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I. INTRODUCTORY.—(GENERAL THEOREM.

(1) In earlier memoirs by one of the present authors, methods have been discussed
for the calculation of the constants (@) of variation, normal or skew,* (b) of correla-

* ¢ Mathematical Contributions to the Theory of Evolution.—1I. On Skew Variation,” ¢ Phil. Trans.,’
A, vol. 186, pp. 343-414.
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tion, when normal.* The subject of skew correlation would now naturally present
itself, but although several important conclusions with regard to skew correlation
have been worked out, there are still difficulties which impede the completion of the
memoir on that topic. Meanwhile Mr. G. U. YuLE has shown that the constants of
normal correlation are significant, if not completely descriptive, even in the case of
skew correlation.t It seems desirable to take, somewhat out of its natural order, the
subject of the present memoir, partly because the formulse involved have been once
or twice cited and several times used in memoirs by one of the present writers, and
partly because the need of such formulee seems to have been disregarded by various
authors in somewhat too readily drawing conclusions from statistical data. Differences
in the constants of variation or of correlation have been not infrequently asserted to
be significant or non-significant of class or of type, or of race differences, without a due
investigation of whether those differences are, from the standpoint of mathematical
statistics, greater or less than the probable errors of the differences. Notwithstanding
that every artificial or even random selection of a group out of a community changes
not only the amount of variation, but the amount of correlation of the organs of its
members as compared with those of the primitive group,} it has been supposed that
correlation might be a racial constant, and the approximate constancy of coefficients
of correlation of the same organs in allied species has been used asa valid argument. In
the like mauner differences in variation have been used as an argument for the activity
of natural selection without a discussion of the probable errors of those differences.

In dealing with variation and correlation we find the distribution described by
certain curves or surfaces fully determined when certain constants are known. These
are the so-called constants of variation and correlation, the number of which may
run up from two to a very considerable figure in the case of a complex of organs. If
we deal with a complex of organs in two groups containing, say, n and »’ individuals,
we can only ascertain whether thereis a significant or insignificant difference between
those groups by measuring the extent to which the differences of corresponding
constants exceed the probable errors of those differences. The probable error of a
difference can at once be found by taking the square root of the sum of the squares
of the probable errors of the quantities forming the difference. Hence the first step
towards determining the significance of a group difference——t.e., towards ascertaining
whether it is really a class, race, or type difference—is to calculate the probable errors
of the constants of variation and correlation of the individual groups. This will be
the object of our first general theorem.

* ¢« Mathematical Contributions to the Theory of Evolution.—III. Regression, Heredity, and Pan-
mixia,” ¢ Phil. Trans.,’ A, vol. 187, pp. 253-318. :

+ “On the Significance of Bravais’ Formule for Skew Correlation,” ‘¢ Roy. Soc. Proe.,’ vol. 60,
pp. 477-489.

t This will be sufficiently indicated in the latter part of the present memoir, but has been more fully
dealt with in a paper on the “ Influence of Selection on Correlation,” written, but not yet published.
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II. Ox THE ProBABLE ERRORS OF A SYsTEM OF FREQUENCY CONSTANTS.—
GENERAL THEOREM.

(2) Let there be a group of n individuals, for each of whom a complex of m organs
is measured, and let z 6x, 8z, . . . &x, be the frequency with which individuals having
a complex of organs lying between x,, ; + 8x,; @, @ -+ 82;5 . . . @4, ,, + S, occur
in the total group of n. Here « shall measure the deviation of any organ from the
mean of all like organs in the group. Let Ay, &, hy, . . . ha, be the mean measurements
on the organs, so that A, + @, Ay -k @, . . . hw + %,, is the system giving the actual
measurements on any individual. Then Ay, Ay, hs, . . . h,, are the first set of constants
of the frequency ; they determine the “ origin ” of the frequency surface.

Let this frequency surface be given by

z :f(xl, Loy Lgy (' « Ly C1y Coy C3y ¢« & cp)a

where ¢, ¢, ¢, . . . ¢, ave p frequency constants, which define the form as distin-
guished from the position of the frequency surface, and which will be functions of
standard deviations, moments, skewnesses coefficients of correlation, &e., &e., of indi-
vidual organs, and of pans of organs in the complex.

The problem before us is to find the probable errors of the h’s and the ¢’s, which
constants fully determine the position and shape of the frequency surface. Let
T d-,%, Ol + + « iy Ty Oy + « » O,y be the standard deviations of the quantities
hi, hgy . . . by, and ey, €, . . . ¢,. Then a knowledge of these standard deviations will
give us at once the probable errors of the frequency constants, for we have only to
multiply the former by the numerical factor *6745 to obtain the latter.

Let us now suppose that the value of the frequency constants had been A, 4 Ak,
hy + ahy, . .. by + Ay, ¢ + Acy, 6+ AC, ... 6, + Ac,, instead of the observed
values. ~

Then the frequency of any observed individual would have varied as

S+ Ahy, 2, 4 Ahz; e Xy A+ Al a 4 Acy, ¢ + Ac,, . .. ¢, + Acy)

instead of as _
f(wh xZa ws; LR wm; Cl: 02’ 035 LA Cp).

Hence on this hypothesis the probability, P,, of the set of individuals observed in

the group actually occurring is to the probability, P, of the set occurring when the
constants are Ay, by, . .. Ry € Gy .. . G, in the ratio of the product of all quantities

like f (2, + Ay, @, + Ahy, . .. @, + Ah,; ¢+ Acy, &+ Acy, ... ¢, + Ac,) for all
values of ay, @,, . .. x,, to the like product of all quantities like f(x, @;, ... 2,;

€1, Cay + - + Cp), OF

Py ILf(w + Ahyy @y + Dby, o oo @ + Al € + Doy, 05 + Acy, . v 0, + Acy)
P, ILf (%1 Zoy « + « @i Cpy Cay - v - Cp) ’
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Taking logarithms, the products II become sums S, or

log (P,/Py) = Slog f (@, + Ahy, @y Ay, o o . @, + Al s 014 Acy, 04 Acy, . . . ¢, + Ac,)
— Slog f(®, @2 . .. s €y Coy v o Gy

Let the first summation now be expanded by TavLoR’s theorem, and typical terms
up to the second order be written down. Then we have

2

. d , 2 I
log (P,/P,) = Ak, S dfx (logf) + £ (ah)*S 5 (log f) + Ak, Ak,S o ‘d (log f)

-
@ ,
de. e, 108.7)

+ 8¢S 7 (log f) + (ac) S 7 (log f) + Ac, Ac, S
+ Ah, Ac, S gi%;}; (log f) + ... + cubic terms in A% and Ac + &e.,

where f stands for f(x,, @, @y, . . . @,y €1y Cay + - . C,).

Here 7 is to be given every value from 1 to m, and s to be given every value from
1 to p, but #" and s" in the third and sixth sums are only t6 be given values from 1
tom and 1 to p other than » and s respectively. In the above formula we may
replace the sums by integrals, if we remember that the frequency of the system
Xy, Xy o o - L, 18 simply f8x, 8, . . . O,

Writing

log (Ps/Py) = A, Ak, — §B, (AR,)* -+ C,. Ak, Al + D, Ac, — 3B, (Ac,) + F, Ac, Acy
+ G,, Ak, Ac, + &c. . .

*

we will investigate the values of the constants separately.
First,

A= S Gy oy i,

= L e de, . .. de,

=[f...[f]lde. de, ... de,_,dw,,,...dx,

the integrals now not including one with regard to da, and [ f] denoting that £ is to
be taken between the extreme limits of f for . Now in most cases of frequency
the frequencies for extreme values of any organ are zero.* Hence [f] equals
nothing. Thus we have A, = 0.

* In most cases, but not ¢nvariably, as, for example, in the case of some florets and petals. In the
cases, however, in which AT does not vanish, the conclusions finally reached will be the same, as A, only
marks a change of origin for the constant frequency distribation.



MATHEMATICAL CONTRIBUTIONS TO THE THEORY OF EVOLUTION. 233

Secondly,
' dlogf
A de,dx, . . dx,,

8

D,=|fj...f

MY o de, .. da

(ZC 9y

i

8

A
é.c; j‘ﬁ v e fd.’El Clmz dxni
= dn/dc,

i

where 7 1s the total number of individuals measured, which is independent of ¢,
Therefore D, = 0.

Thirdly, :
d*log f

Co=lil.. /"

dz, dx,

This will not as a rule vanish. If the frequency be normal, it will still not as a rule
vanish. It will vanish either if the frequency be symmetrical about «, = 0, and
x, = 0, or if there be no correlation between the x, and @, organs, .c., if f be of the

form f; () X fo (7).
Fourthly,

Goz (... Fo08 g ey dey L (i),

This will not as a rule vanish. It will vanish, however, if the frequency of x, be
symmetrical about its mean.

Fifthly, .
Bo= (... e ey, (),
==l ../ 5% dw da, . do, (iv.),
o= o e ey e, .. ()

de, de,

all of which will generally be finite, but admit, like C,,. and G,,, of calculation when
the form of the frequency f is given. Hence

P, = P, expt. — & {B, (&%) — 2C,. Ak, Ah, — 2G., Ak, Ac,
4+ E, (Ac,)® — 2F, Ac, Ac, + &e. . . .1,

X expt. (terms in cubic and higher orders of the A’s) . . (vi).

This represents the probability of the observed unit, 4.e., the individuals
(x, @, ..., for all sets), occurring, on the assumption that errors Ak, Ah, .. .
VOL. CXCL—A., 2 H
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Ay, Acy, Acy, ... Ac, have been made in the determination of the frequency con-
stants. In other words, we have here the frequency distribution for errors in the
values of the frequency constants.

(3) Conclusions to be drawn from the form of (vi.).

(2) The distribution of the errors of frequency constants, if’ treated exactly, will
generally be skew, for the cubic and higher terms in the A’s do not vanish. If,
however, the cubic terms are small as compared with the square terms, the frequency
distribution of errors will approximate closely to a normal correlation surface.

It would be impossible to evaluate the remainder after the second power terms in
TAYLOR'S series for any general expression f (@, @, ... &, ; ¢, ¢, ... ¢,) for frequency.
In special cases we have found that terms of the third order amount in the muost
unfavourable circumstances to 4 per cent. of the terms of the second order, generally to
a good deal less.® Probably the series in most cases converges with considerable
rapidity. The fact, however, that we are dealing with the first terins of a series should
be borne in mind. It does not seem to bave been sufficiently emphasised when the
probable error of the standard deviation is taken to be 67:449/,/2y per cent. of the
standard deviation.  The usual proof of this result, however, involves the same
assumption as to the smallness of the cubic terms,

(B) Supposing the errors so small that we may neglect the cubic terms, we
conclude that the errors made in caleulating the counstants of any frequency distribu-
tion are—

(i.) Thewselves distributed according to the novmal law of crrors,
(i1.) Correlated among themselves,

Both these conclusions are of the utmost importance. The first enables us to
obtain the probable ervors: of the frequency constants ; the second depends upon the
fact that C,., G, and F, are in general not zero, The standard deviations of, and
the corvelations between, the frequency constant errors can now be caleulated by the
ordinary theory of normal correlation.

Before, however, proceeding to these calculations, we may draw one or two other
conclusions of considerable generality and wide significance.

{y) Counsider a race fully defined by the vanations o, o, o3, . . ., &e. of the organs
of its members and their correlations 7, 7, 71, . . . . Now let a random small
selection be made of this race, defined by

o+ 8o, oy -k B0, oy Sy, Loy A S, Tuy A O, 7 Sy v
where the wmagnitudes of o, 8o, Sy, « . o 81, Oy, S, . o, are quantities depending

# Hee, for the velative order of two terms of the sccond and third orders, “ Regression, Heredity,
and Panrixia,” ¢ Phil. Trans,,” A, vol. 187, p. 266,
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on the magnitude of the probable errors of the variation constants, and therefore on
the size of the selection. Then the system 8o\, 8oy, Sy, . . . 31y, S1yy, 7y, . . ., is DOL
a system of independent variations, but the changes in variation and correlation are
correlated together, since the terms F,, do not generally vanish. We therefore
conclude that if a random selection be made out of a population with regard to one
organ o, there will be tendencies for the variation of all other organs and the
correlation between all organs to change also in certain directions, which can be
definitely indicated so soon as the general population has been measured, and the
effect of the random selection on one organ has been ascertained. What is proved
here of random selection will be shown to be true still more intensively for artificial
selection,® z.e., every selection of one organ modifies in a correlated manner the
variation and correlation of all other organs. It is impossible to alter one organ
without altering all other organs and their relation to each other.

(8) The remarks in (y) are not only true for a random selection of variation, but
equally well apply to selection of size. 'This follows because the terms C,. and G, do
not as a rule vanish, If a random selection of 100 or 1,000 individuals be made out
‘of a general population, then the mean size of any organ in this sub-group will
probably differ from that of the general population. The result is that the size of
all other organs, their amounts of variation and correlation, will probably have values
differing in definite directions from those of the general population.

(¢) Take two random selections out of a general population ; the probability is that
they will have difterent means for any one organ, and a result will be that they will
have correluted systems of changes in the sizes, variations, and correlations of all
other organs. In other words, random selection produces a differentiation of all
characters, which differentiation will be the more marked the smaller the random
selection.t

(¢) This principle—that a random selection gives a system of correlated changes in
the deviations of all the characters of a species—seems, to some extent, capable of
explaining the small but systematic differences to be found occasionally between
closely allied species. It is not necessary to suppose them due to a long process of
natural selection acting on a variety of organs ; a small random selection, or possibly
a natural selection of one organ, might suffice to produce the systematic ditferences of
character in all organs.

How far a succession of random selections would give an evolution biassed by the
first random selection requires further consideration ; but it seems impossible for the
characters of a race to remain fixed under the influence of a heawvy but non-selective
death-rate. They will vary from year to year, although this systematic change of

* ¢ Memoir on the Influence of Selection on Correlation.” Selection not only modifies correlation,
but the selection of one organ can create correlation between organs previously uncorvelated.

4 Continuous artificial selection of an ergan produces a still more marked differentisgtion of all other
characters, but this is treated of in another memoir.

2 H 2
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characters be not always in the same direction. BSystematic change of characters
produced by random selection may be spoken of as random evolution. Random
evolution is theoretically a possible cause of systematic change ; experiment only can
determine how great is its effectiveness in differentiating local races.

() In the case of a normal distribution of variation defined by the mean A and
the standard deviation o, it has been usual to suppose that the error made in the
mean is independent of the error made in the variation. In other words, it has
been assumed that G, vanishes, although no proof has been given, or possibly it
has not been realised that a proof was necessary. 1In this case f is of the form

* (log 1) 2w
L tear = 5

-~ expt. — {#®/20%} an whence
g

V/(@2m)

n
M dw=o.
v (27) o

oz
G = 2.{ — expt. — {&*/20°}

O
Thus there is no correlation between error in the mean and error in the standard
deviation. This assumes that we stop at the square terms in (vi.). If, however, we
include the cubic terms, &c., product terms in A% and Ao do arise, and we cannot
state straight off that no correlation exists, although it may be very small. In the
case of all skew variation, such as is so frequent among plants and animals, a corre-
lation will always be found between deviation or error in the mean and the like in
‘the standard deviation. In other words, to alter the mean by selection (artificial or

random) is to alter the variation of an organ.

With the exception of the statements in this paragraph (n), the whole of our
general conclusions in this section are independent of any particular law of frequency.

(4) On the Determanation of the Probable Frrors and the Error Correlations of the
‘ Irequency Constants.

Let 91, 9, M3, « -+, be the frequency constants, whether they be the means, standard
deviations, or correlations of a complex of organs. Thenif we neglect cubic and higher
terms in the deviations Any, An,, An,, . . ., the frequency surface giving the distribu-
tion of the variations in the deviations is

Py =Py expt. — 59 {«, (A9, )} — 28 {a,, Ay, An,} ],

where
% (log
o, = — Hg . fc—i-%"i) da, dx, . . . dx,,
v dn?,
_ pAog f) 4 g , -
o, = H{ oo f T . doydx ..o de, . . . .. (ViL).

Tt is required to find %, the standard deviation of Am,, and R, the coefficient of
correlation between An, and Az,
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Let A be the diseriminant :

1 Ay, = gy, = Qg o0 v
; — by, Qlgpy = Clygy « « « |
1

- C{'3!) - (132’ (133, voe s i
i

where a,, = a,. Further, let A, be the minor of the ™ vow and s column ; then
2=A,/A and R,=A/a%s). . . . . . (vii)

give the required values of 3, and R,.*

Further, the standard deviation of An, for selected values of all the other An’s
is 1//a,,.

This value can often be of service. Thus suppose a considerable pumber of
skeletons found, but that only in a comparatively few cases is it possible to pair
together the femur and tibia of the same individuals. Then the variations of femur
and tibia in the race will be known with great exactness, but the probable error of

the correlation between femur and tibia will be given with close approximation by a
. 1

form like 67449 T

i
observations the values of the frequency constants of a race with great exactness,
then, using these values to obtain an additional variation or correlation constant from
a few observations, the probable error will be of the form just indicated, and not of
the form -67449 A, /A, It is needless, perhaps, to remark that the former is far easier

to calculate than the latter.

In fact, whenever we have obtained from a large number of

III. Ox tue ProBaBrLi Errors AND THE COEFFICIENTS OF CORRELATION BETWEEN
ErrRORS MADE 1IN THE DETERMINATION OF THE CONSTANTS OF A NORMAL
FrEQUENCY DISTRIBUTION.

.

(5) In order to exhibit more clearly the method of investigation, it is desirable
that a simple case be first taken, Accordingly we will start with the following
problem —

To find the Probable Errors and Error Correlations of the Constants of @ Normal
Frequency Distribution for Two Organs.
Let Ay, hy, be the means, oy, o, the standard deviations, #,, the coefficient of correla-

tion, n the total number of pairs of observations, #,, z,, any pair of corresponding
deviations of the organs. Then the frequency z du, dz, is given by the surface

n { a2 20,2571 a3

— : e L — . _«- :
C I e/ (L — ) P T ) T o~y T o <1~7~%2>} - (ix).

# See “ Regression, Panmixis, aud Heredity,” ¢ Phil. Trans.,” A, vol. 187, p'. 301 (e).
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We require to find

2, ‘the standard deviation of errors in o,

< . .
“rgs 2 L bR Gy,
<
Rt iTS] ER) 3 I3 o,
A
Zp,; bS] 35 59 Pr =1 1“0-1/0—"’:

which ig the coeflicient of regression of o,,*
R, ., the coefficient of correlation hetween errors in o, and o,
R,

(YETY] i s IE 0y a, ss g,
R’o'qu’ 55 T 5 5 Gy oy T
%, the standard deviation of errors in A,
zlm bR) b 59 hZa

R, the coeflicient of correlation between errors in /; and /.

It follows that R, ,, R, R, Ri.e R

Ry, arc all zero, since, by (ii.)

G,, will vanish when the distributions of @, and x, are symmetrical. These correla-

tions would not, however, vanish for the skew frequency distributions, which are of

most frequent occurrence in problems of hevedity and fertility in man, &e.

The first stage in the investigation is to write down the second differentials of the

logarithm of z for all quantities occurring in it.

We find

Plogs) 1 [y 34 2 }
doi 5] oy (1 — 71‘)) o0y (1 — 7%)

@ (logz) _ L By T e }’
do} o} oi (1 — ?19) o0y (1 — 7%)

d*(logz) Z4aT

doydo, — alei (1l — 7}, ) ’

@(logz) 1 Dyt ay (1 + 75h) }

doydry o Lod (1 — 1) ooy (1 — %) ’

dz (log2) »1 { 274575 anay (1 -+ %) }

day dry, oy Loy (1 — 1) a0y (1 — 74)?

d*(logz) 1 47 1+ 3, ( af Oryy + 2y 2y
dt T (L= T (L=

4y i)y St B

(1 — 7,)? ‘710'2

@(log?) _ 7w
dvl d’l,‘, - 0,09 (1 - 7’%?‘)

* See the mewmoir on “ Heredity, Regression, and Panmixia,” p. 268.
3
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Now these must be multiplied by z and integrated for 2, and x, from — o to 4 .
These integrations follow at once, if we remember that

not = [zt du, da,, noy = [[z; du, du,, noyoy = [[zew, de, du,

by definition of o, o, and 7.
Thus we obtain the following system :

n 2 — g n 2 —
Uy = 755 o0 oy == 7 ="
o 17 ot 1=
9
nré, Wy
Qg == —————>= Oy == ~ ==y s
ooy (1 — 4%, a (1 — 7%)
NIy n (1 4 7%)
Uos = 1 23° Uy = "1 2y
oy ( 7%y) (1 — %)
n n 7N ( )
Oy == 55 (s == =537 Oy == oL (x
al (1 —7%) ’ o (1 — 7 T ooy (1 — 1) i

where the «’s are those of Equ. (viL.), p. 236, obtained by taking the above differentials
of the logarithms of z in order.

We can now write down the correlation surface, giving the frequencies of errors in
the constants:

P, = D, expt. — & {,“K_%>i, 2rrnA ARy m (A" }

Gl =) e (l—7h) " of(l—rh)

n (2 — %) . n 2 — 0% . n(l + 75) )
1 A Sl LY, 2o DB A 2 i Sl - . \2
ex . Z | P S o . o
X expt ; { sy (Ao,)* 4 ol 1= ”'fe( o) + (0= o) (A7)
2m1y9 207 2n5% .
e Ay, ATy — e Ao Arpy — T Aoy Aoy, . (X1,
oy (1 — 1) 2 S o (1 —7h) e a0y (1 — 7%) e ( )

Now several important conclusions follow at once from this result :

(2) For the case of normal frequency (but in general only for this case) the errors
in the means are uncorrelated with the errors in the variations and correlations.
The error correlation surface breaks up into two parts, of which the first part we
have written down involves only the means, and would coincide exactly with the cor-
relation surface (ix.), with which we started, if’ we write in (ix.) A%, for x,, Ah, for
xy, and o1 /4/n, ou/4/n, for o, and o, respectively.

It follows accordingly that the standard deviations of the errors in the means are

\ i - .
2/:1 = g-l//,\/nJ 3, == 02/\/n e e e (Xll.),
and the correlation of the errors made in the means is

Rh‘hz =T . . . . . . . . . N (Xlli.).
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Further, the standard deviations for errors in %, when the ervor in 7, is known, or
for errors in %, when the error in A, is known, are respectively

Ty

ag- o o .
St T=r) . (i)

The results (xii.) are, of course, well known ; the results (xiii.) and (xiv.) are, we
believe, novel and important. An illustration may be of service.

Suppose the stature and arm-length of a population to be under consideration.
Let us suppose the mean stature of the population known from a great number of
observations. Now let the arm-lengths be determined for a random sclection of the
population ; then, if the stature of these individuals so selected differs Ak, in excess
from the mean stature of the whole population, the arm-length of the random
selection will most probably differ from that of the whole population by Ah, a
quantity fixed by (xiil.), or rather by the coefficient of vegression

ER] N ” .
1"’0’]0’22/[2/27117 /L.()»., I 1?.0-'2/0‘1'

Thus
Ahy = ooy, Ay,
with a probable error of *67449 X \‘;%]' (1 - 7%).

In other words, if the arm-length is to be found from a selection of the general
population only, and the stature of this selection differs from that of the general
population, it is most reasonable to take the arm-length of the general population to
be the mean arm-length of the selected population less the quantity r.0u/0. Al

Or, again, if a selection from a general population show a mean organ Ah, In excess
of that of the general population, the whole system of correlated organs will exhibit

changes of which the magnitudes are most probably given by the type Tlf?? Ahy.
1

The bearing of this on what we have termed random evolution will be obvious.

(B) Turning to the second part of the error correlation surface, we note at once
that, if two organs be correlated, random selection will give a system of correlated
deviations in their variations and their correlotion.

Random selection (and ¢ fortior: it may be added, artificial or natural selection),
which alters an organ’s variability, alters the variability and correlation of all other
organs. In fact, when i¢ is once realised how two random selections from a general
population will as a rule have organs of different means, of different variabilities, and
of different correlations, the means among themselves and the variabilities and corre-
lations among themselves forming systematic groups, it becomes obvious how any
assumption of the coefficient of correlation as a constant for local races runs wide of
the mark ; and this, whether natural or random evolution, is to be looked upon as
the source of the observed differences in character, What chiefly concerns the
biologist in this matter at present is this, that even a random selection of one organ



MATHEMATICAL CONTRIBUTIONS TO THE THEORY OF EVOLUTION. 241

will produce changes in all other organic characters, which, if small, are still sensible
and capable of quantitative expression.™

(6) Returning now to the algebra of our investigation, we have to discuss the
second part of (xi.) by aid of the formule given in (viil.), p. 237.

We require, in the first place, to evaluate the determinant A.

Now
n 2 - ", - nr
A = = “_-—"‘i—' ) —_— = N o o
oy 1 — 13, ooy (1 — 71,) 1(1 — /;
P Wiy w2 =1, 'y
o0y (1 — 7%) ’ oy 1 —% ’ Ty (1 — 7%h)
NI, Ny w1+ 9%,)
— - ;0 TG
o (1= 72) ou(L = 1) (L= 2y
" 7 .
Divide the first row by (=) the second row by — =y the third row by
- ‘; oy (L — 7 '
7 . -
T the first column by o, and the second by o,. Hence
= T
5 ! 2 2 ’ |
A= _WWT’L._‘_-_‘; 2= = 11 = T |
o3 (1l — 7
173 ( ) 1 — 7% 2 — 7 — T2 IT
| 144
| —_— _— - e
i " e L=

Subtract the second column from the first, and then add the first row to the
second ; we have

A= — wo — 7% — |
- 0_-20.2<1 —_ )R i
=2 12 | 0 2 (1 — 710) hnd 27 12 1
i3
0 ” ks
| N 1=t |
49
T ool (] - /y,

The minors are now easily found to be

2n?
Ap= e Ap=
T A= “ T a
4n
A= A, = ,
T e (1 =) . ’
2%
Am = e Aza =

010;(1 -7 |7) - 0"5)0'1 (1 -— ’)1))2
* Take (xvii.) below, for example; it expresses for the first time quantitatively the important
biological principle that, if a group be selected at random from the general population, and it has more
variability in one character, it will be more variable than the general population in all other characters.
VOL., CXCL-—A. 21
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From these expressions the values of the standard deviations and errvor correlations
are at once found by (viii.).
We have
(2 y Ty
3, =t Somm e . ) XV
i V20’ 72 o ) ) ( '>’

L — .
2,.)2:—~?-;“ Co e (xvi),

Reo=7h . . . . . . . . . . (xvil),
R =" ol i
Bo= g0 Ren= 70 o (xviil).

The result (xv.) is, of course, old ; the vesults (xvi.) to (xviii.) are novel, und lead
to interesting conclusions, which are considered in the following paragraphs.

() The probable error of a coeflicient of correlation #y, is *67449 (1 — 1%;)/y/n.  1If]
therefore, the correlation between two organs is less than once to twice *67449/,/n,
they cannot be safely assumed to be correlated at all.

(B) If we know definitely the errors made in o, and o—if, for example, we know
the variations accurately—then the probable error of 2, is that of an array of 7'
for definite Ao, and Ao, It is given at once by the coefficient of (A7,)* in (xi.) as

67449 (1 — %)/ {n (1 4+4%)F . . . . . . . (xix),

This is the value given for the probable error of #,; by one of the present authors
in a former paper.* At that time he had not fully realised the importance of the
principle of the correlation of errors made in determining the magnitude of
frequency constants.

The following table will enable the reader to appreciate the difference in magnitude
between the ““absolute” and “ partial 7 probable ervors of 7, :

-, (1 —12)/V/(1 + %)

0 1 1
‘1 99 ‘985
2 96 ‘94
3 91 ‘87
4 ‘84 78
) 75 67
6 64 *5h
7 51 42
-8 ‘36 ‘28
9 ‘19 ‘14

1 0 0

# + Heredity, Regression, and Panmixia,” ‘ Phil. Trans.,” A, vol. 187, p. 266.
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It will thus be seen that when 7, is small the absolute and partial probable errors
are both large and nearly equal; that when 7y, is large the absolute and partial
probable errors differ more widely, but, as both are small in this case, their difference
is not of much importance. Bearing these facts in mind, it will be found that the
reasoning based on the partial error in previous memoirs remains valid, even if the
partial error be replaced, as it generally should be, by the somewhat larger absolute
error.*

(y) If we know definitely the varviability of any organ, and we take a definite
group of the general population to find the vaviability of a second corrvelated organ,
then there will be correlation between the deviation of the variation of this group
with regard to the first organ from the variation of the first organ in the general
population and the deviation of the variation of the group with regard to its second
organ from that of the general population’s variation for the second organ. This
correlation is measured by 7%, and thus, if the ofgans be slightly correlated, it is
small ; but if the organs be closely correlated, it is large. Suppose, for example, we
know the variability of the tibia, and require to find that of the ulna from a com-
paratively few specimens. Let o, + Ao, be the variability of the tibia in the
specimens for which the ulna can be measured, and 7, the correlation observed
between the ulna and tibia in these specimens ; then, the variability of the ulna being
observed as ou" = o, + Aoy, the most probable variability of the ulna in the general
population is

o) — rhE, A0 /3,,
or
’ 0y
o, ~— — Aoy,
7y
or, since the second term is small, we may write o’ for o3, and the above expression
equals

, Ay
Al

\ 0

For the long bones, 7, = *9 roughly, and therefore we have the ratio of variability of
the ulna in the general population to the variability observed in the group
=1 — '8 Acy/o.

It is clear that this expression also measures the change in the variability of the
ulna due to a random selection of tibia.

(8) Although the correlation between deviations in the variability of two organs from
their mean variabilities only varies as the square of their correlation, the correlation
between the deviations in the variability of an organ and in its correlation with a second
organ varies as the first power of the correlation of the two organs. In other words,

* See, for example, the reasoning as to the non-constancy of the correlation coefficient for local races
in ¢ Phil. Trans,,” A, vol. 187, pp. 267 and 278.

2712
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while a selection of variability may produce only a small or moderate change on the
variability of correlated organs, a selection of correlation or a selection of variability
is likely to produce considerable changes on variability and correlation respectively.
Let o), o, 712, be the mean values of the standard deviations and the coefficient of
correlation for any three organs; let o, 4 Aoy, o, - Agy, 71, + Arp, be the like
quantities for a group selected at random. Then the principle of regression tells us
that most probably

<
So— “Jﬂ" Ll
AO—I — Mgy, g Al 129

s

|

A7'13 = 1)0 3 EA(T[-

o1

M4

oy
Substituting the values given by (xv.) to (xviii.), we find
Ao, = o ]L‘LT Ary
| — 1 i
Ad}.,......(xx.).
Aryy = Ty (]v - "'%2) =2
o J
Now these equations lead us to some important conclusions. In the first place, if
the correlation be very small or very large, then a random selection of variability {Ag,)
makes only a small change in correlation (Ar,). The change in correlation for a
selection of variability is greatest when 7, = 1/,/3, and then is approximately
‘385 Aa /oy, or over 6 per cent., if Ao,/o were as high as 4. On the other hand, the
change in variability (Ao,) due to a selection (A7) of correlation is small if the
correlation be small, but increases rapidly if the correlation become nearly perfect.
Of course, for perfect correlation the probabie ervor of 7, 18 zero, and accordingly it
is infinitely improbable that a selection can be made with A#, differing from zero.
But if 7, be not unity, then a selection in which A7, is large, however improbable,
will give very large changes in the variability, if 7, be very large. Our conclusion is
accordingly that considerable changes in variability are likely to be produced whenever
there is a correlation selection among highly correlated organs.

(7) To find the Probable Error of the Regression Cocfficient for Two Organs.
The regression coeflicient p, is given by
pL= "7"120'1/0”2-

Its standard deviation ¥, is given by the summation equation

(3,0 = S (ap.)n.
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To find its value we adopt a method, which we give on this first occasion at
length, as 1t will be frequently used in the sequel.
Take logarithmic differentials

Square and divide by n after summing

S(Bp) _ S(@n | S@Oe) | S Ao | 29 (AnyA0) _ 2 (ArwAc) _ 25 (A0, Ary)
et no’ nos NFRa, NP0y noo,

Now, remembering the definitions of standard deviations and coefficients of
correlation, this may be written

(2p1)2 — (Erm)g + (20:‘)‘.’ + (20’,)2 — 220’,202 t!u'l_qg + 227“120’11‘:"12‘71 . 22) ZEU']‘

pi 7 ai o3 010 7120, 1203

Now all the quantities on the right have already been found in equations
(xv.) to (xviii.). Hence, substituting, we have

Hence » :
s, =24/ (%) (o)

Thus the probable error of a regression coefficient

= ‘67449 9 /\/(]::'i‘l_> .
oy LN

/

This is of fundamental importance for testing the significance of results obtained
by applying the theory of regression to problems in heredity, panmixia, &ec.
6;7;4-:9 Vv (1?‘; 7’1«;), and
hence is small if the correlation be close, and increases rapidly if the correlation be
small. This again illustrates the point to which reference has been made in another
memoir,* namely, that when only a few individuals can be measured, the most
reliable results for the purposes of the quantitative theory of evolution are to be
found from the measurements of the most highly correlated organs.

The probable percentage error in a regression coefficient =

* Pearsox and Lir: ¢ Correlation in Civilised and Uncivilised Races,” ¢ Roy. Soc. Proc.,’ vol. 61,
P 345,
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Attention should be drawn to the fact that we have replaced ervors by differentials,
This is only legitimate so long as product terms in the errors are negligible as com-
pared with linear terms. This is the assumption almost universally made by writers
on the theory of errors.® It will not lead us astray, so long as we take care in any
practical applications to verify the smallness of Ar,, Aoy, Aoy, as compared with
11, 0, and o, respectively.

(8) To find the Probable Lirors and Hrror Correlations of the Constants of «
Normal Frequency Distribution for Three Organs or more.
Y

It will scarcely have escaped the attentive reader that our investigation hitherto,
only involving two organs, has left several important problems untouched. For
example, it has dealt only with the direct effect of random selection. But we may
ask such a question as this: What is the change in the correlation of two organs
when the variability of a third is randomly selected? Or again: What is the
change in the correlation of two organs when the correlation between one of these
and a third, or between a third and a fourth, is randomly selected ? All these are
important problems in the theory of evolution.

The general equation to a normal frequency-surface for m organs is :—

n 1 i ik
T ey T Ll "R”{RH o Tl
where R is the determinant
1 Pro Py P
Vo 1 O
s Py T Ty,
; T P o 1 |

and R,, is the minor of the term in the s™ row and s column.
We require first to find the quantities like (vii.) of our Art. (4).

. Ry a2 ./ Ry g\
log z = log (n/(2m)" —) Flog R = 8, (log o) — &3, (-—iff ——)—) — B (-,~ IE
. 2 g R o0y
d (log 2 1 7. R4 /Ry m S
dlogz) LTy g («%ﬁ — Co o (xxil),
da, a; Rot R o0,/

* (1avss, admittedly, ¢ Theoria Combinationis Observationum’. ... p. 33, Problema; Larnice and
Poissox, actually but obscurely; see ‘ Théorie analytique des Probabilités, Liv. 1L, chap. IV., and
‘Recherches sur la Probabilité des Jugements,” chap. IV.; more clearly in ToDHUNTER’S account,
¢ History of Theory of Probability,” Art. 1,002 et seq. Further, Crorrox, Article ‘Probability,” § 48,
for a like assumption.
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1/ rZ d(log R ]\, o { R iw? aes
dogz) _ _ ,d(ogR) L2 S [ oy > -8, < s ) . (xxiil.).

1 ¢ dry, dry, Re? dry, Royo, |

Differentiating the first of these again with regard to oy, and summing for all
possible values of @’s, we find

a? (logz) | nw 3R R P )\
— Gy = [ ” Ce R # (logz) de, de, . . du, = — ( 1— ="~ ( - ”))

do? o7\ R
But
” R = I{H + Ss([{‘]s()'ls)'
Hence
Ki R R .
= .wﬂ / 4; “> Co o (xxiv),
oy v ’

Differentiating (xxii.) with regard to o, and summing, we have at once

(l log ) 7 7R,
J‘(“ .. ( /l.%‘, (Z/l) e e dxm = (1‘1/1-2 IS e T S

? o do, oy R (xxv.).

Differentiating (xxii.) with regard to 7, and summing, we have

(H N @ (log 2) da, da, . . . dw, = 0 = — J[d:io (II{{H> + S, NN — ( >}

cZa'l dry, o,
— [ 4 (Rt S (b Ry
R R R

1Co == == '}’7;]3,12]/()‘11{ . o . . . . . . (XYVi.).

or

Differentiating (xxii.) with regard to 7, and summing, we {ind

1023 —— e - e
oy dry R o iy R

w, (7 // ”: S (l‘ls' ls)>

w4 By omod S(R‘?—‘«>

or
=0 . . . . . . . . . . (xxvil)

Our next step is to differentiate (xxiii.) with regard to 7, and sum. We have



248 PROFESSOR K. PEARSON AND MR. L. N. ¢i. FILON

% (1
j‘j‘{‘ ceE C (O(r/) Z me:: "'"x‘.’bl'_'a
) drs,
n d* (log R) w  d R, d* [ R />\
_ . releg ) o o i A I O T e
2 drl, 2 (ZJ,, S'°< H ) S <7 T\ R )
n d* (log R) no RN, d R : A R AN
— sy —y A e O ST ey AR R
2 dr, 2, S (\ R / + 2n dr, \ R /) T 7}, ( 2 )/f
Now, since R = Ry, + S, (R, 7.),
mR =8, (R.) 4+ 28, (R.7y),
and therefore -
S“/ (I\ a7 V/R) = ‘1; ol ;“ ( /R)
Substituting, we find
n * (log R) d ( Ry
— b = — 2 iy, +2 il l}
d 1 dRR dRR
But i (log R) = W i, and 2R, = i hence
(F(logl) d(ﬁl,/l )
dri, 7y,
Thus finally
d /I\ 2R 5 RRR 9. 12
wbe = — 7 an ( P”) == 7 ~~w~'v~—~-P, BE L (xxviil),

where Ry, 1» is the second minor, found by striking out from R the first and second
rows and columns.

In the next place let us differentiate (xxiii.) with regard to 7, and sum. We find
in precisely similar manner

o«

d* log ¢ )
“g ce % W du, dwxy . . . de, = .0,
o d Ry d (R
=" (77,0(11) ot = ?Lri’flu<1’\/)’

.JP‘,R ~—Llw .
b = — 7 (2B Ry, — ) (xxix.).

or

39
a0

Similarly, we deduce

12l = 1 — (xxx.).

d <P‘t) gy PRy — 28Ry, )

dry \ R ' R2

This completes all the possible types.



MATHEMATICAL CONTRIBUTIONS TO THE THEORY OF EVOLUTION. 249

We are now in a position to write down from (vii.) of Art. (4) the complete
frequency surface for errors in the constants of a normal frequency surface for
m organs. It will suffice to write a type of each term. We have

n [R+ Ry (Acy)?  2Ryury Ay Ac,
PA = PO X exponent - 9 { R 0:% R 0,0y
2R — Rl p 2R,; A,

+ D + o 1:2 (A"'lg)? + « s e + [%’” "‘;1” Arlz + .

o Malte = Ry 0y Ml R

APy A + .. }(xxm)

Now this result again seems at once to give conclusions of considerable importance.
Thus :—

(a) Since there are no terms of the type Ao, Ary, we infer (i.) that the random
selection of variation in one organ will most likely only vary the correlation bstween
two other organs by terms of the second order ; and that (ii.) the random selection of
correlation between two ovgans will in all probability only chaunge the variability of
a third organ by terms of the second order.

(B) The selection of correlation between any two organs will most probable vary
the correlation hetween a second pair, 7.c., terms exist in Ar, Ay, &c.

(y) The selection of the variation for any organ varies the correlation between
that organ and a third organ, and wice versd the selection of correlation between two
organs changes the variability of both organs. And lastly

(3) The selection of correlation between two organs varies the correlation between
either organ and any other organs. _

We may exhibit these results more clearly by taking four special organs, say,
femur, tibia, humerus, and radius. Then a group having the variability of its femur
different from that of the general population, will also have, in all probability, the
variability in its tibia, humerus, and radius different; the correlations femur-tibia,
femur-humerus, and femur-radius different; but those of tibia-humerus, humerus-
radius, and radius-tibia only slightly different. Further, a group having the
correlation of its femur-tibia different from that of the general population, will also
have all the other correlations, humerus-radius, femur-humerus, femur-radius, tibia-
humerus, tibia-radius, different from the values for the general population. Further,
the variability in femur and tibia will be changed ; but in all likelihood the variability
in humerus and radius only slightly changed.

These general conclusions, which seem to cast considerable light on the manner
in which selection influences the variability and correlation of organs, must now be
reduced to quantitative expression.

VOL., CXCI.-—A, 2 K
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Divide each row by =, the first, second, third, and fourth rows by o, oo o, oy
respectively, and the first, second, third, and fourth columns by oy, oo o3 o4
respectively. Multiply the fifth column by #, and subtract it from the first and
second ; the sixth column by 7, and subtract it from the first and third ; the seventh
column by 7, and subtract it from the first and fourth; the eighth column by #y,
and subtract it from the second and third ; the ninth column by 7, and subtract it
tfrom the second and fourth ; the tenth column by #», and subtract it from the third
and fourth. Remembering that /

R = Ry + 7R + 7B + 7By,
R = Ry + 7 Rpe + 7B + 7Ry, &e,

and that
Ry 4 [Ry 4 /Ry d /Ry,
R T "ch7~1._,<R>+7 (1»>+“4;z7»1;<§'>
@ [reBy 4+ Ry + Ry — i Ii’l_l
T dry R T dry < R/
4 [Ry d /Ry d /Res
" Ty <R> + da])< ) + g - (nR—> T dry (\—1—1“>’ &e.,

we find, writing d,, for d/dry,, &c., for brevity,

,nllﬂ
A= s
agioioios _
X 2:R‘II/ZRB 0’ 0, O) Rlz/R) Rla/R’. RM/R: 0’ O: . s
O’ ‘ZR’ZZ/R3 Oy O: RIZ/R, O: O’ Rza/R, R24/R: s
O’ 0) 2R33/R3 O: Os R‘l?:/Ra 07 RZS/R: Os R34/Ra
O, O’ O, 2R44//R O) O: Rl&/ Rf 0: RZ;/ R Ro«i/ R’
R\ o (R o (Re\ 5 (R o Ry o Ry R Ry
dlZ( R 3 d1‘2< R >’ dl‘2< R >, d12< R >’ dl2< R >3 d]2< ) (’l < P > 2 ) < > < )4>9
Ry R, R, R, Ry, Ris Ry, R, Ry,
d18<§—>3 s ﬁ); d13<f>, dm(“l‘f), d13< R >a dls<*ﬁ >, dm("ﬁ), dw(”ﬁg>a Cl13< ) dl3<‘ﬁ>;
Ry Ry, ‘R, R, Ry /Ry, 'Ry, /Ryg R, R,
du(“ﬁ>: dlg(\“ﬁ‘), du(’fzg)a dl4<'ﬁ‘4>, dl4<'_R""); d14\—R">a du('ﬁ‘)a du\f} du(\f); du('l‘);)y
R, Ry R, R, R R, Ry, Ry, R, st
ol 5 a5 () s s 52 ), ) ) ) (),
R, R. R, R, R, ‘Ryg Ry ‘Rys\ Ry, Ry,
d—z4<‘§“l>z d24<‘13i'2>= dz4<“i§>a dza(‘ﬁ'}: du(‘ﬁg); d24<"ﬁ">; d?4<—]i'>a dw(”ﬁ‘s)a d‘a(”ﬁ“)a d24(’§">,
Ry Ru\ , /Ry\ , /Ry Re\ . /Ry W\ 5 /Ru 2 i
du( ’§'>: da4<"§2 )7 Clm(‘i)%)» d34<'ﬁ‘>: d34<—Rl'>a daft(”f{} d34<%"), 5Z34(%’>7 d34<%‘>: d34<}ﬁ'/\);
2 K 2
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Here the signs of the terms in the last six rows have been changed from minus to
plus.®* Now multiply the first four rows by R,,/R and add them to the fifth row, the
first four rows by Ry/R and add them to the sixth row, the first four vows by R,,/R
‘and add them to the seventh row, and so on. Then, remembering that

S0 3

e R? R dry,

i

e () = — ey L
(R =

B\ 2RaRE 1 ARy
: - R R dry

R IR Ry 1 dRs
d, <{§%> = + = , &e., &,

R, R dr,

and, further, that R,, does not contain »,, so that d(R,,)/dr, = 0, we have, taking
a factor 1/R out of each row,

_(=LW° 1 2R, 0, 0, 0, Ry By Ry 0 0, 0

Aceiei B 5 9R, 0, 0, Rw 0, 0, Ry, Ry 0
0, 0, 2Ry 0, 0, Ry 0, Ry 0, Ry,
0, 0, 0, 2Ry 0, 0, Ry 0, Ry Ru,

dRy, dRy dR, dR; dR, dRy dR, dRy

()J 0, —=7 — —=, —=, —=, —F,; —F, =,
dry  dry  dry  dry dry o dry o dry o drg
AR, dR,, dR,, dR; dR, dRy dR, dRy

0, —>» 0, — > —» —, —= y oy g ey
diryg dryg  dry  drg  dry dry dry o dirg
dRy  dRg dRy dR,; dRy  dRy dRy  dRy,

0, —= —=5 0, —=» —"» —, =, —=,; %,

dry  dry  dry  dry  dry o dry

dRy dR,, dR, dR,; dR, dRy dR, dRy

—> 0, 0, —> - 3 mee gy g oy ey oy

dry dry,  dryg  dry  dry  dry  dry  diy

dRy, ARy, dR, dR; dRy, dRy dRy, dRy,

—=s 0, - 0, —» —s —=, —, —=, —=,

dry, Ay, dry,  dry,  drg dry,  dry,  diy

dRy,  dRy dRy dRy dRy dRy dR, dRy, ver

’ > 0, 0, iy, ’ Ay ’ dry, ’ drg, ’ Ay, ’ iy, ’ (XXXlll.).

3

drg,  dry

The form of A is now clear for the case of any number of correlated organs.t
(10) Case (¢). Let us evaluate A and its minors for the case of three correlated
organs.

* The factor ( — 1)@~ mugt be introduced if we deal with p organs.

-+ We may reduce this determinant as follows to one of the 6th order. Divide the 1st, 2nd, 3rd, 4th,
5th, 6th 7th, 8th, 9th, 10th columns by 2R,,, 2Ry, 2Ry, 2Ry, Ry Ry Ry, Ry, Ry, Ry, respectively.
After this division, subtract the first column from the 5th, 6th,-and 7th. The determinant reduces to
one of the 9th ovder; subtract the first column of this new determinant from its 4th, 7th, and 8th
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In this case R =1 — 7, — 75 — 7% 4+ 2177, and we have

— 2 — 2 — .2
Ry=1—13, Ry =1=—1}, Ry =1 — 1y,
Ry = ryiy — 1, Ry = 7y — 713, Rig == rogiriy — 150,

whence we have

_ (= 1)37‘6 1 (1 - 1‘33), 0, 0, TosP'yy = Vigy T'12¥e3 = T'yyy 0,
DG
aicies I % 0, 2 (1 - 7’%3), 0, TasTrs = T12y 0, 731712 = Vo3, |
a 0, 0, 2 (]- - ’T).’) 0, Pielog — T3, T51¥12 — Vs, !
L 0, 0, — 21y -1, Ta3, P31,
| O, - 27/'137 09 T3y - 19 T2
— 21y, 0, 0, 315 T'12, - o~ 1L

Divide the first three columns by 2; multiply the last row by #y and subtract
from the first row ; the fifth row by 7}, and subtract from the second; the fourth row
by 7, and subtxact from the third ; we find

column, it again reduces by one degree. Repeat the process twice more, and after a slight rear mngement
the fact that d (R,,)/dr,, = O being remembered, we have, if £,, = R/ vV R/ Ruw,

%w 24R1\R22R'83RH

A= g R R R, R ;R Ry Ry Ry,
d . d d 1
X d‘}; log En, 37'—12 log &, (Z;; 10g &, dtil, log £y, -

d P d )
d—r—, log &, g;; log &, OZ;; log &,
d d -
E;;:log &y zl—;l—‘ log &;,
d d
(77;'3‘ log &, m log &,

CZ?‘“ IOg g:l’ ’

the general run of terms being obvious. : :

In precisely similar manner the value of A for p organs can be written down, its degree being p less
than the form given in (xxxiii.). We have not succeeded in reducing A for the general case [since
writing this, Mr. Artnur Berry, of King’s College, Cambridge, has succeeded in reducing the deter-

minant for p = 4, and also in showing its relation to elliptic space], but we feel fairly confident that its

Oppde (p+1)
value will be found to be T .
aias .. ARIH '
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6 3 . 4
8nf(—1) 1 1, 0, 0, = T, — ¥ig TH
A=l o :
otajo; R°| 0 1 ¢ .
; ’ ) ) — Ty, 7135 — Vi
|
| 0, 0, L, P12 — ¥+, = Vo,
} 0, O; = Ty, - 1; P25 P51
,f 07 Ty 0, LPEY "'" ]v: 1o,
|
‘ = Vs, 0: O) g1, P12, . l‘

Add the first column multiplied by 7, to the fourth ; add the first multiplied by
715 to the fifth ; and subtract the first multiplied by sy from the sixth, the determinant
will reduce to the minor of the first row and columnu. Continuing this process twice
more, we ultimately deduce
8n® 1

aloiol R

- B‘w - RI‘Z: - RJ;;
- Rm - Rzza - Rza
T R137 - st, - st

8t (—1) 1 .
A= L . (xxxiv.).

5 5 ;
olole? RS

-
|
|

We will now proceed to calculate such of the minors of A as will give us results
beyond those obtained for two correlated organs.®

We require the correlation of o, and 7y, and of », and 7,
-~ Taking o, and 7,; we must strike out in (xxxii.), as we have taken only three
organs, the 4th, 7th, 9th, and 10th rows and columns straight off, and for the required
minor the 1st row and the 8th column. We have then for the minor M (o), 74),

5 ol R+ Ry 7By Ry,
Mo 1) — 2| 7B Ry, ks By
d (0-1’ ! "°) 05073 R’ r R R 0,
TR Zz_a_]iz"a R+ Ry 0 Ry
R’ R’ r ’ R’
Re Ry o - A, _ i
R’ R’ ’ drpy \R )’ drp \ R/’
Ry Ry d / R, d (R
il 0, I e Bl Bt — s
R R drg \ R dryy \ R )
Ry - Ry d /Ry d /Ry
O, =y ) e | ) —_— e
R R dryy \ R drys N R

To reduce this expression take the third row multiplied by r,, from the first, and
the fifth row multiplied by 7, from the first. Then take the fourth row multiplied
by 7y, from the second, and the fifth row multiplied by 7y, from the second, then
remembering that

% As a matter of fact all the minors were worked out and the vesults of (xv.) to (xviil.) thus verified.
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R = Ry, + 7R 4 7R,
R = Ry + 7:Bi 4+ 7Ry,

and that generally,

<RSP/R> .

dRy/R) _ d

dr,  dry,
We find :
w o 2R, d /Ry
Von ) == === i —_ 0 - —
M (0'1, 23) 0,0%0% ! 0, R’ ’ dryy < u>’
| ' - -
! 2R, d R\
g O: 07 o ) - ﬂ) 3
| R dry \ R,
:ﬁ'l. 1.)113 0 — d ( E@\
R ’ it ’ ? ([‘7’12 \ I ) ’
: Ry 0 Ry — A (R
i R’ ’ R’ drgy \R )’
o B By 4 /Ry
Lo R’ R’ dry, \ R/’

255

S L),
diy \R /7|
_ L(Esz\) |
Iy \ R/’
_ (%_\ |
dr, \R /"’
d /R ‘
= (?5

g (/Rls
dry \R /"

Multiply the first two columns by R.,/R and subtract their sum from the fourth ;
multiply by the second two columns by R,;/R and subtract their sum from the fifth ;

divide out by the factor 1/R°. We obhtain

2 1 AR,  dRy
M (o), 1) = — — = 0 2Ry, . O —= o
( 1y 2.)) o) 0_3 o_g R> H 229 ) d7,12 ) d’i’lg H
0 0 2R, By By
H ) 339 ’ H
drg dry
R R 0 dR,, dR,;
Kuye 12 7 -
, . ’ dry’ dry
R 0 R ARy, dRs
135 ’ 139 R ’
dry dry
: dR,  dRy
0 R 3 Rr 2 B - .
) 23 23 [h’gg ’ (l'rz,‘;
Now remembering that
. 2 < 2 v 1 g
R=1 =7} — o} — o + 2ryre,
substitute the various terms, and we find :
4%5 1. 0, 1 _":7}'?;3, . O, 0,' - /)'10,
M (0'1, 7“23) = - 2 9 T i
ool RS 0. 0 1 2 . 0
) ) A =T, = T2 ’
— Tig o PasTis, = Prp T TP, 0, — 1, 7y
— 1y PP, 0, — Tyt P, Pw, — 1,
0, — Ty Pilis, = Ta b Pl T 12
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Subtract »,, times the fifth from the second, and »,, times the fourth from the third
column :

M ((T r ) — __47_7“_:. i O: 17 O: O: — T3 ;
1 Tos oolol R 0 0 . .
9 ? ] == P2 0 ;
— P2 = Tty - Ta, T2, -1, To3 L
— P15 = PP, NEY) — T3, P23y -1
0, — Payy = gy i T2

Add 7, times the second column to the fifth and 7, times the third to the fourth,
we have

5 !

M( , ) _ M4n’ _]; 0, 1, 0, 0, 0 i
1 Te) = ooiol R

2 0, 0, 1, 0, 0 |

]

Ry, - 112, T2, ~ Ry, — Ry !

R, 713, = T — Ry, — R ‘

0, == 123, == T3, — Ry, - Ry

4’ 1 Ry, R, R,

- s 5 Ph
719293 Rl R23’ B"Z‘Z: Rl’
Ry, R, 0

I | . .
= - o 5 ﬁ; {Rls (R‘zaRm - Rle:sa) + Rw (Rngs - Rszz)}

0,003

4 1

ooiot RP

I

{Ruﬂ'lg R 4+ Ryrp R

w1
‘0_:20_; I):‘ {7‘12 ("'13 - 7’127‘23) + 7y (1‘12 e ’)"137“23)} ee e e (XXXV.).
10203

Now we have seen that
M CATIET) 3
Rcm,gs foord "A—z‘(;lz,'—-‘;)s by (Vlll.) Of AI‘t (4),

and further %, and %, are given by (xv.) and (xvi.) of Art. (6). Hence

_ 71 (g — Tygiyg) b (719 — 715703) i .
R, = NZ oo 000 (xxxvi).

In the next place we will determine R, . The minor M (ry, 1) is given by
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_ n® R+1R, 750 715y R
M (e, 1) = =~ ot B T I 0,
Pl R+ 1y, Tyl Ry
ST e S i
Tl 793Ry R4+1y Ry Ry,
R s e W
Reoom, o _d(my_am,
; ¥ R’ ’ drs \ R/’ drp\ R/’
o T T AR 4w
’ R’ R’ dry \ R/’ dry \R )’
— n’ ) R4Ry, 7R, 7R, Ry, 0,
- 25202 R5
719393 R, R4Re, 7Ry, 0, R,
TR, 7Res,  R4Ry, Ry, Ry,
2R Ry IRo5R s
R]?: RI‘Z, O: —_%*]— = Ta, A“); 2 — T13s
2R Ry 213
0, Ry, Ros, ‘11; = Ta R + 1.

Add the first three rows together, multiply by Ri;/R and subtract from the fourth,
and by R.;/R and subtract from the fifth, we find

M ( ) — W R+ Ry, I I 715803, R, 0,
(i ) = = Sooeoere
e 7112R12> R + Re‘z, 'szRz:;a 0, Rzg,
73R8, 7'23R23, R+ R:m, Rm; st,
— Ry, - R, — 2R, = Tos — T3
~— 2R, — R, — R, — Tz 1.

Multiply the fourth column by 7, and the fifth by 7y, and subtract from the third

column
M (7 — ,nﬁ . R + Ru s ')”um s 0,
(7 12 ’)”13) — T el :
e 71Ru2 s R 4+ Re, 0,
73R, 793 Rgs 5 2R, ,
— Ry, — Ry, 275,
- 2R-23 3 - R23 ) 0:

RIS H
O’
I{'13 ’
= T

— T,

— T3

0
R,

1

Multiply the third row by 7, and the fourth by 1 — 7% or Ry, and subtract the
latter ; the determinant now reduces to one of the fourth order, and we find :—

VOL, CXCL—A,

2 L
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M b\ — 20 | R4 Ry, 7o R0, R, 0
(e ) = = e pager
e rilg, R+ R, 0, Ry,
i 1R 1B, 7By + 7Ry, Rey, Ry
! — 2R, — R, = Tz, [

Add the third column, multiplied by 7, to, and subtract the fourth multiplied by
7, from, the second, and then subtract the first

2’ ’ R + Rll 9 = ZRII ’ R]za 0 {
M (1, 73) = — prpryrnel )
R 7R, 2R.,, 0, R., ;
715Ras 4 7R, 0, Ry, R,
’ — 2R, — 2, =Ty, 1

Divide out the 2 in the second column, add it to the first, and subtract the third

column multiplied by 7

' 4 | R —r,Ry, =N By, 00|

M (,,112’ 7.13) — ;2_0?031_{, 13l 11 13 ]
PR = 1R, Ray 0, Ry, i

2 (T L 0, Ra;, Ry, t

‘ - Ry, = T3, — T, 1 ’

Add r,; times the last row to the first

5 o
M (7' 2 7”13) = e 471/)‘77“ Risy =1 =T Ty
® ool R "R . R
= Taglups, Vo0, 0, 23
. D)
7123, 0, Ry, Ry
‘ - RZ,‘%’ == T3, == 112, 1 |

Subtract 1%; times the first row from the last, and remember that — R,y — 5, Re=1,Ry3,

5 -

M (7‘ » ) —_ __4_73__. Ry, — 1, =Ty, Py
- 125 713 O"ZU%U?'RG

e R — 1R, Re, 0, R

| 7“12R33, 0, B'zza R
TRy, 0, Ry, Ry,

Multiply the first row by Ry, and add it to the second ; the determinant reduces
to the third order,

4w | R o= rRey + RosRys,  — 7pRee, — 7 3R
otoiailt 712 R, Ry, Ry

A :Rws Ry, , Ry

M ("'12: 7"13) = -
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Expanding this determinant from its first column, remembering that Ry,R,; — R Ry,
= —1yuR,

4n®

oiod o’"P"

{ — 1l (R — 7R3 + R‘z‘zRas) + s (R‘zzRu - R{fz)Ra?,
- 121 (Rzles — RmRzé.) Rxs} .

M (‘7'12; 7'13) =

Ol‘, Since 1{221{11 e if) —_— R, .I.\qu{og - BD’)R 13 —™ TIOR and 1\/ — "”)ORQ + l\noP\:m)

= 2Ry Ry — 1111 Ry,

. 40’ ;
M (7'12; 7'13) = .> geprT {2 7o Rop Ry — 21975 (B':sa + 7y Res + 7'13R13)§7
aioh
8n’ - o1
= 55— < R Ry — —1——' R
0’%0‘5’0‘;1‘{[& { 23 4-v221v33

Hence, since

I(’ A2 ’13)

Ri'lz"ls - Az 2

we have by (xvi.) of Art. (6) and (xxxiv.) of Art. (9)
___._._R -
* RyRy,

7 Pl (L= 1% — 2% — 1% + 2r91)
“ 2(1 — i) (1 =)

R. P—— 7133 - *;5‘ 7"13/"

1213

coo o (xxxvil).

Il

To complete the theory for the errors made in an investigation of the constants
for a system of three correlated organs, we require to determine the probable error of
a regression coefficient for a partial regression of a first organ on a second, the third
organ being constant. This coeflicient is given by

Do = ol Oy,
, ==
T 1-12 o

Take logarithmic differentials

83p1 oy Ty 87'13 — i 21y doy 3o,
= - +87"z3{ + cr o —

P T Tyl T19 — To3l13 Tg = TogTyy 1 =5 (41 g,

Let this be squared and divided by », and then the values found above for the
standard deviations of the errors in 7, 7, 7y, oy and o, and for the correlations of
errors in these quantities be substituted. After some lengthy algebraic reductions,
which it seems unnecessary to reproduce, there results

(2 ) L=y — oy — 7l + 2rys
)Pl ) o (g — Tygh)?
2 L2
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or

1 o 1= 0dy — 23y — 1% 4 20077
B = R Ao BB SRR L L (xxxviil).
Wz oy 1— %
The percentage probable error in a partial coeflicient of regression is accordingly

67449 /R / v/ (— Ry).

Before discussing the significance of these quantitative results for three organs, it
seems desirable to complete the general case by investigating the correlation between
the errors made in the correlation coeflicients of a first pair of organs and a second
different pair of organs.

(11.) Case (ii.). Cuse of Four or more Organs.—In the case of four or more organs
the only new probable error will be that of a partial regression coeflicient, but this
can theoretically always be found by the method of the preceding paragraph, provided
we know all the error correlations. The only novel correlation among the errors
will be that of 7,97, and this we shall now proceed to investigate. The discovery of
an error correlation coeflicient of this type completes the theory of the errors of
normal frequency constants.

Instead of evaluating A of (xxxiii.), which in the case of four organs appears to be
very laborious, we may proceed as follows :—

If A be written in the form

adm? ad’;ﬂﬁ ¢ e amaﬂ CLo-‘lrmﬂ Ol’xr,wma L avlw'ua
Cl’(rlcr;p .o v e O o & ® 8 *® LI
LN ] LI ° & LI 3 T . * e s e ° e
600'10'4’ C&U':zﬂ’ b C[/‘Tio"l’ ul"u'm’ aﬂf‘u;’ . a’%"m’
aﬂ"m’ a'ﬂ'z’i'm’ ¢ a%?‘m’ aff::"m’ a’"'m"w" . a’"m”'un’
2. o e o ) .o o .0 ..
.o o ae v e o s oo . 0.
a’vum’ Cblfz’/'.u’ M a’ﬂ"u’ “"127'51’ a’l'w'l‘u’ e a"s{"as’

aud M denote the minor of the corresponding ¢ in A, we have by a well known
property of the determinant,

aﬂ‘TLM(’/'m o1) + C('U&‘Tzhl("m 09) + a’%ﬂ'si\l(’lm o3) + e + df.ﬁ'uM("m e = 0.
Divide by A,

M. M. o M, o, My 130 oo
UJW,G'.[ '—(-X’—GQ + Cl’a'.ﬂfz /‘QIA.LEL) *+- 6(74!73 ”LKJEJ) + e + a"’ﬂ'ﬁi 7“(131’5*) - O.
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. M, . .
Now e U M(,_%) 1}&{&1’4*3 o) Care the correlations between the errors

Az, 3, AS, 3,0 A3, S A3, 3.,
made in the various quantities o), oy, 05, Oy 10, Tisy P14 T2y Tos; T30, €Very one of which
is known by the previous investigations except that of =, and »y or M, ,,/AS, 3, .
Hence the above equation will suffice to find the latter qu'mtlty, since X, and 3, are

known. We have

n ng, " u n Ry, I
o = 4 = T
7191 [ 10’ 1 R ’ 7472 G40, 1‘:; ’ ] .
- ¢ by (xxiv.) and (xxv.),
_ Ry A A
ao'ws - ;;_; i{‘ ) atuo’,} - ;’__%— + 1\;} ? J
oy, = 0, Uyyy = 0, g,y = 0, by (xxvil.),
n Ry 1 Ry, w Ry, .
Do = R0 eea = R e = R by (xxvi.).
Further,
Moy o0 — 21
X ) = Rzma]zluz o 719 (1 — 7 12);
) o .
Mooy = 22 (1 — %), by (xvi) and (xviil.),
A 2n
M, gy \ . ‘ ]
Tl o) o= S Ly (1 — i) A Pis (Ta = T) b

I
A 2n L by (xxxvi),

‘M‘_(%Lo = ?;—;;" {70 (= 1) F 7 (7 — 7'127'.14)} )

I!

1 oy - 9
M(X’ 1) T {7'24 (1 — ’7'12) (J- - "'I4) - %Tu?‘uRsa}:
> by (xxxvil.),

]. D <)
11_____1(,.2 1) == T {7'14(1 - ""fz) (1 - ’)"24) - %7'12"'2413'33};

n

1 < .
%ZM =0 ’12'.;4 (1 - 7'12) (1 - 7’34), by (XV].).

Now substitute and divide out by common factors, and we find

('r Wl - 7'24Rz4) 12 (1 - 7"%2) + 1Ry {7'23 ("'13 - ’7'127"23) + 1y ("'zs - 7"12"‘13)}
-+ (R -+ R44) {7'24 (7"14 - 7'24’}"12) + T ('1'24 - 7'12""14)}
4+ 2Ry {794 (1 — 75) (1 — 73) — 3 rigrsBas}
+ 2Ry {7 (1 — 78) (1 — 73) — & rigraslin:}
+2RulR,,, (L =) (1 —1)=0 . . . . . e e (xxxix.).
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Now
R = Ry + muBi F 1B 4 R,
0 = m Ry + Ry + 7By -+ 7Ry,
0 = my Ry + 7l 4 Boy 4 mR0

Multiply the third of these by #,, and the second by 7., and add, we have
0 = 20y Ry + 1o By + 7l + 73 (7”141\)114 + R + (71570 = 79571) Raa

Hence, by the first,

1Ry + 7 Bay = Ry (7'12 — 27’14724) — Ry, + Iy (’12' 34 ™ Viglay — Tyl 14):
while
By A Ry = I — Ry = 7,1,

By means of these relations, let us get rid of the terms in R, and Ry, in (xxxix.)
above,
Re-arranging we have, after some reductions,

— 2y (1 - 7"?2) R+ 2r, BBy + Ry, {7'34”"23 (”"13 - 7'127"23) -+ Pyl (7"23 - ”"127'13)
42 (1 — 1) (11— 11 — 7"23""14) + 20y = s (1 ")}
+ 2_[{1341{1, (1. - 7"‘122)(]. - 7"%4) = Oo
But

12734
)(1 — ’}"?2) ].:{J — 1{:331{141 — 1{/.%4.

Hence we can divide out by Ry, and aceordingly,

2R, (1L =% (1 — 1%,) ‘
= e s (10— 10s) A 73005 (s = 7 1s) A 2 (L ) (P Piglsy = o)
2010y = Ty (15 1) 27‘131{34} . '
Noting that ,
Ry= — 75 (1 — 13 + ryra + 7 — 10 (s -+ 15000),

we have, after substitution and rearranging,

2R, (1 —7L) (1 = 75) = (715 = 77) (72 == 225000) + (114 == 1540'13) (Pas == 7'12715)

-+ (7"13 - 7"147'34) (7"-24 — rury) + (7”14 - ”'127'34) (7'33 - ”'247"34)-
Or, _
{ (g = 145r) (1o — Poty) A+ (' = 73013) (g == 7‘127‘13)}
== + (g = ) (= Torn) + (= 7o) (0 — 7.‘3"7"“,)‘.”, . (Xl)
(0= i) (T — %) »
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If we put 4 =1 in this result and remember that r, = 1, we find, after some

reductions,
1 — 7 — 13 — 75 + 2riuy

o 1
= 7, S ;
o = Tl (1 =% (1 =)

a3

H

which agrees with (xxxvii.), and may be taken as a verification of this result.*

(12.) We may draw several conclusions from the results (xxxvi.), (xxxvii.), and (xL.).

(«.) While errors in the correlations of a first organ with a second and a third
have a correlation themselves of the first order, errors in the variation of a first
organ and the correlation of two others; or in the correlation of two organs and in
the correlation of a second two, have only correlation of the second order. Thus a
selection of the correlation between two organs modifies the variation of all organs
correlated with one or other or both of the first, but only in the second degree.
Again, a selection of the correlation between two organs modifies the correlation of
every other pair of organs, one or both of which are correlated with one or both of
the first pair ; but this is only in the second degree.

(8.) If two organs be entirely uncorrelated a random selection of the variation of
a third organ correlated with both of them will tend to generate correlation between
the hitherto uncorrelated organs, <.e., put 7 = 0 in (xxxvi.), and we have

R,.. = /2. 11
If a variation Ao, be made in o, the probable value of 7, is

po Ao,
ATy = qur.*% > Aoy = 21y 0
oy oy

which may clearly be of sensible magnitude. Thus correlation may be generated
by selection of variation, and wvice versd.

(y.) If two organs be each entirely uncorrelated with a third, yet a random
selection, which produces a correlation between one of these organs and the third, will
produce a correlation of the first order between the other of these organs and the
third, 7.e., put 7, = 73 = 0 in (xxxvil.), we have

—
T S Vo3,

a correlation of the first order between the probable changes.

(8.) Consider four organs of which the first is alone correlated with the third and
the second with the fourth, the third and fourth being themselves uncorrelated.
Then any random selection which produces a correlation between the first and

* The probable error of a partial regression coefficient for p organs has not been worked owing
to the labour involved, but judging by the cases on pp. 245 and 260, it may safely be taken as
67449 /R/vn (— Ry,), where R is now the determinant of the P degree,
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second will tend to produce a correlation between the third and fourth, 7.c., if
Tig == 71y == 19y = 7y = 0, we still have from (x1.)

R

G PN = TP

(e.) We may further illustrate these principles by one or two hypothetical examples
drawn from actual organs.

Let the actual organs be (1) physique of father, (2) artistic sense of mother,
(3) physique of offspring, (4) artistic sense of offspring. Suppose in the general
population there is no correlation between physique of father and artistic sense of
mother, or between physique or artistic sense of parent, and artistic sense and
physique respectively of offspring. Then r, = 0, 7, = 0, 7, = 0, and, presumably,
7y = 0. Hence

R

ratee — 113724

is the product of the two coefficients for inheritance of physique from father to
child, and for inheritance of artistic sense from mother to child.

Now let a random selection be made out of the general population in which assor-
tative mating between physique in the male and artistic sense in the female presents
itself, 7.e., let Ary, be sensible ; then we have, most probably,

>,
AT == 1Ty AT,

12

Ary, = R,

12784

or, a correlation between physique and artistic sense in the offspring will tend to be
developed. Generally, when 7y, and r;, do not start from zero, we have,

Py + %7412"’3@ (1% + 7%:)
(T =2}

CAry = APy,
or, any increase of sexual selection in a group tends to emphasise the correlation of
the selected qualities in the offspring.

Let the three characteristics be artistic sense (1) in a man, (2) in his mother, (3)
in his wife. Then »

9 2
1 — 7% — 73

R A==’

gy — %7"12"'13
if we suppose 7, to be zero.

Hence any selected group with a higher coefficient of maternal inheritance of
heredity will have a less coefficient of sexual selection than the general population,
and wvice versd.  The tendency is, of course, independent of the magnitude of r», and
really of the particular character. Supposing likeness of faculty or character to be
a rough measure of “sympathy,” we might conclude for any population with inheri-
tance and sexual selection, that on the average a selected sub-group of men having
greater sympathy with mothers than the general population will have less sympathy
with wives, and vice versd.
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(13.) Many like propositions may be stated with regard to the action of selection
on the correlation of characters. They require but little modification to state them
for artificial or natural selection, as they are here stated for what we have termed
random selection. The above will, however, suffice to indicate how every form of
selection of variability or correlation influences in a manner capable of quantitative
expression the variability and correlation of all other directly and indirectly corre-
lated organs. Selection cannot be of service in altering one organ only, it alters at
the same time the whole inter-relationship of a complex of organs. Evolution by
natural selection can never be the change of one organ to suit a particular environ-
ment ; it is the balance of advantage and disadvantage produced by the change of
all organs involved in the attempt to select one of them. The moment the intimate
correlation of organs in animal or plant life has been fully realised——and this realisation
owing to recent statistical investigations has become fairly easy—then the conception
of natural selection as moulding any single organ to what may be fittest to its sur-
roundings must be discarded. The selection of the “fittest” in one organ would
probably mean the selection of the unfit in other organs, and a general balance of
fitness in the complex of organ is all that is possible.*

IV. O~ toE ProBaBLE ERRORS AND THE COEFFICIENTS OF CORRELATION BETWEEN

ERRORS MADE IN THE DETERMINATION OF THE CONSTANTS IN THE CASE OF
SKEW VARIATION.

(14.) The case of Skew Variation has been dealt with at length by one of the
present authors in the second paper of this series. He has shown that in a great
variety of cases it can be dealt with by a series of curves having three principal
algebraical types, each defined by a certain number of constants. The probable
errors of the determination of these constants were not then investigated, but it is
clearly of great importance for the practical use of these curves to know how far
these constants can, for any given number of observations, be depended upon to give
an accurate measure of the skewness and its special features. At the same time an
investigation of the probable errors of these constants leads us to a number of novel

properties which are connected w1th the theory of evolution in the frequent case of
skew variation.

* Take, for example, result (xxxvi.) ; as faras terms of the second order are concerned Ry, = v/2.7750;.
Hence, with pos1t1ve correlation between three organs, the effect of trying to get a group very stable in
one organ, 7.c., with a negative Acy, is to reduce the correlation between every other pair of organs! In
other words, we have to reduce variation at the expense of correlation, increased stability of one organ
is gained at the expense of decreased stability in the inter-relationship of other organs. This may
possibly be illustrated by the long bones of the French, where the lesser variability of the male relative
to the female connotes also a lesser correlation. See Lrw and Prarson: “ On the Relative Variation
and Correlation in Civilised and Uncivilised Races,” ¢ R. 8. Proc.,” vol. 61, pp. 354-356.

VOL. CXCI.—A. 2 M
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We shall deal first with the skew curve of Type III. (* Phil. Trans.” A, vol. 186,
p. 378), because its treatment is less complex and leads at once to some general
principles which must be borne in mind, whenever natural selection acts upon an
organ exhibiting skew variation.

(15.) Probable Errors and Hrror Corrvelations of the Constants of the Generalized
g ey 2 \P
Probability Curve of Type y = v, <1 + 7;%7)1@“7‘”.

This is the equation of the curve referred to its mean as origin, wheroe

o Y ) :
Y= O Coe e (=)

Further, the moments about the centroid vertical are given by,

) = a

p+1 2(p + 1 3(p + 1 3 .
£ + My = (_p_+) e D+ D) o (xli).
A v v

or,
y - 2“2/'“43, ]) _ 4‘#23/#32 — 1 . ° . . . . . (Xliii.)-

The criterion for the application of this curve to any frequency distribution is
2p2 (32" — ') + 3" = 0,

or, if we write ,32 fot }1«4/#22, 181 — f“32/1142:;;

6 =28, +388=0 . . . . . . . . (zliv)
Lastly,
¢ 1
Sk. = the skewness = tu,/ ()" = VAT (xlv.),
and the modal frequency,
Yo = WP (xIvi).*

T (p 4+ 1)

We require to know the probable errors of p, y, ¥, Yo, 0 = \/piy s fhas. ps and the
skewness. We must discover the best physical constants to describe such skew
frequencies and we shall at the same time succeed in deducing certain—we believe—
novel properties of normal frequency distributions as limiting cases of this skew type
of distribution.

¥ Sec * Phil. Trans.,” A, vol. 186, pp. 373-4.
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(16.) The first stage in the investigation is to apply the general proposition of our
Art. 2, to

logy =logn + logy — (p + 1)+p10g(p+ 1) —logT'(p 4+ 1)

We find :
dlogy) _ _p 1 el
d»* T @ (14 afa)’ ifa=(p+1)
@ ogy) 1 1 P 1
dedp ~— a \l4+2z/a  p+ 11 + z/a))
@ (logy) __ 1 -1
dedy ~ p + ] 1 + z/a)? ’
Clogy) & 2 v e 1
dp? = logr(p-{- 1)+ P+ 11+x/a (p + 11 + afa)?’

@ logy) _ 1 1 )
dyy  — ¢ (}9 +1-2 1+ afa + 1 + wfa))’

¢Qogy) 1/, »p+1 1 4 L
dpdy — g \ p+11+aa p+1(1 +af/zt)2)'

Let 1, =u ( <1‘ -+ %’)ﬁe“y’dx, then we easily find T, | = - L ; L L and
_ (p+1)°
IV ER Vi
By aid of these we can at once write down the integrals of the above expressions
multiplied by y, since n = I,, We find with the notation of p. 243,

T

* (log oy
() == == Y : ({fy) de = é?rq?zﬁlv’
- Elogy) 4 ny
D= )Y dp = p(p—1)°
_ (7 @(ogy) 2n
Yu= )Y dry r= p—1"
2 (1 2
Uy = =~ : (H%%-w-dﬂca—n<—~ logT (p+1) — p(p 1)>
_ a* (log D) 2n(p + 1)
g3 = ] —a:l d’yg lx = (p - ])
" @logy) , _ n(p4D)
=) _ Y "y du = yo(p —1)°
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Before we consider the determinant and its minors, we may note that

. B B, B?
— 1 N L 3
]Og r (29 + ]) - 10g \/(2”) + (p+ 2) ]ng ,p + 1'2'2) 3‘4"20:—; 5.6.2)5
where the B’s are the BerNouLLl numbers. Hence
2p —1 B B B,
fZZT‘ {10 r (i) + 1)} 2 -+ » - P + o =

and we have the convenient form,

oy == < ; log (p -+ U P (2’ — 1),

where 8 is the semi-convergent series B,/p ~ By/p’ -+ B;/p® —, &e.

Now we have at once,

A= Qy, = O, (g, | =0’ L Y 2
R G — ) \ e p(p —1)° p—1"
1 p+1 + 1
I B P T Gt o B e
. .M?_‘,_-A __pt 1 2(p+1)
p—17 y(p—=Dp’  F(p—1)

Divide all three columns by 1/(p — 1); the first vow and first column by v, and

then the last row and last column by 1/y; we find,

n® 1
- P’ ’
1 p—=1(rp+1 , &) p+1
R e P
p 4 1
-2, _ﬂ}?t_ R 2(29 -+ 1)

Divide the second row and column by 1/p; add half the last row to the second,

and we find,

ad | s 1, -2 f
Tre-0 L, (p—1)8, o
- —(p+ 1) 2(p+1) |
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Subtract the first column from the second, and add the double of it to the last,
we deduce

_ n B ; 1, 0, 0 t
e s 0
-9, —(p—1), 2(p—1) |
or,
27238 e
:1;;(};:——{) . . . . . . " . . (XlVll.).

The minors can now be written down at once.

. 2(p +1)w’S
T =1
whence
5 ) + 1 2
= My/A= Z)Mg = p = o’/n,
or
Si=oly/n . . . . o . o (xlviil),
. ot
M‘ZZ ::29 ZL 1 ’
whence
2129 = Mgg/A = ])2/’)28,
or
P 1 : .
Ep:%/\/—g. Coe e e (xlix).
oy
M33 2)2 (p — )(%! "l' S),
whence ' '
2 v 1
27:M33/A=§;£<1 +"2’§>;
or ,
(e -
e +zs> )
My =",
2&“,‘...”2,),(29 — ])
whence
R, = Mu/(a%,5) = () - - . . . . (i)
M, =0,
whence o

Rip=0. . . . . . . . . . . (L)
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Lastly,
2n* 5
BT = 1)’
whence

R, = M./(a%5,) = A/ { 28/ +S)} C L (i),

27+1

This completes the direct series of probable errors and error correlations. By aid
of the above correlations and standard deviations we can now find a further series.

1
From (xlii.) we have for the standard deviation o (about the mean), o=, = Ejr ,

,yﬁ
1
or o = \/(?2(;": ). Hence

Ag _ 1 Ap Ay
o ])+1 v

(liv.).

wlw

Square both sides of this, divide by # and sum, we have at once from the definition
of a coefficient of correlation

( %z)z — 71 > - - 2*:; - Jf‘ﬁv}jﬂgv .
o (P41 "y y(p+ 1)

\

Hence, using (xlix.), (L), and (li.), we find, after reductions,

o 1 t
= V/(2n) <1 * (p Fl—)w‘w> ce e (),
Multiply (liv.) by Ak, sum and divide by #n, we have

z ZILRko' — 1 2, Zhl“ltﬂ _— 272’@1;)”251 .
o P+ 1 04

Whence, by (lii.),
z,

B o=
Vig = v Z‘r

Rhy 9

or, reducing by (1.), (liii.), and (lv.),

1

®.=~a/(;17) Viooiy) (et}

2 (p+ 1PS

Next, if S, be the skewness, we have from (x1v.)

ap

-1 2
a8 = =}t
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or
1P 1 1 e\
= eyl + D) (Ivii.).
Similarly
Re = 2@54) _ o o —
Rey = Sy, = 0, since Ry, = 0,
or
’ R]LSk =0 . . . . s N . (IViii.).
We easily obtain, by multiplying (liv.) by Ap, the result
R = _N_VMM..M_];_._M-_,_M L
pa {1 + 2(}7 + 1)2 S}f‘ . . . . . . . ( lX.).

We can now obtain R, for every A, is negatively proportional to the corre-

sponding Ap. Hence
1

Atepaaysy - oo oo (x)

- _
hdSk -

We next pass to the mean and modal frequencies as given by (xli.) and (xlvi.).
We have, by taking logarithmic differentials,

A A
Sh _2Y _ g Ap,
" v '
where
1
J= 9 dp {log I'(p + 1)} = log (p +1).
sy =B __ B s+ B; ;s — &c., then it is easy to show that § + p*S' = (p + 1)?8.
p+1l (p+1F (p+1)
Remembering that, 1f Ser=¢q,q= 7(1—’1?:1—) , we eagily deduce
1 1
8 — 9 ~
v {B — Byg* + Bsg® + 3 (1= a)zf
1 1

OB AR =B i (B F O F .

= /(5 5

>,\/{1+3(Sk) + = (gk)‘+9(Sk)6}

as far the 7% power of the skewness inclusive.
Very generally the probable error of the skewness may be taken as equal to

\/ (Zn> Vi1 +“::."”(Sk K

and it is always less than +/(3/2n), its value in the case of a normal frequency.

?
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Squaring, introducing the standard deviations, and rearranging, we find

= __ = ' s,
Zn= 21 (1 — R, (J—- b st e {1 ~~J -3 }
= (=R + zM) + g U=+

We must now evaluate Jp — 4. This is easily shown from the BErRNoULLI
number expansion for log I'(p + 1) to be given by

P P -+ A%
Jp Zz—f—_{:—i-——plg i
where
B, B, B
2p 4p® + 673
Thus we determine
—_ Y 1 _2_ ( . E,ij — -
3, = \/(‘)n) {1 -+ S p log " 5 + ) -+ T> }» o (I

Expanding the expression in brackets in inverse powers of p we find

_ EN R (isii
Result (Ixi.), however, with 8 and T calculated to 1/p’, gives a better value than
(Ixii.).
To find the medal frequency error we must take the logarithmic differential
of (xlvi.) and proceed in the same way. We find almost at once

A _ Ay Aﬁ

=2 -Sg -

Yo b

Whence on squaring and completing the square of the factor of p?, we find

7 .‘Zn "8
and
|- 21*
\/ ) { 14 = } R (Ixiii,

Expanding as far as powers of 1/p’ exclusive we obtain

Zyo-‘/—————@n){[ 1210} oo (Ixivy,

a very simple expression for the probable error of the modal frequency, y..
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In like manner we shall now determine the probable errors of the moments and
their error correlations.
Take the logarithmic differentials of (Ixii.)

Apy Ap 2Ay

el i Tt
pe  pt+1 v

Aw _ Ap __ SAy
o ptl oy

2

Apy, _ 2(p+2)8p  4Ay,
. (p+D(p+3) v

Squaring each of these in succession and using the known values of =, 3, R,

we find
IL/: TR \/(2%) /\/{ _'"——)"} e e e e e (lXV.),
. S _(p+ 3y :
2’/‘3 = M \/(2%) { + 18 S(p + 1) } e e . (!.XVI.),

— % 2 +3y ..
w = ) \/‘{1 TS+ 1 (r + o)} e (levid),

Now multiply Ap./p, by Ap,/ps and we find, after some reductions,

oyt 3
R, = /. S8p A1) coe (ki)

- \/ {<1 + ‘)b(l;;fi)> <1 * 18(82](;’;;)1)>}

Next multiply Apa/p, by Apy/p,, and we ultimately have

] 2p + 3
R = 2S(p + 1) (p + 3) o (Ixix)).

a NV 5505755 (556 viri s 59)

Lastly, multiplying Ap,/us by Apy/ps, we deduce, after some reductions,

R Y65+ 1y

- \/{<1 + lé(g%;i)l)>l «/Kl + 95(2)(3911; (52)9 ;_3)_” |

VOL. CXCIL—A. 2N

(Ixx.).
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We may add to these results the values of 3, and =;, where B, and B, are given

by (xliv.); we find
s 4 p 6

= S, = - P Ixxi
Y (R S S
BT/ (p + 12/S B (p 4+ 1) /S° (lxxi.).

The distances from the mode to the mean, d, and {rom the mean to the end of the

range, «, are given by
) )+ 1
d=1/y and « =0Tl

. o I
2‘42\7(2«,@)“/(\”“ Zb‘)' SRS (Ixxil.),

o 42 - : 7(1.1)?“' !)l ,,. eee
S, == o) /\/{l + 98 (p 4 1)1}. oo (Ixxail),

Hence

and further

/02y 7
1{’(% = /\/ <Z7 + 1 b)
[y

2 s oo (Ixxiv).

p+ 1

o
REVAT(E=IES

The results (xIvii.) to (Ixxiv.) must be now considered at length.

(17.) (o) The frequency curve of the type considered is fully described by the
three constants, the mean, y, and p. DBut, since any three constants would do
equally well—for example, what may be termed the three physical constants: mean,
standard deviation (or variation), and skewness—it becomes of some importance to
inquire which constants have the least percentage of probable error,

Now (xlviii.) shows us that the probable error in the mean is precisely the same
as In the case of the normal curve and

= '674490/v .

Thus, the percentage error in the mean

1000 1
= 67449 -
o &/
67449 . . s .
= n x coellicient of varialion,
"
and will certainly be small whenever the coeflicient of variation is small.  Its value

is quite independent of the order of p.
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On the other hand, the percentage probable errors of p and y are from (xlix.)
and (L)

67449 1 67449 1 :
VRV and e /\/ <1 + §§> respectively.
Here S is equal to the series B,/p — B,/p® + By/p” — ... which tends to zero as

p increases.

The errors in p and y thus tend to increase indefinitely as p increases. It may then
be asked how the form of the curve can be determined with any degree of accuracy.
The answer is simple : Equation (li.) shows us that the correlation between errors in
p and y tends, as p increases, to become ¢ perfect,” 7.e., unity. But as p increases
indefinitely, it has been shown that the frequency curve of this type passes over into
the normal form.* It is the high correlation between errors in p and y which
renders the curve, when plotted to observations, such an excellent fit. If the errors
in p and y were independent, this would not be so. At the same time it rvenders
p and y unsuitable for tabulation as physical or biological constants of the frequency.

Turning to (Iv.) and (lvii.) we see that the standard deviation, o, and the skew-
ness, Sk., are suitable constants for tabulation. Their probable errors do not tend to
increase indefinitely with p, and will always be small, if n be large.

Hence a frequency distribution of this type is best defined by its mean 4, its
standard-deviation o, and its skewness Sk. These are constants characteristic of
the group, for they are given with small probable errors. If it be desired to draw

the form of the frequency-curve, then its algebraic constants, p and y, may be found
from

B 1

P=@Ge—" Y5 xsk’

and the possibly considerable errors in p and y will not vary largely its actual shape.

(B.) The nature of the probable errors of the other allied constants may now be
considered. The mean and modal frequencies per unit variation of organ, or g, and
%o are seen by (Ixii.) and (Ixiv.) to have small percentage probable errors, and are,
therefore, good for use as characteristic physical or biological constants. But it
should be noted that the modal frequency is considerably more exact for moderate
values of p than the mean frequency. For example it would be somewhat better to
tabulate the modal than the mean frequency of the barometer as a physical charac-
teristic of climate.

The probable errors of the distances from the mean to the mode and from the
mean to the terminal of the range are given by (lxxii.) and (Ixxiii.). Since
d=1)y = o/y/ (1 + p), we may write the first ‘

E"=%7%275)\/<141—p+2<1119>8>'

# ¢ Phil. Trans.,” A, vol. 186, p. 37;_19.
2N 2
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This remains finite, even if p be indefinitely great. Oun the other hand, the
probable error of a, and even its percentage probable error, becomes indefinitely great
with p. It is to be noted that @ in this case becomes infinite.

(y.) Results (Ixv.) to (Ixvii.) give the probable errors of the second, third, and
fourth moments. It will be seen that roughly, for a large p, the percentage error of
the fourth moment is about double that of the second. It might thus appear, at
first sight, safer to work with the second than with the fourth, but this is by no
means necessarily the case, for to deduce any quantity from one or the other they
must be reduced to the same order. For example, the square root of u, must be
compared with the fourth root of w, and the probable errors of \/p, and (u,)"* will
be sensibly of the same order.
2(p+1) 20°

[

TV + )

§ = 0 N/ ST O )
N/ (20) p+1 " 188(p+ 1)

This tends to a finite limit as p increases indefinitely, and we conclude that the
probable error of u, is always finite, and will in gencral be a small fraction of the
cube of the standard deviation. The above remarks are a justification for the use of
higher moments in frequency calculations.

Equations (lxviil.) to (Ixx.) give the error-correlations between the first three
moments. They show that an error in the value of one of these moments will most
probably lead to an error in the other two. We see that for p fairly large R, is a
large correlation, while R, and R, are small. In other words a random selection
of an even moment makes a far larger correlated change in another even moment
than in an odd moment. If p increase indefinitely we find the ratio R,, /R,
approaches the value 2/3; in other words, u; is more closely correlated to the higher
moment p, than to the lower moment p,.

Formule (lxxi.) give the probable errors of the useful constants B, = ui/u} and
B, = py/pi. We see that they are small and approach the value zero as p is
indefinitely increased.

(3.) Let us restate the formulee for p indefinitely great, 7.c., for the normal curve of
frequency

Remembering that u, == , we may write

n 2/ (042
Y == 6_3—“: (207)
Y 2/

In this case we have p, = 0% py; = 0, py = 80?, B, =0, B, = 3, skewness = 0,
mean and mode coincide. Several of these zero quantities, however, tend to have
definite probable errors,

We have
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3, = o/y/n, s o 120
(T !
s, = o/y/(2n), V/(@2n)
z /\/ 3\ R/¢2ﬂ3 = O’
sl T <_,)77,) 3 Rﬂgpﬂ — 1,
_ N —
Eyl - \/(271) ’ Rﬂglln - O’

2a°

2
S — s = < ) o=03,.
RV e ' V \2%) 7=
2#.«; =2 /\/0‘3 = 2¢”° .

The first, second, fourth and fifth of these results are old; the rest appear to be
novel and of some importance.

In the first place we notice that given a population which is really normal, we
should not expect a random selection to exhibit all the signs of normality. Its

skewness will differ from zero with a probable error of *67449 M ( —21”> For example,

in a random selection of 600 from a normal population, the skewness will be as likely
to exceed as to fall short of *034. Hence an exhibition of skewness of less than once

b .. ST
to twice 67449 /\/ ( ~2-;L> must not in itself merely be taken to indicate an absence of

normality in a general population.
Again, in a random selection from a general population, the mode will differ
from the mean, even if the population be normal, with a probable error of

‘67449 /\/ (é%;) o. Thus, in a population of 600, a difference between the mean and

the mode of "034¢ should not be taken to indicate want of normality. Generally,
the divergence between mean and mode in a population must at least exceed once to

twice ‘67449 /\/ <%> o, for us to be able to argue on this ground alone that the

population has not a normal distribution.
Again, the third moment not being zero, but having a value of once or twice *67449

;2
X 2 /\/ <§;> o’, is not in itself an argument for skew frequency.

The above statements are an important addition to the second memoir of this
series ; they give us the criterion, there wanting, to distinguish between a skewness
which is characteristic of a population and one which might arise by the random
selection of a population of the given size out of a larger, but really normal, popula-
tion.

(e) We may now note the exceedingly interesting conclusions which these results
have for the theory of evolution.

Suppose an organ to have, as so many do, skew variation, then we notice
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(i.) Any selection of the organ by size tends to alter its variability, but not its
skewness ; this follows from (Ivi.) and (Iviii.). Further, if, as we have supposed, the
range be limited on the side of dwarf organs, then any increase of size means a
decrease of variability, and vice versd.

(iL.) Any selection of variability is a selection of skewness; this follows from (Ix.).
If a selection be made from a general population, which has less variability, then it
will tend to greater normality. In other words, it would appear that stringent
selection tends to generate normal distribution. Thus, if out of a skewly distributed
population we make a number of random selections, that with the least variability
will be most normal. Select at random again out of this latter selection, and the
least variable group will again be the most normal, and so on.

Now take a problem of this kind involving group, and not indiwidual, selection.
Let a large general population break itself up at random into groups, and let us
suppose these groups, not individuals among them, to carry on a struggle for
existence—an inter-group, not an intra-group, struggle. Then, if it be an advantage
to a group that its members shall be among themselves close to a type, i.c., less
variable, then the more normal groups will survive, for variability is positively
correlated with skewness. Now suppose each group to be periodically subdivided at
random into new groups—the mathematical description of some process of group
reproduction—then we see how normal distribution may be a result of a stringent
inter-group selection of groups whose individuals have the closest resemblance to
each other—intra-group resemblance.

(iii.) Any selection of the size of an organ produces hy (Ixxiv.) an alteration in
the distances between the mean and the mode, and between the mean and the end
of the range.

A random selection which has its mean larger than that of the general population,
will, if the mode be on the dwarf side of the mean, tend to have its mode and mean
nearer together than are the mode and mean of the general population, while on
the other hand, to raise the mean is to raise the dwarf limit to the range.

A considerable number of like results might be stated, but the above will be
sufficient to emphasize the general principle that a random and @ jfortior: an
artificial selection of the size of an organ, does, whenever its distribution is skew,
influence in a definite manner the variability of the organ. It is quite safe to assert
that it will also influence the correlation of organs. When we notice how wide-spread
is skew variation in nature, we may assert that the general rule is that no modifica-
tion can be made in any of the features—mean sizes, variabilities and correlations—
of a group of organs without at the same time modifying all the others.®

% A paper has recently been published by Messrs. Davenrort and BuLnArp in the ¢ Proceedings of the
American Academy of Science’ (see Ilustration II. below) on ¢ The Variation and Correlation of the
(tlands in the Liegs of Swine,” Unfortunately the anthors have overlooked the markedly skew character
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As a result of Articles (15) and (16), it is possible to use the frequency curve of
type y = 4, (1 4 a/a)? " with as much certainty as to the nature and magnitude
of the errors made in the constants as has hitherto been possible in the case of the

n sl . .

— o™ The method has been exemplified numericall
2my/ o p

in twenty-three cases in a memoir on the “ Variation of Barometric Frequency” (see
¢ Phil. Trans.,” A, vol. 190, p. 423). It may not, however, be amiss to illustrate it

further in a special case having closer bearings on the theory of evolution.

normal distribution y =

(18.) Numerical Illustration—Incidence of Enteric Fever.
In a memoir in the ¢ Phil. Trans.,” A, vol. 186, p. 391, it is shown that the curve
] _ @ 673,042 ot
Y = 1894:57 <l -+ 3‘.42‘8*654) €

closely represents the distribution with age of 8,689 cases of enteric fever received
into the Metropolitan Asylums Board Fever Hospitals. The unit of x is five years,
and the origin is the mode at 14'3025 years. The criterion is not very uearly zero,
although small, but the curve is graphically a good fit (see Plate 12, fig. 9).

The following are the numerical values of all the constants :—

Mean = 18'9691 years. d = mean-mode.
Mode = 143025 years. = 933,313 unit.
Sk = skewness == "462,594.
y = 1'071,458.  p = 3°673,042.
= 3'428,094.
Yo == modal frequency = 189457.
¥, = mean frequency = 1687°80. ,
o = standard deviation = 2'01756 units = 10°0878 years.

From these the numerical values of the probable errors and of the correlations
between the errors of the constants were found by the processes indicated and the
formulee given above. ‘

We found

T == 022,525, S = 044,735,
whence

of the distribution. It is, however, clear from their tables and plate that no selection could by made of
the absolute number of glands without altering the variability of the gland distribution and the
correlation between different systems of glands.
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Probable Error. Percentage Probable Kivor.

P 125659 34211

y ‘019180 17854

Correlation of errors in p and y = 9581

@ ‘061202 17853

o 9-8029 5174

Y 235465 1:3951
mean = 014600 = ‘073 year.
mode = -024126 == 121 year

These are the constants which determine the position and algebraical equation to the
frequency curve, and we see at once that they are all determined with a close degree
of accuracy. The largest percentage probable error is in p, but this is under
3'5 per cent., and, owing t» the high correlation between p and y a much larger
error would produce no sensible change in the shape of the curve.

Two important facts may also be drawn from these results, which indeed follow
from the general formulse, namely : ‘

(i.) The position of the mean is sensibly more exactly determined than the position
of the mode. Here about 1'7 times as accurately.

(ii.) The modal frequency, on the other hand, is sensibly more accurate than the
mean frequency. Here about 2'8 times as accurate.

Hence the advantage of using the mean as origin of measurement for the curve is
accompanied by the counterbalancing, and lLere relatively greater, disadvantage of
the increased inaccuracy of determination of the mean frequency.

Puassing to the ““ physical ” constants of the curve, we have

Probable Krror. Percentage Probable Krror.
o ‘012693 ‘6291
Sk, ‘022845 1:3445
d ‘016663 17854

These fully determine the non-symmetrical nature and spread of the curve, and
since the errors in the skewness and in the distance between the mean and mode are
less than 14 and 1'8 per cent. of the respective values of these quantities, we
conclude that skewness and divergence between mode and mean are characteristic
features of enteric tever distribution, and not mere anomalies due to a random
selection of cases. They are significant constants peculiar to each type of fever
distribution and no description of such a distribution is sufficient unless their values
are stated.

Before giving a table of the correlations between what we have termed the
“ physical ” constants, it may be well to write down some of the correlations between
the errors in the physical and algebraical constants, which arise in the course of their
caleulation. We find
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R,, = 9581, R,. =0,
R,, = *1875, R, = — 1.
By aid of these we find the following table of error correlations :—
Mean, Yor a. d. Sk.
Mean. 1 6469 —5321 —-1875 0

Yy 6469 1 —-8908 — 4260 —°1489
a. —5321 —-8908 1 7905 1584
d. —1875 — 4260 7905 1 9592
Sk. 0 —1489 1584 9592 1

Now this table enables us to draw some remarkable conclusions with regard to
enteric fever, We see at once that no random selection of a group of individuals,
which has any single characteristic differing from that of the general population will,
except in the case of mean age of incidence and skewness, leave the other charac-
teristics unmodified. Thus the most probable result of any selection which alters the
nature of the distribution of enteric fever can be predicted. The reader will possibly
appreciate this better, if we replace the above table by another giving the absolute
progressions in years, number of cases per thousand, &e.

ProgressioNn TABLE.

Unit change of
Corresponds to a One year in
probable change in the One year | One case per | One year in ' ’ -
same units of in mean cent. in standard number of A ur}ﬂ: of
° P . years between | 1/10 in the
age of modal year of deviation dal and kewn
incidence. frequency.* | or ‘“spread.”” | modal an Skewness.
mean incidence.
Mean age of incidence 1 0909 — 6120 — 1643 0
-Modal frequency 45852 1 — 72626 —2:6456 — 3372
“ Spread ” — 4626 — 1093 1 6022 0440
Interval between mode — 2140 -~ 0686 1-:037% 1 +3498
and mean
Skewness . 0 — 0657 5702 2:6301 1

* The frequency of incidence in the modal year = g, X % since the unit is five years = 1894-57 x 1

To make this 1000 we must multiply by 19809%2_75 . Similarly Ay, x L = errvor in incidence of modal
year. Thus we have to replace Ay, by 1%%%(?77&12{2" 1000> = —1%%—5? (error per thousand in modal

year of incidence).

VOL. OXCI,—A, 20
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We see at once from the above table that if the mean age of incidence of enteric
fever in any group were raised, the disease would be concentrated in fewer years, the
modal ard mean incidence would be brought closer together, and the incidence in the
modal year of frequency would be heavier. The changes here are very sensible.
Thus, if we raised the mean age of attack to that of phthisis, or about nine years, the
modal frequency would be increased about 41 per cent., the concentration of the
incidence of the fever increased about 40 per cent., while the distance between mode
and mean would be reduced to nearly 2/5 of its original value. The skewness would
not be changed. Much less marked effects would arise from a selection of modal
frequency. Any increase of modal frequency tends to slightly raise the mean age of
attack, to increase slightly the concentration, to draw the mode towards the mean
and reduce the skewness.

The changes produced by closer concentration of the attacks of the disease, .c., the
limitation of its incidence to fewer years, would be of a more marked character, they
would raise the mean age of attack and the modal frequency, they would decrease the
interval between mode and mean, and reduce the skewness. Concentration of the
disease would thus tend to render its distribution more normal.

To increase the interval between mean and mode lowers the mean age of attack,
reduces the modal frequency, increases the period of liability to incidence, and much
increases the skewness.

Finally, increase of skewness decreases the modal frequency, increases the period
of liability and the interval between mean and mode.

These statements with regard to the manner in which enteric fever would affect
different groups selected at random from the general population seem of considerable
interest, for there is reason to believe that what is thus stated for enteric fever in
different groups may be applied to different fevers in one and the same group. For
example, the lower the mean age of attack of any fever, the greater its concentration ;
the less the concentration, the more nearly normal is its distribution, &e., &c.

(19.) Probable Errors and Eirror Correlations of the Constants of the Generalised
Probability Curve of the Type y = vy, <1 + aai)M (1 _ 3L—>72
1

@,
Transfer the origin to one end of the range, and the equation to the curve becomes

) ' (mg + my + 2) < x ‘>m1 <l 2 ) -

SRS b B

y == _—Z)_ IN (7}11 -+ 1) P (7712 +]) b (]XX\/'.),

where 7 is the number of observations and 0 is the range.

The following values are given in ¢ Phil. Trans,, A, vol. 186, pp. 368-9, where
r=m, + m,+ 2:
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RACTR

Mean x = .
my 4 My, + 2

e (Ixxvd),
b

Mode a, = .
My My

(Ixxvii.),

Ao ey = DO =y (ixxviil.)
7 T Gy o) (g A omy + 2y T W

_ 0 M Gy 4 1) (my + 1) -
o= { 1 } o (Ixxixd),

Skewness = 8, = “L 7" \/ mkmy + 3
Skewness = 8, = iy A 7, {(m1 + D) (my+ D[ (lxxx.).

For the moments we have

b Gmy 4+ 1) (my + 1) .
o = 0T T) o (Ixxxdl),

20 (my 4 1) (my + L) Gy — my) (lX . )
s = POt D)+ 2) e e e e e XXIL ),

80 (my 4 1) (my + 1) {(my + 1) (my + 1) (1 = 6) + 2%}
Pa= P+ 1) (r + 2) (r + 3)

. (Ixxxiii.).

Lastly, for the mean and modal frequencies of y, 8z and %, dx, we have

n (my +m, -+ 2)3°

y= i mlin Do E1] expt. {S(m,+m,+2)—8(m,+1) —S(m.+1)}  (Ixxxiv.),

O G R o DR VA I D,

v= TSy oxpb.{S (my + ) — S (m,) — S{m)} . . (Ixxxv.),
where
Sy B B B o
(p) = Loy ™ w4y + 5. O - (Ixxxvi).
Let
b/ o4\ /‘ o \mz
I (m,, m.) = y, {o<b> (‘1 —_ “ZT/ du
where

o Oy Ay £ 2)

o= Dy + )T (my + 1)

then I (m,, m,) = n, and we easily find, by the fundamental property of T' functions,
that
202
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) ey + ey 41 h
I(m —1,m)="~"—""""n,
m,
I T T |
1 (my, my — 1) = —l-~m P,
3

.. (Oxxxvin),
(A= my) (o + 0y + 1) i ( )

L(m, — 2, m,) = n

(m, > s my (my — 1) ’
(my A my) (my + my 4 1)

L(my, m, = 2) = iy (g — 1) b

From (i.) we have

log y = log n — log b + log x + m 100* + im., log < — ;) (Ixxxviil.),

where
= MOt £ 2)
= w4+ 1)]_"()11 + ])
oz x) @ (log 2 (log y
It will be needful to find © % x) ) f_#f;fi%_x) , and @ (los %)
dini dmi dm, dimn,
d*(log x) _ @ T (my +ny +2) &P (m, + 1)
dmmt dm} dm}
AT (my + oy + 2) &1 (g + 1) 1 ix.)
d (my + my + 1) d? =e—a . . . . (boxdix).
Similarly
d*(log )fdmé =e¢;—¢, . . . . . . . . (xc)
d* (log x)/dm dm, == e;. . . . . . . . . (xcl),
where

€] = dEr ('m1 -+ 1)/dm"f, €, == d* T (”?3 + 1)/’477&3,]
& = &’ T'(my + my + 2)/d (my Ay A 1)

. (xeit.).

e e and e can now be readily expressed in semi-convergent series admitting of
1 Co 3 Fe) te)

calculation.
__ 2y — 1 8 (i) b
O o m !
o, — 1| 8(my) L
y e e s . (xe),
€ RITH '}/I:f 4 ( )
L N R B N L AR + 1)
&= 2 (uy A my A+ 1) (ml 4wy k1) _J
where g
S(p) = B/p — Byp’ -+ B[p® ~
and '

., . (zeiv.).
S(n) ,,ff, ('S ()]

P

P T dpr ?

e
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1t is clear that if m, and m, be at all large, which they frequently will be, we may
omit the series S, or even reduce €, €, € to 1/m,, 1/m, and 1/(m1 + m, + 1),
respectively.

Making use of (Ixxxvii.) and (lxxxviii.) we easily find

b 2 1 N N
ay, = nby = — ( y (’Z‘fi;‘)‘%ﬂ)‘ dax _—_—;L (my 4+ m,) (my + m, 4 1)( o ! ) . (xev.).
Jo ax Ny =

1y — 1/
N b d*(logy) w (my + ) (g + my + 1) .
((12 — “’bl‘l -: —J‘Oy dx db (l-L’ — b ”2) _ l . . . . . . (XCVL)-
4 (v & (logy) , —  wom +om 41
y = nby = =Y "2 dm, de = — 3 o Coe oo (xevill).
o[ d*(logy) ___ w (my + iy + 1)
by = 1by, = =Y G dm, dx 3 . (xeviil).
o d* (log g 1 .
oy == Ny = — yL (zlb’ D = (m, + m, + 1) m~'~~+~ v (xeixl).
Jo

v od(logy) , _u »
loa == ’}’I/b‘ = | Y = = B . . . . . . . , . . . . . . o )
e 28 ] 0‘/ db dm, b (e:)

(> P (logy) ,  wmom+1

tyy =0y = — |\ y— 7 de=————— . . . . . . . . . . ()
2 2 \ o'/ db dm, b m, (ci.)
b d? (log ) .
Uy = by = — | y —Cf“—— c=mn(eg=—¢). . .« . . . . o . . (el
JO '“2/1 .

ro (Z‘ (100‘ 7/) see
::nb = e LLI‘-—"-—HG e e e e e e e e e e e e
tas 8 dmy di, s (elii.)..

o (log y) -
au—_:nl)“:’--.Oy*“dj]-]:g =n(e—e6). . . . . L (civ.).

The next stage is to calculate the determinant

A= 1 bu, brz, bm, bu
l by, basy Dy, b24

! big, sy by Dy

by, bayy  byy, bys

and the minors B, &c., of b, &  We shall then determine

2 1 B e By e 1By e 1Dy ,
o= 7; 5/ ] b = 77?/ &/ H zml - n A, s iy = n A . . <C‘.)9
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and the correlations

o B ) B » B q
.HIL = I 1{“11 J— _,__}j’_ N I{, o= in

VT T B T BB | (evi)
R . B, R ))“‘“,, R _____‘I;}‘;i- e e <)
Mo = by B = sy B = Jm) |

The algebraic expressions for the expanded determinant and its minors are very
lengthy, and it will be found easiest in any numerical case to calculate the numerical
values of the 0.y, by, Dy, buy, bsy . . ., and then find the values of the determinant and
its minors numerically. So soon as the above four standard deviations and six
error correlations have been calculated, the determination of the probable errvors in
the fundamental constants of the frequency distribution becomes easy.

We have for the mean organ M,, if /» now defines the origin of coordinates,

AM, = Ah+ Az

= Ab+ 9y, + 1”7 AD + b(m, + 1) AZ“]» _ by + 1) A:/lt._: o (Cvii.).
A my + ny + 2 (my + m, + 2)*  (my + ny, + 2)?
Whence
w 4 (m A+ O (my + 1) o, s (m + 1)
zl'M - z/z + < ! > 21) 47.?”77 ’ 2;31 + ;L 2’“1,
Ly + 1 . 26 (i, + 1 20 (my + 1)
+ 2 ! ’ ' E/L}’[)R/L() + ( 2 )2!/@ mlhmu, - ”““’( ;g “‘) Z/LZ,MR/“;@
20 (my -+ D) (my + D)o o 20 (my + 1)
+ ( : ?“2 ( - )szmleml - ) () l; zbzubzllbm.

20° (my 4+ 1) (my +J)
ot

2R, o o o o o o o o0 (eviil).

Similarly, the modal value of the organ can be found from™

— oy b, ) g
AM, = Al + Al 4 Am, (“61 . m))

,Am, . (eix.).
w4+ ny (m + 11y)a ( )

* The easiest numerical method in this, as in the previous case, is to proceed as follows :(—-Write
m b, biny
Nocvar = oy, A e LA PV !
MoX My WX =0 (my + m)? X T () e my)?
where the s are umbral symbols, and let N}, N, Ny, N, be the nwmerical values of the coefficients on
tho right.  Then put

.
zmzx Ly

2y Xar, = Nix, + Noy, + N;s;\’,,,l -~ N Xy
Now square this equation, and, whenever a product, X, X,/ OCCULE, multiply it by the corresponding error
correlation, R, , alrcady calculated, putting R, , = 1if ¢ =¢. Then, actually,
E‘Aill, = N% + NE + N§ + Ni + 2N1N4RM + ZNleR/”M '“ ZNINA'RIH/L;’ + QN-JN:EI{‘[JHH
— 2NN Ry, — 2NN Ry

Bartow’s Tables rapidly give the squares and Crernir’s Tables, or a Brunsviga, the products.
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In like manner from (Ixxviii.)

Ad A 1 1 1
: ——5-|—Aml{ - —_ }

Vi My — m, my + om, oy + my + 2

1 1 1
+ Am, { - —_— .
m, —my, My 4y My oy 2
= Ab/b + ¢ Am, + ¢, Am,,

say, where the numerical values of ¢, and ¢, can easily be found in any actual case.
Hence

2 0' 9 2 9 2(’) 20-)

lj/b_ + C?E;n] + 0‘22;12 + 2010‘22111‘2111)1]’:/111/12 + VZ)_! EbEUHR’bm] '+' FZ;: EIJENL:_,RI:»Q (CX')~

Again, from (Ixxix.)

Ao 1 1 1 1 1 1
— = =4 Am = - o — - .
o "" ! < Y Ty s 1)> F Am~< s o 1 1)>

Or  Ac/o = Ab/D + ¢, Am, + e, Am,,

9

2 ; 2e 2e, .
— = o 12,;11 + (’)21112 + 2(),6 4/1 I{ml'mz + = Ebzmleml + bzngbm2 (CXI-)-

9 9 n
o_z b 2

Further from (Ixxx.)

AS,

(_1
72

1 1 1 1
= Ay {m, — My oy + m, + 2 (m, -i—m,—}- 3} T2 (my + 15}

| [ 1 1 1 N
+ A, 1 My — My Wy A + 2(my + my + 3) 2 (my + 1)

= fi Am, + f, Am,, say
Hence

Egk = S% {.f% 2‘13111 +f§ 2?212 + zﬁj‘; 27"127”2le”22} . . . ° (CXii. ).

From the results given above we can deduce the effects on size, range, variability,
or skewness of a selection at random of any one of these four.
Writing (evii.)
AM, = Al + g, Ab + g, Am; — g, Am, -
we find

a Elzhltm T <o > | s
3 {'A—L—h : + -'Zj 2}; + _Z; Eb}-‘mlem, - ?) zbSmZR’me + 61211,271L1R11,;n1
D 2
+ 619’12”7,21.1"1»,;“ + 01922,,1,. - 01(]02“112: I\'/z,m) + (;’2142711‘—8*11022 + e’q1202)n2R1n722
F oSSR, — S, } e (exiii),
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1 [ | ,
RMJ) = i;;’ {Z]LR],/) + (7[‘..], + J_ ”l‘ iy (/ou " sz],} . . . B . . . . (CX]V.).

S.? 9
R.\LS; = $‘S éw {fizhzmthm, '{_ g]‘ﬁznzxsz(nm + ‘f;g_’S:z\ _Jf;g%zmxznzﬂ]}'mlmg +,/";‘32L2mﬂR]ng
I8 Me
+f912b277l3Rbm3 +f!7 zml '?z m,mz fg';z,,u} . . N . . (('}XV.)°

These results show us that it is, i the general case of skew variation, impossible to
select any one of the quantities—mean size, range, variability, or skewness of an organ,
without at the same time in all probability modifying all the others.

For example, the frequency of the incidence of certain types of diseases at different
ages follows a distribution of this character. Hence, if any special class of the
community had a mean age of incidence differing from that of the general population,
we should expect correlated changes in such other characteristics of the disease as
(i.) its first appearance; (il.) its last appearance; (iii.) its tendence to heavier
incidence above or below the mean age of incidence ; (iv.) the concentration of its
incidence about the mean age of incidence for this selected class.

Precisely similar series of changes would arise in the case of a random selection of
individuals having the variability of a certain organ greater or less than that of the
general population, there would be correlated changes in the size, range, and
skewness of the distribution of this organ.

Turning to the mean and modal frequencies, we have

Ay, . AD 3 1 - dS(m, +my + 2)  dS (m + U}Am
o b ok my + 2 2+ 1 d (my + my + 2) d(m, + 1) !
1 1 d S (my + m, -+ 2)  dB(my 1)}
gt 1 i 2 i
+ {2 my + iy + 2 2an, + 1 d (my + a1y + 2) d(my + 1) Am
= = Ab/b 4+ hyAmy + Ty A, say . . . . . o o L. o .. (exvi).
Similarly,
Dy A n 1 n 1 _ 1 dS(mtmy) dS(my) Am,
s b my + My + 1 2(my +my)  2m, d (my -+ m,) dm,
1 1 1 dS (m,+my)  dS(m,)
+ {ml + my + 1 + 2 (my + my) T om, P (m1 + m,) - dm, Aty

= — Ab/b + Kk Amy + ke Amg, sy . . L o . 0 o . . . . . (exvil).

Heve hy, ho, by, &, can be easily calculated, if we note that

dS(p)/dp = — B,/2p* + By/4p" — By/6p° +... . . . . . . (cxviil).
= — T/p, where T is the same as on p. 272,
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s, and 3, can be found in the usual manner by squaring after the insertion of

the numerical values.

From (lxxxi.)-(Ixxiii.) the probable errors and correlations of the moments can be
found if required, the calculation being numerically somewhat laborious, but presenting
nothing of novelty.

The probable error of the criterion

k= 331 — 218.: + 6:

where B, = ui/pi and B, = p,/u3, may be found as follows : Put e = (m, 4 1) (m, + 1),
= m; + my, 4+ 2 ; then we find

o= PO ELE O (oxix.)
T+ 28 (¢ + e )
and accordingly
Ax 2 2 1 1 1 1
p —<7 “4:"’5—7«+3+r;‘r;;> Ar /<T+1+2— ?)Af
2 2 1 1 , » 41
- <7' T2 43 +7°+ L+e (r+ 14+ e (m + 1)>A‘m1
2 2 1 1 r 41
+ <7’ T2 o+ J+ P+ 1l4e  (r+1+e) (m+ 1)>Am2
= Am i Am . o o oo (exxl),
where 7, and 7, admit of easy calculation. Hence
S"i/K‘Z = i‘%z‘ibl + ij‘izz + 2?:1/[2Slmlgmszlmz . . . . . <CXXi-)o

The value of 2, can thus be found, and the steadiness of the curve to its type
ascertained.

Hlustration.—Glands of the Fore-legs of Swine.

In the ‘Proceedings of the American Academy of Arts and Sciences,” vol. 32,
p. 87, 1896, is a memoir by C. B. Davexrort and C. BULLARD, on the variation in
number of the Miillerian glands in the fore-legs of 4,000 swine. The paper especially
attracted our attention, because the authors are content to describe the frequency
distribution of these glands by means of a normal curve. They write, after
discussing the plotting of the normal curve on their diagram (pp. 90-91) :—

“These and other characters of the ¢ probability* curve are indicated in that shown
in dotted line* in the accompanying diagram. The diagram also shows the curve of

* The authors actually represent the normal curve by an 18-sided polygon.
VOL. CXCI.— A, 2p '
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distribution of the various numbers of glands occurring on a leg from 1 to 10%,
This curve is drawn from the right female leg only ; the curve for the other legs
would be very similar, We shall speak in a moment of the method of constiruction
of these curves ; but we want now to call attention to the fairly close similarity of
the two curves—that gained by observation and the theoretical one—a similarity
so close that we are justified in concluding that the law of distribution of the
variants in the leg glands of swine is the same as that of accidental errors.”

240 A 1 1
250 . X . .
1N
220 I A4 B\ Y — S -
oo / , / \“ Glangls (n forg-/legs pr Swire.
] \
oo / / \| Fight Leg Q

190 ' / ; \ ' 1 SRS S -

160, / /

- . 1

170 / / /
/60 / / /

1/

150 / !

7 | ;
. » / / L Obsepvaltions (polyger)
y .
150 // f \ Normal Curve d------
i . 1y . - .
20 / , \\\ Skew Curve )
/ ! \\\ o | 57837 L Rz
110 ! YFEINE63( 1+ W 72 . g (N
// \ o Sirges? g zaa4q!
100, /s \
Il ‘
20 ! \

80 /

HMode
Mean

N/ A\
N \
L 60 3 — ‘i\;,m,
N Sl |/ |
Q /
. E 40 / \
] % 30/ —_ \ -
- BRSPS L
- Aof oL L b L . -
N d B L 'S}:\_\ .
T 2 é‘ y "0;2 5 o 3 5 6 8 /0 7 72
o 0. of an s I

Now, in our opinion, the curve was markedly skew, and 1t seemed to us that most
interesting properties bearing on the action of selection on the Millerian glands in
swine actually depended on this skewness. We have taken the distribution of
glands for 2,000 ¢ swine. ‘

To illustrate the difficulty of applying the normal curve we may remark that it
gives about 6 swine per mille with — 1 gland, and about 1-5 with — 2 glands, while

% T'he authors have forgotten that there is a sensible percentage of zoro-glands.
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it gives 80 per mille instead of 10 per mille with no glands. These difficulties are
entirely met by the skew curve, which gives no frequency whatever of negative

glands (see figure).
Taking the number of glands in the right fore-leg of female swine, we have the

frequency series :

No.ofglands . 0 @ 1 2 | 3 4 5 6 | 7 { 8 |9 |10
|
Frequency . .| 15 . 209 365 482 414 277 134 | 72 22 8 2
|
Per mille. . . 7:5 | 1045 | 1825 241 207 1385 67 36 : 11 4 1
|

We have worked with the frequency per mille for convenience of reduction,
although the actual number of observed cases, 2,000, is used, of course, in the
determination of the probable errors.

Using the method of the paper in the ¢ Phil. Trans.,” A, vol. 186, p. 867, we found

mean = 3501 glands. o= 1'680,774
pe= 2'824,999 B, = 0'259,1825
gy = 2417,278 B, = 8'110,8211
1y = 24°826,297 6 + 38, — 28, = 0'555,905

Thus the criterion is greater than zero, or the frequency distribution is of Type I,
or has a limited range.
Proceeding we found

== 19'985119 e= 7271918
m, = 3783718 m, = 14201402
a, = 879623 oy == 14°24837
b = 180446 Yo = 237°263
d= 0522996 Sk = 0'311164
Mode = 2978 Start of curve = — 0-818 gland.

Thus it would appear that both the distance (d) from mean to mode and the
skewness are very sensible, and that, unless their probable errors be very large, it is
quite impossible to represent the results by a normal curve.

‘We may note that the range starts from — 0:818 gland and runs to 17227 glands,
so since it gives zero at — 1 gland, we see that it sensibly confines the possible
number of glands between 0 and 17, but we should have to examine considerably
more than 2,000 swine to have a probability of more than 10 glands occurring. The

212
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total range given is thus both in magnitude and position extremely satisfactory, and

supposing only the frequency, not the actually measured quantity, z.c., number of

glands, to be known, the theory would have given a very accurate determination of the
limits of possibility, especially the start of possibility with the whole number of glands.
In order to work out easily the determinant, A, and its minors, we found it
desirable to bring out certain factors and reduce the formul:e given above to slightly
different forms, which, as they are likely to be of general service, are here repeated.
Let o = me — (m, + my) e, B = e, — (my + ms)e, where €, e, ¢ have the

values given on p. 284, then we found

7777 wt (g +my+1)
btmdmg (i, —1) (my—1)

m, 4 m,

— (WL] - 1),
my (m; — 1),
my + 1:
n® mye 4= m,f3,
An= Vmimi (my — 1) '
B mZB:
— (m:—1),
A = w* (my + my + 1) m, 4 my,

bty (my, — 1) (my, — 1)

— m, (1, -

m, (m; — 1),

0, 1, 0,

e 4 m,B, e, = (1,4 m, — 2)
m.f3, M M€y, m, — 2m, + 1
-1, 0, 2 (m,+ m,+ 1)

o 1,0, -1

M€y — (m, + 1)

1),

13 O’
My — 2my 4 1

(m, 4 1) (m; + my, + 1)

’n'Zg + ]., o 1, 94 (m] + mg + ])
w4 my 4 1) m, -+ m., -1, 0
BT M 274' 2 — My — 1 Y
miQm = 1)(my=1) | _ (my + 1) (my — 1), mi(e, =€),  my—2m; + 1
Ty = 1, 0, 2 (my 4+ m, + 1)
A — 7P (my + my + 1) (my+ m,) (1, + m, — 2), 0, (my—1)(my—1)
447 g9,09,9 — -
Omims (i, — 1) (my — 1) 0, 10 1,3, — e
ney = my 1, M3, M IN2€E,
A = W (my 4 my + 1) | —1, — M€y, 0
Ao - bﬂq;z,lm% (77?.9 - ])_ 0 B 1
T ’ ’ N[0, .
I - (my 4 my), - (my 4 1) (m, — 1), m,+2m; 41
P (my -+ my 4 1) 0, o — 1
Ay s il 2 1) :
mnymy (my — 1) | 1 e 0
s AT

— (my 4 m,),

(my — 1), (m, 4 1)
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n? (1, 4 1y + 1) 0, mee 4 m,f, — ma
A= — U (my — 1)
ims (my — 1 : my —1, myf3, M 1ME; R
1 — (m, + m,), — 1, —m,
A — W (my + my + 1) My 4 M, -1, 0,
T T gy (my — 1) (my — 1)
1 A T 27T my (m, — 1), = 1, M€3, my — 2my + 1 ]
[ m, -+ 1, 0, 2(m, + m, + 1) |
w* (my + my + 1) m 4y, — (mo 1) (m—1), — (m—1)
Ay = Bianymg (my — 1) (my — 1)
1P A : 2T A 1, — 11, Ns€s, ’1'7?/2,3 ’
0, my, =~ 2m,; + 1, —(ml-l-mz—z)
— n* (my + my + 1) my + M., - (ml — 1), M (WJ’l —1)
Ay = — Uimdmgy (my — 1) (my — 1)«
17 AT ‘ 2 -1, myet, — M M€
0, — (my + my — 2), m, — 2my, 4 1)

In our particular case we found

€ = *232,4012, e = '067,9945, e = ‘051,3099,
mee = — *164,4934, m,B = *607,8513.

With the aid of the values for m, and m, given above, the determinantal parts of
the A’s were then calculated. If these be 8, oy, 2, s, Gy, G, Gy, gy Gog, Goy, oy,
we have

8 = -153,7969, o = '274,9969,
oy = °348,3713, o, = *111,8280,
oy = 13°018,7332, oty = *211,9650,
oy = 47°671,9443, ' oy = 22°706,5156,
oy = 13°357,13009, oy = 11°507,0158,

o, = 25'088,6121.

From these the standard deviations and correlations of errors in the algebraical
constants are at once found. We have

s, = 2395, R, = 9387,
S, = 7784, R, = 7548,
2, = 55908, R,, = 7143,
S, = 37602, R, = 91145,

R,, = ‘8726,

R, = 9942,
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Then as a step towards the determination of other probable errors, the standard
deviation and umbral equation® for y = m, + m, were found

3, = 63085,
X, = Antl. 1°091,2932y,, + Antl. 1:947,5528y,,,.
This led to
; R

iy

= 9312, R, = 9888, R,, = "7848.

By aid of these auxiliary results the probable errors of all the algebﬁ*aical and
“ physical ” constants were determined.

ProeaBLE Error Table.

Constant,. : Probable error. Percentage probable
error.
SE (oo 05250 13:8762
Eg)my .o 37709 265533
g’n"g (po v 0 e 01748 46056
g le. o oo 2:4351 17-0903
(Range . . . . . . . . 25362 140554
. Start of range . . . . . 01568 —
S Y | Mode . . . . . . . . 00398 —
?;;g < Mean . . o 00253 —
A g Standard deviation . . . . 0-0183 1:0911
% © | Mean tomode . . . . . 0-0294 56308
Skewness . . e 00158 50655
| Modal fr equency Co 32455 1-3679

Now it will be clear from an examination of these results that all the physical”
constants ave determined with great accuracy.t The mean is subject to less probable
error than the mode, the modal frequency has a slightly less probable error than the
mean, and as it is less than 14 per cent. in the former case, either ave closely
known. The skewness and distance from mean to mode are known respectively
with less than 5'1 and with 5'6 probable errors. Thus they are both significant
constants. In other words, the curve differs significantly from a normal curve, and
it is erroneous to represent the frequency by such a normal curve. The range which
ought to be such that there is no frequency at — 1 gland, gives no frequency at

* See footnote, p. 286, and later, p. 805. It may be as well to remind the reader that here, as in the
other illnstrations, logarithms of the full, not the cited values, were used in the calculations.

1 The probable percentage errors i, i, ¢;; @3 are high, but this, as we have several times pointed
out, is of small importance, as, owing to their high correlation, the actual shape of the curve is not
changed sensibly by large changes in m, and m,.
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— 818 gland with a probable error of 4 ‘157. It is, therefore, clear that our
method gives the start of the range with very considerable accuracy. The whole
length of the range runs to 17-227 glands, with a probable error of 2:536. We may,
accordingly, conclude that the maximum possible number of glands is hardly likely
to be less than 16 or more than 20. We cousider that this example is a good
illustration of the accuracy with which the principal “physical” characteristics of a
distribution may be obtained by aid of skew curves, and how they provide much
information which is not given by the use of the normal curve.

The next point is the determination of the umbral equations giving the error
correlations of the “ physical ” constants. They are, if Antl. stands for antilogarithm :

X mean = Antl. 792,4156x, — Antl. 1'380,2040x, — Antl. 1'153,9620
+ A.nt].. 1'508,1033X7nﬁ

angexyo =xb’— Antl, 1:011,7885y, — Antl, '248,2856,, + Antl. 1:097,6534x,,,
X. = Antl. 1°109,9660y, 4+ Antl. "168,8507y,, — Antl. 1'151,0582y,.,
X = Antl. *397,2701y, — Antl. 274,1702y,, — Antl. 1810,3180y,,,,
X = — Antl. 381,5919y,, + Antl. '367,7012x,,. '

Multiplying these out pair and pair, we found

Error Correlation Table.

Mean . . . . . . .| 1 0232 | 3400 | —-3493 | 0500 | 1309
Range. . . . . .| 0232 |1 6284 | 0906 | 2132 | 2175
Modal frequency . . .| 3400 | 6284 | 1 604 | —1473 | —0141
Standard deviation . .| —3493 | 0906 |—6944 | 1. 5891 | 4394
Mean to mode . . . . 0500 | 2132 | —1473 | 5891 | 1 0847
Skewness. . . . . .| 1309 2175 | —0141 4394, "0847 1

Hence, proceeding to multiply rows and divide columns by the corresponding
standard deviations, we have, after altering the units; the following
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Progresston Table.

Unit change of
Corresponds to probable One One eland One gland
change in same units of One gland | One gland | per cent. ne glan in the v v |
. D . in the . 4= in the |
in the in the in the interval | 1° )
standard skewness.
mean. range. modal deviation from mean
frequency. "| to mode.
Mean . . . . . . . . 1 ‘0002 ‘0063 —4818 0430 0210
Range . . . . . . . . 2:3231 1 1-1651 12:3279 | 183604 34992
Modal frequency . . . .| 183876 *3389 1 —51-7973 | —6-8411 —1225
Standard deviation . . .| —'2533 ‘0007 —0093 1 3668 ‘0511
Interval from mean to mode ‘0583 0025 —+0032 9459 1 1840
Skewness . . . . . . . 8156 ‘0135 —+0016 37761 52706 1

An examination of this table brings out several interesting features of the
frequency distribution of Miillerian glands in the fore-legs of swine. If a group of
swine were isolated, and found to have a higher mean number of glands, then this
group would most probably have an increased possible range, but at the same time a
decreased variability and a marked increase of skewness. This increase of the
possible range with a decreased variability is especially notable, since the rough-and-
ready class of statistician is very apt to treat the range observed as a measure of
variability ; we have here a case in which the same cause, raising of the mean,
produces opposite effects on range and variability. Increase of range, it will next be
observed, produces very little effect on any of the physical constants, but such effect
as there is, is an increase of them all. To increase the modal frequency is to increase
the range and to reduce both the variability and the skewness. Thus the more
mediocre swine there exist in any group, the more nearly their distribution will be
normal. Change in the variability is the cause which on the whole produces most
effect. Increased variability means lowered mean and less mediocrity, but much
increased skewness. Finally increased skewness denotes probable increase of range,
variability, and mean. '

As we have suggested in o previous illustration the prineiples of multiple corrve-
lation easily enable us to predict the probable change in a random selection in which
two or more of the characters differ from those of the general population.
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(20.) Probable Errors and Error-Correlations of the Constants of the Generalised
Probability Curve of Type

~p tan -1 (x/u)

(cxxii.).

1
Y=Y "{T;?m /6(/)2};;‘

This curve is discussed at length, ¢Phil. Trans.,” A, vol. 186, pp. 376-80. The
chief constants are given as follows, if m = L (r + 2), z = »* 4+ #°, and /. denote the

origin :—
Moments—
_ a? (1 + 22)
= oy O v N (0 S 1V X
4’y (* + 1) .
R A Y o (cxxiv.),
G ) {(r + 6) (" + v*) — 8%}
e = 7t (7, . 1) (7, — 2) (7, . 3) (GXXV. )
Distance of centroid from origin = —ay/r . . . . (cxxvi),
av .o
Size of mean organ =l —— . . . . . . . . (cxxvil),
,
. (424 ves
Size of modal organ == 4 — - T . (exxviil.),
Distance from mean to mode = d = e (exxix.)
r(r+2) ”
Skewness = — M =1y o oo oo (exxx))
2 P4 / 7
: ST 2 o
Standard deviation = ¢ = ~ Vo =) VA o (exxxi),
n S 1
Yo=— ¢ /G (). o . o o o o oL (exxxil),
where
G (r,0) = | sivvte a0
0
and

G ="C"DGr—2y . . . .. (exwii),

is the formula of reduction.
VOL. CXCl=—A. 2 qQ
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Further, we have the following BrrRNouULLI number series for G (r, v), where
tan ¢ = v/r —

log {e* G (r, )} = log /(2n/r) + (v + 1) log cos ¢ + v

. B, o _ﬁ .
+ S {(99 + 1)+(12(8 n >2) g (1 — 2%*2 cos™*' ¢ cos 25 -+ 1 ¢b) } . (exxxiv.).

To find ¥, 8z, the mean frequency, we have only to put @ = — ay/r in (i), and we
have
log v, = log 4, + (v 4 2) log cos ¢ + v
= log n — log @ — log {e™* G (r,v)} 4+ (r + 2) log cos ¢ + v
= log n — log @ — log /(2w/r) + log cos & — x,

where y stands for the summation in (exxxiv.). Hence

[42

:\/(2':;)” M<;£T> e L (oxx#vi.).

As typical constants we require the probable errors of the mean, the standard
deviation, the skewness, and the mean frequency. It is clear that these will require
us first to find 2, 3,, 2, 2., and R, R,., R, R, R,, R., R,.

We shall only indicate briefly the steps towards finding the integrals of the second
differentials of log .

ylz—”— <—2%>e"xcos<;5 .o o o o (exxxvl),

or,

log y = log o — m log {1 4 (z/a)’} — v tan™" (x/w),

dlogy) v 1 (2ma)/a’
de a {1 (efa} 1+ (g/a)’
d*(logy) 2 va/o 0 4 2m }
B 1+ @apy 1+ (@ /a)" (1 + 2*a?)?
= — (2/a%) { — v sin 0 cog’ @ — m cos’ d + 2m cos' 0}

2

te o (2]
[ @ 8Y 1
dx?

-

23 s w2 . ) .
o { — My f sinfcos* e df) — mG (v 2,v) + 2mG (4 4,1/)} ,

a> G (7, v) 2

whence, remembering that 2m = » 4 2, and integrating the first integral by parts,
we find
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te  ?logy )’(g s G@+4v) (7(7 + 2,v)
_(__my da® dw a? {( + (r+ 2)> G (7 v) 3 (r+ Z) G (r,v) }
. 7&'(/—{-4){1/ + (@ + 2P GG+ 2,v)
- a* v+ +4y Gy
or,

w (D@ +2)( +4)
? v (r + 4

—_—y = — (exxxvil.).

Precisely similar reductions lead us to

— == ji:j clélodg 7) dox = — w(:; g:},u%t :)2? ... (exxxviil.),
I R
—a={"y TR 1 = — 2t )’-’yﬁi—(gﬁ;ﬁ? C o (exli),
— =y o) dbcz"g*;~1§*_~(l(7++1)2) C L (extiii),
.._%:.”f:y‘”%j% BN gy = — 0 T Qg G(r )} . . . (exliv),
— Oy = 1 TCED o = — =T (log G (0)) . . . v(cxlv.),
— Gy, = J::y-(—l—)—(—ilif;—‘/—) = —n %}, {logG‘r(«;", »} . . . (exlvi).

It will now be needful to find easily calculable series for the second differentials of
log G (7, v). These can be obtained from {cxxxiv.). We find

— {log G (1, v)} = —-1~+logcos¢+Si—n;é

S B 2 23 -" i » .e
— S (‘);s:.l. (2) 723)#' {1 — 2%*% cos™ ¢ cos (25 + 2) ¢t . . (cxlvii),
o ( :

{logG(r v)} =3 Mﬁi +¢ o ,
+ S (= 1y ng+1 Qs+2 ogt? qum (26 + c)) . . ' . (cx].Vlli)

o (25 + 2)rir 7
2Q 2
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Hence
@? 1 . . .
g ogG(r,v)} = 3 {‘5 + sin’g (r — 1 — 2 cos’p)
(“‘ 1) stn 1 QUL Gaelstd b noa (g

+ b en cos™ e cos (25 - 3) P} t(exlix.),
d? 1 ) o g
i {lo (r, )} = o { H(2 — 14 2sin’ep)

- 1 SB«)\. S T ) 2.0 o
+ S ( 71224_;:‘—*-' 257 cos™ e cos (25 4 3) ¢ } (cl),
0 p

(Z) a’u
(-— ]) BN«!—-

0 7"5—!—[

These allow of the fairly rapid
standard deviations of the errors,
caleulated from the determinant

and

A= ; Ay,
’ o,
l L2EN
1 W4y
and 1ts minors.®
Let by =" a,y, and let A" = A,

calculation of ¢ty €y, Oy

{ gG(7 v)} = ) {5111 ¢ cos ¢ (2 cos’p — 1)

Lot cosgﬁs(f) sin (28 - 3) (f) } . (Gli')’

The values of the
of the error correlations, can then all be

Cray g, gy |
ooy, oy, oy,
Chogy  (lygy gy k
a24, U345 66,“, ’

then if B,, be the minor corr

esponding to

s — 1By,
a A, 5
N2 l, 1,3}}
~y T 7 A/ ’
A By
Ry = —i s
" V(B By
j{, - B23
T A/(By By)
B,
I{// 31

b ,in A, we must work out for any special numerical case
p y p
o 1 B
% = ” Ai]’
1 B,
¥=0a
) B
R”z 12
b \/(Bll B22)
B
R, = —=H—,
" \/(Bll B22)
: B,
R, = —=%_
" V(BuByy

* T /By By

* Asin the former case, these were all developed, but the extreme length of the resulting formula
gives them no advantage over working in any spécial case with the numerical determinants.
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In general none of these correlations vanish, and their values must all be found
before the errors and correlations of the chief characteristics of the frequency can be
found.

The following results, easily obtained by aid of the relation tan ¢ = v/r, will be of

service
t
32 = 93} (32 4 tan® ¢ — 2 tan ¢33 R (clii.),
2
R, = “;2:" S, — tan g8 R, } (cliii.),
R, = 9 "b — tan ¢3,} (cliv.),
. cos? d) . .
Ry, = = {3,R,, — tan ¢3R,,.} (clv.),
. cos‘%f) R ) “ : iy
R, = s, {3, R, — tan ¢3,R,,} (clvi).
By (cxxvii.) and (exxxl.) if @ be the mean size of organ
Az = Al — tan pAa — —— Ad,
, cos® ¢
Ac _ Aa 1 A
o @ + tan (i)AqS R
Hence
+ t&n ¢2 + P (’) 2 ta’n ¢27L2(LR7L0 - ¢ Ehzrdeyh
-+ 2 tan (ﬁ 2 oo Bug (clvii.),
o2 tantgs 324 2 tan 3,8, Ry — —— SIR
= &11¢¢+4(7 ) + -~ tan ¢2,2R,, — oo =1y 2ol

_tancﬁ;j:—I 3R . o o o o o o o o 0L (elviil),
and ‘

o [33,R. tang 2.3R,
R., = 2{ il a"’z@ g tan ¢2h2¢hﬁ¢ — tan? ¢3, 2.,,1%@ |

asin ¢

< tan ¢ i
cos® 2@) - .3( )Zh«n Rm + 2(r — )2 9 Ra, -+ B 0082;;(#:*1) 2 24, (OhX )

From (cxxx.) we have, if S, = skewness



302 PROFESSOR K. PEARSON AND MR. I. N, G. FILON
Or, taking logarithmic differentials,
1 10
AS/S, = cot ¢ Ad — < %;m~>am
whence, - . .
SE/S? = oot ¢sg LT s —eob ot S BE R (e
St 5 yadanl'] 4(7 ]) (} ‘)) 1)(7 + )) b i .

In a similar manner R;g, and R, can be found if desired. None of these quantities
will, as a rule, vanish, and as very many measurements on animals give curves of
the tangent type, we conclude that in general all selection of the size of an organ
alters its variability and the skewness of ts distribution, and again all selection of
variability connotes alteration of the size and skewness of the selected organ.

The probable errors of u, ps and u,, as well as the error-correlations of these
quantities, can all be found from the differentials of (exxiir), (exxiv.), and (exxv.);
the calculation is labovious, but presents no novelty.

Lastly, the probable errors of the mean and modal fv equenmes may be deduced.

For the mean frequency we start from (cxxxv.) and use (exxxiv.).
This requires us to know Ay, where

& —13Po ] OHs+2 c2st1 a (D N .
= %(Zs +( 1)(??3;-2?237’25“(1 — 25+ cos™t h cos (25 4 1)) . . (clxi).

We have, as in (cxlvii.) and (exlviil.),

— A' ‘g_:_g_l):iiﬂm : OB 4o 212 L (0.
AX - 5 % (23 I 2) st 1 (1 2 COB ({l CG8 (ZO + 2) 4))

Av & (=1) Bogir

-+ 5 5 5 1 2y rent 2572 cos™ ¥ hsin (28 -+ 2) P

= — ¢, Ar/r + ¢, Av/r,

where ¢, and ¢, admit of fairly easy calculation.
Hence, by (cxxxv.), we find,

Ay fyy = — Aajo - (3 4 sin® ¢ + ¢;) Arfr — (¢, + cos ¢sin ¢) Av/r.

Solut = 2/ 4 (& sin® @ 4 ¢,)* 537 + (¢, 4 cos dsin ¢)* 53/
2 Ly 5 2 (ey + i <
=~ a (3 + sin*p + ¢) SR, + - 2 GZiqS sin ¢) 2R,

_Gsweta)arcsdsind g p L (elxil).

2

If the problem be to find the modal frequency y; 8z, we easily deduce y. by putting
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_ 4
T a(r+2)
same function of » 4 2 that y is of », we have

@ = in the equation to the curve. Writing tan ¢’ = v/{» 4 2) and y’ the

n 7 2N ,r+1 -
= —=eos @ ——eX . . . . . (cxiii).
Y- (r, /\/< 27;-) ¢7'+2 : ( )

m

Since —+ 1 ig greater than /7, and ¢’ and yx' are less than ¢ and y respectively,

(@ + 2)
it follows that v, is greater than y,, as it should be. Further we find

O} Z ' " ? . ’ ’ Ai ’ ‘/ 3 A 1
Ve S (Tt o) T = (o o sing) 2 (dlxiv),

s a £ + ? /v +§ 7 + 2

Here ¢," and ¢, are the same functions of » 4 2 and ¢’ that ¢, and ¢, are of  and .
The usual process of squaring and introducing the standard deviations into the square
terms and the product of standard deviations and correlations into the product terms
will give us 32,

(21.) Lllustration.—Stature of Children.

In order to illustrate the difficulties which may arise in determining the probable
errors of the constants and the error correlations, we have selected for this illustration
not a curve markedly skew, but one which is extremely nearly normal. The problem
in this case is accordingly the following one: Are the values of the constants obtained
for the distribution and distinguishing it from a normal distribution really significant ?
The difficulties which arise in the course of the arithmetical work depend upon the
fact that, as the distribution is nearly normal, its constants approach the values at
which the type of the skew curve passes over into the normal curve, and conse-
quently not only will their probable errors be large, but, as in all cases of approach
to limits, they will depend upon expressions tending to become indeterminate. Thus
in the evaluation of the determinant A and its minors, we at once found our results
depended on the ratio of the differences of very small quantities. We were accord-
ingly in this case obliged to calculate our constituents to a degree of accuracy which
will, in general, be quite unnecessary, and which was only possible and straight-
forward owing to the ready help of a large sized Brunsviga. That the method, even
in a critical case of this kind, gives correct results is evidenced by the agreement of
our values of the constants with those (probable errors of mean and standard
deviation) which can be readily calculated by other processes.

The example we have selected is that given for the stature of 2192 St. Louis
school girls of 8 years of age in ¢ Phil. Trans.,” A, vol. 186, p. 886.

The equation to the frequency carve is
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x = 149917 tan 6,
y — 235323 COS:%‘Z'SOB;& 06~4'569t;79’

the axis of @ being positive towards dwarfs and the origin 22241 on the positive side
of the mean. The unit of x is 2 cms. of height, and all the constants except the
mean height are given in two-centimetre units.

We have the following values of the constants :-—

pe = 7770739, Mean height = 118-271 centims.,
s = — 2'38064, o= 277622,
py = 192°17419, 1y, = modal frequency = 32418,
1, = mean frequency = 32376,
d = 185,606, Sk, = skewness == ‘04885,
= 3808023, m = 164011,
v= 456967, @ = 14'9917.

It will be seen at once that the skewness is small, that the mean and mode are
close together, and the mean and modal frequencios are almost identical. Our
problem is: Are these differences significant or not ?

Let n = 2192, the total population ; then the values of a, , » given above were
assumed to be absolutely exact, and A calculated with its constituents to 9 places
of figures, as it depends on the differences of very small quantities. We shall
indicate one or two stages in the arithmetical work

A | ‘181,108,064 017,214,971 — "008,887,638 063,438,906
G 017,214,971 ‘010,392,042 -~ 003,264,669 *008,837,638
| — 008,837,638 — 003,264,669 001,144,775 — 004,422,657 |
| ‘063,438,906 -008,837,688 — 004,422,657 030,799,043 |

The evaluation of this determinant and its minors was then carried out by means

of the Brunsviga, and we found

A 104,824.472 é]..% _ 1200'842,52§
s o 1012 ’ o - 1012
Al! _ 670'195,695,@& AJ» . 5“059'387,378
nt 102 ’ ad (10)= ’
égg _ 4606:123,623 Ay 1762:570,609
o 1012 ? ns 10 ?
Ay 76025'131,84§ Ay 1_897')261,_2_@?
o = wo 10
Ao _ 4828382354 Ao BIA60555
nt 10 ’ ad 10t ’
Ay l5979'332,581

o 10t
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- We can now, remembering that
% =4/(A,/A), and R, =A,/v(A,A,),

write down the standard deviations and error correlations of the algebraical constants

s, = 17078, - Ry, = — 6835,
S, = 44773, R, = — 7088,
3, = 181898, R,, = — 9798,
=, = 4°5840, R, = 9980,
R, = 8129,
R, =  -8340.

Here 7 marks the position of the origin of the curve, and the numerical values are
only retained to four places of figures, although, of course, in the further calculations
the logarithms of the full values of the 3’s and R’s have been used.

It will be noticed at once that though a, r, and » have very considerable probable

errors, the correlation between them is very high. TIn other words, as the curve
approaches its limiting shape, a, #, and » may vary very considerably, but owing to
their close correlation this will not sensibly affect the geometrical shape of the
curve. :
The next stage was to determine the standard deviations and error correlations
of certain subsidiary constants. Here, as in the determination later of the like
quantities for the “physical” characters, we found the umbral notation of great
service. It consists, as we have seen, in writing down a difference equation between
any constants, and then replacing the differences du by 3,y,, Sv by 3,x,, &e., where
Xw X» &c., are quantities which obey the relations y2 = 1, x? = 1, xoXo = R,,. Thus,
if tan¢ = v/r, we find for the umbral equation

cos’PZ, sin ¢ cos ¢
Ry e B
p .

ZpXp = - , X

Whence, putting in the numerical values, we have
Sixs = Antl. 1'163,2115x, — Antl. 2:933,0706 y,

where Antl. stands for antilogarithm, in which form we found it casiest to keep the
umbral coefticients. The squave of this result gave at once

}:(fl = '087,926
and dividing out by its logarithm, we have the pure umbral equation

Xp = Antl. :219,0987y, — Antl. T-988,9728y..
VOL., CXCIL,—A 2 R
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Our object was then to find such pure umbral equations connecting all the
“physical 7 constants with the algebraic constants. Their products will then give
the error correlations of all the “ physical 7 constants in terms of the correlations
already known between the algebraical constants.

For example, multiplying the above equation for x, by X Xu Xs X» We havc, SLCe
XiXe = R Xox. = Ra,, &e., are already known,

Ry = — 9817, actually log (— R,,) = 1'969,2668,
R,= 3733, ,  log Ry = 1'572,0115,
R,= 4063, ,  log R, = 1'608,8746,
R, = 8430, ., log R, = 1'925,8379.

It was these logarithms, of course, which were used in the further caleulations.
Since / is measured negatively (s.c., towards dwarfs, « is positive), we must write
for transferring origin to the mean
@ = x4 atan ¢,
where ¢ tan ¢ is the distance between the old origin and the mean, or ift m be used
to represent the mean we have
m = h =4 a tan ¢.
Hence we find the umbral equation
S, x, = Antl. 232,4493x, 4+ Antl. 1:822,3179y, + Antl. 1129,4233x,.

Henece we determine
s, = 0549,

and the pure umbral equation
== Antl. 1°492,5897, ++ Antl. 1:082,4583x, -+ Autl. 1:389,5637x,.

In precisely the same way all the other ““physical 7 constants, we., the standard
deviation; o, the mean frequency, 7, the distance between mean aud mode, d, and
the skewness, Sk., were found, and the umbral equations investigated. It is only

necessary here to give the results.

B . a0

Quantity. Probable error. prlo]?);%igtgsrbm
.2 4 (], position of origin. . . . 141519 —
g *g it S 30199 201438
R 12:2688 398300 »
= 30919 676612
<3
- (Position of mean. . . . . 003705 -
~ ¥ | Position of mode. . . . . 0:05950 =
g8 I Mean frequency, 1, - . - - 44362 1:3703
§$< Standard deviation, o . . . 002984 1'(_)750
& 2 | Mean to mode, d. . . . . 00497 366420
s ° [ Skewness, Sk. . . . . .| 0-02661 54-4690
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Now it will be seen at once that the probable errors in the algebraic constants are
large, but that the probable errors in the position of the mean, of the mode, and in
the magnitudes of the mean frequency and standard deviation are small. The position
of the mean is sensibly more correct than that of the mode. On the other hand, the
distance of the mean from the mode and the skewness have large probable errors, not,
however, so large but what these quantities are probably significant. The trequency
distribution probably differs significantly from the normal distribution, but the
difference is small and would require a very large number of observations to deter-
mine it with extreme accuracy. That there is a significant divergence from normality
is also indicated by the sensible difference between the percentage errors in ¥, and o,
which would be equal for a normal distribution. Had we taken a normal distribution,
the probable error of the mean would have been ‘0400, and of the standard deviation,
‘02831. In fact, the standard deviation of the standard deviation, if calculated for
the normal curve = 04197, if calculated by our present method = ‘044246, and if
calculated by a modified form of the fourth moment formula given by Czuper*
= 044240. This shows that the arithmetic of our process has been substantially
correct.

We now place together the umbral equations for the correlations of the errors in
the ¢ physical ” constants. They are

X = Antl. 1:492,5897 y, 4+ Antl. 1:082,4588, + Antl. 1-389,5637 y,
X, = Antl. 1°272,7484, — Antl. 1-282,1306, + Antl. 1'913,0028,
X», = Antl. 1-816,6966x, — Antl. 1'167,3480y, + Antl. 1'155,7688y,
X = Antl. ‘266,3616, 4 Antl. 1-740,1625x, — Antl. '323,8256y,
X.= Antl. 1-865,6420y, — Antl. ‘017,0466,.

From these results any correlation between pairs of errors, “ physical” or algebraic,
can be found at once. The following table gives the chief results :—

CorRELATION Coefficients between Errors in Constants.

m. . o d. sh.
m 1 0772 —0584 0826 0426
p 0772 1 —7062 1177 1431
s —0584 —7062 1 1779 4086
d 0826 1177 1779 1 6843
sh. 0426 1431 | 4086 6843 1

* ¢ Theorie der Beobachtungsfehler,” p. 133,
2R 2
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Now it is clear that although the curve is nearly normal, there is still sensible
correlation between quantities—e.g., mean and o or d—which would have no cor-
relation between them if the curve were absolutely normal. This will be clearer if,
as in the previous illustration, we replace this table by a table of regression
coefficients.

m. s . d. sk.
m 1 —-0005 -+ 0959 0616 05935
s —6-9883 1 —104-9745 15-8875 68-1271
o -0622 —+00475 1 0707 16045
d *1108 - +0020 1960 1 12780
} sk. ‘0306 100245 12755 3665 1
|

This table has now finally to be thrown into more suitable units and attention
paid to the fact that m increases towards dwarfs. We have, after the proper changes,
the following results i~ ,

Proarusston Table.

Unit change of
Corresponds to probable One child One contim
changes in the same units of | One centim. | per hundred | Onc centim. n ?ncter;vaf 1/10 in the
in mean |in frequency | in standard from mean skewness
stature. of mean deviation. t0 mode .
stature. '
Mean stature. . . . . . 1 A 0032 —-0959 —:0616 —-0119
Mean frequency . . . . . 1:0798 1 —16-1745 2-4536 2-1042
Standard deviation. . . . —+0622 —-0308 1 0707 ‘0321
Interval from mean to mode —-1108 [ -0129 1960 1 ‘2556
Skewness . . . . . . . —-1530 0794 6378 1-8333 1

This table is extremely suggestive. It shows us that a random selection of girls
of eight which had an increase of stature would have a less standard deviation, less
distance between the mode and mean and less skewness. In other words, a selection
giving taller children would be less variable and more nearly normal. Now as
children grow older their stature increases, is less variable, and is more normal in its
distribution. Thus, a selection of taller children from among children of eight
would broadly tend to reproduce the characters of the stature distribution of older
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children. In the same manner a selection of shorter children is more variable and
less normal than the distribution of the general population of eight years of age, z.ec.,
tends to reproduce the characteristics of a younger population. Generally, a random
selection, which increases variability, very sensibly increases skewness and decreases
stature. What, perhaps, would hardly be expected, is that increase of skewness as
well as increase of interval from mean to mode, 7.e., greater divergence from normality,
increases the frequency of the mean stature.

It will be clear that by aid of this table we are able to predict the probable
changes in all the other physical characters of the distribution when any sub-class
has been selected at random from the general population with a difference of one
character. If two or more characters differ in the sub-class, the probable changes
in the other characters can be found by the principles of multiple correlation from
the correlation table on page 307.

(22.) Conclusion.

This study of the probable errors and error correlations shows us that these
quantities can be determined for the most complex system of organs in the case
of normal correlation, and in the case of either normal or skew variation with con-
siderable ease. It is only in the case of skew variation that the arithmetic becomes
at all laborious. But numerical examples suffice to show that the errors here
made are of the same order as in the case of normal variation, if we confine our
attention to the characteristic features of the frequency, e.g., the mean or modal
frequency, the standard deviation, the skewness, &c. Certain constants of the
algebraic form of the frequency curves have large probable errors, but these errors
are so highly correlated, that their existence does not suffice to substantially modify
either the form of the curve, or the ¢ physical ” characteristics of the distribution
calculated from such values. '

For the theory of evolution certain very important principles flow, beyond the
mere advantage of knowing the probable errors made in the measurement of racial
or organic characters. Above all we note the importance of a random selection in
altering in a systematic manner all racial constants. Tn most cases even size cannot
be altered without alteration of the size, variation and correlation of all correlated
organs. This principle is developed more at length in a memoir, nearly completed,
on the influence of directed selection, which covers as a special case that of random
selection.

Later, we hope to apply the general theorem from which our memoir starts to
determine the probable errors in the constants of the components into which
a heterogeneous frequency distribution may be resolved by the method of the first
memoir of this series.® It applies equally to such an investigation.

* The importance of such a determination was emphasized by Professor Gzorer DARWIN in the
disenssion which took place at the reading of that memoir,
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[Nore.~—Added May 25, 1898.  One point ought to have been more fully dealt with
in the above memoir, namely, the probable error of the criterion « = 6 + 38, — 283,
upon which the selection of the type of the frequency depends. Clearly, if the
probable error of this criterion is as large as the criterion itself, there can be no
stability of type, or the frequency may change over from one type to another.

On page 289 we have found the standard deviation of the criterion in terms of
known quantities for the curve

y =1 (L + o )" (1 — wfa)™.
Tt is in fact given by the umbral equation
| XKEK/ K = ,ilzvaXml + 1‘.221722){77:2 . . = ° . » ° (CIXV.)

where 4, and 7, are functions of m, and m, given in (cxx.) and x,, X, = R, 18 known
from (evi.).
The standard deviation of the criterion for the curve of type

y — ?/0 eV t»an"l(:r/a,)/{l + (w/a)i’.}m
may be found by taking differentials of

12

P —_3

{4 sin® ¢ (j—}%—g +1 } ,

a value readily obtainable from ¢Phil. Trans., A, vol. 186, p. 377. We thus find
the umbral equation

. =371+ 1 12 96 sin ¢ cos ¢ (7 — 1) .
X = {96 sin® ¢ 3= 2y + o 3)2} X — (= 3) (r — 2y SeXe  (clxvi.)

=13/ X, — 12 Z4Xp» SAY,
where 3,, 3, and x,x, = R, are given by (clii.) and (cliv.).
Applying these results to the numerical examples, we find :—

(a.) For the glands of swine

%— Xe = — "070,5459 %, x,, — 038,4629 5, X,n,»

whence the probable error of x = *67449 %, = *1012; or,
k= 5559 4 *1012.
(b.) For the stature of children
Sxe = ‘015,6206 3, — "018,0067 Zyx,,
whence the probable error of k = 67449 3, = 1919 ; or,
| k= — ‘4330 4 1919.
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In both cases, therefore, we may consider that the sign of « is beyond question, or
that the type selected is really a significant character of the frequency.
With regard to the probable error made in estimating a criterion to be zero, and
using a curve of type
y =y (1 + w/a)rer,

we must remark that, the criterion being assumed zero is equivalent to assuming
that its probable error is zero. Accordingly the only satisfactory method of testing
whether a curve really falls under this type is to work out the probable error of its
criterion on the hypothesis that it belongs to one or other of the two types, with
positive or negative criterion as the case may be. If the probable error of the
criterion thus calculated is sensibly as large as the criterion itself, then we may
assume that the frequency distribution is of the type

y =9y (1 + x/a)rer.]



