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IV. 4 Certain Class of Generating Functions wn the Theory of Numbers.

By Major P. A. MacMAHON, R.A., F.R.S.
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INTRODUCTORY ABSTRACT.

The present investigation arose from my “Memoir on the Compositions of

Numbers,” recently read before the Royal Society and now in course of publication

in the ‘ Philosophical Transactions.’
If X, X,,..

matricular relation

The main theorem may be stated as follows :—
., X, be linear functions of quantities x,, x,,...

., &, given by the

(X, Xop oo X)) = (g ay oy, ) (2, o oo oy ),
B Oog Pon
F Oy Oug g O
that portion of the algebraic fraction
1
(1= X)) (1 — 5,X5) ... (1 — 5,X,)
which is a function of the products
S1%1, Solay + v v vy Syl
only, is 1/V,, where (putting s, = s, =.... =3¢, =1)
ay — e, o, yn ;
RSP gy — 1/, on
V.= (—)xx,...., | _ 5
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The proof of this theorem rests upon an identity which,
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Coapsiy — 1, a8, 3817,
ERSUY (gaSoy = 1, ChogSyy,
; .
| COg1Sss, (598573, CbggSqy — 1,
1 — X, 0, 0,
== 0, [ - SQX?/, 0, .
|
0, 0, 1 — 83X3, !
sulmn — X))y G OPG)
b r
1 —sX, [ — Xy L — X,
% 91597 53 (@yty — X) 1 (o3Sey
T~ ? e T
1 — s,X, 1 —5X, ’ 1 — s,X,
(318373 (1395373 8 (@gg5 — Xy) 1
! — T T e T =
. 1 — 5, X3 1 — X, ’

and is very easily established.
An instantaneous deduction of the general theorem is the result that the generating
function for the coeflicients of @,%x,® . . . 2, in the product

X AX,E .. X
1V,

o
A

The expression V, involves the several coaxial minors of the determinant of the
linear functions. Thus

Vo= 1 — a2 — gy — gy + | apcrgy | @y | ayagg | 205 — | agy0rg | @yt

| O CggChan | X0

a0

The theorem is of considerable arithmetical importance and is also of interest in
the algebraical theories of determinants and matrices.
The product
. XEXh . X
often appears in arithmetic as a redundant form of generating function. The theorem
above supplies a condensed or exact form of generating function.
Fx. gr. It is clear that the number of permutations of the f symbols in the
product L
wi byt b

which are such that every symbol is displaced, is obviously the coefficient of

R NN
in the product

@t F ) (s Fa)t (e w a)E,
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and thence we easily pass to the true generating function

) 1
1 — 2oz, — 2 2wy — 3 3magngy, — oo — (0 — D)z, . ..,

In the paper many examples are given.

Frequently the redundant and condensed generating functions are differently
interpretable ; we then obtain an arithmetical correspondence, two cases of which
presented themselves in the “ Memoir on the Compositions of Numbers.”

A more important method of obtaining arithmetical correspondences is developed
in the researches which follow the statement and proof of the theorem.

The general form of V, is such that the equation

V,=0

gives each quantity x, as a homographic function of the remaining # — 1 quantities,
and it is interesting to enquire whether, assuming the coefficients of V, arbitrarily,
it is possible to pass to a corresponding redundant generating function.

I find that the coefficients of V, must satisfy

20— —2

conditions, and, assuming the satisfaction of these conditions, a redundant form can

be constructed which involves
n-—1

undetermined quantities. In fact, when a redundant form exists at all, it is
necessarily of a (n — 1)-tuply infinite character.

We are now able to pass from any particular redundant generating function to an
equivalent generating function which involves n — 1 undetermined quantities.
Assuming these quantities at pleasure, we obtain a number of different algebraic
products, each of which may have its own meaning in arithmetic, and thus the number
of arithmetical correspondences obtainable is subject to no finite limit.

This portion of the theory is given at length in the paper, with illustrative examples,

Incidentally interesting results are obtained in the fields of special and general
determinant theory. The special determinant, which presents itself for examination,
provisionally termed ¢ inversely symmetric,” is such that the constituents symmetri-
cally placed in respect to the principal axis have, each pair, a product unity, whilst
the constituents on the principal axis itself are all of them equal to wunity. The
determinant possesses many elegant properties which are of importance to the prin-
cipal investigation of the paper. The theorems concerning the general determinant
are connected entirely with the co-axial minors.

I find that the general determinant of even order, greater than two, is expressible

MDCCCXCIV.—A, Q
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in precisely two ways as an irrational function of its co-axial minors, whilst no deter-
minant of uneven order is so expressible at all.

Of order superior to 3, it is not possible to agsume arbitrary values for the deter-
minant itself and all of its co-axial minors. In fact of order n the values assumed

must satisfy
2% ¥ 1 — 2

conditions, but, these conditions being satisfied, the determinant can be constructed
so as to involve n — 1 undetermined quantities.

§ L

Art. 1. In a Memoir on “The Theory of the Composition of Numbers,” recently
communicated to the Royal Society (as above-mentioned), there occurred certain
generating functions which admitted important transformations to redundant forms.

I proceed to the general theory of these transformations, and subsequently discuss
the algebraical and arithmetical consequences. The main theorem is, in reality, a
theorem in determinants, of considerable interest, as will appear.

Art. 2. Consider the algebraic fraction

1
(1 = X)) (1 —8Xy) ... (1=sX,)’

wherein X, X,, . . . X, are linear functions, of 7 quantities @, @,, . . . @,, as given by
the matricular relation

(X, Xy, X)) = (o ay, .o a,) (24, @, - .. ).
by, by .. b,

11y, Ny, o o o Ty

I assume the quantities involved to have such values that the fraction is capable of
expansion in ascending powers, and products of @, 2y, . . . X, by a convergent series.

Art. 3. A certain portion of this expansion is a function of s;%y, ;@ . . . 8,2, and
of the coefficients of the linear functions X, X,, ... X, only. One object of this
investigation is the isolation of this portion of the expansion which, for some purposes,
in the Theory of Numbers is the only portion of importance.*

* Tt will occur to mathematicians, who are familiar with the Theory of Invariants, that generating
functions not unfrequently present themselves in a redundant form. In particular, it is frequently
necessary to isolate that portion of a generating function which includes the whole of the positive terms
of the expansion, the negative terms, though admitting of interpretation, being of little moment.
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Without specifying at present the arithmetical meaning of the generating function,
I will call the portion above-written the “redundant form,” and the essential portion,
to which reference has been made, the “ condensed form.”

Art. 4. As typical of the general case, put n = 3.
It will be shown that the condensed form is 1/N, where

N =1 — a8, — bysyy = 4854
+ | ayby | 8182120 4 | aycg | 818520205 4 | Doy | SySsams — | arybycy | 818y851 200

The notation is that in use in the Theory of Determinants, the coefficients of N
being the several co-axial minors of the determinant | &by, | ; this determinant is
the content of the matrix which occurs in the definition of the linear quantics Xj,

X,, X,

Art, 5. In determinant form N may be written

1 — a8, — Oy$1%y, — 0381%4
| — b8y, 1 — Dysy,, — bysg2,
i — 01833, — CySqs, 1 — cy8574

and also in the important symbolic form
| (1 — 0‘131501)(1 — bysyy) (1 = C385%3) |

wherein, after multiplication, the a, b, ¢ products are to be written in determinant
brackets. Such symbolic multiplication will be denoted by external determinant

brackets as shown.

Art. 6. We have now

N
(I = 5X) (1 = 5X5) (1 — 8,X;)

| @ — aysi) (1 — Dysyzy) (1 — eysymy) |
(I — X)) (1 — 5,X,) (1 — 5X;)

— | (1 —=5X, + 85X, - a3%y) (1 — 8,Xy 4 8,Xg — bysoy) (1 — 8K 4 5,X5 — 55575 |
1 = 5X)) (1 — 5X,) (1 — 5,X;)

8 (X — aymy) 8y (X — bymy) 83 (X — ey73) SoSy | (X — byy) (X — c503) |
=14+ 1— X, + 1 — 5,X, + 1 — 85X, + (1 —5,X,) (1 — 8,X,)

+ ss81 | (X = egmy) (X — ayy) | + 815 | (Xy — aymy) (X — by) | ,
(1 — 5X;) (1 — 5, X)) (1 —5X)) (1 — 5,Xy)
Q 2
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since, as will be seen presently, the determinant

| (X = aym)) (X — byy) (X5 — g5) |
vanishes identically.

The right-hand side of their identity does not, on expansion, contain any terms
which are functions of s,x;, s,@,, sy5 and of the coefficients a, o, ¢ only.

Axt. 7. Before proceeding to establish this, it may be remarked that the above
identity may be written in the determinant form :—

a7, — 1, CbyS1Ly, A8y
o b
b8y, bysyy — 1, 4842y
C)S5g, CoS3ls, CySqiy == 1
]. _— Sle, O,
O, 1. b 82X2,
0, 0, 1 — 83X3
8 (e, — Xy) 1 i s (g81%y
1—9X, ’ 1—sX, 1 — X,
. b8y, Sy (byg — Xy) 1 bysyy |
1—5X,° 1 — s5,X, ’ 1 —5,X, ’
Oy O 507 —Xy)
— 83X 1 — s,X,4 1 — 5%,

and, in this form, is very easily established.
Art. 8. Consider, in regard to the order n, the algebraic fraction

818 .08 | (X — agzy) (Xg — b)) oo (X — ty)
(1 — X)) (1 — Xy ... (1 — X))

wherein ¢ has an integer value not superior to n.  This fraction is specified by the
first ¢ natural numbers, but this is merely for convenience, as what follows can
be readily modified to meet the case of a fraction specified by any selection of
¢ natural numbers, which are unequal and not superior to n.
To show that this fraction contains, on expansion, no terms which are functions of
811, Sgg, « . . 8%, only, it is merely necessary to show that every term in the develop-
“ment of the determinant

| (X — @19-’1) (X = bywg) . o (Xy — txy) l )
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contains either @, ,, @4, . .. @, ; viz., that every term contains an « with a suffix
that does not occur in the s-product

$183 .+« v 803
for visibly the fraction contains neither
Siv1> Stpgs o+ - DOF 8,5
or, the same thing, the quantities s, occurring in the product
$1Sg . - i

are the only ones that are found in the fraction, the determinant should therefore
vanish by putting

L1 = Xppg=1...=x,= 0.
The determinant is
X‘l — C(IGU], — 062.’1/‘1, o« .. _— CL;.CUI
— Z)lfL‘2, Xz — b2w2, o e e haund bjwz
. >
— tl-’)\’z';, — t290¢, N X,; —
putting
Hpp) =Xppg = ... =2, =0,
the first row is
gy Wy == . o Ay = Ay, = Ay, oo . =,

and adding together, x, times the first element, x, times the second, . . . , &ec., @, times
the ™ element, we obtain zero.

A similar operation, performed on the elements of all the other rows, likewise
results in zero.

Hence the determinant vanishes on the supposition

L] = Lpgpgy = « o« « = &Ly = 0,
and accordingly every term, in its development, contains as factor one at least of the

quantities

X1y Liggs + o+ Lo
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This proves the proposition and also shows that the determinant
(X = aymy) (Xp = bgty) oo (K — maa) |

of the n™ order, vanishes identically.
Art. 9. Hence, of order 8, we have the identity

1 1
1= 5X) (1 =X)L —5X) ~ (1 —ana) (1= bysry) (1 — esgzy) |

multiplied by
5 Xy — ayay) + 8y (Xg — byzy) + 85 (X3 — ey3) + 8983 | (Xy — byy) (X — ey75)
1 — X, 1 —s5X, 1 — sX, (1 — 5,X,) (1 — 5,X)

+ 8581 | (X — egmg) (Xy — ayzy) | + 8180 | (X — ayzy) (Xy — byy) .
(1 = 5X5) (1 — 5,Xy) (I —5X;) (1 = 5Xy) ’

1+

and, of order n, the identity

1 1
1=sX) (1 =8Xy). .. (1 —8X) ~  [(1—aszy) (L= bysyzy). .. (1 —ms,2,)]

multiplied by
8 (X — o) 818 | (Xy ayy) (Xy — bymy) |
LA X T i) e
R 3 $18g 8 | (X — aqwy) (Xy — byy) . (X — dwy) |

(I —5X) (1 —5,X,) ... (I — X, LIEREE

the last batch of fractions involving, each, n — 1 denominator factors, and the numbers
of fractions, under the summation signs, being in order

OG- (),

Moreover, it has been shown that the fraction

1
| (U= agsmy) (1= bysyry) ... (1 — musum) |

is the condensed form of the fraction

1
(1T —5X) 1 —8Xy)...01—sX,)°

or we may regard the latter as a redundant form of the former.
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Art. 10. The coefficients of the terms

(s1221)% (sg9)% . o . (s.,0)1,
in the expansions of both fractions, are the same.
Hence, the coefficient of the product

xhat Lk

in the expansion of algebraic fraction

1
| (1 —azy) (1 —byzg) ... (L — m) |’

is equal to the same coefficient in the product

() + .o aw)s (b, + .o D)L (g L )

where this product is a “ particular redundant generating function,” the use of which
renders the quantities s), s,, . . . s, unnecessary to the statement of the theorem.

Art. 11, The theorem regarded as a proposition concerning the coaxial minors of a
general determinant is very remarkable ; for it will be observed that we are able to
exhibit the coefficient of

A IR

in the “particular redundant generating function” as a function of the coaxial minors
of the determinant of the n quantities.

§ 2. drithmetical Interpretations.
Art, 12. Most of the arithmetical results that can be deduced arise from duality
of interpretation from algebra to arithmetic in particular cases. In the memoir to

which reference has been made two particular cases presented themselves.

Art. 13, The first one was connected with the matricular relation

(X, Xy X500 X)) = (4, 1, 1, 1) a), Xy 5. . . X,).
k ko1, . . .1
k, k, k, 1
i
1
|
ky, k2 k, . . .k
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and the condensed form, thence derivable, which has the form

1
1= ISy + b (o — 1) Swyay — k(b — 12 Sagny 4 ..o A (=) k(e — 1y ey ..y

The latter generating function occurs in the Theory of the Composition of
Numbers. The corresponding redundant form is not unique (this will appear in the
sequel, but that given above is one of the most useful.

Art. 14. The second one was founded on the relation

(Xp, X, Xy oo X)) = (1 My Ay - 0 0 M) (o g .o )
s 1: )\327 . ‘ . )\11‘2
1, 1, 1 A

—t

3 w3

1, 1, 1, 1, 1
leading to the condensed form
1
[1 - 2«771 e E(Xﬁa _ 1) mc,_%ﬁ _ 2 (7\(3,1 -_ 1) <>\")’B nd ].) xuﬂ’/’ﬂwy _l
o= Ay =D gy — Dy — 1) oo oy — D gy, o2, @HJ

wherein the nurobers e, 8, v, . . . are in ascending order of magnitude.

These particular cases gave rise to dual interpretations in arithmetic.

Art. 15. The general theorem, as so far developed, apparently only admits of a
single interpretation.

Regarding the product

() 4+ agey 4 oo 4 aan) (b + Dgrey + .00 4 b)) (g g+ 2,
the coefficient of
a®bP o nayeb Lyt a,mbf L b

may be interpreted in the theory of permutations.
Considering the permutations of the ¢ quantities which form the product

byt Lt

the coefficient indicates the number of permutations which possess the property that
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x, occurs oy times in places originally occupied by an z,

) ER) 181 2 s> ”» mz
.

99 99 V1 99 99 b3 9}”
s

w;?, LR “2 ) 2 ’ 'El

b2 2 :82 ) 2 ’ . w;z

. . .

” bR V2 ’ ” ” Ly

xn 2 OL,,, ER) 3 IR wl

2 3 Bn i bR 2 wz

I PP Vn » 7 ’ Lye

Accordingly the proper generating function for the enumeration of the permutations
possessing this property is
1
| (1 — @) (1= bywy) ... (L — mum) |

Art. 16. As an interesting particular case we can find the generating function for
the enumeration of those permutations of the quantities in

b oak . L xt

which possess the property that no quantity is in the place originally occupied ; that
is, in the permutation, no , is to occupy a position formerly occupied by an «,, s having
all values from 1 to =.

Clearly we have merely to put

oy =by=c;=...=m,=0,

and the remaining letters, @, b, ¢, ... n equal to unity. The generating function
involves the coaxial minors of the determinant of the n™ order

0,1, 1,..1
,0, b ]'
1, 1,0 ..1
L, 1L, 1,..0

This determinant has the value

MDCCCXCIV.—A. R
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while its first coaxial minors have each the value
(=r~t(n—2),
and its s? coaxial minors each the value
(=)~ (n—s—1)

Hence the generating function is

1
(1 — Sy — 250mam, — BSWTy — o — 3BTy o o gy — 0= (= 1) @@y . B}
or writing
(x—x)) (=) ... (®—@,) =o' — " ' ax" "> — ...,
this is
1
1—ay—2a;— 380, — ... —(n—1)an

Art. 17. As another example, again consider the permutations of the quantities in
o L L

Divide the places occupied by the quantities into compartments

AL A,. .. A,
such that the first &, places are in compartment A,
next & » » A,
last é‘hn 93 2] Aiu

and let us find the number of the permutations which have the property that no
quantity with an uneven suffix is in a compartment with an uneven suffix, and no
quantity with an even suffix is in a compartment with an even suffix.

In the “particular redundant generating function” we have merely to put

=0 =0y;=...=0,

by =0b,=b;=...=0,

Cp =C =¢ =...=0,
&c., &e.,

and the remaining @, b, ¢, . .. letters equal to unity.
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For the true general (or condensed) generating function we have thus to evaluate
the coaxial minors of the chess-board pattern determinant of the n®t order,

~

~

o e L
-_— O = [
o = o = oo
= O = O =
O H O = O

-

~
~
)

.
-

Here, all the minors of Order 1 are zero.

A minor (coaxial) of Order 2 has either the value zero or negative unity. If the
minor be formed by deletion of all rows except the p' and ¢ and all columns except
the p™ and ¢™ (¢ > p) the value will be zero, if ¢ — p = 0 mod 2, and will be
negative unity in all other cases.

Coaxial minors of Order > 2 as well as the whole determinant vanish, because in
every case two rows are found to be identical.

Hence the true generating function is

1
L= @e+m+ .. ) —ag(@+as+ .. ) =@+ o+ ..)—. o — Ty @)

which may be written
1

a 1M

1 —2 38y snry

Art. 18. Again for the enumeration of the permutations which are such that no
quantity with an uneven suffix is in a compartment with an even suffix, and also no
quantity with an even suffix is in a compartment with an uneven suffix, we are led to
the complementary chess-board pattern determinant :—

H b 5

> 0,

~

. O e O

1, 0
0, 1 ,
1, 0
0, 1
1, 0

0
1
0,
1
0

-
—
-

b 705 2

2 2 2 >

and thence to the true generating function
R 2
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1
[(l—a) —g—a,— ... =242 (gt o+ ) F (a4 )+ o @+ 2+ ..)+ . 2wy,
which may be written
1

1— 2-%1 + 3 Exaxa,+2m+1
Art. 19. Again, if it be necessary to enumerate the permutations of
w b,

in which 2, occurs &, times in the compartment A,

29 Bl ’ 5 29 Az:
AS:

E2) ')/1 2 b3 29
ba .
we are led to the true generating function

1

1= e — o =2 — oo — @ + (0 — b)) wyzy + (ap — ) 2ypg + o+ (0 — n) oy,

in which we have to seek the coefficient of
T N T RN I

Art. 20. Again consider the general problem of “ Derangements in the Theory of
Permutations.”
In regard to the permutations of
b Lt

it is necessary to determine the number of permutations such that exactly m of the
symbols are in the places they originally occupied.
We have the particular redundant product

(axy + @+ ..o m) (v oy + o r)E (o)
in whieh the number sought is the coefficient of
O{/nlwlflwzfe .. 567,5".

The true generating function (i.c., condensed form) is derived from the coaxial
minors of the determinant of order n ~—
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a1l 1 1...
L a1 1...
11al... =(a—1)y 4 n(a—1)""
B e e (R )

Thence the true generating function

1
{1—aZz+(@a—1)(a+1) 22y — (a—1)* (@ + 2) Zzzgwg + ... + (=) (a—1)""1(a + n—l)wl%...mﬂ}’

which constitutes a perfect solution of the problem of “ derangement.”

§ 8. The Gleneral Theory Resumed.

Art. 21. The denominator of a perfect generating function, of the type under
consideration, is the most general function linear in each of n variables x,, @,, . . . @,

Let 'V, be the most general linear function of the n quantities, involving 2* — 1
independent coefficients.

Art. 22. I enquire, irrespective of arithmetical interpretation or correspondence,
into the possibility of expressing the fraction

Vv,

in a factorized redundant form.

Axt, 23. The coefficients of V, must be the several coaxial minors of some deter-
minant, and the question arises: Can a determinant be constructed such that its
coaxial minors assume given values ?

The redundant form of order n involves #* coeflicients. In general, in order that
the fraction

v,™!
may be expressible in a redundant form, its coefficients must satisfy
o-ﬂ

conditions, and, assuming the satisfaction of these conditions, a redundant form

involving @1 )
= (2"—=1—o0,

arbitrary coefficients can be constructed.
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Art. 24. The relation
n— (2" —1—o,)=mn—1

will be established, and this leads to the conclusion that the redundant form, when

possible, is always of a
(7’1» — 1)tup1y
infinite character.

Art. 25. The fact, subject to the above-mentioned conditions, that there is an
infinite flexibility in the redundant forms is of great importance in the Theory of
Numbers, because the potentiality of arithmetical interpretation would appear to
have no finite limit,

Art. 26. Observe that

0-73

denotes the number of identical relations or syzygies connecting the coaxial minors of
a general determinant of order n.

Art. 27. The discussion of the theory of the first few orders forms a convenient
method of approaching the general theory.
I take the general form of V, as

1 — 1812 — PgSofte = « .« P1o818®g + . oo (=) Diz.. uS1S0 - - Sy - . Xy

Art. 28. The case n = 1.
This case is trivial because the perfect form

1
Vol
! 1 — psym
coincides with the redundant form
o, = 0;

n— (2" — 1 — oy) = 0.

Art. 29. The case n = 2.

In order that
1

{1 — sy (a2 + apwe)} {1 — sy (agymy + agguy)}

may be a redundant form of

V1= 1

— 2
L — pisiay — posog + prosisency
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we have
an = P Qoo = Pas

I 11, Cog i = P12

and thence a0, = PPy — Py = @1 (suppose); introducing an undetermined
quantity a,, we may put :—
g = %9919

Ay = 1o,

where o, may be a certain function of the quantities

P15 Pas Pras %5 X5

but, numerically, may not be either zero or infinity.
The matricular relation is

(X Xy) = (s ) (%1, 25) = (D1, #19010) (%1,%,)
Olg1y Ohgg | 1/ot19, Py
and the redundant form

1
{1 = s (2 + a919)} {1 — 83 (Laygm + pyzy)}

of a singly infinite character.

n?— (2" =1 — o) = 1.

Art. 30. The case n = 3. ‘
The matrix being that connected with the determinant

1
. | 0&13 l 3
we have the following relations
1 = Ps gy = P Qg3 = Pg,
| @y @y | = pras | ay, agg | = piss | Cggs g | = pog,
| 61y Qggy gy | = Prog;
and thence
, Q19la1 == G19» 133y = G135 Cbogllgy = Qa3,
where

(e Q130 Qo8) = (102 — P12 P1Ps — Prg PePs — Das) 5
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introducing the undetermined quantities

%19, 013 Oss
write
O1g == 019019 g = 130135 (og == Olg3Qos;
1 1 o 1
A =~ gy ==~ 39 =
2 %19 %13 %3
and thence by substitution
D %1992 SEVAE!
! D q
—_ (2
2 28Ge3 | __
% = Pigss
1 1
- — D
%3 a3 s
which may be written
%3
P 12 Q13
A19%93
1 Py Qs = Pras
%y19%o3 1
Ps
%13

this is a quadratic equation for the evaluation of ey/e ,05, Which may be written

X 9%93 C13/ \*19%93 Ca,

Thus two of the three quantities ey, o5, oy remain undetermined, and the co-
efficients of V; are not subject to any condition.
The matricular relation is either

(X, Xy, Xg) = < D %1912 e 913> (1, @, ;)

O3 /

1 Pa %9393
%1
Gi3 i P
3
X19%93 %93

or the one involving the matrix similar to the above with ¢;, written for ¢,
ayg, 093 are undetermined quantities, and c;371, ¢;; 7! are the roots of the above-
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given quadratic equation, which are expressible as irrational functions of the co-
efficients of V;. The redundant form is

1
(1 —5Xy) (1 — 8Xy) (1 —8X3)°

of a doubly infinite character.
Also

o3 =0,

nt— (2 — 1 — o,) = 2, for n = 3.

Art. 81. The case n = 4.

The matrix being that connected with the determinant | ay, | we have the rela-
tions :—

= P tag = Pg» U35 = D3> Uy = Py
| antgy | = Pro | anoss | = pis, | tasttgs | = pas,
| anay | = p | Gontly | = Pos | asstiy | = Pss
| 0110900055 | = Prasy [ anogetyy | = Pros
| 01504y | = Praw | lagttssy | = Posss

| 1y 0ag@g50ty, I = Pigsss
and thence

19l = G195 P13031 = Q135 Oggllzg = Qog,

A4 = Q140 Qg ag = Gous A34043 = G345

and introducing six undetermined quantities,

g = 1919y P13 = %3913, Q14 = O%14G14s oy = ®93Q03,  (gg == CouQogy  Ohay == ®g4G34

1 1 1
g1 = """ Ug1 = " Ay = "7 Ugg = — Qg = g = —
1) %3 %4 gy’ oy’ 43 gy’
and thence by substitution in the remaining relations,
P 2199195 013913 Py 2199195 14914
! P q : P
- 2 o393 —_ T 2 %124 —_
g’ = P123> %9 = Prags
1 1 ) 1 1
) > Ps o - 4
%13 %92 %14 ’ %oy, ’ P |

MDCCCXCIV.—A. S
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%1313 14914 ! Pa: %2393 UoyQos |
1 L
g’ Ds» %3434 | — Pisss g’ D3 %331 | — Dagis
T L |
i %14 ’ %34 ’ P %94, ’ %34 ’ Pa f
P %199 12> 139135 %1414
1
“12 > Do %9393 %91 94
1 1 = Piase
oy 3 - ’ 203> “349345
L L
%14 ’ %94 ’ %34 Pa

The six undetermined quantities that have been introduced must satisfy these five

equations. However, the six quantities only enter the equations in three combina-
tions ; for, writing

o

Yie = N ©
14 — s
*19%93%34,

%94,

Yo = s
%93%34

the five equations are easily transformed into the following five—

Rat]
Y14

G195

p2:
1,

9135
Ps>

V13913
Qo3

Ps

Y14

s 14

934
Da

= Pies

= P134>

G125 Y13913

P2 93
1, P35
1
] 1 )

V14

Prs 19 s
Va4
1, Pas e
Yau .
= 1, D,
Y14 ’ Pa
Pas 923 Yoo |

1 9 ]03: 934

) 1) yn

Y1494
Y124

e = Presw

y 2

= Piass

= P34
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which involve only the three undetermined quantities

Yiss Vi Yoy

From these five equations we can eliminate the three quantities

Y13s Y14s Yads

and thus obtain two independent relations between the coeflicients of V,. These are
the two conditions that the coeflicients must satisfy in order that a redundant form
may be possible.

Since also these coefficients are the several co-axial minors of the determinant

| oy |

we establish the fact that these co-axial minors are connected by two relations or
syzygies. Thus

0'4:_—_2;

and assuming the satisfaction of these two conditions we can solve the equations so

as to express
Y13 Y14 Y24

as functions of the coefficients of V,.
Solving these equations and writing

Plog = Prog = P1Pos — P13 — PsP12 + 201 09Ps
we find

1
Y18 = 9g, {Pros £ v/ (P05 — 4919915923)} »

1
Yo = 9g., {Pass = 4/ (PPose — 4955924954) } >

¥ 1
'ﬁ = 2g, Prgy £ 4/ (PP, — 4015934914)} 5

¥ 1 '
(;;—‘i = 3, {Pros £ &/ (PPoy — 4019904914)} 5

and assuming these four equations, as well as the fifth equation, consistent, there are
just two systems of values of

Vs Y14 Vads
which satisfy all the equations.
Let the two values of y,, be
1/¢;3 and  1/cqy,
8 2
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corresponding to the positive and negative signs respectively, and further taking the
signs all positive, let y,, have the value

1 /ny,

and taking all the signs negative, let the value be

1/cye
We have the solutions
1 1 1
(’)’13, Yi4o 724.) =\ s

C13° Cq” Coy
) 1 1 1
(Vi3 Yo Yau) = b’ Gy’ Cp
and we may write either
Hia%es | “12%2%4 ,”‘,2_33‘&) ,

Obya, Olig, Obgs) ==
( 13> %140 24:) < "
13 14 Co4,

or

Folos  %19%93%s4 “23“34)
s .

Olya, Olig, Oloy) ==
( 13> Y140 24) <
Cs1 Cy Caa

The undetermined quantities are thus reduced to the three

Oy Cogy Otgye

Writing for brevity,

(“12“23’ Qg3 sy, “12“23“34) = (/813= :8%’ 1814):
and also

Oy wq1 — Bx,x+ 1

the matrix that defines X;, X,, X;, X, is either

Yyl BiaG1s %1: Q13 é.)"m 914 >

O
31“12 P Basas %ﬁ e
%12 El"% Ps Bsus4
1

or the same matrix with the substitution of ¢, for c,.
The redundant form is

1
(1 —5X)) (1 = 5X5) (1 — 5,X5) (1 —35,X,)

of a triply infinite character and of two forms.
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Also for n == 4,
n—(2"—1—o0,) =3.

Arxt. 32. In order to proceed to the general case it is necessary to make a digres-
sion for the purpose of establishing certain properties of a determinant of special
form.

§ 4. Digression on the Theory of Inversely Symmetrical Determinants.

Art. 33. The determinant of special formm which I have provisionally termed
“inversely symmetrical ” is

s %195 %13 oy,

1
) 1, Okys o
%19

1 1
T ) 1 Oz
%13 %93

3

1 1 1
) ) - 1
%in Oon (227

which involves <Z> different quantities «,and is such that the elements on the principal

axis are all unity, and is inversely axi-symmetric in the sense that elements, symmet-
rically placed in regard to the principal axis, have a product equal to unity.

Art. 34, The property of this determinant, which is of vital import to the present
investigation, may be stated as follows :—

“The determinant, as well as all of its co-axial minors, may be exhibited as
n—1

functions of < 9

To establish this, first, consider the determinant itself, and put

> combinations of the <Z> quantities a,,.”

Bxy = ax,x+l“x+l,x+2 LR ag/——l,y) (m < y)r
Yoy = Otay/Bays
so that
Bx,x+l = a’x,x+l’
7x,x+1 = 1

Observe that the combinations
Y,y (9" <y-—1)
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are <n N 1> in number ; it will be shown that the quantities vy, , are those to which

reference has been made in the above statement of theorem.

Arxt. 35. With the new symbols the determinant may be written :—

1 Bz Bis Y13 BM‘ Y14
1
a 1 B Bas Y4
Big
1 1
v 1 (
Bisms Bas 1834
1 1 w1_ 1
IS V14 Bas Vau Bsy
1 1 1 1
lgl,n—l%,n—-l 182,7&—1()'2,71-1 Bs,nﬂ%,n—l 184.,n—1 Vi, n—1
1 1 1 o i 1 B
/8 1n 'Yln B 20 7271 B 3n 7312 16) in '}’m

and may be transformed, without alteration of value,
performed successively.

Multiply
1% column by B,
1
35 TOW F
12
rd 1
3" column —
Bas
,, rOw Bas
th ]
4™ column —
By
,, TOw Ba
2 b2 25
1
st column e
Bas
,, TOW Bas
b3 22 29
1
2™ column e
B'ln
2 row BZn

Bl,fn—l 71, n—1 181% ')’In [
j
BZ, n—1 '}/2, n—1 182n V?n '
183, n—1 ')/3, n—1 Blm ')/371
184, n—1 ')’4, n—1 184n 74'n
1 1871-41, [
1
— 1
Bn—l,n |

by the following operations
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it then assumes the form—-

1 1 Y13 Y14 . e Yia-2 Yiun-1 Ym
1 1 1 Yo . . 72, n—2 ')/2, n—1 Yon
1
3 1 1 T .. Yeucs Vsae1 Vm
Y13
1 1
Yia ;);2/1 1 1 . - Yan-2 Yian-1 Y
1 1 1 1
~~ — - 1 1 e
Yi,n—2  Yeu—2  Vsu—z  Van-—2 Yoz,
1 1 1 1
- 1 1 1
Y1,2-1 Yo, 01 73,%—1 Vi, n—1
1 1 1 1 1
= S = 1
rYI,n ’Yz, 23 73, n 74-, n "Yn —2,n

(

Cq . —1 .. .
which involves only the <n 9 > combinations vy, , of the \ > quantities o, ,.

n
2

Art. 86. The determinant is also inversely symmetrical, and not only the principal
diagonals, but also the adjacent minor diagonals consist wholly of units. In regard

to the occurrence of three diagonals of units, we have here the normal form of
inversely symmetrical determinant.

Art. 37. We have next to consider the coaxial minor of order n — 1 obtained by
deletion of the s row and s column.

The following successive operations, which do not alter the value, have then to be
performed—
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Multiply
1* column by Bis and 1* row by ,éll—g
31 . _31;3 ”» 3, B
=0T g e 6= B
(s +1)* » m »o (s, Ys-1,5+1 825410
Y L LAY o

nh 1

T 7 Vs —1,5 ,8 .
) 93 s—1,8+1M2,n
Ys—1,8+182n ! ’

Art. 38. To represent the result conveniently, suppose the determinant divided
into four compartments by the lines of deletion, thus—

L II.
|

III. IVv.

‘We then obtain—
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u Tuf, u ‘S—uj, v ‘TFs), u ‘T+s), u ‘1—s, % Ts), u %), u ‘¢), u B, u ‘1),
14 —_—— —
i T 1 I 1 1 s ‘l—s),  lts ITsy Tts ‘l=s),  lts'l—sf,  Tts'I—s), I+s "I—s),
T—u ‘t—uj, T—u etsf,  I—w Utsf, | I—u‘T—sf, T~z G=s), - %), —u ‘¢), 1—u ‘t), 1—u ‘1),
1 T T 1 1 1 1+s ‘1—sf, I+ "L—sf, Tts ‘T—s/, 1+s ‘1—s), 1+s ‘1—s), I+ ‘I—sf,
- @ ‘Ftsf,  F—w ‘Utsf, | t—uT—sf,  Tu Gsi, —u ¥, —u ‘¢f, T Tf, e—u ‘1),
u T,
> T T It 1 I Vs ), s sy s s, sosf, I¥s s, s ),
. S—u ‘Ttsf,  &—u ‘Ttsp, | ¢—u ‘I—s), ¢—u T—sf, $—u v, e—u ‘¢f, e—u ‘¢, s—u ‘1),
. — u ‘S—u), T—u ‘¢—u =
Al = ks I 1 T L L+s ‘L=sf, T+s ‘I—s), [ T 1+s ‘I—s/, T+s '1—s), I+s ‘I—s/, I
at+s ‘I—s! &t+s s, [ Gts g a+s G, Gts T
u ‘etsf, \—u Tts),  Guets), &—u Gts), 1 1 ~ ~ b L A b
1+s ‘I—s), I+s ‘I—s/, I+s '1=s), 1+s ‘15, 1+s ‘1—s), I+s ‘I—s),
T+s G—s, 1+s % I+s ‘g, I+s ¢ T+s T
u ‘Tes), T—u “U+s,  &—wu ‘s,  $—u ‘T+s), 1 1 I L b b \c k
L+s 'I—s), T+s "1—s), I+s ‘I—s/, I+s 1—s), 1+s ‘1=,
I+s ‘I—s), +s ‘1—s), Tts‘I—s],  T+s‘T—s), Its ‘I—sf, 1—s ?J, -5 ‘¢), 1—s ‘2), 1—s ‘If,
wolmsy,  lmwoiesf, G clms), S s oFs 15, I I 1 1 1 T T
1+s ‘T—s/, 1+s ‘I—s), Ls ‘I—s), 1+s ‘I—s), T+s ‘I=s), I+s ‘I—s/, G—s %), o—s ‘gf, &—s Gf, =s Y,
w e—s], = %—sf, &u e, &4 Ts) tts G—s),  T+s 5], 1 T 1 1 1 T
s ‘I=sf,  Ths‘t—sf,  Is‘l—s), 45 1), It+s ‘I—sf,  T+s ‘I—s], i3 8 298
T — A 1—s %, G—s T, 1 T ~ =1
11 u B, —u ‘%), e—u %), 8w ‘¥f, &ts v), I+s ‘3, - T [
I+s ‘I, I+s ‘I—s, Tts ‘I—s, 1+s ‘I—s, T+s ‘I-s, T+s “I—s, 49
L 3 8 8 L bl sy, e . . . s
u '8}, —u ‘g), e—u ‘g, $—u ‘g, [T T+s ‘g), 1
I+s ‘I—s, I+s *I—s, T+s “I—s, T+s ‘I—s), T+s ‘I—s), T+s ‘I—s,
~ k o z b k78 s ‘G, 78 1 1 1
u ‘ef, T—u ‘¢), &—u ‘g, $—u ¢}, a+s ‘zf, I+s ‘f,
T+s ‘I—s, I+s ‘I—s, T+s ‘I, T+s ‘I—sf, +s ‘I=sf,  I+s ‘I—s,
k k A ot s ‘1, 8—s ‘), (298 1498 1 1
u "I, 1—u ‘1), 5w ‘If, s—u ‘1), ats ‘If, 1+s ‘I,

T

A,

MDCCCXCIV.



138 MAJOR P. A, MACMAHON ON A CERTAIN CLASS OF

Axt. 89. This is an inversely symmetrical determinant of normal form involving the

—1 .. .
<n . ) quantities vy,,. In the compartment II, the elements, other than the units,

have the denominator y,_, ,+;. The transformed of the minor is derived from the
transformed complete determinant by deletion of the s™ row and s™ column, and the
subsequent division of each y element in the compartment II by y,_, ,,, and multi-
plication of each vy element in compartment III by v,y 4 1.
It is now obvious that if a minor be formed from the untransformed determinant

by deletion of the

st (s D)™ .. (s 4 o)* rows
and the

s™ (s 4+ 1)". . . (s + o)™ columns,

the transformed minor will be obtained from the transformed complete determinant
by deletion of the aforesaid rows and columns, and subsequent division of all vy
elements which are at once above the s™ row and to the right of the (s + o)* column
by vi-1 s+ ++1 and corresponding multiplication of the inversely symmetrical elements
by the same quantity. Or, as before, we may suppose the minor divided into four
compartments and state the rule with reference to them. It will be convenient to
allude to these compartments as I,, 1L, ITI,, IV,.

In addition to the aforesaid rows and columns, suppose the ™ (¢ + 1)“". ot )™
rows and columns deleted.

In correspondence we have other four compartments, I, 11, III, IV,; and there
will be a certain extent of overlapping of compartments.

Art. 40. The rule is (after deletion from transformed complete determinant) :—

Divide vy elements in IL, by v, .1 s4o41s

99 95 I-[é 1) ')/t-],t-l-'r+la

with corresponding multiplication of the inversely symmetrical elements.

If this be carried out it will be found that those +y elements which are in both II;
and I, will be divided by v, _1, 54041 Vie1, et

The general rule guiding the formation of the minor when there are any number
of sets of compartments arising from the deletions will be now perfectly clear.

Art, 41. We are thus enabled to exhibit all the co-axial minors of the determinant
. n—1 .
as functions of the < g > quantities y.

So much of the theory of these interesting determinants suffices for present
purposes.
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Vel
(S

Art. 42. The general case.
The matrix being that connected with the determinant

] aln l i

we have the relations

Oy == Pas
| Cattyy | = Pays
as well as
n
20— 1 — 1 —

2

other relations

| CoullyyOy o | = Puys -+ -,

connected with the co-axial minors of order greater than 2.
From the relation

| Custtyy | = puy
is derived
Oy Olye = PuPy — Pay = Gy (SUPpOSE).

"

9 > undetermined quantities a,, such that

We now introduce<

Oay = %ayQays

Ayy = 1 / Ozys

and substitute in the remaining

relations.
The typical relation

then becomes

139
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Pos  OuyQuys ez

1 2

a;,/ Py &y
1 1

) —’ P-

Oy = pzyz ..

In the determinant the quantities a occur in an inversely symmetrical manner, and

the determinant becomes inversely symmetrical on putting the quantities p and ¢
equal to unity.

Art. 43. The determinant is transformable in the same manner as the corresponding

inversely symmetrical form, and the foregoing ¢ Digression” establishes the fact that
i . . n—1 ..

the quantities a will then occur in only some or all of ( L 9 > combinations y, ,, where

\

Oy Gy

Vo, y = | = =,
' ax.x+1ax+l, z+2 ag/-—1, y Bxy

Hence we are presented with

27&-1—n—<“

2) equations

. . -1 ..
involving <n 9 > quantities vy, ,.
Art. 44. Eliminating these <% ; 1> quantities, we find

" . 7 %—1__7& 9
20— 1 —n (2) (2 )_2 n+n—2

/

relations or syzygies between the coaxial minors

Paye
of the determinant

| o |

Art. 45, This shows that the coeflicients of V, must satisfy

2 —=n?+n—2
independent conditions.
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Art. 46. Assuming the satisfaction of these conditions we can solve the equations
—1 . . .
50 as to express the <n 9 > quantities vy, , in terms of the coefficients of V,.

Hence we can express the § (n -~ 1) (n — 4) quantities

wy (> w1),

in terms of the n — 1 quantities

a’x, x4+ 1
thus reducing the number of undetermined quantities to

n — 1.
Art. 47. We have

o, = 2" — 1 4+ n — 2,

while the matrix, which defines

X, X, ..o X,
of the redundant form, is :—
B 13 lé} 14 B 17
P Buhe T Qs T Qw - - T qu
C13 C14 Cin
1 24 BQn
El ; Pa Basos o Jau oo Qon
013 l B B:am
- P y 4! . . T 3
513 523 Ps 81034 Csgn Ton
O fw 1 P Bu g
4 . . 4
BM B%.- 1834 e 1
G O Lan Cin
Bu Buw B Ba D

or the matrix similar to this with ¢,, written for c,,.

Postponing particular explanation in regard to the quantities ¢,, I merely remark
that ¢,,~! is a value of y,,, deduced from the equations.

The quantity 8., has been defined to be

ax,x+1ax+l,x+2 L] ag/-—l,y'
The matrix involves n — 1 undetermined quantities

19 G935+ -+ Xy — 1,0y
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or since

B.”Uj/ = lely/lelm

we may take the undetermined quantities to be

1812’ 1813’ e lgl,n-

Each redundant form is thus of the nature

OOn-—l

as was to be shown.

9

4

Art. 48. The equations for the determination of the <n N 1) quantities vy, , can be

taken from amongst the th) equations connected with the co-axial minors of Order 3.

One such equation is

: | Caattyy s | = Pa,yes
which may be written
Ve |
P Qay Yy Vo Gz ’
1 Dy Dy { == Peyss
VayVyz
1 P |

Yaz

and this is a quadratic equation for ya./yva,y,.

If @, 9, 2 be consecutive integers, this is simply a quadratic equation for y,.. Hence,
the n — 2 quantities v, , ., are at once determined. The n — 3 quantities y, ., , are
found by the aid of v, .., which is unity, and vy,,;,.+s Thence, v, ,,,is found in
terms of y, 1,5+, and all the quantities y,, are easily found.

Assuming the coefficients of V, to satisfy the above-mentioned

20— 2 4 — 2
conditions, we have to find systems of values of the quantities y,, which satisfy the

n

2" — 1 —n— <2> equations

in which they appear.

I find that there are only two such systems, obtained respectively by taking the
positive and the negative signs in the solutions of the quadratic equations. In the
one solution the signs are all taken positive and in the other all negative.
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Let ¢, be the value of y,, obtained by always taking positive signs and ¢,,~"! that
value obtained by always taking negative signs.

We have the system c,,~! and the system ¢,,~!. There are thus two representa-
tions of the redundant form, each involving n — 1 undetermined quantities.

Art. 49. Given a redundant form of order 7, involving the matrix
a n M
L

we may exhibit its two representations, each involving #n — 1 undetermined quantities.
The coefficients of the condensed form now necessarily satisfy the proper conditions,
and passing through the condensed form we must, in the matrix of Art. 48, write

Po = Ugs

Qay = Oy = | Geallyy | == Gy Qe

and then it only remaivs to find the values of ¢,, and ¢,, in terms of the elements of

the determinant
| aln | .

Solving the quadratic equation

Yz
Goe  Ohoyllye  — OOl
Yay Vya
1 Ay Ayl == | QaallyyQle | »
Yay Yo 1 a,,
Yz
transformed from Art. 48, we find
Vo (Cuyyelle + Opalloy@) F (CyQyallue — CyallnyOiae)
—_— T T T b
Yy Vyz 204,00
or taking the positive sign
ae Gy Dy
Yy Vyz oy ’
and taking the negative sign
N
CYW 'sz ey )

Hence, if ¢,,~%, be the value of y,, deduced by always taking positive signs and
¢y~ that value arising from the negative signs, we find
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. Clyy Gy
b =4 a )
v, 41 be 1, a0 0 (y—q,y Dy

_ Clye Oy
e =, a a T by,
Y Y=1"Y=1, 4=+ ¥+l @ g

where the symbols b,, have been introduced, so that now
gy Day, Cay
in regard to the elements of the matrix of the fundamental form are analogous to

%ays By Yoy

in regard to the undetermined quantities.
It is easy to verify that the two systems of values

-1 -1
Coy 5 Cya 7
/

of the quantities v,,, satisty the whole of the 2" — 1 — n — C;> equations, but I do

not stop to prove that these are the only systems of values of y,,.
Substituting in the matrix of Art. 47 we obtain the two representations

( op Bratinbyg Biscts1b1g Bi@unb - Butab, )
1
7312 g Bassabas Bostioboy -+« Beuurba,
g 1
Q 7 o a B a b ¢ . 18 37 a 3b3
1813 bl3 1823 33 ST e "
4 N 1
1814- b14: 624 b24 BS& e "
G G O _ a
61% bm ,82n bfm Bsn bfm BM bm o
a1y Brat12bey Bstty5051 Bty - - BinG1,bu
1
E;; Uag Bagtashsg Boulosbsy - - Bonllo,br
g 1
- — a Bayctsb .o Bsatsnb
33 3434743 3n3nYn3
Bl3 b31 ﬁ23
2 Qo 1
re 05445 N . B4na’4nbn4
B 14 b41 B Pz b/_&ﬁ B 34
Ay (g ‘_(fni ”w L a
Bln bﬂl 18271 bn2 Bsn bns /8 mn bnj. o
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and the second is obtainable from the first by writing
(@ b)) = (et by)-

These redundant forms all lead to the same condensed form, viz. :—that derivable
from the matrix

| Uy, l .

Further we have here the most general forms of determinants such that their
co-axial minors coincide with those of the determinant

| @ | .
The matrix reverts to its primary form on putting
IB-W = “J‘y/ y.e b:v.'/
in the first representation, or, on putting

B = 17b,.
in the second representation.
The transverse matrix is obtained, from the first representation, by putting

Boy == 1/L.,.

Art. 50. The function V which has entered in such a fundamentally important
manner into the foregoing analysis appears to have a place in the general theory
of matrices. Confining ourselves, for simplicity, to the third order, it may be recalled
that SYLVESTER terms the function

ty — & @12 ths
C(/31 (‘1-32 (l33 -—_ X

the latent function of the matrix

( ay Gy ag )
Ugp gy

A3 gy Uy

This function appears very frequently in pure mathematies, and also in applications
to physics. From it can be derived a function of three variables, viz. :—-
MDCCCXCIV.—-A. U
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|

| ayp — 2 (457 g {
|

O yg — Ty Qog \

|

P31 U39 (g — @

and herein writing 1/x, for ;, &c., and multiplying by @2, and by —- 1 when the
order is uneven, we get

V= 1—=ax — gy — G5
i

—On%y 1 —agnX; - dgpy |
= U373 — gty 1 — agwy |

Thus the latent function is a particular case of the function V.

In the discussion of the roots of the latent function we are concerned with the order
of vacuity of the matrix which may be any integer of the series 0, 1,2,...n In
the case of the function V, which may be called the homographic function of the
matrix, it is evident that a more refined nature of vacuity is pertinent to the discus-
sion. We have to consider not merely the vanishing of the sum of all the co-axial
minors whose order exceeds a given integer, but rather the vanishing of each separate
co-axial minor. '

It may be remarked that the homographic function V vanishes for the system of
values of w,, x,, &, which satisfies the equations

X, =X,=X;=1.

§ 6. Digression on the General Theory of Determinants.

Art. 51. The foregoing investigation has established the fact that the co-axial
minors, of a general determinant of Order n, are connected by 2" — n® 4 n — 2
relations, or in other words, that but n? — n + 1 of them can assume given values.

Of these relations a certain number are connected in a special manner with the
determinant of Order n, in that they are not relations merely between the coaxial
minors of one of the principal coaxial minors of the determinant.

Let this number be

¥ (n),
and put
2" — n? + n — 2 = ¢ (n).
Then

¢(7@)#¢(1@)+<z>¢(n— 1)‘+<g>lp(n-z)+ .+<n__4>\p(4);
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whence
Y (4)=¢(4) =2,

and

s =d@—(1)se—0+(3)sm—2— . (-, "))

\

and, by summation, we obtain the result

| b)) =1+ (= 1; (o 2)
shewing that
Y(2m)=2. (m>1)
¥ (2m + 1) = 0.

Hence, when the determinant is of even order greater than two, there are two
special relations between the coaxial minors and these two relations can each be
thrown into a form which exhibits the determinant as an irrational function of its
coaxial minors.

In the case of a determinant of uneven order no special relations exist between the
coaxial minors, and it is not possible to express the determinant as a function of its
coaxial minors.*

Art. 52. In the investigation we met with <g> equations

Ve 5

|

-

| L py Dye == DPeays
Yy Vyz

involving the <% ; 1> quantities y,, and the coaxial minors of the first three orders of

n— 1

the determinant | «,, |. Hence, by elimination, we find < 3 > identical relations

between such coaxial minors.
Also we found

5+ () + ()

/

"% Tt is evident that these relations must occur in pairs in accordance with the ‘Law of Comple-
mentaries ' which is so important in the general theory of determinants.
" U2
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. . . -1 - . .
equations involving the <n 9 > quantities y,, and the co-axial minors of the first s

orders of the determinant | @, | . Hence, by elimination, we find

<”;‘1)+<Z)+...+<f>

relations between such coaxial minors.
Special to the coaxial minors of order s, we thus find ( Z) relations if n be greater
than 8. The one relation, special (from this standpoint) to the determinant of even

order (greater than two), is obtained by eliminating the determinant itself from the
two special identical relations above referred to.

Art. 53. T take this opportunity of verifying the statements made in Art. 49 in
regard to the systems of values of the quantities :

Yey
which satisfy the

2 =1 —n - <;b> equations.

Tt is, in reality, a question concerning the properties of determinants.
To ensure that the coefficients of the condensed form satisfy the requisite con-
ditions, assume them to be derived from the determinant

l (L47) l .
n .
We have (,,) equations of the type
Yaz
Aoy Wyl - Uy
’ VeyVye
1 Ayy sy | GOy ez |
VayYyz
Yaz

This equation, being a quadratic for y../y.,y,. has only two roots, and it is easy to
verify that the equation is satisfied by the values

ClayClys iy

)
42 4273

Tn Art, 49, these values have been obtained by solving the quadratic, and it was
found that the values corresponded to the positive and negative sign respectively.
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Taking always the positive sign, let c,,~* be the value deduced for v,,.
Then
Coy = Uay/b.y,
and

Yoo Yoy Yoe = CayCyef ez

vHence, the <Z> equations are all satisfied by the system

1

Yoy = Cay” "
Similarly, they are all satisfied by the system
Yoy = Cpo” 1,

where
Cyo = Obyx‘//bw.

Art. 54. To show that each of these systems satisfies the remaining equations, it
suffices to consider the typical determinant equation of the fourth order.

We have—

Yz Yaw
a.’L‘$ w.’&'y Ol’yx T CL.’L'Z OLZ;I.‘ T Clﬂilv CLZL'.T
Vay Vyz Yy Vyz Vew
‘ Vyw
1 Cyy Ay Uy —— hywy Oy
'sz Yew
ke g e oy
Yoz
Yy Vyz Vew  VyzVew
l‘ awﬂl
Yaw Vyw
= | G Oy U O | -
On the left-hand side put
Vay = Cay ™" = bay[ Uy,
and the determinant becomes
A a.’vy a/yx Oy Oby: oz azy ayz Do Wy
1 Qyy Uy @y iy Oy Ay
(4253 1 a@
- Oy 06
Uy s 7 2w Wz
Xz oy
1 Qoo

Cgy Cyy Oy Oy Qg

In succession, multiply the first column by a,,, divide the first row by a.,,; multiply
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the third row by a,, divide the third column by a,.; multiply the fourth row by ¢..,
divide the fourth column by a., ; the determinant is then | .0y, ..y, | .
Similarly it is shown that the equation is satisfied by the system

Yoy = Cya~ b= by-@/ Ay

The equations, involving determinants of higher order, can similarly be shown to be

satisfied by both systems of values, and since the \0> quadratic equations have each

but two roots, it follows at once that

Cﬂfy—l, Cym ’
are the only systems.

§ 7. Awrithmetical Interpretations resumed.

Art. 55. The arithmetical interpretations drawn from the theory have been so far
of two kinds. In the examples taken from the ““Memoir on the Compositions of
Numbers” we had a redundant form of generating function and an exact or condensed
form ; the redundant form and the exact form could be differently interpreted, and
this led to an arithmetical correspondence which was duly noted in the memoir
quoted. The interpretations, subsequently considered in this paper, were single, and
there was no arithmetical correspondence ; the condensed forms did not admit of easy
and useful interpretations, but only the redundant forms. The redundant forms were
not considered in the most general form which, as we have seen, involves n — 1
undetermined quantities, but each of these quantities was given a special numerical
value ; this process led to simple and useful arithmetical results but it will be obvious
that the possibility of interpretation does not stop here.

Art. 56. In proceeding from the condensed form to the redundant form we met
with n — 1 undetermined quantities

gy %ggs o o o Oy o

As before remarked, we may, if we please, put these quantities equal to certain
functions of the quantities
.’)Ul, xg, o e e m;lo

We are not at liberty to choose any functions. The functions must satisfy certain
conditions, otherwise the coefficient of

wfigf L.

in the particular redundant product will not remain unchanged
I propose to examine this question.
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Arvt. 57. Of order 2 we have the product

1 &
(pry + #19q197)" <;1: Ly ‘{‘Pz%\ )

and in performing the multiplication we find a term involving

2.\ &-m

. — 1 L= tm —&t+m, - &1 &
(prer)” (onguaa)™™ <a1 ) (paiy)itir™ = ppbm it g iy,
2/

and if o, be not a function of x, and x, the terms involving x5z, can only arise in a
manner similar to this. ' : : "

If, however, a;, be such that a,x, is a multiple of x,, and consequently x,/a, a
multiple of x,, we at once get an addition to the coefficient of @ fw,® In the present

case the coeflicient becomes

(p1 + cqp)t < % n p2>§2

Hence, considering monomial values of «,, only, the inequality

must be satisfied in assigning to a,, a function of x; and a,.
We may put a,,, subject to the above condition, equal to any monomial integral or
fractional function of @, and w, ‘
We may not put
g = C ij ’
where ¢ is any function of p,, p,.
We may not, in fact, realize a portion of the coefficient of x ba,f as

2, \é—n
(le‘l)m (algquz)&—m (0‘112> (p;zmz)frfﬁn ,

wherein n differs from m.

Art. 58. Of Order 3, the particular redundant product is

B

€132 &£

0 g% 53
il 2

(pyey + o991975 + 0130‘120‘23913903)51 <—" + pyx; + “23923> < + +]93903> s
%12 X19%93 %93

and we must realize the coefficient, of

bl
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in the manner

’ @ \m x E—m—n & &y =ma—ity
Py ”“<"“> <” X (%9190 )" (Pa)™ |
( ) %9, V13%12%23 ( 1 ) ( ! ) %93

X a multiple of x,%,

where, of the three portions, the first accounts wholly for %, the second wholly

for x,%, and so on; and not in any other manner.
Put

(“12, ) = (15 bs),

where ¢, ¢, are fractions of x,, x,, 5, and consider the simplified matrix,

(= by, iy )

x
", g, Pa,
@ ,
- -2 x
$icpy’ by’ s

in which unnecessary quantities are omitted.

Further, omitting a multiplier, independent of x;, #,, x5, on the right-hand sides, the
following six inequalities must be satisfied,

0 2 2 )
P F Lol b bips® 1wy
B Ao @
b F X3 ’ iy | ’ ik @
putting
7, , 2y .
q’1=¢1;j“’ ‘1)2:4’2"9;”
these conditions are representable by the single inequality
D,? D 1
3 B SNTc ST 2.3 .
(1)] ‘I)z + @13q)2 + D, + @22 + q)l (Dz + @12¢23
1 D,? D 1
3 2y e 2%p 3 .
:# (I)z (1)1 + @23(1)1 =+ D, + d,? + ‘1’2 (I)l + @22@13

As regards functions of x,, x,, @, this inequality being satisfied, ¢, and ¢, may be

put equal to any functions that may be desired. Like inequalities may be obtained
in respect of the fourth and higher orders.
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Art. 59. The important point to notice is that iv is legitimate to put the unde-
termined quantities equal to any ntegral functions of x, a,, . . . x,—a fact, for the
general order, that becomes obvious on examination of the above processes.

As subsequently appears, it is such integral functions that usually present them-
selves in arithmetical applications.

Art. 60. As an example of the applications to arithmetic which swarm about the
theory, consider the important condensed form (vide Art. 14) :—

1
[1 — Sy — % (Mg — 1) 2t — = (hgu — 1) (Mg — 1) 1
— = Ay =D Ny =) Ay = 1) Ny — Dy . a:NJ

and, at first, consider the form of Order 3.
The matrix of the redundant form is easily found to be either

( I aphy, Bty >

O3
1
N 1 ac) A. )
9 23432
a1 1
Bis %93

or the similar matrix with ¢;; written for ¢;5.  Since

2 031=1,

we have, taking c;) and putting (e, ay5) = (1, 1) a particular redundant product

(@1 Mgy 4 Mgy ) () 4 @y 4 Nggig)® () + 2, + @5)%.

In this, the coefficient of a5, %a,% (which is equal to the coefficient of the same
term in the condensed form) is arithmetically interpretable as in Art. 15.

Art. 61. If, however, we put (vide Art. 59)

(1gs o35 €371 = <951> Xy ;
we obtain a form which may be written :—
( @ A Y & £ Ay gy
L Ay A Ngghgyagaegaey ) (1 A a2y 4 Mgy )

MDCCCXCIV,—A., X

&
+1+w3>,

Ngphoyaaly
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and herein we see that the coefficient of

)\2 | 5:1)\813.;|A32-‘33w ) flxggz;(;:gé:;
represents the number of permutations of the symbols in

’ PN O
which possess exactly
S91,  wyx, contacts
S315 Ty iy
8305 Agly

23

Here is an entirely new interpretation and we see that the true generating function
for the enumeration of the indicated permutations is

1
L—a —ay—ay— Ny — Dy — Ny — D ayg — Ay — D mgzy — (A — 1) (Ngy — 1) gy’

a result which does not lie by any means on the surface.
The arithmetical correspondence should also be noted.

Art. 62. For the order n we have the matrix

1 Y ‘ _34:37‘31_ Burn ,-6,1’,’?)1{1. \
12721 - . S
O3 14 Cin
1 U s, Bl Bonday
2 : %oshtas 7, T,

12 % Can
13 1 1 \ By
8 - K0T .

13 23 e
oy Gy 1 1 Bt
B Bas " O
Blﬂ BZ?Z IBSH B‘ln

and we obtain another form by writing ¢,, for ¢,,.
Moreover (7 > ) we have

Cypr = 1, Coy = )\y,c/f/vyx:
where

»M‘z/x == }\y,y—l)\y~l,y~-2 v Ax-l-l,a;;
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whence writing | ; |
(a-%‘y: Cg/a: == (1, 1

( Loy Ay Ay )
|
; 1 ] )\32 . . }\'712

we obtain the matrix

{'111._&13

|
|
11 | A lt

and we can interpret the coefficient of a5, . . . #f in the corresponding particular
redundant product as in Art. 15.
Again, writing

— Mz
(%p,pa1s Cay) = (Xp, == )
Hoyz,

which, as far as «, ,,, is concerned, Art. 59 shows to be legitimate, we have

Bpa = @ppiy + o+ By = Xy == X,y , SUPpOSe,
and the matrix

L Aoy @y Pai Xig P Xyg o Ky

;1; | 1 Ay, @y Pag Xog - Phaz K n

S T S Lo K
A Ao Aus My

Mni Xl, H1 fng Xz, . Mg Xs, n—1 ons, X4, n—1

and the new particular redundant product is :—

A Ay A+ opg Xy A+ opa Xy 0t pa Xy )8

( Lo+ m  Apagy + pp Xy o pe X )®
7”31 \ &3
o 14 my  Agay b A s X )
Mgy T
Ay Ao : &
— 4+ — + L -+ 2, 4+ ... 4. X
< Ha Xy Mg L3 ‘ i ' Has Saa
’ xnl Ao A*n," » KM ) &
( . CHNI T
A % Xn—x, p) Fong, X"—L 3 Mg 18&nm], 4 Mong }\n~1, 5 + '

X 2
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Axt. 63. In this product we may interpret the coefficient of
bt L L x

From the nature of the condensed form we know that this coefficient is an integral
function of the quantities \,,. We may prove that if a portion of the expansion be

no5

the number ¢ indicates the number of permutations of the 2¢ quantities in
xhwt . L wf

which possess exactly s,, contacts x,x,
39 ”» L3y,
2

Sgp s Lgp

Regard the above product, as written, as being a square form of n rows and n
columns involving n? elements.

Observe that if s 4 ¢ the element common to the s™ row and ¢* column is

Ao @
Mest Xt, s—1

while the element common to the {* row and s™ column is
IJ«siXst,

and that the product of these two elements is
Aot sy

Now, take a particular permutation of the Z¢ quantities and observe how it may
be considered to arise in the multiplication. Let a portion of the permutation be

@y | aygmy | wewgegamy | w5 | @ ..

divided off by bars into compartments in such wise that in any compartment the
suffixes are in descending order.



GENERATING FUNCTIONS IN THE THEORY OF NUMBERS.

The portion is a permutation of

27 3 3
B 25 0 T e N

and we can obtain this portion by selecting for multiplication

2 elements from the row appertaining to the exponent &

3

— Q0 e

2

2

3

kM

2

2

2

2

2

2

b

5

b

»

5 2

The permutation is divided into five compartments as shown.
In the first compartment we have simply @, which is to be taken from the 2nd row

2nd column.

x4x2w 1

In the second compartment we have

&
&
&,
&
&

157

which is obtainable by multiplication of elements taken from the 4th, 2nd, and 1st
rows, as follows :—

multiplication gives

In the third compartment we find

Ayg .
In row 4, column 2, we take =2 * —

2

’

4,

2

2

ARy @407,

L5 Ls gL

1
Hyg + T

1

R4 0403225 3

: Aey 1
From row 8, column 5, we take ~* .

29

29

Rl N

o
~

»

9

Multiplication of these five elements yields

Mgy Tqlg
N 1

Mg Ty

1.
1.

g1 L g L2y X5 -

AgsNsghgoa L5 Loy



158 MAJOR P. A. MACMAHON ON A CERTAIN CLASS OF

In the fourth and fifth compartments we have simply @;, and in each case the

element selected is that in the 5™ row and 5™ column. Altogether we have obtained
the product

2
AgsNsaMygNgo Ng Loy 0 G050 X505,

and we observe that the contacts

w, (9 > p)

are correctly indicated by the quantities

Ape

Art. 64. The process is obviously a general one, and the rule of element selection
to demonstrate the desired result may be set forth ag follows :—

If a compartment of the permutation be
Ll L q Xy
@, b, ¢, d, e being in descending order of magnitude, we take elements in

row a, column b,

3 b’ 3 c?

23 CZ)

b C?
35 2 22 e?

2 e? 22 a’
and thus obtain the product,

Aab)\bc}\cd }\demambwcxd Loy

wherein the contacts are correctly represented by the quantities .

If a compartment contain the single quantity x,, we take the element in the s™ row
and s™ column.

By the above process
& elements are taken from row 1,

'5-"2 39 22

o
99 oy

gn » 29 » n,
to form the product
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“Art. 65. Hence it has been established that the coefficient of the term
A Ay L )\Wf’”’ AN I
in the product, enumerates the permutations of the £¢ quantities in

r L wb
which possess exactly
8y contacts @y,

839 s L3y,

Sep e X

and since the redundant product can assume the appearance derived from the matrix

(1 Moo Ny )
R R v |
1 1 1

we find that the enumeration is identical with that of the permutations which are
such that the quantity x, occurs s, times in places originally occupied by the
quantity @,, when ¢ > p, and, as before, we take the coefficient of

s Sa Sqp { w
Aot g™ . oL Ny Bt Lt

Hence, an arithmetical correspondence, and, also, the fact that the true generating
function for the enumeration of these permutations is

1
[ 1— 2% — 3% N, — Dz, — S (8 . — 1) (., — Dazge, J
e e e T (7\,21 — 1) ()\/32 - 1) e e (Xn’n—l - 1) wlwzxg e wn-—-l mn

The above example is only a solitary one of a large number that might be furnished.
An advantageous method for procedure appears to be to take some simple interpret-
able redundant product, and to then pass through the condensed form to the general
redundant product, involving 7 — 1 undetermined quantities as well as quantities ¢,
which admit of a choice of values. The assignment of these quantities then leads to
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a variety of arithmetical correspondences which, as before remarked, is absolutely

limitless.

The theory, moreover, includes an exhaustive Theory of Permutations, and gives in
every case the true condensed Generating Functions. Its importance in the General
Theory of Determinants has been touched upon.

In conclusion, the paper will have achieved its object if 1t is successful in indicating
the arithmetical and algebraical power of the main theorem considered.



