of degree
d —m, and let ;_.¢y, a—nP1, i—up, stand for the coefficients of terms containing
(6 —2), §—a, (€—x)® among these homogeneous terms. Then, amongst these
terms (15A) gives the law of derivation, namely,

Db =y o (20),

a law which is independent of d — m, and for all values of & — m, Q, ;_,ps_n = 0.
Hence, if we know .¢,, the coefficient of the highest power of = — p, we find all
the terms of the d™ degree.

11. Modes of derwvation of homogeneous terms from those of a higher degree.

The conditions (158) and (15¢) give us two modes of derivation, which imply the
existence of certain relations and conditions.

We have from (158) and (15¢) respectively,

(=) (e ®+ 200 +...  FMm+1)spna®+. ..}
+92 {dq)+ tl—lq)"l"- . +d—-mq)+--—}=0 e e e (21),
(W—]O){d-lq)‘l‘Zd—z(D‘I'--- +(m+1)d7_,,?_1¢+...}

+ Q3 (4@ + 1@+ .. F+i4. =0 . . . . (22).

7™M 2
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" Or,
(m + ].) (f — .’FC) d_m_l(b + Qg d_mq) = 0:
(m -+ 1) (77' "']0) a’_..m—lcb + Qs 4_a® =0,

and from these we again conclude

(m 4+ 1) ll—’;l—lqbq + Q) (tonys1) = 0 (28)
(m + 1) zl—m-—l¢’q + ‘Qg ([I—- m¢r]) =0 '

From (20) we deduce that
(0,0, — (g + 1D} b, =0 . . . . . . . (24)

That this is an identical relation among the coeflicients appears from considering
the operator. ‘ o
{00, — (g4 1) @3} 0

which ‘

= {00, — ¢ O3} Q7

= {0,00) — q Q;0,} 0771

= O { Q0 — q O3} Q7!

=0, {00, — (¢ — 1) 03} 977}

&e.,
and ultimately

= Q/7*1Q,,
But

924’0 =0,
hence

{00, — (g + 1) 03} $, = 0.

There is then no further condition to be satisfied among the coeflicients in the

expansion. The importance of this will be seen later in the development of
covariants.

12. The order of derivation is symbolised by a chart of the coefficients, with arrows
showing the direction of derivation. Thus:—
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where .
—> denotes deduction by the operator Q,,

/ t s ) BEERED) Qz,
\ ’ ” ’9 3 93:

in which we can easily trace the relations (16)

Qo023 = 030,
0,05 = 030,.

According to this mode of procedure s¢, is the matrix from which the other
coefficients in the covariant are developed. It is necessary that s, should be
a homogeneous isobaric function of the differential coefficients satisfying the differential
equation Q, /= 0. It is also essential that it shall not be an invariant as then no
development ensues. Taking the solution of Q,f= 0, including only differential
coefficients up to the fourth order, we obtain ,p, = 3y.y, — 4¥,°, and from it the
general covariant of conics may be developed.

13. General solution of Quf = 0, and theory of eduction of matrices.
Confining ourselves to the coefficients in the covariant functions, the equations (18)
may be written

a a h
1y, gt = — ¥y (w + o)
' / .
0,5 — 2 0,= (20— d.) g (184).
d a
O — Q=0 + 92

J

Hence, if ¢ is a homogeneous isobaric function of the differential coefficients such
that Q,¢ = 0, then

d
Q, Zi% = (2w —d,) ¢,

and if the weight and degree of ¢ are such that 2w = d,, then d¢/dx also satisfies
the same differential equation, and it is homogeneous and isobaric.
The solutions of Q, /= 0 up to the fourth order are

Yo and 3yyy, — 4y ;

from these we form, so as to satisfy 2w — d, = 0,

¢ = (Bygys — 445" ¥~
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and obtain from it by differentiation the educt of the fifth order

9Ys"ys — 45Y5ysy, + 40757,

which is the differential invariant of conics, and does not produce any covariant by
development.

By this process of eduction, a solution can be found for each order, but it is
possible to find a simpler series of solutions of Q, f' = 0 than those thus obtained.

14. Extension of the theory of eduction of matrices.
If ¢ is a matrix, and if we write ¢,, ¢,, &e. for d/dw, d*¢/da® &e., it is easily seen
that

. ) Z .
Qopy = du <Qz £> + (2w — d. + 2) by,

=22w —d,+ 1) ¢,.
Similarly,
Qpdy = 3 (2w — d, + 2) dy, &e.,
Qs = 0 (2w — dy + 1 — 1) pu_y,

where w and d,, are the order and degree of ¢.
Hence

(20— &) by — (2w — . + 1) §y*

and

(20— A, $by— 3 (20— ) (20— du et 2) bbby 2 (200 = - 1) (20— - 2) .

are matrices, and are of the form of the matrix and differential invariant of conics.
Generally, if ¢ and ¥ are two matrices, and if « and B8 are the respective values of
2w — d, for each,

By — oy

is a matrix.

Convenzent forms of the differential equations and of the irreducible matrices.

In obtaining the differential equations of condition (15), and in considering the
method of eduction by differentiation, there has been a convenience in retaining the
differential coefficients v, ¥/5, &c., but the forms of' the equations Qf = 0, and of their
solutions, are simplified by replacing them by ay, as, &c., where

Oy = Yu/n 1.
We thus obtain (15) '
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Q =2a2i—|—5o&a 2 + (6aya, + 3a 2)-a~ + (Tay0 —I—'Ma)*a—“
L= 2% 4, 8 3, sl 3/ O, 2% 34 Oug
+ (8ayas + 8aguy + 4a,?) 8_2; + &e.
0 0 0
Qz = 002873 -+ 26(,3 éz& -+ 30645;&; —|— &e. > . (25)

. 0 0 0 0
Q3= a,zza—% + 3o 8a5 + (daqay + 2a5°) S + (5a,05 4 5053%) 5077

g

~+ (604 + 6aga; + 3a,?) 58— + &e.
g J
The irreducible matrices of even order are easily seen to be

/Mz

Il

)

P
Uy, = Oy, — dg

Il

Ug = oty — 4ats0t; + 30,

]
I{}......(ZG),
!
J

Uy = Ayllg — 6ay0ty + 15,0, — 10a,°

and, generally, when n is even,

n—2)(n—3
Uy = Aoty — (N — 2) agty_y + ¢ '—~*~1)*(~2—-*) Oyt _o — &e.,

the last coefficient being half of the value as appearing from this series.
The matrices of odd orders are found from these by the last form of the process of
eduction and are

—_ 3
Uy = Gyl — Baatgty, + 20
—_ 2 2 —_ 2

From these it follows that

Qquy =0

Qquy = Uy’
Qqu; =0
Qqug = 10uy, (25),
Qg = TUylty
Qqug = 21ugu,
Qquy = 16ugu,

&e.

-
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and
Qu, =0 . 7
Qu, = ula,
Qu, =0
Quy = — uy + 10u,0,4 : .. (29).
Quy = — 2utug + 10w, + Tu 0,
Q;us = — 3uy + 21lugo

Uy = — duytug + 52uluu, — 30 (v + 4ul) + 16ulu.a4 |

15. Reduction of the matrices to functions of differential invariants, and two
Jundamental matrices of orders 4 and 6.

On the reduction which is now introduced depends the possibility of making the
subject of this paper an instrument of research into the character of the higher
curves.

For every order higher than the third, there is either a possible matrix or a
differential invariant, and for every order higher than the sixth there is a differential
invariant., Of the third order there is neither, and of the fourth and sixth orders
there is no differential invariant. Every function of differential coefficients can be
expressed as a function of a,, matrices of orders 4 and 6, and differential invariants,
and if the function is itself a matrix it will not contain os.

As a first step, I replace the irreducible matrices of the sixth and higher orders, by
matrices of homogeneous covariants, that is, by functions of the irreducible matrices
which satisfy Qg f'= 0. A

As far as the 9% order these are the irreducible solutions of

duy _ duy _ dug _ duy _ duy _ duy _ duy
0 2%y? 0 10w,  Tw, 21wy 16wy,
and are ‘
L = utug — 5u,? ]
L; = uuy — Tuu, L. o)
Lg = wytug — 21w, u,u + 70u,? r

From these again we find

0Ly = — wyuy,
QILS = - 3u22L7

Qng _— 4%22]:18 .
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From which we find the differential invariants of orders 7 and 8 conveniently in
the forms '
U, = u, L, — L
Ug = u,®Lg — 3u;LgLy, 4 2L° 1 (31),
U, = u,L, — 4L,Le + 8L°

which present the same forms as the irreducible matrices of order 4, 5, and 6.

16. The differential coefficients of the irreducible matrices, and of the quantities
by which they are replaced.

In this section of the paper the relations between the matrices, &c., are being
investigated for the purpose of use in the next section.

The differential coefficients of the irreducible matrices of even order are readily
written down, and those of the matrices of odd orders with rather more difficulty.
Thus ‘

d’ -~
“23% = buy + 10u,03
d
Uy ;;f = Tu, + 1dugay
' d
Uy % = 9uy -+ 18ugay
and
du, :
Uyt = 6L + 15u;04
< . (32).
o dL: = 8Lg + 40u,L; + 90u? +;19’M2”'u7003, L ( )
Hence

dlL,

dU ’
UgU Eucj = 8Ug + 16U, L; 4 55u,* + 40u,U,a,4

au
Uy —d-m—g = 9u;°Ly — 2102 — 12U L — 54U, L — 9L¢* + 604, Uya,
J

17. Ewxpressions for a,, ag, oy, &c., in terms of w,, L, differential invarmants and Oge

These expressions are found consecutively by the aid of the formulw which have
just been established. Thus,

MDCCOXCIIL—A. 7N



1194 MR. R. ¥. GWYTHER ON THE DIFFERENTIAL

'\

Oy = Uy
g = Qg

_uy+a}
W=
. 2

g+ 3w +af
% = Uy?

P
Ly + 2up + duga, + 6u,0® + agt L (3 3)
A = w3 )
2
0 = U, + L& + buae® + buy (L + 20 e, + 10u.%a,? + 100,003 + o
7 w, '

Uy 4 10wt 4+ 3U, Ly + T2 + 6w’y + Sufu® + 6wy (Uy + L 4+ Sugu®) a, + &e.

a8 —_— 5,7 2 .
g,
u2Uy — 38U + &e.
ty = 648
2,00
-~

" Tn these formulw, and in their applications, it must be remembered that they imply
that u, and u; are not zero at the point to which they refer.

§ 8. Correlative Forms.

18. The deduction of the equation to the reciprocal of a covariant from the equation
to the original covariont.

[The principle of duality, as applied to differential invariants, is explained by
HaArvpHEN (p. 56) in his thesis. In the case of covariants, the relation is still more
interesting.

The general investigation will come later, but let us begin by considering the
connection in its most elementary form. Let x, ¥, be the coordinates on a covariant
in either point- or line-coordinates, and X, Y, the corresponding coordinates on
the reciprocal in line- or point-coordinates. We express the correlative transforma-

X = =Y,
h and inversely j ’ '
Y=uay —y ly=XY, =Y

tion by

y; and Y, being understood to stand for dy/dx and dY/dX. Then we easily find

1 Qa2
Yy = —, Y3=""3°/_3é: Ya—':_y—t (i%’ and so on,
:l/g y2 « 3/.‘3 ?/2

with the inverse relationships.
These equations enable us to express any function of Y,, Y;, Y,, &c., as an equi-
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valent function of y,, ys, ¥, &c., and HALPHEN has shown the relationship between
invariant functions.

Our concern now is with covariants and especially with matrices. ,

Obviously, the conditions to which a function is subject, in order that it may be a
covariant function, are of the same form, whether the coordinates are point- or line-
coordinates, and therefore the matrix of the reciprocal of a covariant, regarded as a
function of Y,, Y3, &c., is a solution of Q,F = 0. It is proposed, in the first place, to
deduce the equation to the reciprocal from the equation to the original covariant,
and, found in this way, the coefficient which we have called the matrix will be a
function of y,, ys, &ec., and as a function of these quantities it will not be a solution of
Q,f=0.

To find the equation which it does satisfy, we will simplify the writing by taking
the point «, y as origin, so that we may write = for # — p and & for ¢ — a. The
equation to the covariant is a rational integral function in 7 and &

Let v and « be the corresponding coordinates on the reciprocal curve with the

relation
af—m—y=0 . . . . . . . . . (34).

where the third letters which are usually inserted to make the equation homogeneous
are omitted as unnecessary and, for the purpose, undesirable.

Following the usual course (Sarmon, ¢ Higher Plane Curves,” 2nd ed., p. 738), the
equation to the covariant is now made homogeneous by using this equation, and the
discriminant of the resulting equation, considered as a binary quantic in 7 and &,
equated to zero, is the required equation to the reciprocal.

It is not necessary that the whole of this process should be performed, for all that
is necessary is to obtain the coefficient of the highest power of y in the resulting
equation. We obtain it by putting @ = 0, and hence the coefficient of the highest
power of y s the discriminant of the highest group of homogeneous term wn the
original equation in w and €, treated as o binary quantic.

This coefficient is, of course, found as a function of %y, s, . . . , and when replaced
by the corresponding value in terms of Y,, Yj, it will be the matrix of the reciprocal
and a solution of Q,F = 0.

From the mode of formation of the coefficient of the highest power of v, it appears
that, as a function of y,, ¥s, . . ., it is an invariant for changes of Cartesian coordi-
nates, and therefore, us has been remarked in finding the condition resulting from
the coefficient B, in the original homographic transformation (12), it will satisfy the
equation Q, f'= 0.

Before continuing the more general consideration of this relation we will illustrate
this on the general osculating conic and its reciprocal.

The terms of the highest order in the covariant conic are

(20 — a?) 7* + alasmé + aé?,
7N 2
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and, therefore, the coefficient of »? in the reciprocal will be, omitting a power of a,

and this is seen to satisfy Q, /= 0 (25).

On introduction of Ay, Ag, A, to replace Y,, Y, Y,, as ay, ag, o, replace ¥, ¥s, and
14 and omitting a power of A,, we obtain

A2A4, - As2

for the matrix of the reciprocal conic as a function of A, A, A,, in which form it is,
of course, a solution of Q,F = 0.—Rewritten August 2, 1893.]

19. Dual relation between the operators Q, and Q.
The methods of solution of O, f=0 and Q,f =0, are alike, inasmuch as each
depends upon a method of eduction starting from the solutions of the second and
fourth orders. The general proposition is now stated, that if « be a solution of either
O, f=0or Q,f=0, in which ¥,, ¥, &c., or, what is the same thing, a,, a,, &c., are
the arguments, and if in consequence of the substitution for these quantities of Y,, Y,
&c., or of A,, A, &ec., u becomes U, then U is a solution of the other corresponding
equation, that is, of Q,F =0 or Q,F = 0.
As far as the first three solutions of O, f= 0 are concerned, it is readily verified
that
Uy, Uy and U

5

become

. Ug, 4:A2A.4E - 5A.32, a;nd U5,

divided respectively by Uz? — U5, and — U,? and numerical factors, where the index
of the power of U, is the weight of the function which it affects.

If 0 be a function of a,, a,, &c., of weight w and degree d,, on substitution it will
become ®/U,*, where ® has the weight and degree of §. Writing W and D, for the
weight and degree of ®/U,” we obtain

W= —w, D,=d, —w,
so that

W4+D,=—(@w—d,) and —@W—=D)=w+d.. . . (35)

Bearing in mind the conditions (184) for the eduction of solutions of Q, /= 0 and
Q, f =0, it follows that processes which educe solutions of Q,f = 0 from functions of
the character of 6, will educe solutions of Q,F = 0 from functions of the character of
0/U,*, and vice versd.

As a consequence, in making a change from point-coordinates to the correlated
line coordinates, or vice versd, the operators O, and Q, are interchanged. Or expressed
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in terms of a,, oy, &c., the coefficient of the highest power of y in a contravariant is
a solution of Q,f=0. ‘

The proof just given is connected with the theory of eduction, but it is perhaps
more simple to notice that the relation

v af-—w-—y:O

must hold not only for the original coordinates, but also for the coordinates in the
general homographic transformations, and hence to deduce the dual relationship from
the essential principles of this paper.

That is, if we make infinitesimal homographic transformation for both &, m, and
a, v, indicated by

& T 1
E'+Bl7r'—7r'_Af'+B7r'+l’
A 1
“/_I_Dl(yt—(yr'-'fcal_l_l)(y/__l_l’

as in Art. 2,
then, in consequence of
af —_—T—y= 0,
Blw'pc' + D¢y =o' (Co’ + DY) + v (A€ + Br'),

and
B, =C, A =D, D4+ B=0.
Or A is replaced by (C or by) B, and B, by (D, or by) A, while B is replaced by (D or
by) — B.
Hence the conditions derived from A and B, are interchanged, while those derived
from B remain unaltered (Art. 6). That is Q, and Q, are interchanged, and Q4 is
unaltered.

- 20. Relations of the differential invariants, and the solutions of Q,f= 0 and
Q, f =0 to the ordinary invariants of o curve.

Differential invariants appear in the processes of eduction, that is ultimately as the
result of differentiation, in three ways. Firstly, in a series of differential invariants
only; secondly, from a series of solutions of Q,f =0, w.e.,, a series of differential
invariants for change of coordinates or semi-invariants ; and thirdly, from the series
which we have called matrices, which are semi-invariants in the correlated system of
coordinates.

The differential equation to a curve involves differential invariants only. If we
find the series of first integrals (in the next section I illustrate, on the cubic, the
general method of finding this series), we may form from among them the functions
of differential invariants, of semi-invariants, and of matrices which are constant along
the curve. These functions may be properly called (each in its proper sphere, as
homographic or Cartesian) differential expressions for the invariants of the curve.

It is perhaps worthy of remark that in showing the mode of integrating the
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-differential equation of conics, Mr. ELrLiorT* does, in fact, illustrate these methods of
procedure.

§ 4. Application of Results to the Cubic.

21. The differential equation of the general cubic.

It has been previously shown that the order of this differential equation will be 9,
the degree 10, and the weight 85. It is also a function of u;, U,, Uy, and Uy, since
it is easily seen that u, cannot explicitly enter the equation.

Written as a determinant, the equation is

g,  Ogy gy 20406+ 20,00, @+ 2050, + 2050, g® 4 6ayq0, + S e

Ogy Oy Og, 0022050, 204505 + 2050, By, + Batgets?

Oy O Oy 2050, o+ 20,0, Bay’a —0.
Oy Cgy Oy, Qg b, 0ty

Uy, Oy g 0, ay?,

Gy gy Oy, — 07, 0

From this we see that ag and a, enter only in the form a0y — ag®
Hence we have the terms u,*U,U; — U + ... Since the degree of these terms
is 24, and weight 72, the differential invariant when complete must be divisible
The differential equation therefore takes the form
u? U, Uy — (U + 4U0) + Eu'Ug + Tu,® = 0.
Determining E and T, either by the condition of containing u, as further factors

or by comparison with the determinant, we obtain

'U/52U7U9 bl ’l_.]rs2 — 4U73 — 15U54LT8 - 56U58 = O,
or
u52U7U9 - V82 - 4:U73 + u54V8 =0 . . . . . (36),
where

Ve = Uy + 8ut

22. The first integrals of the differential equation of the general cubic.

From the equation to the general cubic, found as a differential covariant, it is
possible to find a complete set of the first integrals of the differential equation.

For the equation to the cubic being written in the form

b —pé—y+ym)P+8h(—né—y+yx)(§—=2)
+ 3ay(n — 91 € — y + yx) (§ —a)® + o (§ — @)
+ 80 (n —pné—y+ye)+6m(n—y € —y+yx) (€ —2)
+ 305 (§ — @ + Bey (n — v, € — ¥ + y1@) = 0, .
¥ ¢ Messenger of Mathematics,” vol. 19, p. 5, 1889,
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and expressing it in terms of powers of £ and 7, we get

by
— 3 (byy — b)) %
+ 3 (by® — 2byy, + a,) né® 4 &e.
— 3 {b(y —y) + by — by} 7* + &e. = 0

the coeflicients being easily written down.
Now, whatever be the point (x.7) taken upon the curve, we obtain the equatlon to
the curve in an identical form, and therefore the ratios of corresponding coefficients
in any two such equations are equivalent.
*This being the case, we obtain nine first integrals of the differential equation to the
cubic, to which we may give the forms

Yy, — 5 = constant,
9 b, | a,
Y —2 5 + 3= constant,
bl b3
Y -— Y@+ FE— 3= = constant,

-~ &e.

1199

On account of the obvious character of these expressions, I do not write them
down, nor shall I perform the simple processes whereby they are simplified, but
merely write down the final forms in which I propose to deal with them.

For this purpose, write

2mb.

3

3

b2

by
by

—2§—k

(37).
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Then the nine integrals take the form

Y — % = constant jl

(38),
b
hyx — hy = constant. J

‘ |
y—ylm-l—%‘ac—%:cons’oant |> '

h, = constant |

k, = constant

hok, — h,k, = constant

of6y 1769 (39),
hihy — hy? = constant

kyky + ky* = counstant

k*ky — 3kikoks — 2k;* = constant J

of which the last six do not contain @, v, or y;.

To select from among these six first integrals those which are functions of the
matrices only.

It is readily proved that

Qohy = — 2h,, Qole, = — 8k,

Qohy = —  hsg, Oy = 2k,

Qshy = 0, Ok = — Ky
Qf,= 0,

and forming the functional solutions of

Uy T h T 0 g, T e m 0 (40)
we get ,
hy )
b
hiky — hk:
b8 L (4D),
hhg — hy? ‘
k4]€2 + k32
ky*ky — Blkyfegky — 21ky? |

forms which are at once recognized as being obtained from those of the last six inte-
grals (39), by interchange of the subscripts 1 and 8 of &, and of 1 and 4, 2 and 3 of %.
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Hence the functions involved in the first integrals are the solutions of a set of
differential equations analogous to (40), and it is the common solutions of these two
sets of equations treated as simultaneous that we are seeking. It is easy to prove
that the number of such simultaneous solutions is four, and they can easily be
constructed as follows :—

P, = hlh3 — hy? 3
P 9 = h1 UCJ% + k32) + kz (kzks - kﬂ%) + ks (klk?, + kzg)
P, = kl*"'kﬁ — 6kkokesk, — 47c17c33 — 4kl3k, — 3k ks? }(42).

P, = Iy (hyky — 2hokiy — haly)® + 2hy (b, — 2hoky — hoky) (hoky — 2hoky — hiiky)
| & Ty (hgley — 2ok, — hyg)?

-

Of these P; can be shown to be Matrix of Hessian/(Matrix of General Cubic)®.

23. To find the first integral of the differential equation to the general cubic which
s o differential tnvariant.

For this purpose we are to find a function of the P’s which is a solution of 0, f'=0.

With rather more difficulty than in the case of Q,, we find

b

, b b
Ohy= —ky— 25 0y — 2 2 0,
—_ b2 blk
Qlkl——qll —6}; Y
hhy — 5 0k, —
b b
‘ b

The problem is now to find functions of the P’s, which satisfy simultaneously

diy _dhy _ dhy _ dky dhy by db,
— kg — bR — Ghghy 2k, + 4B Ghgh,

and

the third equation being sutisfied by each of the six first integrals.
MDCCCXCIIL—-A. 70
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The first of these equations is satisfied by

and

r . (43).
2P, + 8P, — 10P,P, 4 14P3 |

Hence

(P — P)3/(2P, + 8P; — 10P P, + 14P23? . . . . . (44),

is the function of differential invariants which gives a first integral of the differential
equation, or in other words, is the absolute invariant of the cubic.

24. The general form of the matriz of a cubic.

In all cases the matrix is a function of u,, I, and the differential invariants. In
the most general case the matrix of the cubic will contain w3, but if we take the
cubic to touch the standard curve (which is actually to be the curve itself), the
matrix would contain only w2 '

The coefficient of u,* will also be simply a differential invariant, and, from the
nature of the operators Q, and O, the complete form is found to be

¥+ 9L Yol + slig® + Lt + (¢ + il + $oLe?) vy + Sinss
with the condition which will be presently seen
S+ uldy 4 gty = 0.

Taking the point of contact with the standard curve as temporary origin, and
writing the equation

| br® 4 8b, 7% + Bamé® + aé® + 3byr® + 6maé 4 3a,8” + ey = 0,
we shall have
h = matrix, as above | : A
8y = — @22“5 {4 2L + 395 Le* + 4L’ + () + 26Lg) 1y}
+ ug? {¢ + d1lig + dolig® + 2w, ay
Bag = wytu® {{, + 3Pl + 6P, L 4 Pyuy}
+ u (P + byl + Pl + 2funy) — wytuy (dy + 2¢,Lug) ay + uy'fos?
a = — wbu® (P 4 4P, L) — ugbus (b1 + 2doLig) 4 us® (2 + ugldy) oy L
with the condition

Also

(45).

S ugdy + ugty, = 0.

8by = — ug’ (¢ + d1lyg + boLig® + 2uy)
6m = uu; (b + 2¢,Lg) — 2us’farg
Bag = — 1y 1 hy — 2u,Tf

Be, = ?!,‘:’f : P,
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We may now form the coefficient of the highest power of y in the equation to
the reciprocal curve. This coefficient is to be found, as has been shown, from the
discriminant of the terms of the highest degree in this cubic, regarded as a binary
cubic, and is therefore

From this the equation to the reciprocal curve would be developed according to the
previous rules but with an interchange of the operators Q, and Q,. All the quantities
in the expanded coefficient are, however, solutions of Q,f = 0, except a;, and hence
the degree of the reciprocal curve is indicated by the power of agin the expanded
expression.

25. The matrix of the non-singular cubic, and tts differential equation.

The condition of intersecting the standard curve at a number of points coincident
with the temporary origin is an invariantal relation, and in finding the condition we
may treat the expressions as if they contained only differential invariants in their
coefficients. ’

Thus we write the equation to the cubic

Y’ — uugmE 4 u* (- usy) mER — wugbuy (by + i) €
— U’ + wPushmE — u)l (2 + u’d,) &€ + wlfr =0,

and, for the consecutive points on the standard curve, putting

§=h,
we have (38)
79y s g Uy 79 Ug+ 100t o Uy — 302
™= ught + Uy W+ Ut W+ g, ? W+ wgbtt? W+ &e.

Equating to zero the coefficients of the several powers of 4, on substitution for «
and £ in the equation to the cubic, we get

from the coefficient of 2%, ¢, = 0 and [+ vl p, =0
”» y B3, ¢y =0
. ht, Y, =0
\ . W, =f | L. (46).
”» » By = — uip,
» ”» W, ulte=U.f
» o W, uUppy = — Vg f J

702
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These are sufficient to determine uniquely the coefficients in the matrix, and from
the coefficient of A® we derive the differential equation to the non-singular cubic

utUy — 3U2

3
U

V, + 2Ll5

Lppret 2oy Zrg o gug=o,

which becomes

U, Uy — V& — 405 4wtV =0,

and is identical with that previously found in (36).
And the matrix of the non-singular cubic is

UpA -V, L,— UL?
7 86 76U¢+V3+U7L5

22
Uy,

2
Uy

26. The matriz of the equation to the tangents to the cubic from the temporary
origin.

To find this equation, put = = mf|, and form the discriminant of the resulting
expression in £ as a binary quantic. Equating this to zero, replace m by /&
Since we need only the coefficient of the highest power of =, the simplest method of
finding it is to put € = 0 in the matrix of the cubic, and form the discriminant of the
resulting expression in .

The matrix required is

9b8 — 12be,,
or

(¢ + &1L+ ¢ Lig*)? — 4 (¥ + L + Yol + s L® + P LY) . . (47),

and the degree of this in L; denotes the number of tangents which can be drawn.
The conditions that the cubic may be nodal or cuspidal are that this matrix, as a
function of Lg, may have a linear factor twice or three times repeated.

27. Case of nodal cubic.

In this case we still determine uniquely all the ratios of the coefficients, except
/f, by the condition that the coefficients of 4 up to the seventh vanish identically,
while the differential equation is found by equating the coefficient of A% to zero.

The further condition, to determine y/f; is (47) that the discriminant of

(fL¢® + yLg — Uy f) — 4w S (fLg + ¥)
may vanish.
Writing & or ¢/2f, and « for L 4 k this equation becomes

S — 2 (R4 U) 2 — dute 4 (B4 U —dufk=0 . . . (48)
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With the usual notation (I and J) of theory of equations

7=+ 0 — i,
27J__ k2 U 3 9 01 4% (Je? 27 5 &
_—84—( + U — Sus'® (B + Up) + % ut,

and the equation giving % is

(1 + Uy = 3038 — (4 U — $ o'k (B + Uy) + W} =,

a biquadratic for Z.
- To find the differential equation we have

: U7¢: - st;
and therefore
{(Vs2 + 4U73)2 - 24“54'VSU73}3
— {(V82 -+ 4U73)3 —_ 36u54"V8U73 (V82 -+ 4:U73) -+ 216%58U76}2 =0 . (49),

which contains the factor w;™.
The biquadratic from which % is to be found is

Ukt — 3w + 2U%° — §ut Uk + Up + $u=0 . . . (50)
The discriminant of this is found to be
16u,® {256 U2 — 27u,8}%

And if 256U,% — 27u,8 > 0, all the roots are real.

In this case, four real nodal cubics can be drawn to have contact of the seventh order
with the standard curve. If 256U% — 27u® < 0 only two. If 256U;° — 27u8 =0,
there will be two nodal cubics, the third being cuspidal, as will appear in the next
section.

Equiharmonic and harmonic cubics can also be drawn to have contact of the
seventh order, and it is readily seen from the Theory of Forms that & will in these
cases be determined by

B+ U — $u (P + Up) + % uf=0 . . . . . (51)
(B+UP—3u k=0 . . . . . . . . (52

and

respectively,
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the roots in the latter case being all real, provided

28. Case of cuspidal cubic.

The ratio ¢/f is now to be determined from the equations of condition, as well
as y/f.

Writing u,°¢/f = ¢, we may write down the conditions from that obtained for the
nodal cubie, viz.,

(B + q)* — Su;% = 0.
(B + g — & stk (B o+ g) + 30 = 0.

‘Whence,
8 — 8
g g
and the differential equation becomes
256U —27uf =0 . . . . . . . . . (54).

29. To exemplify the use of the general forms of the equation to the cubic and of
the matriz.

The coordinates of the tangential of the origin are

3
=0, £=—"5

o >

and the matrix of the polar conic of the tangential becomes

(¢1 + 2¢aL) [ fry + (¢ + éiLg + PL?) ] — S

Taking the general cubic this becomes

(Va+2U,Ly)
Uy

52

[U';u% _|_ (U72 - VsLs - U7L62)]

D
Uy

and the matrix (and conic) breaks up into factors, provided u,= 0,since U2—=VL;—TU,Ls?
contains the factor u,%

That is, as is known, the tangent at a sextactic point passes through a point of
inflexion.

The matrix of the nodal cubic is given by

b/u = 2k + Ly + Uy = 28Ls — Lg? uy 4+ w2
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The biquadratic for k may be written
Uy (B 4 Uy = bt (B + 90k — 32 u,)

and k* 4+ U, contains the factor u;.

Hence, from the equation (48) for x, = or k4 L, contains the factor wu,, and
U, — 2kL; — L or U, + ¥ — (k4 L)? contains the factor u.% so that v, is a factor
of the matrix b.

The matrix of the polar conic of the tangential of the temporary origin is therefore

k+ T, U, — 20T, — Lg} ,

Uy {u‘t + u? + “ss

and the tangent at a sextactic point will pass through the point of inflexion.
Evidently there can not exist any sextactic point on the cuspidal cubic.

§ 5. Invariant Coordinates and Invariantal Equations.

To make it possible to use the methods of this paper to investigate the properties
of the higher plane curves, it is desirable to effect some gain in brevity and lucidity
without any sacrifice in generality. This is the object of the system of invariant
coordinates, which are introduced in this last section.

The matrix from which the equation to a covariant curve is developed contains
1y, Lg, and invariant functions. The order of the curve, in general, depends upon the
mode in which u, and L, enter the matrix, and its characteristics upon the ratios
between the invariant functions. These ratios have the properties which entitle them
to be regarded as the invariantal coordinates of the curve whose equation is developed
from the matrix. In especial, I shall show that this is the case in the equation to a
covariant straight line, or line of homographic persistence, and, from the consideration
of such lines, arrive at a definition of invariant coordinates of a point of homographic
persistence. After showing that we obtain a dual invariant system of point and line
coordinates, I ultimately develop a mode of representing a curve by an invariant
equation, which will be much shorter than the covariant form of the equation which
we have as yet considered. The coordinates to the curve will be the characteristic
invariants of the curve, and none of the homographic peculiarities will be sacrificed by
the abbreviation.

80. Introduction of invariamt coordinates of a homographically persistent point or
curve, and of an intrinsic invariant equation to such « curve,
The general equation to a covariant line takes the form
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(us pgtey+ by + Polig — ¢'3L62) 7 — uy? {(y — 2¢3L6) Uy — U a0} € — uPulhy =0...

where all the functions ¢ contain differential invariants only. Such a line may be
called homographically persistent with regard to the standard curve.

Indicating a second homographically persistent line by a similar notation, but using
dashed functions, we may find the coordinates of the point of intersection in the form

7= uAfuA + C + Bay 55
§ = u,Bju,A + C + Bay . (35)
where
A = — u? (pbs’ — by'hy)
B = u; {(¢sb)” — b5'd) — (otps” — ¢2’¢3) L} ’
C = (¢1hy’ — b1'P2) + 2 (b3’ — ¢3'¢1) Lg — (datps” — y'hs) Lig® .
or, more éhortly,
A= —u’\
B = u, (v — A\Ly) e oo (56).

C=v+4 2ul; — AL

We may call such a point a point of homographic persistence with regard to the
standard curve.

Treating (A:p:v) as determining the position of a point, and (¢, : ¢, : ¢3) the
position of a line, the condition that (A : w :v) may lie on (¢, : Py : d3) is

Ay + pdy + vy = 0.

Hence these form correlative systems of point- and line-coordinates.
If two lines () : ¢y : bg), (1 : 'y :¢'s) meet in (M :p:v)
Y P v

by P B ‘ v s
O B, o &

and if two points (At :v), (N 1/ :2') lie on (¢, : ¢y & ¢y)

b ¢ ¢,
B
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If three points (N :p:v), (Wi’ : %), (N 1 :v”) lie on a straight line

N,oou, v
N,ow, o p =0,
N,

and so on,

I define (N : pu :v) as the invariantal coordinates of the point, and (¢, : ¢, : ¢s) as the
invariantal coordinates of the line.

The condition that (X : p :v) may lie upon a covariant curve of the 2™ order will be
an invariantal relation between A, g, » and the coordinates of the curve, homo-
geneous of the n™ degree in A, u, ».

It follows that if f(N, p, v) = 0 expresses thls relation, it is, in this system of
coordinates, the equation of the curve. I shall call it the intrinsic invariant equation
to the curve.

The coordinates of the tangent to the curve at (A: p :v) are

of o of
o’ a,u. o’

If (\ :p’ :v') lies on the tangent to the curve at (A : u : ») then

A Y
Mot T, =0

Taken with f'(\, u, v) = 0, this gives the coordinates of the points of contact of
tangents from (N":p’:7), and, being of the n — 1™ degree, it represents the first
polar of f'(A, p, v) = 0 at (A : p": ).

Finding the first polar of this again, the second polar of f(\, p, ) = 0 has the
equation

< at s, + v 5;>2f=, 0.

It is unnecessary to carry this further to determine how far the ordinary methods
of geometry apply to this novel system of coordinates, since the character of the
analogy is obvious.

31. The values of the differential invariants at different points on the curve.
The coordinates of any point on a covariant curve were, (55) and (56), given in the
form :
7= — uuY [ — (u® + L 4 uLgas) Y + (Lg 4 wya) X + 1,
¢ = — gy (LY — X) [ — (ugu® + L + uLgay) Y + (L + u05) X+ 1,

MDCCCXCIIL,—A. 7P



1210 MR. R. F. GWYTHER ON THE DIFFERENTTAL

where X and Y have been written for u/v and My respectively. Here X and Y are the
variables as we pass along a curve, and d?Y/dX?, &c., are to be found from the intrinsic
invariant equation to the curve which we may write /' (X, Y) = 0.

The relations between & 7 and X, Y are of the form of a homographic transformation,
and therefore any of the functions of d®r/dé?, &e., which we know to be differential
invariants, will only differ from the similar functions of d?Y/dX?, &e., by a factor, of
which we know the form, which will contain u,, I, and a,.

It will not be possible to express the value of a differential invariant at (X, Y) in
terms of X, Y and differential invariants at the origin only, unless the said differential
invariant is absolute, but the invariantal coordinates of a point of homographic
singularity will be found by applying the condition immediately to f(X, Y) = 0.

Obviously, if the intrinsic invariantal equation is regarded as the equation to a
curve in the ordinary sense, that curve will have the same homographic singularities
as the covariant from which it is derived, and the coefficients in the equation are
differential invariants. Hence we are led to the simpler method of finding the
conditions for the existence of homographic singularities in terms of differential
invariants, namely, the immediate application of the ordinary theory of forms to the
intrinsic invariantal equation treated as a ternary quantic. For this reason, the equation
in this form may be regarded as the canonical form of the equation to the curve,
since the coefficients are the differential invariants which characterise the curve.

T proceed to illustrate this upon the conic and cubic.

To obtain the intrinsic invariant equation, we may omit all terms which are not
purely invariant from the coefficients in the covariant form of the equation and
substitute — wu,?\/v or — u,*u,®Y for m, and wyuu/v or uu, X for & I shall retain
N, v

Thus, the intrinsic invariant equation to the osculating conic is

w4pr=0. . . . . . . . . . . (57).

32. Illustrations tn the case of the cubic.
The intrinsic invariantal equation to the general non-singular cubic is (omitting a

factor containing u,)
N (VA +Up) +(UAN =V +Up) w4+ p?) =0 . . . (58),

and that of its Hessian is consequently

6u; " V420, U420, 20U 42U 2u— Ve, 2UAN—Veu+42Uw | = 0.
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If (A, : py : vy) lies on the tangent at the origin, U\, = 0, and for the tangential of
the origin \y = 0, u, 1 v, = U, : Vg :
Hence, on a non-singular cubic we can have neither U, = 0 nor Vi = 0.
Also, on substitution in the equation to the Hessian, we obtain u; = 0, or, if the

tangential is a point of inflexion, the origin must be a sextactic point, as is well
known.

The equation to the conic of closest contact at the origin is

M+ p? =0,

and to the polar conic of the origin is

UN —Vp + 2UM 4 U = 0.
So that
UN—=Vu+Up=0

is the equation to the common chord of these two conics, and it is the tangent at the
tangential of the origin.
The second tangential of the origin lies on

VA4 Uy = 0,

that is, lies on the common chord of the cubic and the conic of the closest contact.
The coordinates of the point at which this chord meets the cubic again, or the sixth
point in which the osculating conic meets the cubic, are given by

Y S
A

U2
and, therefore, Vgu — U,y == 0 is the equation to the line joining this point to the
tangential of the origin.

The cordinates of the third tangential of the origin are given by

i — v )
— U, — (U +u®)

23
U,

and are independent of Vg This point is the corresidual of the eight consecutive points
on each of the several cubics in which Vg is arbitrary. This is also a known property,
but the method allows us, with little difficulty, to prove properties of which other
analytical proofs are laborious.

7P 2



1212 MR. R. F. GWYTHHER ON THE DIFFERENTIAL

33. General method of finding the form of the wntrinsic invariont equation to a
curve of any order.

It will not be necessary to pass through all the steps which I have taken in
developing this theory of intrinsic invariant equations. .

If we have an equation to a covariant curve, say f (w, £) = 0, and if F (A:p:v) =0,
or (X, Y)= 0, is the corresponding intrinsic invariant equation where X and Y stand
for /v and My respectively, then the relations between m, £ and X, Y are essentially
of the character of a homographic transformation. Hence, if for points near the
origin in the covariant curve = is written a,h® + a;h® + a.h” + ..., and % is put
for & while in the intrinsic invariant equation Y is written Ah*+ AR5+ AN 4 ...,
where £ is put for X, and if a,, a;, a,, &c., are written for the invariantive portions of
Oy, Qy, Oy, &c., then Ay, A; A, differ from the values of ay, ay, a;, &e., by factors of
the character which we have considered in the earlier part of this paper.

Thus a, = Dp*~1¢™1A,, where p and ¢ stand for the expressions corresponding to
those written p and \ in (2).

In general D = — w,*u.?, and at the origin

q = Uglty, p = 1.

Therefore,
an = — Utu® ()AL, o A, = e )"0 %,
therefore
Ay=—1
Ay = —
A7 = — ’M54°U7
Ay = — u W, where Wy = Vg 4 2uf,

and, comparing with (33), generally

A, = — W,
Hence the value which, near the origin, is to replace Y is
— R =yt (WU WH o). . . . o (59)
Taking the general equation of the intrinsic invariant of conics as

0N + O p + (65 + 0)) p? + O)v + O\pv + 02 =0,

and substituting for /v and u/v, the values shown above, we find all the invariant
coeflicients vanish except 6,, and thus
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M+ p?=0

is, as before, the intrinsic invariant equation of osculating conics.

So we may, without further investigation, find the similar equation for osculating
cubics as we have found it above.

The equation to the osculating curve of each order will aid us in finding that of
the next ; thus, the general form of a non-singular osculating quartic will be

O\ (N — Nav — p®) + O\ (W 4 p®) + 0 (W + p?)?
+ (O + O 4 O) {2 (Vh 4 Ugp) + (U — Vi + Upp) (W + p)} = 0.

The forms of the functions 6 can be found, but they depend upon differential
invariants of a higher order than those of which the values have been investigated.



