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XIII. On a Type of Spherical Harmonics of Unrestricted Degree, Order,
and Argqument.

By E. W. Hossow, Sc.D., F.R.S.

Received December 23, 1895,—Read January 16, 1896.

INTRODUCTION.

THE ordinary system of Spherical Harmonics or LaAPLACE’S functions is obtained
from LAPLACE’S equation
vV PV oV
oy = 9V L oYV OV
VW=t oit =0
by choosing special values of V which satisfy this differential equation, and are of the
forms
, 08 "
™ mep . u,” (), or
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Sin
where n and m are real positive integers, z, y, z being expressed in terms of », u, ¢
by means of the relations

x=r(l—pHicosd, y=r(1—p’fsing, z=r1u;

the function w,” (1) is a particular integral of a certain ordinary linear differential
equation of the second order, and is known as LEGENDRE'S associated function of
degree n and order m ; these solutions, in which y is restricted to be real and to lie
between the values 4 1, and in which m is restricted to be less than or equal to =,
are the solutions of LAPLACE'S equation which are required in the very important
class of potential problems in which the boundary of the space considered consists of
either one or two complete spheres, or of surfaces which differ only slightly from
spheres.

It appears, however, that the functions ;Ons me . u,” (w) are required for the solution

of certain potential problems in which the boundaries are of forms other than
complete spheres, and in some of these cases the values of n, m, and u are not
subject to the restrictions which hold in the case of the primary potential problems
in which the boundaries are complete spheres. In the case in which the boundary
is a spheroid or two confocal spheroids, the functions u,” (x) of both kinds are
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required, in which, although n and m ave still real integers, p may have values
which are real and greater than unity. The functions for which n is fractional or
complex are required for the solution of potential problems in which the boundary
consists of coaxal circular cones and of spheres with the centre at the vertex of the
cones. For potential problems connected with the anchor-ring functions are required
for which » is half an odd integer, and p is greater than unity. For the space
bounded by two spherical bowls with a common rim, solutions in which n is complex
of the form — % + pi, and p is greater than unity, have been applied. Solutions
in which m is not an integer are sometimes of use, for example, in the potential
problem for the portion of an anchor-ring cut off by two planes through the axis of
the ring, which are inclined to one another at an angle not a sub-multiple of two
right angles.

The expressions

CO 1 Ccos

S
P ¢in mep . w,” (), #7

sin mep . " (),
in which u,” (u) represents any particular integral of the differential equation which
it satisties, and in which the degree n, the order m, and the argument p may have
any real or complex values, are a special type of Spherical Harmonics in the extended
sense of the term, which applies to ail solutions of LAPLACE'S equation ; the investi-
gation of their forms reduces to that of two particular integrals, here denoted by
P (p), Qi (w), of the differential equation which u,” (u) satisfies. The forms and
properties of the functions required for various potential problems have been investi-
gated by various writers, the investigations resting usually on a more or less inde-
pendent basis ; thus, for example, we possess separate theories of Toroidal functions,
Conal functions, &c. It is obviously desirable that all these special functions should
be treated as parts of a general theory; thus an investigation of the forms and
properties of the two functions P,* (u), Q. (1) for unrestricted values of n, m, p is
required for the consolidation of the various special results which have been obtained
in connection with special potential problems. To do this by means of the modern
methods applicable to linear differential equations is the object of the present memoir.
In the standard treatise of IImiNg, the forms and properties of the functions P, (u),
Q," (n) are investigated for complex values of u, the degree n and the order m being
primarily real and integral ; various extensions are made to cases in which n is not
so restricted, but in default of a general definition of the functions for unrestricted
values of n and m, these extensions are fragmentary, incomplete, and in some cases
erroneous. Many of the series which satisfy the differential equation for unrestricted
values of the degree and order have been given by Tromsox and Ta1r,* and a general
treatment of the series has been given by OrsricHT,' who obtains seventy-two hyper-

* See ¢ Natural Philosophy,” vol. 1, Part 1., Appendix B.
+ See OusricuT, ¢ Studien tiber die Kugel- und Cylinder-functionen,” Halle, 1887.
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geometric functions which satisfy the differential equation, at least half of which are
convergent at any given point of the w-plane.

In order that the relations between the various particular integrals in the form of
series may be exhibited, it appears to be most convenient to start from integral
expressions which satisfy the differential equation ; this is the course adopted in the
present memoir. A definition of the two functions P,”(un), Q,”(r) by means of
integrals taken along complex paths, which shall be valid for unrestricted values of
the degree and order, has been rendered possible by the introduction independently
by JorpAN* and PocrEAMMERT of the use of integrals with double circuits ; the use
of such integrals has the great advantage over the employment of integrals taken
between limits, that the constants have to satisfy no convergency conditions, and
thus that the functions may be defined by means of expressions which have a definite
meaning for all values of the constants.

In the special case m = 0, the zonal functions P,(p), Q.(n) can be completely
defined by means of integrals with single circuits ; this has been done by ScHLAFLL]
who bases his theory of the series which represent these functions upon such
definitions.

In the first part of the present memoir the two functions P, (u), Q" (u) ave
defined by means of integrals in such a manner that the functions are uniform over
the whole p-plane, which, however, has a cross-cut extending along the real axis
from the point w =1 to p= — o ; these definitions are so chosen that in the
ordinary case of real integral values of n and m, the functions coincide with the well-
known functions used in ordinary Spherical Harmonic Analysis; from these defini-
tions various series are obtained which represent the functions in various domains of
the p-plane. Special conventions are made as to the meaning to be attached to the
functions at points in the cross-cut. Various other integral expressions are obtained
which would serve as alternative definitions of the functions. It is shown that all
the known definite integral expressions for the functions in restricted cases due to
Larrace, Diricarer, Heng, and MEHLER are special cases of the more general
formulee. In the latter part of the memoir various definite integral formule are
deduced for cases in which the degree and order are subject to special restrictions.
In conclusion, the forms of the functions required for the potential problems connected
with the ring, the cone, and the bowl are deduced from the general formule ; in
particular, convergent series are obtained for the tesseral toroidal functions.

As much confusion is caused by the variely of notation used by different writers,
it is convenient to state here for purposes of comparison the relations between the
symbols used in the most important works on the subject; for this purpose the

* See ¢ Cours d’Analyse,” vol. 3.
1 See various papers in volumes 35 and 36 of the ‘ Mathematische Annalen.’
1 See a tract “ Ueber die beiden Heine’schen Kugelfunctionen.” Bern, 1881.
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ordinary case of integral values of n and m is the only one which has to be
considered.

Hrive uses the symbols P, (u), B,% (p), Q. (u), 2. (n), which are connected
with the symbols P,” (1), Q,” () used in this memoir by the relations

1

—im o 2.3 —m g
P () = P () = (0 = D)7 () = 1 T R )

m»l.i‘,’\...?%—}-l

Q" (p) = Q" (p) = (u* — 1)1 2,0 () = (— 1) 1.2.3...n4+m

Qnm (l“’)

Tromson and Tarr use the symbols ©," (u), 9,%(n), which are connected with
Hrine’s P, (n) by the relations

2e=m ! (n — m)!

(= 1P () = 0,0 () = 0 (0 T g 0 ),

FerrERs uses T,”(u) for what is denoted here by (— 1)»P,*(u), except in the
case of a real u lying between 4 1, in which case T,” (u) and P,” (1) are identical.

The Gaussian function II (2), which is equivalent to I' (x + 1), is used throughout
the memoir.

Definition of the functions P, (n), Q" (n) by means of definite integrals.

1. If, in the differential equation

AV av m?
— Ry = e — — —
(1 f")dﬂ,z ZMCZ,u,—}- {%(%—l—-l) 1 —

}V:‘—O- e (),

which is satisfied by LEGENDREs associated functions, we substitute V = (u* — 1)"'W,
then W satisfies the differential equation

d*W aw .
(1—,!1,2);];;2‘-—2(?72-{— 1)”@ +n=m)n+m4+1)W=0. . (2)

If, in the expression on the left-hand side of (2), we substitute

W — j‘(iQ — ])u(t — M)-—n—m—l dt,

we find
{(1 ) (;sz —2(m 4 1) p g/: + (n —m)(n+ m + 1)H'(t2 — 1)yt —p)y b de

— (’I’L + m _+_ 1){%{(# — 1)7i+1(t — M)“;z-—m—2} Olt.
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Tt appears thus that the differential equation (2), is satisfied by
W= f(ﬁ — 1y (t — )" =l d,

for unrestricted values of n and m, provided the integral is taken along a closed
path, z.c., one such that the integrand (> — 1)" (¢ — p)~*~ 7! attains the same value
when the path has been completely described, as that with which it commenced.
The integrand has, in general, the four singular points ¢t = + 1, t = — 1, t = p,
t = o, and we shall see that it is possible to choose two distinct closed paths,
defined with reference to these singular points, which will represent the values of W
required for the two LEGENDRE’S associated functions.

2.

-/

-/ f—.H g

If the variable ¢, starting from a point C, describes a path in which a positive
(counter-clockwise) turn is made round the point p, then a positive turn round the
point 1, then a negative turn round u, and lastly a negative turn round 1, such a path
will be closed, i.e., the integrand (¢* — 1)*(¢ ~~ u)~*~”~! will have the same value
at C at the beginning and at the end of the path. In the first figure the path will
be (CaBC, Cy8C, CBaC, C&yC); in the second figure it will be (CD, DabD, DC,
Cf9C, CD, DbaD, DC, CgfC). In PocHHAMMER’S notation, the value of V will be

(4, 14+, p—, 1)
V= (@2 — 1| (= 1) (¢ — ),
which will satisfy the equation (1); it is necessary to specify precisely the values of
the multiple valued functions in the integral, in order that the integral may have a
definite value.

First, to define the meaning of (u? — 1), let u — 1 = re?, p+ 1 =7"¢?, and
suppose p to have moved from a point in the real axis for which u > 1, along any path
up to its actual position; we shall suppose that § = 0, & = 0, when u is in the real
axis and greater than unity, the value of (u? — 1) at any point will then be

()™ {cos -7;} 04+ 0)+ Lsin%(ﬂ + &) }, where 0, ¢ are the angles the lines joining

paud 1, w and — 1 make with the real axis; # and  must be restricted each to lie



448 DR. E. W. HOBSON ON .A TYPE OF SPHERICAL HARMONICS

between =+ m, in order that a single value may be assigned to (u* — 1) ; by (1) is
denoted ¢5t") where log (') has its real value; the value of (u? — 1) has thus
been uniquely specified for all values of u, except those which are real and lie
between + 1 and — o . Next, in (* — 1)* = (¢ — 1)* (¢t + 1), we shall suppose the
phase of ¢ — 1 to commence with the value ¢ at C, where ¢ is the angle (between + )
the line joining C to 4+ 1 makes with the positive direction of the real axis ; the phase
of ¢t + 1 at C we shall suppose to be ¢, where ¢ is the angle (between o4 7) the line
joining C to — 1 makes with the positive direction of the real axis; if at C,
t—1=lke?, t+1=1Ie?, the value of (¢*— 1) will be €5, e*@®*+% where
log (kk') has its real positive value ; after the positive turn round 1, (#* — 1)* will have
become em1og ) gmr+ o+ ),

The phase of ¢ — u we shall choose to be such that it is zero when ¢ passes through
that point of the path for which ¢ — u is a positive real quantity, thus the initial
value of t — u at C is pe~"~¥*, where v is the angle (between + ) which the line Cp
makes with the positive direction of the real axis, hence (¢ — u)=**"+V changes from
p D e kAL fo pm(HRAD o= DEHD: i going from € round the point p to C
again, p~C*"*1 denoting e+ *V%r where log, p has its real positive value.

3. Let us now consider the value of

” - oty I+, p—y 1) 1 (th — 1)4%
Cy (IU‘Q — 1)‘1 J’c 2; m Olt e e e [ (3),

with the specifications of the phases just given, in the case in which u is such that
mod. § (I — p) < 1. We shall make the substitution ¢ — 1 = (p — 1) ; it will be
convenient to place the path so that Cis on the straight line joining 1 and g, so that
u has a real value less than unity when ¢ is represented by the point C.

The integral becomes

—

where C’ is the point corresponding to C.

(1+,0+,1—,0~) /

(,U/ — 1)—m u" (U — ]-)—n—-m—l Kl + ’u,-;_l u>ﬂ CZ’M

o

In this integral the initial phase of w at (" is zero, that of u — 1 is — #, and

—1 \» . . . .
<1 + K 5 u) has the value given by the Binomial expansion.

On performing the expansion, we obtain

n ”__+ 1 m 2 U(’}’b) w= ] ' j‘(l+’0+,1~,0—) ntr 1\—n—m—1
o </L - 1> %o L) (n—r)\ 2 y wt (u 1) du.
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The expression

(1+,0+,1—,0-)
e"”(““)g w1 — u) " du

has been denoted by PocmHAMMER by € (a, D); it has the advantage over the
Eulerian integral I W (1 — u)’"" du of having a definite finite value for all values of
0
a and b, In €(a, b), the quantity 1 — u has the phase 0 initially at C’, so that
u— 1= (1 —u)e ™. The principal properties of € («, b) are the following :—
(1) €(w,b) =€ (b, a),

afa+1)...(a+r—1)

@ et n ) == s+ D).. wsb+r=1 @D

Dy a+b=1) .. . (@a+b—m
€(a—1r0)=(—1) (“—1)((6—2)...((4—7;)€(a" b).

(8) €(a, b) = — 4sinansinbr. E(a, b)
when the real parts of «, b are positive, E («, b) denoting the Eulerian integral

1
f w1 (1 — u)’~ldu,
0

which is equal to
Il (0 —1) TI (b — 1)
O(e+b—1)

By means of (2) this theorem can be extended to the case in which the real parts
of a, b are not necessarily positive.

(4) €(a,0)=€(l—a—0b,b)=€ (2,1 —a—"0).
We have

P14, 0+, 1=, 0=)
urtr (’M —_— 1)~;z~m—] du

A+, 0+, 1-,0-)
o e(n+m+l)m J'

utr (1 — u)™ "1 dy

= e (n 4 1, — 1 — ),
hence, since

€E(n+r-+1, -—n—-m):(—l)r((lnjﬂj))((;zjj))((;%j;?;e(n—l- 1, — n — m),

the expression (3) becomes
MDCCCXCVI.—A. 3 M
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W pHT M + 1 %7” II </)Z +/r) 1 ll.f.:_} g
o™ €(m+1, —n m)<,u,—1> H(?‘)H(n_r)(1—~m)...(7‘—-m)< 2 )’

or

Lo1\¥m 1 —
c,e"™ € (’]2 + 1, —n — ’n’l) <f:{r:—1> F <—' n, 1 + 1, 1 — m, '“—i—#) ’

where F is used with the ordinary notation, for the hyper-geometric series.
In virtue of the property (4)’, we have €(n + 1, —n —m) =€ (n + 1, m); and
from (3)" we have
. e . )T (m —1)
€ (n + 1, m) = 4 sin nasin mw. BT

hence, whatever n and m may be, the expression (3) becomes

oo A o . w+ NI (n) I1 (m — 1) _ i 1—w _
c € .4smn7rsmm7r<#_1> T (n + ) F n,n-41, 1 —m, 5

4. In the case m = 0, we have, since IIL (— m) II (n — 1) = m cosecm ,

(e, 14, p—, 1-)
c,,of

. 1-—
(= 1)*(t — p)™dt = ¢.0.e™. 4w sin nw . F (-—- n,n—+1,1, “2"B> '

when mod. % (1 — p) < 1; in accordance with usage we take the LEGENDRE’S function

P, (r) of the first kind to be given by P, () = F <—-— n,n+4 1,1 L= ’M>, hence, if we

2

e"‘ﬂﬂ'b

choose ¢,? equal to , we have

4qr sin amw

Py (p) = o (& = 1) (¢ — p)™ "t .

oL (o, 14, p=, 1=) 1
2n

4 sin nwr

The integral on the right-hand side defines P, () over the whole plane, the
function represented in the domain of the point 1 by the series, being analytically
continued over the whole plane.

In order to obtain a definition of P,” (1), we shall first consider the case when m is
a real positive integer, and shall then define P,” (u) for general values of m in such
a way that the definition agrees with the usual definition for the special case in
which m is a real integer.

When m is a positive integer, we may define P,”(u) by means of the formula

' » Oy () . .
P (n)= (,u,2 — 1) T thus in this case

(Wt 1+, p—1-) 1

g—nm ].'I(n + m) (Mz_l)%m ‘( :_)71 (t2 _— 1)7; (t _— M)-—n—m-—] Clt

4 sinnmr Il (n)

P (n) =
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so that in this case ¢,” = o T+ m) . We shall choose this value of e,” for
4 sinnw - I (n)

all values of n and m, thus obtaining a definition of the function P, (i) for all values
of n and m real or complex ; P,” (n) is accordingly defined by the expression

o nm 11 (')’b + m)

II (n) (f"2 - 1)%7” (tg—l)" (t—‘u,)_”‘m"l dt (4)

J'(:u Fy 14, =y 1)

P (p)=

4r sinnar 2%

for unrestricted values of n and m, the phases of the expressions in the integrand
being assigned as in Art 2. In order that this function P,” (u) may be a single-valued
function of u we must suppose that a cross-cut is made along the real axis from the
point 1 to—oo, so that the phases of pw — 1, w4 1 in (u® — 1) are restricted to lie
between = r, the function is then, when we take into account the remarks which
we have to make in the next article, a single-valued function over the whole plane so
cut, the values at points indefinitely close to one another on opposite sides of the
cross-cut being in general different. It should be observed that the integrand in the
integral for a given value of pu varies continuously in crossing the cross-cut which has
no reference to the variable ¢, but applies to w only.

When g in such that mod. (1 — p) < 2, we have

sin 7 . \3m 7 11—
Bt =2 s ) (5 B (11— 5
. 1 S+ D\ 1 — w
_H(—m)<;4—1> F(——n,n-}-l,l m, — ) N ()]

The formula (5) represents the function P,” (n) over that part of the plane which is
contained within a circle of radius 2 with its centre at the point u = 1; this function
can be analytically continued over the whole plane and (with the cross-cut) the
function so continued is uniform, and is given by the definite integral formula (4)
which affords a general definition of the function. |

When m is an integer positive or negative, the expression (4) can be simplified ; in
this case the integrand returns to its initial value after a positive turn round each of
the points p and 1, denoting the parts of the integral taken round CeaBC, CySC
(fig. 1, Art. 2) by P and Q respectively, the complete integral is

P + Q — Pem — Qe(‘n +m + 1)2m,
or

(1= ) (B + Q)

now P -4 Q is the integral taken along a curve which encloses both the points
wand 4 1, and is described positively, hence, in the case in which m is an integer,
the formula (4) becomes

3 M 2
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n —_ 11 (77’ + m/) (F’g - 1)%}:» (bt 1) 7 —n—in—
S (b B GER mt  OF
‘When m = 0 we have
ety 1) 1 2 7 \=—n—1
P,,(,u)—zzj S E=1y—pde . ()

which agrees with the definition given by SCHLAFLL

The only case of failure of the formulee (4) and (6) is that in which % 4 m is a
negative integer; in that case TI (n 4 m) is infinite and the integral is zero, and
the product can be evaluated by the rule for undetermined forms 0 X o ; we have

cosec (m + n)

I (n +m) = _H(—m—n—1)7
and the limiting value of
1 bty 13, b=y 1) 2 n - ==

s~i_n-Z7—n + n)qr,( (#=1) (¢t =p) dt
is

1 (wty 1+, p—y 1) 9 1 u t —n—m-—ll N t ) Z

__'n'cos(m+n)7rj (@ =1yt —n) og. (¢ — p) dt,
thus
6-—4’“”.
P (p) = 4rr sin nar
1 1 (1w, 14, p—y 1)
j T 1y (t— ) Log, (f—pu) dit,

" 2 cos (m+n)m I(n) II(—m—n—1)

If in (5) we change n into — n — 1, the hypergeometric series is unaltered, thus
within the circle of convergence P,”(u) is equal to P_,_"(u); it follows that
the same relation holds over the whole plane; we accordingly obtain another
expression for P,” (1) by changing n into — # — 1 in the formula (4), we thus have

P () =Py (w)

e M(m—mn—1) (ut, 1+, p=y 1-)
— n+l _ 2 ) P -1 — =i o f
T dwsinamr’ 2 H(—n—1) ( 1y !. (t 1)=r=H(t — p)=" d,
— S e_nm__ nt1 i <7:L_)A 2 j.(l’”-, e 1) 2 e 1YY (e Yo
7 dwsin(n—m)m 2 (n—m) (po—1) (F=1)77 (f=p)dt (8).

The formula (8) will serve equally with (4), as a definition of P,” (u); it does not
appear to be easy to prove directly their equivalence.
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As regards the formula (5),

R S U A - 1—w
P () = 11 (= m) <’u — 1> F <— n,n—41,1—m, 2—~) )

we may remark that

(=) When n is a real integer and m is not so, the series is finite, and therefore
P, (1) is an algebraical function.

(8) When m is a real positive integer and n is not so, the formula may
be written A

i —_ _}_ H@m+m) 1 2> 1) B {1 ’ };ff\ .
P (n) = 5 T (n — m) T (m) (u*>—1)" F <m mntm+1,m+1, — >

(y) When n and m are both positive real integers, and n > m, it falls under
case (B), the series being however finite since the first element m — n of
the hypergeometric series is a negative integer, thus P,” (u) is an
algebraical function.

(8) When n and m are both positive integers, and n < m, case (B) shows

that P,”(u) Is zero; in order to obtain an integral of the differential
equation we must take II (n — m) P,” (x) which is finite.

5.
/Le
N C c
-/ +/ /
(a.) (.

In defining the function P,” (u) by means of a definite integral taken round a
closed path, in which turns are made round the points u and 1, but none round the
point — 1, it is necessary to specify the position of the path with reference to the
point — 1. The figures (@) and (D) represent two distinct paths for the same value
of p, but the integrals obtained from them will be, in general, different in value, as
one path cannot be brought by continuous deformation into coincidence with the
other without crossing the point — 1, which is a singular point for the integrand.
We shall consequently specify that the path by means of which P,”(u) is defined in
(4), is one which does not cut the real axis between — 1 and — oo, or is, at all
events, a path which can by continuous deformation be brought, without crossing the
point — 1, into a path which does not cut the real axis between — 1 and — .

6. Another closed path for the integrand (¢* — 1)*(¢ — w)~»~*~!is that in which
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a positive turn round the point — 1 is followed by a negative turn round the point

+ 1.

H

- TN T
P e——

Consider thus the expression

9 SR S R , o
ﬁbm (IJ‘ — 1)armj T?;: (td — l)m (t — :“) n—in=1 dt’

taken along the path as in ecither of the figures. The phase of ¢ — u will be
measured as before ; those of ¢ — 1, ¢ 4 1, we shall take to be such that they vanish
at the instant when ¢ passes in the integration through the point A of the real axis,
for which ¢ — 1,74 1 are both real and positive; thus, in the second figure, the
initial phrases of ¢ — 1, ¢ 4 1 at C are = and — 27 respectively.

Let t — p = (u — ¢) e, then the phases of u — ¢ are such that at the point E,
where the line joining p and 1 cuts the path, the phase of pu —¢ is the angle
(between = a) the line makes with the positive direction of the real axis; the
expression becomes ’

(=14, +1=) 1
St (u® — 1) [ v e HmIENT (1 1Y (= )71

v

Suppose now that mod. p > 1, the path of integration can then always be so
placed that mod. ¢ is everywhere less than mod. u; expanding by the binomial
theorem, the expression becomes

fnm (Mg _ 1){% . _21— S T:Ew ‘((~1+, 1 T (0 A+ w4 ) 1

[
=0

I (n + m) 11 (r) Mn+m-ﬁﬁ (¢ — 1)t de.

(=1,1-)

To evaluate j (#* — 1) ¢ dt, we may place the path so that the two loops
are exactly equal, C being half-way between the points 1 and — 1; it is thus seen
that the integral vanishes when  is odd, and that when 7 is even and equal to 2s it
is equal to

(+1+4)
— zf (¢ — 1) > dt;

0

making the substitution ¢" = ¢*, we see that ¢’ — 1, or (¢ — 1) (¢ ++ 1) is such that its.
phase increases from — = to  during the integration, we thus have
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(+1+4) , , N
— j (" — 1)y ¢'s—4 dt,
0
O@)M(s—3).

II(n+ s+ %)
The expression with which we commenced is now reduced to the form

which can easily be shown to be equal to 2 sin nar -

1 2 (n+m+2s) H(n) (s — %) 1
mo (a+m+1) ur _ s ‘5‘
St g Zusinna. e W =1 X ) T (25) TL(n 45 ) oot

which is
1 II(n) O (— %)
m (n+m+1)ur Im 2N/ TN 2
I v 2 sin nwr . e (u® - 1) (o + 3
1 n 4+ m ) + m+1 1
* L < + 1, >+ %’ ﬁ>

When n is a positive integer, we have in accordance with the usual definition of

Q. (1),

1 I(—=HTI 1 n,+1 1
Wi =gm iy e TS LI )

e—(a+1)um

j;LO —_——

44 sin nrr

hence, in this case, if we take

we have

oo (B = 1) (¢ — )™t de.

Qu (1) =

e—(n+])m' j(—1+,1-—) 1

44 sin nar

Defining Q,” (1) when m is a positive integer, by means of the equation .

Qo (w) = (= 1P 5 Qu )

we have
p—(nt 1w . II (n + m) 1+ 1-) 1 e
(1) = g (0 = D s [T g (B = 1) (e = )

we should consequently, when m and n are positive integers, choose £, equal to

e._('n+l)m I (n + ”7/)
desinpr T I ()

We shall now assign this value to f,”, whatever m and n are; we thus obtain the
formula

” e...(n+1)¢7r H(n+m) N
Qi (1) = 4, i II (n) (=

L=l 1) :
1)im f o =1y (¢ —p)rmmmtdt (9),
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which we shall take as the definition of the function Q,” (r) for unrestricted values of
m and 7.
When mod. (p) > 1, Q,” (1) is represented by the expression

win_ T Hm) I (=), e L n+m+2 n4m+1 3 1 >
Q" (M) - 2—72—;1 1 (n + %_) (‘LL -_]) Iun—i-m—i-l F 2 H 2 2 /}l+ —?:_ ’ ;E;/ (10)'

The uniform function obtained by continuing the function in (10) over the whole
plane, with the exception of the cross-cut along the real axis from -+ 1 to — oo, is
represented by the expression in (9).

When n is such that the real part of n 4 1 is positive, the definition (9) can be
simplified, the integral being then reducible to one along a line joining the points 4 1.
The path may be as in the figure ; then, since the integrals along the loops round the
points 1 and — 1 become indefinitely small when the loops are made indefinitely small,
we have

(;}c > J)f?)

(—=1+4,1-) 1 .
‘( (tQ' —— 1)11 (t — 'ul)-‘n-m-'l dt = (enm. — e-—nm)j' (1 — t%)u (t —_— M)-—-n—m—-l dt
-1

4

1

= 2u8in mr( (L= 22) (t = p)=r=»=1 dt ;
-1

hence, when 7 4 1 has its real part positive, we may substitute for (9) the definition

PSR 1 | (n + 977/) 9 10 '

L -1

_217 (1 — tz)n (t — IL)-—n-—m-l dt

™™ I (n + m) [ g i
=Gty =1 [ a=ey@—n—ran . .. )

The integral may be taken along the real axis, (1 — ¢?)* denoting ¢" 8 @=%), where
the logarithm has its real value.

It will be observed that when n is a positive integer, the form (9) is undetermined
(o0 X 0); we can, however, in this case use the formula (11). When 7 is a negative
integer, the value of Q,” (w), as given by (9), is in general finite, since

w

sinmr.l'l(n)::-—m;

if, however, n + m is also a negative integer, or if m is zero, the value of Q,” (u) is
infinite, so that the factor IT (n 4 m) must be rejected if we wish to obtain a finite
solution of the differential equation.
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Proof of a relation between @, (n) and @, (n).

7. If we apply to the formula (10) the known theorem

Fa,B,y,2) =(1L =) F(y—uo, vy — By, x)

we have when mod p > 1,

wm — 2
Q. (f") = Qutl O(n+ %) B) > B » 3, e

e I (n 4+ m)IL (= %) L —m4+2 n—m+1 1
( : (”‘Q’ - 1) ’ #11,—m+1 ‘[‘ ( 8

The expression for Q,™ (u) is obtained by writing — m for m, in the formula (10);
we have thus the relation '

o mum Q“m ( ,u‘) _ g Qn - (Iu‘) (12)
M@n4+m)  O@-—m)y °~ °~ "

which must hold over the whole plane ; it is obvious that @, (u) satisfies the diffe-
rential equation (1), as that equation is unaltered by changing the sign of m. The
result in (12) may also be obtained by transforming the integral in (9) by means of
the transformation (¢ — u) (t' — p) = p? — 1, which is equivalent to an inversion with
respect to the point u.  On making the substitution, we find

1 (=14, 1"')
(lu‘z —_— 1)2”%[ (tz — l)n (t —_ lu)—-n—m—-l dt
1 (t+ =1=) ¢ ’ ’
[ (Mi’/ — 1)—§mj (t P l)n (t — ,L)—nhn-l dt .

Corresponding to the phase — o of t* — 1, the phase of ¢* — 1 is m; also to the
phase — 7 of £ — p, in the case in which w is real and greater than unity, the phase
of t' — w is r, hence, in order that in the integral on the right-hand side the phases
may be measured in the same way as on the left-hand side, the factor ¢?m-2@-n+hm
or ¢ must be introduced ; we thus obtain

) G TR ) ’ it
(w2 = 1) [ (= 1) (= )

4,1

(- =) :
— (Mz _— 1)—-%)72 eZ:nmj (t'sz — l)n (t' — ,u')—n-%m—l dt’,

and thus the result (12) is proved.

Ezxpression for Q" (u) when mod (u 4 1) and mod (u — 1) are less than 2.

8. It will be necessary to obtain an expression for the integral
MDCCCXCVL-—A, 8 N
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(wty =14y p—=, =1=) 1

(IU‘Q — ]v)émj’ _f};; (t2 — 1)n (t — M)-n-m..l dt,

analogous to the corresponding integral round the singular points u, 1, obtained in
Art. 3. To define the phases of the integrand we shall distinguish the cases in which
the imaginary part of u is positive, and is negative.

We suppose u to move from a point in the real axis for which its value is greater
than unity, up to its actual position, the path of integration being drawn as in the
figures ; it will be observed that as w moves from a position on the positive side of the
real axis to one on the negative side, the path cannot be displaced from its first
position to the second one without crossing the singular point + 1, it is therefore
necessary to distinguish the two cases..

In the first figure the phase of t—1 at A is+, and in the second figure it is —
in both cases the phase of ¢ + 1 at A is zero, and that of ¢ — p is measured as before.

Put ¢t + 1 = (u 4+ 1) u, the expression then becomes

W= 1\%77; (1+,04,1=,0-,) w41 )n : T m—l
. w (= u—1) (u—1 du,
<,w + 1) .,( 2 ( )

now we put

ot 1 _ ( w1l
, u—1l=ce 1___,2. U

= \

or,

1 - +1
mElu o=t

according as the imaginary part of u is positive or negative, in both cases the phase of
1=~ —; ! u 1s zero abt A, and then <1 — 'g——;;-l- u)ﬂ will have that value which is given
by the expansion by the Binomial Theorem.

We have for the integral

' — 1\ £am (1+,0+,1—,0-) 1 n g1
(’u —————— > e f u"(l «—-”; u> (w—1) du,

the upper or lower sion being taken in e*"™, according as w is above or below the real
Pp ) w
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axis, When mod. (u + 1) < 2, this expression can be evaluated exactly as in Art. 3,
the result being obtained by writing — w for u; we thus find at once

\1, 4ty =1y =y = 1) 1 S . —n=m=-1
(" = 1) [ g (B = 1) (8 — p) dt
—_— p2nm . . v H(n)]_[(m—l)(/;,_l iam 1+/L
= €™, 4 sin nr sin Mmar Tn+m \ptil Fl—n,n+1,1—m, ). (13)

when p is above the real axis, the exponential factor being omitted when p is below
the real axis.

.9'

Let L, M, N denote the values of the integral f (& — 1) (t — p)~"~m"1ds taken

along loops from C round the three points — 1, 1, w respectively, in the positive
directions, the phases at C being as follows :

of ¢t — 1, m in the first figure, and — = in the second,
of t + 1, zero,

of t — u, — (m — @), where ¢ is the (positive or negative) angle the line joining
C to p makes with the positive direction of the real axis. We have at once

(uty 1+, p—, 1) v
J‘ (tsz — 1)% (t — M)—n—-m—l dt = N "i' Me~-1r(7n+n+1)t _Nezzrm —_— M’

c

j’(#+y =1+, p—y ~1-)

(52 — 1>n (t — ”)—%~77L—] dt =N "I"' Le—21r(m+n+l)¢ — Ne2™ IJ’
the phases in the integrands being measured as just stated.
To express [(7'* ' (* — 1)* (¢ — p) """ 'dt, in which, as in Art. 6, the phase of
t — 1 at Cis -+ o, and that of ¢ 4+ 1 is — 2w, we have for the value of the integral

Le?m — Me=™, or L — M
according as u is above or below the real axis.

Tt follows that
3N 2
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(—1+,1=)
( (tz — 1)12 (t — ’L)—n—m—l dt

e

e 2nm

(wt, Ty u—, 1--) o
=i ;Tr){ ( (@ =) (¢ =)

(t, =1+, p—, =1-)
j (t2 _— 1)71 (t — ,Ll')_ﬂ—m-](llf},

¢
or

1

=1~—G;mxthe same expression . . . . . (14),

according as u is above or below the real axis.

10.. The relation (14) enables us to find the expression for Q,” (u) in series, for
values of p which are such that mod. (1 4 p) and mod. (1 — p) < 2. Using the
formulee (5), (9), (13), we find at once

mme . 1 im 1 —

2sin (m + n)m 1L (—m)
p— LTy Lty
<#+1) F< —_a,n4+1,1—m, 5 )} (15),

the upper or the lower sign being taken in e¥"", according as the imaginary part of u
is positive or negative,
When m is zero, we have

7

{ *”“"F<-—-n, n+ 1,1, 1‘—12——&)-—1?(
\

Q. (p) =

1 F +op
s mn+1,1," )} (16).
The particular case (16) agrees, when p is above the real axis, with the result
obtained by ScHLAFLI
If we use the relation (12) between Q,”(p) and Q,™™ (), we can write (15) in
the form

mfye T Metm) 1 [ o a1\ ool
Q" ()= ZSln(n—m)'rr I (n — m) II(m) ¢ -+ 1\ F mnt1, 1+m, 9

_ (B__.If_%)%’]l}}‘( n,n-+1,14m, ! .Hb)} (17).

When n 4 m is a positive integer, the expression (10) shows that Q,” (1) has in
general a finite value, hence we see from (15), that in this case

/ 1\4m g 1 — —1 I 1+
eTrm <%?LI> F(—- n,n-4 1,1 —m, 7 /L) = (}'U; n 1> F (-—- n,n+ 1,1 — m, ~~~B\
. /
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this result is proved by HuINe* for the special case in which n and m are both
integers. We see, therefore, that when n 4 m is a positive integer, the formula (15)
is undetermined, the formula (17) must in that case be used.

When n — m is a positive integer we must use (15), since (17) become in this case
undetermined. When n + m is a negative integer, Q,™ (x) is infinite, but we can
take Q,™ (p) sin (n -+ m) 7 as a finite solution of the differential equation.

When 7 and m are both real integers, and m is positive and > n, the form (17) is
finite, but if m $n both the forms (15), (17) are undetermined, and must be modified
by applying the rule for the determination of undetermined forms 0/0.

The functions P,™ (u), Q." (1) are defined by OrsricHT for the general case, by
means of equations, in our notation,

1m —
P,™ () = constant (~ :T) F (—— n,n 4+ 1,1 4 m, ~1~-2Jf> ;

1 I
Q." (n) = constant </’l:t 1~> F( n,n 41,14 m, ) )

this definition of Q,” { p) is, however, not consistent with the usual definition as in (10),

. . . .1
in the form of a hypergeometric series whose fourth element is -
W

Relation between the functions Q,", Q_,_.", P,™

11. In the formula (15), write — n — 1 for n, we have then

o — meT . 1 :t(n+1)m ( /11 :t_l i 1, _ﬁ
Q- (M)#Zsin (m—n-=1)m H(—m){ —1) F( mn1,1 2
# -1 mz 1 -+ "
g 1) —u,n+1,1 — 5 )}

On eliminating the second hypergeometric series between this equation and (15),
we find

Q. (p) sin (n 4+ m)m — Q" (1) sin (n — m) w
_ . mrr =ML ) [T +1 — — 1—p
= 57 (= m)(o + e )( )B( n,n-+1,1—m, 5 )
= me"™ cos mar - P, (n), by (5).
We thus obtain the formula

* See ¢ Kugelfunctionen,’ vol. 2, pp. 238, 336.
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e—mm

P () = (Qu () sin (04 m) 7 = Qs () sin (a = m) 7 . (18).

7 COS nm

This relation which has been proved to hold over the domain of the point
p = — 1, must hold over the whole plane.
In the case m = 0, we have

tan nwr

P,(p) =" {Q.(p) — Quucr (1)}

If n 4 m is a positive real integer, we have

an ('LL) —_— _i_ . e~ ang Mt . Q——n—lm (’L).

If n — m is a negative real integer, the relation (18) becomes

9 .
P (p) = — e sinm . Q" (n),

we see therefore that in this case the two functions P,” (), Q,” (n) are not distinct,
Changing m into — m, in (18), we have

" (k)

/1% 4%

— M (—n—m—1 ,
= e L Q) sin (0= )7 — (R ZD QL () sin (a-bon) )

e—’ﬂ“ﬂ H m
= T COS NI I EZ + 7; s (n m) ™ {Qnm (M) - Q_." (P’)},

hence on substituting for Q_,_," (u) its value given by (18), we have

- I (n — m 2 —m o) m
P, (,,,)z—ﬁ-(%;—f%{m (W) = e simmm. Q). . . (19)

Remembering the relation between P,” (r), P_,_,/" (n), we see that of the eight

solutions an (p‘)a -n»—lm (;LL) n—_m (;u‘)’ P——n—l‘m (,u')a Qnm (IL)’ Q—-n-lm (/“'), Qn“m (IU.),
Q_,_ ™ (1), of the equation (1), six have been expressed in terms of the other two.

Expressions for P,™ (— p), Q" (= p) wn terms of P, (n), Q." (1)

12. Since the differential equation (1) is unaltered by substituting — p for p,
it follows that P,"(— p), Q. (— p) are particular integrals of the differential
equation, and are therefore expressible in terms of P, (), Q. (n)-
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The phases of p 4+ 1, u — 1 in (u + 1), (u — 1) being restricted to lie between
mand —a, on changing w into —u, we must put —p—1=e*(p+1), —p+1=e""(n—1),
where the upper or lower sign is taken according as the imaginary part of u is
positive or negative ; we have therefore from (5)

()= b (B L4p,
Reen = i () F(Cma 1 om ),

on substituting for the series its value given by (15), we find the relation

T

m nmwe m 2 Sin n + /)771) —mmwe m
P, ('— p) = e P, (f‘“) - 'A(_—E € Q. (:“) LI (20)‘

Again from (10), we have since (— )"+t = prtn+l, gFointhe where the sign is
chosen as before,

nm (__ I‘L) = — pEnm Qnm (’““) o (21)-

In the particular case of a real integral value of n, we have

2 .
an (____ IU‘) — (_ 1)n P”m (f‘l‘) — Tr_ (_ 1)11 sin mar . e~ ™, Qum (IJ‘)

Qnm (— F‘) = <_ 1),”1 Qnm (f“)

. . 1
Expression for P,” (k) tn powers of " when mod w > 1.

. . . 1
13. In the formula (10), the expression for Q,” (x) in a series of powers of — has been

obtained for the domain of p = o ; we shall now employ the relation (18) to express
P,” (v) in a similar manner. We find by changing » into — n — 1 in (10),

Q-i—1" (1)

= 2.

I (m—n—1)II (—%) i g (=1 M—n 1
H(_n_%) 2 (MQ__]_)ML,Ln F\ 5 ,-..._2‘ ,% —-n, ;;

(-4 M(n—%) cosnr - m—n+1l m—n 1
— o O . 21 Nimy  n—m ; 1 T
=2 Il (n—m)  sin(n—m)mr (2= 1)l 2 g 2T M

Hence we find

P ()

_ sin (n4-m) = 7 H@im) (B—1)" 1 <n+m+2 ntm+1 1
Qutl COS AT ’ 11 (%-I-%) 11 (_%) I ’un+m+1 2 4 9 ) Iw‘z
I (n—%) , L /m—=n+l m—mn 1
o 2 112 1 Ny, n=m =2 - 27 1 i,

T2 Gy 1 (=g W= F< 9 g 2T ,ﬁ)
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In the particular case m = 0, we have

__ tananmr I (n) 1 / " + 1 3 l_>
P, (n) = 21 TI (n + LTI (— &) w \g + 1 0 u?
" _E,_(ﬁ_‘_, ,A),_-, 7 I—mn «,HL 1 i <
+ 2 T F< ,-2,§—¢a,ﬂg>. Co L (23)

It will be observed that when n + m is a positive integer, the expression (20)
reduces to its second term, but not so when n - m is a negative integer, since
sin (n 4+ m) . I (n 4+ m) is then finite. HrINE gives™ as the expression for P, (u),
when n is unrestricted, a formula which is equivalent to the second term in (28); his
formula is, therefore, only correct when % is a real integer.

Ezxpressions for P, Q" wn series of powers of m, when mod., p < 1.

14. It will be convenient to obtain the expansion of Q,” (n), first in powers of p,
when mod. p < 1, and afterwards to deduce the corresponding series for P,” (u).

Taking the formula

e_(.ﬂ,+1)m I (n + m) J'(—1+‘1~) 1
" I 2 — o —— N7 T (42 . » — ——i—1
Q" () = 44 sin mr 1) m(n) . on (¢ 1) (¢ — k) dt.

Consider first the case in which the imaginary part of p is positive; the path of
integration can be so chosen, as in the figure, that, for every point of it, mod ¢ > mod . ;

the term (£ — w)™" ™" can then be expanded in ascending powers of p, and we thus
find

Q (p) = 44 sin nr (> — 1) 2L (n) =, II (r)

e @t Lur 1 ¢ H (’174 + m + 7‘) 7 ‘Q(ﬂl-hl‘_) (t2 — l)% t‘n—m—?““l dt.

Let us now consider the integral, [“% 17 (12 — 1)t dt.
- 9 o
g R\ 9

First, suppose n and p to be such that the real parts of n 4 1, p 4 1 are both
positive, the path of integration may then be as in the second figure, the loops round

* ¢ Kugelfunctionen,’ vol. 1, p. 38.
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the points 1, — 1 being indefinitely small, and the semi-circles round the point 0 being
go also ; the parts of the integral taken along the loops and semi-circles in the limit
vanish, and we have only to consider integrals taken along the real axis. The integral
consists of four parts, the following :—

(1.) From 0 to — 1, phase of ¢ equal to — #, and the phases of t — 1, ¢4+ 1
equal to 7, — 27 respectively.

(2.) From — 1 to 0, phase of ¢ equal to — =, and the phases of ¢t — 1, ¢ 4 1
equal to 7 and 0 respectively.

(3.) From 0 to 1, phases of £, ¢ — 1, £ 4 1 equal to 0, 7, 0 respectively.

(4.) From 1 to 0, phases of ¢, t — 1, ¢ + 1 equal to 0, — a, 0 respectively.

Taking v for the modulus of ¢ we have in the first two parts of the integral
t = ve™", and in the other two parts ¢ = v; hence, the integral is

f (1 — vz)n P (enur . —Zl“ﬂ" ()/*Fﬁ‘" — C—D-Hm + e 1.1 —e ™, 1, 1) d’U
or
(é/bm — -—nm) (1 + enpm)j (1 — )n p? d’l),

which is equal to
0 (n) TI ( )

i)

To show that the result is the same, when the real parts of n + 1, p 4 1 are not
both positive, we find by integration by parts

2usin . (1 4 e?7™). 4

(=14, 1-) (=14, 1-)
j‘ (tz —_ l)n 74 dt — w j (t2 ___/1)7; tp+2 CZ&,
p+1

and also

(=1+,1-) 20 +p + 3 (=1+, 1-)
D [y — L SR 2 n+l tp
f (B —1yrdi= —— 2 j (¢ — Ly+1ge dt.

By successive use of these two formulee, we find

—~1

(=14, 10) I (”;’1+n+s> 1I (%—) Il <1’“2L +n+s+x> .
f @=1)ywdi=(—1))——5 o - L)
I <2%+n> i) <p_2___+8> I <p_'2' +n+s> T (n+n)

P

(=14, 1-)
X ]’ (t2 —_ ].)n+)\ tores dt,

MDCCCXCVI.—A. 3 0
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where \, s are positive integers which we can so choose that the real parts of

n+ A+ 1, p+ 2s + 1 are both positive, in which case

p+ 25 + 1>
2

(=1+,1-)
j (t2 —_ l)n—M s dt el A Sill (n + }\)ﬂ- . (]_ —_ e—p+l+2m—)
II <n + N+

whence we find, as before,
p—1
nwn<2>

(=14, 1=)
j (* —1)ytrdt = vsinnr. (L4 e7™) —
i <n +p ; l>

We have now, letting p = —n —m — r — 1,
- m 47
((2 " ) e (n+1)ur» ) 1 e M § L b H(?L+7n+7*) I (%)H (— —2 —1) .
W Losin o P ) 211 () ,=0( ¢ ) II (7) I (n—m—r) K
2
o 11 <:~?L~—-b———- — 1> I (n + m + 2s)
p— o=t e(n+nz ) § 2 M%s
2n+2 5=0 T (@) 10 <7?_:f%,12f>
—_ = — 28 — \
g~ @+ 1um g=o00 il < = 7n2 % ! - 1) I (77/ +m + Zs + 1)
v (1 + e(n-l—m m) go Mgs + ]_.

(25 + 1) IO (ﬁ—,m;_gt_}>
By the known transformation theorem II (— @) II (z — 1) = = cosec @, we have

II( n—771,:_g§__1> H<m—n+23_1> COSGO<7L+7)L+ZS+ 1>7r

2 o 2 2
1 7@—-—77@-—28 I 73+m+28 086C 7171_:77L+__%§ -
2 2 2
H(n—n-— +s> smn;nqr
= ]
<m + n+s sin m+n
also
—_— — ) g —
H< n m‘) 2s 1__1> H<m n+2s 1) cosee <m+n;—23i_1_+1)
H(y@——m——Zs—-i) H<n+m+23-i 1 cosee <m—-n+2s+1>7r
2 2
(m——n—l > m—-n
II (- 2 + s T

I

Y (GESTE g W,
2 y 2
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hence the expression for Q,” (u) becomes

M e 2
. _ te(m-n)._ - - H(n+m)H< B )F/7l+m+1 m—n_, 2‘;
n (F’)'— gn+l (:u' - ) sin B . H<n____+_7ﬂ’> \ 9 ’ 9 )Gy 1)
2
n—1
ey =T H(7L+m+1)H<-—~-»§—w> m—n+1 m+n+2 .
+ Zn‘l-l (“.L —'1)3 COS 2 m. H(n+7n+1> [.LF 2 1) 2 ? —‘Q':[u" > (24):
2
The known transformation
U22) _ o l@=9)
II (=) II(—1%)
gives us
n 4+ m—1
(04 m) _ mH< '
n + = 1
H( 2 > I < - 35
and
n 4+ m
Htm+1) _ grn T\ 2
n+m 4+ 1\ T nN
1 _1
( 2 ) H< 2>
also
 cosec [“F2 = meosec (L H 1Y
I </n - n__—_2> _ 2 - <m —_n — 1> _ 2
2 - o(r—m 2 - g (r—m—1 ;
< 2 ) (M 2 )
hence the formula (24) may be written
n 4+ m+ 1 ,
. w(m—n)"‘ ., H( 9 >H\~%) 0 (P Em+L m—n 2‘
Q" (w)=— 2" fi=m (W=1)"F (=5 ’En“)
2 )
' H<?’Lg7?‘.>n(—§) F1 m4n+2
TN —”—L m M m—mn- ?_7?_/_ n
Fet=n% 2 . /n_m_1> (u2—1)t HF< 5y o h M2>- . (25).
X 2

15. Next suppose the real part of u is negative, the path of integration in the
formula for Q,”(x) may then be placed as in the figure, in which the line joining
C and p passes through the point ¢ = 0. At C the phase of t — p is — (27 — 0), and

302
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e Y

. ) —n=m=1
that of ¢1s 0, so that the phase of 1 — i;—18 — 2, thus ( 1— ’;) is equal to
\

¢ +mm times the value given by the Binomial expansion ; we have therefore

n —_ e (nt b 1 —2nme (D im I (n +om + T) 1) 2 1\ p—n—m=r—1
Q"= g oty € W T D J( (1) =i,
(=1+,1-) | o
The value of I (*—1) t dt may be found as before by first considering the
, &

case in which the real parts of n and p are greater than unity ; in the present case,

=SS a0

-/ 0 +

the phases of ¢ are 7 in the integral from 0 to — 1, and from —1 to 0, and zero in

the integrals:from 0 to 1, and 1 to 0, hence the integral is equal to

1 — —
fo(l __,U‘Z)n Y (e’lbm 6-—277,111 e’[)+l S UL | . @p+1 ur + e 1, ] —emm . 1 . 1) CZ’U,

or

I () TF <3; 1)

4

(67&7" —_— 6-—-nm) (l _|_ epm) . % .
u ( (n+ 2 ﬂ)

2
The extension of this result to the case in which one or both of the quantities n, p

have their real parts greater than — 1, can be made as before.
We thus find after reduction, as in the preceding case,

w4 m—1
m

Q (p) = 9 ¢ 2. . <@; m>

n + m + 1 m—n 1

(w* = 1) F < B R e M2>

5
-+ m

(-4
i om 2 z o o fm—n 41 m a2

- g, - <n —m — 1> (w* — 1)¥" pF <* 2 9 a2 :“'2>

(26),

which is the formula that corresponds to (25),



OF UNRESTRICTED DEGREE, ORDER, AND ARGUMENT. 469

16. In (25), change n into — (n 4 1), we then find, after some transformation of
the numerical factors,

Q —n—lm (M)
Jrtm H<”Lt”;1_>n(_.%) .
1 ma)y o . 2 by m+n+l m—n 2
=yl e 2 . = n—m (V’ _l)nF( D "%"7”“
sin —=— I <,9

sin n;m I (@_ﬂ) M (—})
. 2 \im
n—1mn I (qy—m ——1> (P- 1) ”’F

o8 ——— T
2

— Le(m-*-n)% , Qm

m4n+2 m—n+1 4 9
T o 03 ).

On substituting these values of Q," (), Q_,-," (#) in the formula

c—'??l‘lﬂ

P, (/") —_ {Qnm (F«) sin (n -+ fm,) T — Q" (M) sin (n o) 71'},

m COS NI

we find, after some reduction, for the case in which the imaginary part of w is

positive,
- (rtm=ly
4 n+m 2 m4+n+1 m—n !

an (“) — o 2m cos -- 2 T P, ) (Mz__ 1)%1)1 F < 5 =, *é,w, & ”’2>
11 (—%)

2

n-+m .
e om e M I 2 > 9 m m+n+2 m—n+l o o
e, 2™ s1n Ty TN ) (W= 1)~ pF B B T ' (Z/).

When the imaginary part of u is negative, we obtain in a similar manner a formula
which differs from (27) only in having the exponential factor ¢"™ instead of e=™.

From (27) it is seen that when m 4 n is an integer, only one of the two
hyper-geometric series is required to express P,” (u), the first or the second according
as n 4 m is even or odd.

Definition of the functions P,", Q" jfor real values of p which are less than unaty.

17. The functions P,” (n), Q. (1) have been defined as uniform functions of w for
all points in the plane of g in which a cross-cut is made along the real axis from
1 to — o ; at points indefinitely close to one another on opposite sides of the cross-cut
the values of P, (u) or of Q,” (1) will in general be different. Weshall consider first
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the values P, (n + 0.), P,” (u — 0.1) on opposite sides of the cross-cut for real
values of u lying between the values 4 1.
Referring to the expression (5), we see that in this case

1 e 1 —
Pr(p+0.0) = =) g~ bmm G—{'f—i) ) (—-— n,n+4 1,1 —m, Tﬂ“)

m — 1 L 1 + ot b P 1— Il
P (p O.L)—H(_m)e <1J“/J«> F<—-n,n+l,1——m, 2)

hence we have the relation
dm Po(p+0.)=e ™ P2 (n—0.1)

_ 1 liﬂ\%m ' 1 — w
= T m)(l _’u) F(— nyn 41,1 —m, P ) (28).

It is convenient to define the function P,” (u) for real values of p between 4 1 and
— 1, in such a way that its value shall be real for real values of m and n; the
definition which we give is that for such values of p,

Pr(p)=e"Pr(p+0.0)=e " P (n—0.1

1 (1+;L

— 1—p\
I (—m)\l1 —pu

m :
) F(-—-n,n-’,—l,l—-—m,-z——/ .. (29).

From (27), we find in this case

n 4+ m . 92 s+l m—nl |
Aan(I‘L)'—:Zm COS—5 . / \;_,). ! (]—H’Q)%B 9 o T B

2 o™ J’)H( 1 2 2 2

)
H<7z-+-m>

. mAm 2 1 m+n+2m—n4+1 3

+2’”sm—--2 R I (1L — p?) F< 5 ) 2 ,‘Q‘,MQ)
II — [[(5

when (1 — p?) denotes e &~ and log, (1 — u?) has its real value.

We see from (29) that when m is zero, or an even integer, the values of the function
on the opposite sides of the cross-cut are equal, so that in this case the cross-cut is
necessary, so far as the function P,” (u) is concerned, only from — 1 to — .

18. Next, let us consider the values of Q,” () on opposite sides of the cross-cut for
values of p lying between & 1; from (15) we have
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s 1 RN IRAR D /
m J— (0 + gm)me ' —
Q (w+ 0.4 = 2sin (n + m)w H(——m){ <[——-,u> F{—nn+1, 1-—m

\__/

1=y \inm
— e,}mm <1I//::> F <—-—7Z ’I’L+ 1 1= 7771, >

e

and
Q. (p—0.9)= e ! el Himm Top %mF —n, n41,1 1=p
v\ ! 2sin (n+m) 7 I (—m) 1—p s y L—1m, 5

e[ 1= AP 14
= Jriir - ) - L Mo
e <] +,u,> F <-—-n, n41, 1 —m, —2~>},

/

from these equations we find

6—}mm Qnm ([.L !_ 0. L) —_— e%nm. (\, n (I“(‘ - 0. )
qrem 1 1— Im
—_ —=(rtmym . o(ntm)m K 1 — M
2sin (n+m)m I (—m) (¢ ¢ )<1+,,,> F < =0, n1, 1—m, ‘2’“):

/

hence we have the relation
e_gmm Qnm ( o + 0. L) — e?;mm Qnm ( p— 0. ) — yar g P mn ([1’) i ( 3 O),

where P,” () is defined as in the last Art. In the particular case m = 0, (80) reduces
to HEINE'S relation

Qu(p+0.0) =Qu(p—0.1)=—urP,(p)

It is convenient to define Q,” (u) for real values of u between + 1 and — 1 by
means of the equation

emm Qnm (M) — ‘;13‘ {C—%mm Qnm (H’ + 0. L) + G%mm Q;,,m (M _ 0. L)} . ' (31)’
which gives us

1 l+/" E1S . 1___“
Q" (n) = " 2sin (n+m)'n— I (=) {COS (nt-m) . <l—p> ¥ <—~n’ a1, L—m, 7)

1 — p\» o 1+p
(1_!_#) I*( 7?,,n+1,1-—m,—-—2->}.

We have also
<n+mi—1> 3
wl o\ e . MR 2 - T ntm+1l m—
Qn'(.‘*)"‘ —27~sin 9 T H(n—m) (1"'!‘ )& F “ij—*» _773_2._7&, 2, I‘2>
2
-y
1 o T < 2 = m—n+l m+nt+2 4
+ 271 cog 5 H(@:ﬁ@:{) (1—-—H2)a ( 5 5 3, ,ﬂ)_
2
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In the case m = 0, (31) agrees with HeiNe’s definition of the function Q,(u) for
real values of p between 4 1. Objections have been raised by ScHLAFLI to this
definition of Q,(p), on the ground that the function does not satisfy LEGENDRE'S
equation. There does not, however, appear to be in reality any question of principle
involved ; it is merely a matter of convenience to give a definition of Q, (p), which
shall give real values of the function in the real axis, when n is real. It must,
moreover, be remembered that although we have drawn the cross-cut along the real
axis, it might have been drawn along any line we please joining the points 4 1, and
thus the function Q, (p) may be regarded as satisfying the differential equation of
LrceNDRE for points in or near the real axis, the surface over which the function is
uniform being a different one from that which we have hitherto postulated, and the
function being a linear combination of the two independent integrals of LEGENDRE'S
equation which we have defined and used.
 19. For values of p near that part of the real axis which is between —1 and — o0,
we see from the expression (10), that

nm(f"' + 0. L)

e M (n+m) (=), , Y () e 1 L/ntm+2 ndmtl s 1
= %—T' II (’IL + _é_) (lu‘ ___1)4777/.6 v (__/L)n+m+.l 9 ) 9 ’n—l_?,ﬁ, )

Q. (p—0.1)
e I (n+m) T (=13)
Tl I (n 4+ %)

(M2~1)%1)L_e(1z+1) [ 5 R 5 s “+§> ML’

1 ; n+m+2 atm+1 o1
-(_Iij;;;;ﬁ )

where (p?—1)¥ here denotes ¢ & ® =D the logarithm having its real positive value ;
we thus have

gm Qnm(ﬂ‘ + 0. L) = e Qnm (/“’ —_ ). L) . N . . . . (32)

and we may define Q, (u), for real values of p between — I and — «, to be equal to
either of the expressions in (30) with its sign changed, thus

n g T (n+m) I (—%) 1 Intm+2 n+m+1 1
Q. () =5m : n+ 3

2 i . 3 _—.
— ou+l I (n+ L) (M 1) (— pyrm+t 9 ) 9 y vy, 2

where (u* — 1) has the meaning given above.

To express the relation between P, (w), P (— p), @ (p), @ (— p) when w 1s real
and lies between + 1.

20. We have from (20), if 8 lies between 0 and §,
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2sin (n + m)
™

P (—cos—0.)=e"™P (cos +0.1) — e Q" (cos @ + 0.1),

hence

eimm P (— cos 6)

2sin (0 + m) 7
= e, e ™ P (cos 0) — Zsin(n + m)m

e, et Q)" (cos 0) — Jur P, (cos 6)3,

or

P, (— cos B) = P, (cos 8) {0 4 usin (n - m) w} — 25 EIT () (005 ),

w

hence we have

P,»(— cos 0) = P, (cos 6) cos (n + m)r — j— sin (n + m) 7. Q" (cos ) . (33).

k
It is easily verified by means of the formula in Arts. 17 and 18, that when 0 = i,

2

m

(1 —cosn + mm)P,»(0) = — —sin(n 4+ m) 7. Q,"(0),

hence (33) does not involve a discontinuity in the value of P,” (cos #), as 6 changes

from 0 to =.
We have, also when 6 is between 0 and i,

Q%m (— cos — 0. L) = — e Qnm (COS o +0. ")’

" o 3o
. {Qn’“(— cos 0) + TP, (— cos a)} = —emet {Q (cos 0) —-%an(cosﬂ)},
hence, by means of (33), we obtain the <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>