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VIIL. Memoir on the Theory of the Partitions of Numbers.—Part 11.

By Major P. A. MacManoN, R.A4., D.Sc., F.IR.S.
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Introduction.

Art. 64. The subject of the partition of numbers, for its proper development,
requires treatment in a new and more comprehensive manner. The subject-matter
of the theory needs enlargement. This will be found to be a necessary consequence
of the new method of regarding a partition that is here brought into prominence.

Let an integer n be broken up into any number of integers

Oy, Oy, Olgy o o o O
if we ascribe the conditions
LT ==, . =
the succession

Oy Oy Oy oo . O

il

is what is known as a partition of n.
There are s — 1 conditions
oy = Oy, Oy = Ogy o« o0 Oy = Okss

to. which we may add

o, =0

if the integers be all of them positive (or zero). For the present all the integers are
restricted to be positive or zero by hypothesis, so that this last-written condition
will not be further attended to.

If, on the other hand, the conditions be

2 — ==
O] = Oy =< O3 . .. =< O,

no order of magnitude is supposed to exist between the successive parts, and we
obtain what has been termed a “ composition” of the integer n.

Various other systems of partitions into s parts may be brought under view,
because between two consecutive parts we may place either of the seven symbols
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352 MAJOR P. A. MACMAHON ON THE THEORY OF PARTITIONS OF NUMBERS.

We thus obtain 7¢-! different sets of conditions that may be assigned ; these-are not
all essentially different and in many cases they overlap.
Art. 65. For the moment I concentrate attention upon the symbol

3

e~

and remark that the s — 1 conditions, which involve this symbol, set forth above,

constitute one set of a large class of sets which involve the symbol. We may have
the single condition

Aoy + Ao, + Aoy + ...+ Al =0,

wherein A,, A,, A, ...A; are integers +, zero or —, of which at least one must
be positive, or we may have the set of conditions

APey 4 Ay + Ay .o 4 A, = 0 )
APo, 4+ Alay + Aoy 4. . .+ Ao, =0
AP, + APay + Afa, + ..+ AP =0 §

? .

AVo; 4+ AQay 4 APy 4.0 A A2, =0

as the definition of the partitions considered. If the symbol be = instead of =
the solution of the equations falls into the province of linear Diophantine analysis.
The problem before us may be regarded as being one of linear partition analysis.
There is much in common between the two theories; the problems may be treated
by somewhat similar methods.
The partition analysis of degree higher than the first, like the Diophantine, is of a
more recondite nature, and is left for the present out of consideration.
I treat the partition conditions by the method of generating functions. I seek the
summation
SXoXeXs, , , X«
for every set of values (integers)
Oy Qyy Obyy o o o O
which satisfy the assigned conditions.
It appears that there are, | in evety case, a finite number of ground or fundamental

oV, ol ald L el
O ) 2
a?, off, o ... of

® . °

m) (m) (m)
a(l s Oy O3 .
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such that every solution
Oy Olpy Olgy o o o O
is such that
oy = Mo’ 4 Na? L. L Nl

oy == xla(Zl) + )\20‘(22) LR + )\ma(Bm)

oy = Mo+ Noot? L N

.

Oy == xl“(gl) + )\Zag) e + )\magm

A, Mg, ..o A, being positive integers.
This arises from the fact that every term

of the summation is found to be expressible as a product

1 1 1 nHIA
DD Cad CEIS UL

2 2 2 HRRY
X {X?()Xg’( )Xga() . X:‘( )} 2
X

X {X‘{‘(m) ng(m)ng(m) . X;"(m)}M

Denoting this product by
PyPy ... Py

the generating function assumes the form

I—QP+Q + QP +.. )+ (A + QP+ QP+ .. )— (@ +..)+ ...
A=P)1=Py)...(1 =P,

wherein the denominator indicates the ground solutions and the numerator the simple
and compound syzygies which unite them.
The terms
O, QP, QF ... denote first syzygies
QP, QP, Q¥ ... ,  second ,,
QP, QP, QY ... ,,  third ,,

The reader will note the striking analogy with the generating functions of the
theory of invariants.
VOL., CXCIL.—A. 2 7
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Similar results are obtained as solutions of linear Diophantine equations.

The generating functions under view are real in the sense of CAvLEY and
SYLVESTER. Enumerating generating functions of various kinds are obtained by
assigning equalities between the suffixed capitals

Xy X, .. X
Putting, e.g.,
Xi=Xy=...=X, =1z,

we obtain the function which enumerates by the coefficient of «*, in the ascending
expansion, the numbers of solutions for which

a;+ a0 =0

It will be gathered that the note of the following investigation is the importation
of the idea that the solution of any system of equations of the form

Aoy 4 Ajoy + Ay - ...+ A, =0

(all the quantities involved being integers) is a problem of partition analysis, and that
the theory proceeds pari passu with that of the linear Diophantine analysis.

Section 5.

Art. 66. I propose to lead up to the general theory of partition analysis by con-
sidering certain simple particular cases in full detail.

Suppose we have a function '

F (xz, o)
which can be expanded in ascending powers of . Such expansion being either
finite or infinite, the coefficients of the various powers of & are functions of a which
in general involve both positive and negative powers of . ~We may reject ail terms
containing negative powers of @ and subsequently put o equal to unity. We thus
arrive at a function of x only, which may be represented after CAYLEY (modified by
the association with the symbol =) by
0 F (z, a),

the symbol = denoting that the terms retained are those in which the power of
ais = 0.
Similarly we may indicate by the operation

Q
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that the only terms retained are those in which & occurs to the power zero and the
meaning of the operations '

NE
N

will be understood without further explanation. To generalise the notion we may
consider

QOF (X, Xy oo o Xy, Oy oo Loay)

to mean that the function is to be expanded in ascending powers of X, X,, ... X,
the terms involving any negative powers of ay, a,, . . . a, are to be rejected, and that
subsequently we are to put

O =0y =...=0,= 1.
In this case the operation O has reference to each of the letters a,, a,, ... @, and a
term involving any negative power of either of these quantities is rejected.
If the quantities @y, as, . . . @, be not all subjected to the same operation we may

denote the whole operation by

Ve
Ve
VRs

an '
) F (X, X oo o X,y g, Gy o0 @)

oy
wherein Q operates upon o, according to the law of the symbol o,

The operation, qud a single quantity and the symbol =, have been studied by
CayrLeEy.®* Qud more than one quantity it has presented itself in a memoir on
partitions by the present author.t '

These Q functions are of moment in all questions of partition and linear
Diophantine analysis.

Art. 67. I will construct Q functions to serve as generators of well-known
solutions and enumerations in the theory of unipartite partition. ‘

Problem 1. To determine the number of partitions of w into ¢ or fewer parts.

Graphically considered we have ¢ rows of nodes

o,

oy

a" v . )

% ¢ On an Algebraical Operation,” ¢ Collected Papers,’” vol. 9, p. 537.
+ “Memoir on the Theory of the Partitions of Numbers,” Part I., ¢ Phil. Trans.’ A, vol. 187,
pp. 619-673, 1896. .

2z 2
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&y, o, . . . denoting the numbers of nodes in the first, second, &c., rows,

oy = 0y

Oy 2= Olg

Ao = A

To find
3 XnXe,,, X«

for all sets of integers satisfying the conditions take

1
Q [27 [47
Zl——a,Xl.l-—;{sz.l—ixg,ul——

© X

d=1

: 1 .
where observe that the factors . . generate the successive rows

1
1—a, X7 1—(apfa,)X," "
of nodes and that the method of placing the letters a,, o, . . . ensures the satisfaction
of the first, second, &c., conditions.
Continued application of the simple theorem

1 _ 1
T le—z.1—ay’®

O

=
=l—ax.l——y
a

applied in respect of the quantities a;, a,, . . . in succession, reduces the © function

to the form
1

1I-X . 1=-XX,.1 - XXX,...1 - X,XX,...X,

the real generating function.
The ground solutions or fundamental partitions are, as shown by the denominator
factors,
(o1, gy 0635 0 0 o ;)
(1, 0, 0, ...0)
(1, 1, 0, ...0)
=< (1, 1, 1, ... 0)

° ®

L (1, 1,1, ...1)

and, as might have been anticipated, the graphical represeutation is in evidence.



MAJOR P. A. MACMAHON ON THE THEORY OF PARTITIONS OF NUMBERS. 3857
Art. 68. By choosing to sum the expression
3 XpXg. .. Xy,

every solution of the given conditions has been generated. The same result might
have been achieved by other summations such as

SXpaXue, |, X1
A Az, ... A, being given positive integers, or as
EXpraXpme, .. XEreXr

We, in fact, may take as indices of X, X,,... X, any given linear functions of
oy, Ay . . . a; and form the corresponding generating function.
For the two cases specified, the © functions are

Q : - L i ,
Z] - X0, 12X, 1 — X
ay i1
1
gl X. .1 _a’Z .2(__2 1 .gi 2(_3 1 1 _}S_’L ,
TS ap Xy° - ay Xy T @y Xiy
and the-reduced functions
1
1= XP. 1 — XX, 01— XPXe | X
1
1""X1.1—X2.1"‘X3..-1 ——Xz'
respectively.
Generally for the sum
EXi\la, + pag ... nget L TP - X?ml 4 piag + oo F Mias

~ the two functions are

1
Q (47
1l —aXMXY, . XN, 1 — ;iX*;XgXM o1l —
1

1

XpXp. .. Xn
i1

and
1

1= XXy, .. Xp. 1 — XpomXptee L X 1 — XooremX gt Xt

Art. 69. In any of these instances we have ¢ quantities at disposal, viz. :

Xy, Xoy oo o Xy
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in order to derive enumerating generating functions corresponding to certain problems.
In the last-written general case, the quantities \, u, . . . 9 being given integers, put
as a particular case,
XK=X,=... =X, =
The reduced function is

1
T = 3K, 1 — 3Aw3w ] - geAwiaw ... 3’

and herein the coefficients of %, in the expansion, give the number of partitions
Oy, Dlgy Olgy o o o O

£

of all numbers which satisfy the equation

SNoay 4+ ZpLo o4 Sne = w,

&1, %, . .. o; being in descending order.
For the three particular cases considered above this equation takes the forms

oy oog oo o= w,

Moy A poo, + o0 iy = w,
oy = W,
connected with the reduced generators,
1
2
l—2z.1—21—0%. .12
1
1=, 1 — gt 1 — ghobmt o
o
(1 — )’

respectively. ,
Further, we may separate X;, X;, ... X in any manner into £ sets and put those
which are in the first set equal to ,, those in the second equal to @,, and so on, and

so reach an enumerating function involving k quantities, ®;, @;, @s, . . . %
Ex. gr. Put

Xi=X;=X;=... =,
X2=X4=X5=ooo:x25

and suppose 7 even. We obtain

1
=2 1=z 1 — by, 1 —aii. .. 1 — bzl
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to enumerate by the coefficient of apa}: those partitions of w, 4 w, for which

ay F oyt oy ... =w
o+ ooyt og .= Wy

This enumerating function, since it involves x, and w,, is one connected also
with the partitions of bipartite numbers. In general when % sets are taken, we
have a theorem of k-partite partitions, When %=1, we have at once a real
generating function for unipartites and an enumerating function for z-partites, for,
from the latter point of view, the number unity which appears as the coefficient of
XpXg. .. Xy shows that the multipartite number

0y o o0 O

can be partitioned in one way only into the parts

there being ¢ figures in each part.
Art. 70. We may now enquire into the partitions of all numbers

Oy, Oogy, Ogy o 0. Oy
subject to the given conditional relations and also to the linear equations

Moy 4+ pors .0 oy =w
Moy + phos 4+ o F i, =

Ms)ul -+ F‘g)“z + ...+ 7)?)“7: = ",

To illustrate the method, it suffices to take s = 2, and then we have to perform
the summation

EXpeXe | XpeY Y, YT

The Q function reduced is
1
1 —X3Y0 . 1 — XpXeY)Yes, .. 1 — X0Xe, ., XoYNYes, . Y7
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wherein putting

Xi=X,=... =X, =z,
Y=Y.=...=Y, =y,
we obtain the enumerating function
1
1 gt 1 — ghcbiagNobehs ] gkt Nttt

in which we seek the coeflicient of 2y”.
Art. 71. Fx. gr. Consider the particular case

a, + oyt o= w,
o A 20 L ot =W

oy, o, . . . a; being, as usual, subject to the conditional relations.

The enumerating function is
1

1—ay. 1l —a%f. 1 — P, ] — glpt@n?

and it is obvious also that the partitions of the bipartite ww’ which satisfy the
conditions may be composed by the biparts

The corresponding graphical representation is not by superposition of lines of nodes,
but by angles of nodes, of the natures

® » ® & -
O
O

® @ 4c

COO00®

Art. 72. 1t is convenient, at this place, to give some elementary theorems concerning
the O function which will be useful in what follows.

1 !
T izl —ay’

= L
—ar.l -y

1 1 — zyz

)

Tl —z.1l—y.1l—az.1 -y’
>1—ax.1——ay.1—7z 4 4
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1 1
2 1 1 T le—az.l—ay.l—u’
“l—az.l— —y.1——z

a a
a 1 R 1+ ay ;
= 1 1—a.1—ay’
B R

a

1 1

2 1 T i—a1—ay
Zl—-a:c.l—-*%,y/ Lo yY

o
Q — L+ _ltato

I T l—zl—ay’
il IR VO P 4

1 1
Q, R
1 1 - &, 1 — J
P Y
g = 1&;.;% A '4 .
_ —x.1— — gzl — e
Zl-—cﬁw.l—ay.l-—~;;—z g ¥ v
1 1+ ay + a2 + ayz
IZ - e —
- . 1 1 1l —x. 1 =2 1 —az®’
“l=dz.l——y.1l—-—2z ’
@ @
0 1 _ 1 = wyw — v — yow 4 2y + Y2
1 T dl—zl—yl—zl—aw. 1— w1 — 2w’
zl—czw.l-——wg/.l:—az.l—-’(‘é'w J 4
a 1 R T e A S
1 1 T l—a. 1l - —_—0 — — — *
21—-¢w.1—¢z-y.1-—-"‘(;z.1—- - l—w ey 1=zl —aw, 1 (/,.1 yw

Art. 73. I pass on to consider the partitions of' numbers into parts limited not to
exceed ¢ in magnitude.
The @ function is clearly

(y ag [, \)zu
l—wXW‘l“&ZM) 1*&;&, .
2 1 — a,X, P T . znj.
= — A s
! ty X b= tl, X,

In this form I have not succecded in effecting the reduction, but it we put at once

Xi=X=X,=...=uq
the reduced form is
1
o =2l =21 =8, ] -
VOL. CXCIl,—A. 3 A
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a
1 — (am)y™? b= <

JL
: -
t
1 —aw
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1
1 — <-ou
.. (
(ty
|-
o,
the well-known result.

If the parts be limited to ¢ in number and to 7 in magnitude, we find

written

i1
T o g/ 1 — it ] — 348 I
N 1 -2

T =21 -2

Avt. 74. 1t is to be remarked that the generating function in question may also be

1=
1
L=y
Q - 4 pa—
= . e 4 5
=l —agr.1l - T I 1=
@, tty .
in which we have to seck the coefficient of ¢/.  This function reduces to
1
l—g. l—ge.l —g?. 1 —ygs.. .. 1—gt

the well-known form.

1

In general, when a generating function reduces to the product of factors
L

1

the part-maguitude being unrestricted, we obtain a product of factors

of ¢, as a product of factors

1 — pits

for the restricted case, and this is frequently exhibitable, as regards the coefhicients
1—ar

Jir Jus

The @ function is not altered by the interchange of the letters 7, j.

Art. 75. 1f the successive parts of the partition are limited in magnitude by

1=
Q1 — (a@)i*! <

e e J s
numbers necessarily in descending ovder, the generating function is
1—az

1 1 \a+t
) 1 - @
; i
z 0 0 b mm———t
tty )
—_——
41

L
iy
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For ¢ = 2, this may be shown to be equal to

(1 — &+l (1 = ph*2) e (1 = /ety (1 — ph—h)
(L—w) (1 - (I=a)y(d =2 °

but for + > 2, the functions are obtained with increasing labour, and are of increasing
complexity.

Many cases present themselves, similar to the one before us, where the Q function
is written down with facility, but no serviceable reduced function appears to exist.
On the other hand, we meet with astonishing instances of compact reduced functions
which involve valuable theorems. :

Art. 76, From the reduced function we can frequently proceed to an Q function,

==

thus inverting the usnal process. If, for example, we require an Q equivalent to

1
1 —2h, 1 =l 1 — P, 1 — P’
a little consideration leads us to
0 1
=
T1le=azh 1 — I e I S 3 R ,1__ aPi—Piay
a, (s iy

This indicates that a unipartite partition into the parts P,, P, ... P, may be
represented hy a two-dimensional partition of another kind which involves the parts

Pu Pz—Pu Pa"'Pza---Pi'—Pi-x-

Fiz. gr., the numbers P,, P,, P, being in ascending order, the line partition
P,P,P,P,P.P,
can be thrown into the plane partition

P, P, P P, P, P,
Pg""Pl Pz"‘"Pl Pg""‘PI PQ"‘“Pl P‘z_PI
P3 - PQ PS — P2 P3 — Pg.

of the nature of a regularised graph in the elements P,, P, —- P,, Py — P, though
these quantities are not necessarily in any specified order of magnitude. We obtain,

in fact, a mixed numerical and graphical representation of a partition of a new kind.
If

(Ph P‘Z, P‘%) = (1> 3’ 4>a
3A2
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the partition 4 3 3 3 1 has the mixed graph

11111
2222
1

as well as its ordinary unit-graph.
In one case the mixed graph is composed entirely of units, and is, moreover, the
graph conjugate to the unit graph.
This happens when
(P Py, Py, )=1(1,2,8,...).

Thus, qud these elements,
43331

has the mixed (here the conjugate) graph

11111
1111

1111 °
1

Art. 77. Observe that a partition may be such gud the parts which actually appear
in it, or it may be qud, in addition, certain parts which might appear, but which
happen to be absent. A mixed graph corresponds to each such supposition.

K. gr. :—

Partition. Qud elements. Graph.
4 3 4, 3 33
1
43 4, 3, 1 11
2 2
1
43 4, 3, 2 2 2
11
1
43 §, 3,2, 1 11
i 11
| 11
i 1

We thus arrive at a generalization of the notion of a conjugate partition, and are
convinced that the proper representation of a Ferrers-graph is not by nodes or points,
but by units.
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‘When the mixed elements
P, P,—-P, P,=DP,..

are in descending order ot magnitude we have a correspondence between unipartite
partitions and multipartite partitions of a certain class.

Art. 78, Tt is usual to consider the parts of a partition arranged in descending
order. The O function enables us to assign any desired order of magnitude between
the successive parts.

In the case of three parts we have already considered the system

For the system

we have the solution

Q o ,
= - 1 -
=1 —-aX.1 XNy 1 — 1, X,
Tty
and thence the real reduced generator
1

1— X, 1= X,X,X;. 1 — X,
and the enumerating function
(1 —a) (1 — o (1 — )
On the other hand, for the system
Oy = 0y, %y = O,

we construct

1
Q S : s
= X . X,
=1 -2 1 —aeX,.1 -2
, 2 ,

leading to the real and enumerating functions

-xxx,
1-X,.1 =XX,.1 = X,X,. 1 — X, X,X,~

1+ 22

.
b

of the former, the denominator shows the ground solutions, id est, fundamental

partitions,
(o1, oy ) = (0, 1, 0); (110); (011); (111);

and the enumerator points to the syzygy
Xg . X1X2X3 - X]Xg . X2X3 = 0.
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Art. 79. TIf the partition be into ¢ parts, we can assign 2/~' different orders
depending upon the symbols =, =, and these can all be expressed by conditional
rvelations affecting w,, @, ... @, involving the symbol = only. These are not all
essentially different, as one order does or does not give rise to a different order by
inversions of parts. Denoting =, = by the letters d, @, we have for + = 3 the orders
dd, da, ad, aa ; the orders dd, aw are not essentially different, because interchange
of @ and d combined with inversion converts the one into the other; da, ad are
essentially different, because this two-fold operation leaves each of these unchanged.
Hence there are three orders to be considered, and the results have been obtained
above,

For © = 4 we have the essentially different orders ddd, dda, dad, add. The first
of these has been obtained ; the other three are solved by the O functions :

0 - S Sap—
21ﬂm1_&x1mW]wm
1 .
Z1l—aX,. 1 — RS . e
1y a,
QO 1 :
=1~ X i . f(lflu\ 1 - fX' 1 - Xo
(’ V:: iy

which reduce to the three expressions :
B - - 1, e — S —— -
T—X,. 1 — X, 1= XX, 1T — X, X,X,X,
1 — X,X,X2X, i
T X, 1= X, 1 — XX, T — XXX, 1 — X, X, X, X
1 — X X5X; — X X5XX, — X, X3XEX, + X XiXiX, + XXX
1—X@1—XXyI~XQw1—Y£ﬁ@1~Xﬁgrl—XXJﬁ’

and to the three enumerating functions :

1+’l+t'
1 - ]—-—:*1——:‘1~»:

°
ki

s 14w+ a* 408 4+ &
1 — .‘] e .‘,(:‘3 . ] — /Z"S . 1I - ;,!,4 2

‘+ffﬁ

T—z. 1 —a1 1=t

The last real generating function that has been written down gives the solution

of the system of conditions .
o= oy, Oy IX oy, Gy @]
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the ground solutions are
(0‘1, 0‘2, 0&3, 0!,4) = (0’ 1; O; O): (1: 1: 03 O)J (07 13 1: 0): (]a ]-7 19 O)’ (Oa 1: 1: 1): (12 19 1: 1) ;
the three simple syzygies are given by
Xz. X]X2X3 — XIXQ.X2X3 = Sl frsiond O’
Xz.X]X2X3X4 - XIXg.X2X3X4 = Sg s 0,
Xng.XIXQXgX4 — X[Xng.X:X:;X‘i = S{i - 0:
and the two compound syzygies by

X2X3X4. Sl - Xng. Sg = 0:
:X1X2‘X3.Sg - X1X2. S;; == O.

Art. 80. In general, when the number of parts is ¢, we have #; orders which are
altered by interchange of d and «, combined with inversion, and /; which are un-
altered where

ok, 4 1, = 2,

Hence the number of essentially different orders is

k; p =277 + %lr

To determine /; observe that an order
dha dMar . L dM et dia
will be unaltered by the operations spoken of when
M—p=p—=AN=h—p = —A_=...=0;

so that 2 — 1 must be even and there will be two such unaltered orders for each
partition of ¢ — 1 into even parts,

Hence the generating function for £, + 7; is

22 2

1— 2% + (1 =) (L= ) (L = a8 .. . ad. inf.’

giving for

i=2,84,5,6,7,...
the numbers v

1, 3, 4, 10, 16, 35, . ..
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Section 6.

Art. 81. The theory, so far, has been concerned with partitions upon a line. The
parts were supposed

oy Oy Oy Oy Oy, L Oy O

2
LSS S— L I —

to be placed at the points upon a line with one of the symbols =, = placed between
every pair of consecutive points.
When the symbol was invariably = the enumerating function found was

G+D G+2) G+5 G40
1) (2) (3] ()

wherein (s) denotes 1 — «*. I we place these factors at the successive points of the
line we obtain a diagrammatic exhibition of the generating function, viz. :—

GH1) G2 (43 G+H, GHi=D G+
({) (2) (3 (4) (¢ —1) (@)

a simple fact that the following investigation shows to be fundamental in idea.

Axrt. 82, 1 pass on to consider partitions into parts placed at the points of a two-
dimensional lattice.

For clearness take the elementary case of four parts placed at the points of a
square.

(s4 > oL,
14 v
oGy = 4

with symbols = placed as shown.  We have to solve the conditional rclations

o) = Oy, Oy 2= Oy

oy =y, Oy Z 0y
The four parts are subjeet to two descending orders,  For the sum

3 X X Xy Xge
we have the O function :
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Q 1
= d
1— X, 1-5X,

1
R G I
pod ch“‘

which reduces to
1 — X3X,X,
1-X.1-XX,.1 =XX;. 1~ XX,X;. 1 — X, X, XX,

establishing the ground solutions
(o0, @y @43y ) = (1,0,0,0); (1,1,0,0); (1,0,1,0); (1,1,1,0); (1,1,1,1).
connected by the syzygy indicated by
X, XXX, — X, X,. X,X; =0,

and leading to the enumerating function

1
A=2)Q -1 —2a%)’

Art. 83, If the parts be restricted not to exceed j in magnitude, we may take as

Q function
o 1— (abX,)*
d ’

bl
Tl—abX, . 1- —X,
a

2

1— %%, . 1~L
ed

b X

and herein putting X, = X, = X, = X, = «, and reducing, we get

1 —a?

1 — i1 1 — zi+2\2 1 —= pits
1l—n < ) )

and we notice that we may represent this diagrammatically on the points of the
original lattice, viz. :—

(Jj+1) j+2)
D) (2)
(j+2) Jj+3)
2) Rz

VOL. CXCIT.—A, 3B
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Art. 84, We next have to observe the identity

o) 1 _ ‘ 1
=0 ’
2.1 e OLZ)X1 1 - %Xg =1 — Cl.Xl R abX1X2
1 1
o 1 1— =X, . 1 ==X
L= X 1= X, e 1= X

and to note that the dexter leads to the enumerating function

corresponding to the problem of two superposable layers of units, each of two
TOWS ;

111111 1111

1111 11 !

in the case indicated superposition yields

222211
2211 ’

the first row contains a combined number of two’s and wunits = the combined
numbers in the second row, and further, the number of two's in first row, = the
number of two’s in second row. In the Q function these conditions are secured by
the auxiliaries a, b, respectively, and it is established that the problem of partition at
the points of the elementary (i.c., simple square) lattice is identical with that of two
superposable unit-graphs, each of at most two rows.

In fact, the graph

Y

the axis of z being perpendicular to the plane of the paper, is immediately convertible
to the lattice form by projection, with summation of units, upon the plane y z. The
numbers at the points of the square lattice would be 6, 4, 4, 2 respectively.
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Art. 85. Observe too that the partition is also one upon another kind of lattice in
which the part-magnitude is limited not to exceed 2.

‘ 2 2 2 / fo

]
d; 2 /
Y

Here, starting from the origin, we may proceed to the opposite point of the lattice
along any line of route which proceeds in the positive direction along either axis, and
the condition is that along each line of route (here there are six) the numbers must
be in descending order and limited in magnitude to 2.

Art. 86. We have, therefore, solved the system of conditions :

o = oy = oy = L. ... = ooy
iV v v v
Bi=p.o= B = =B

o = o
v

oy =0y

J =0 = 0;

and we remark the diagrammatic representation

3 L4 5 6) g+ (fr2)
) 2) (3) 4) =1 )

@ @ @ @ e e
@ 3 (<) (5 2 G+

the product of all the factors being

G+DG+2°G+3),
(1) @r G
3B 2
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Art. 87. I return to the enumerating function

1
(1 —2) (1 — &) (L —a%)

to note that it may be exhibited as
1

O

Zl—aw.l——é-w.lw—cw.l—}—x
@ b ¢

the interpretation of which is that the coefficient of 2 in the development gives the
number of instances in which
a4 oy + oy = wy,

&y, oy, o a; being integers satisfying the conditions

We arrive at the form in question if for these conditions we construct

SXpXp X
and then put X, = X, = X, = «.
The graphical representation is of the form

11111111...
11111...
0000...
11...

the numbers of figures in the rows being in descending order and the third row of

figures zeros.
Art. 88. As another instance of the elementary lattice take the system

o= o, oy == g
ay = oy oy I Ay,
leading to
1
kY

1
al_abXI.lmd_ZXi
1 -~510—X3,1 — cdX,
reducing to

1 — XIX,X,X?
. husnnlly |
1-X,.1-XXX,.1-XXX, 1-XXXX,.1-X,
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establishing the fundamental solutions
(o1, &g, @3y 00) = (1,0, 0,0); (1,1,0,1); (1,0,1,1); (1,1, 1,1,); (0,0,0,1);
connected by the syzygy indicated by

X, X XXX, X, — XXX, XXX, = 0.

Art. 89. A more general generating function connected with the elementary

lattice and descending orders is

k1
1— (@X)it .1 — (fl— XZ\)J
a

/e \dat1 1 Jatl
1—(Lx 1-(=X
(b 3) <cd “>

1— atX,.1—-2x,
a

Ve

9

1_7’;12(3.1—1

X,
ed Tt

where now o, a,, a,, @, are restricted not to exceed j,, j,, Js Ji respectively, and of
course
L
v
Js = Ja
are conditions.
It should be remarked that we examine the case of bipartite partitions with regular
graphs by putting X, = X, X, = X,.
Part-magnitude being unlimited, the reduced function is

1— XiX,
1-X,.1-X2.1 - XX,.1 —X:X,.1—x2xg’

and is real.

Art. 90. Leaving the particular case, I pass on to consider the general theory of
partitions at the points of a lattice in two dimensions. It can be shown immediately
that it is coincident with the theory of those partitions of all multipartite numbers
which can be represented by regular graphs in three dimensions. For consider the
superposition of any number of unit graphs, adding into single numbers the units in
the same vertical line. 'We obtain a scheme of numbers

Ay dyip Oy Oy . « . &
Og1 Qg2 U

as Gy

Qyy
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in which all the rows and all the columns taken in the positive directions along the
axes of x and ¥y are in descending order. We may consider these numbers to be
placed at the points of a lattice of which the sides involve m and / points along the
sides parallel to the axes of « and y respectively ; m will then be a limit to the
number of units in any row of a unit graph, and / will be the limit to the number of
rOWS.

"
&

14

y

There is a descending order along each line of route from the origin to the opposite
corner of the lattice, and there are altogether

<Z+m—-—2

11 ) such lines of route.

Art. 91. The theory of the regular partitions of multipartite numbers is thus
reduced to a lattice partition into I m parts ¢n plamo. The conditional relations may
be written

o = gy = O o Ay ey = Oy
v IV IV v 1\
Og) == Olgg =T Olyy cee Oy el = Qg
Uy = 012 = 13 oo Ol a1 = Oei.m
1\ 1\ I\ v v
o,y = o, = 0y 0 el = O
and for the sum
=1 t=m
st
2 th

we at once write down the Q generating function, viz. :—
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Q 1
= 1 — altxlXu . 1 - Ze BIXIZ . ] - 'gi:i ')’1:X13 “ e tO m factOI‘S
1 2
b‘z BZ b 'Y:z
1—0, 22X, .1 — 222X, .1 —22%X,...tom factors
! oy o b By % by v #
: ey B Cy :
1 -—CIE:—X?,I. 1 - -:—-Ié:—ng. 1 — _;: %?X:,, . . to m factors
: &e.
to [ factors  to [ factors to  factors

If the part-magnitude be limited to n, we must place as numerator in the function

n+1 Q n+1
1 — <C’/10‘1X11> 1 - <—a; 81X12> . .. to m factors
1

/ 41 b‘) . n+1
]. m— <bl 32' X21> . 1 - <_‘i E:‘ X22> e tO m faCtOI‘S
! b By

: &e.
to ! factors to ! factors
and if we please we may reject all the numerator factors except

]. - (aIaIX“)?H 1.

Art. 92. The existence of the three-dimensional graph shows that this function

remains unaltered, when X, is put equal to @, for every substitution impressed upon
the numbers

L, m, n,

but there is a still more refined theorem of reciprocity connected with a more general
generating function.

Suppose that the number of layers which involve 1, 2, 3, &c. rows be restricted to
Ly byl o o
that the successive layers are restricted to involve at most
My, Mgy, Mg, . . . TOWS }
and that the successive rows of the layers are restricted to contain at most

Ny, Mg, Ny . . . UNILS,

We have then the comprehensive Q function :—
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R fg+1 ng+1
1 — (o, Xp)"** .1 — <§— ,81X12> N e 'lew> " to m, factors
1 9

\
e+l b. . g1 b. X g1
1 — <b1 {?"Xm) . }. = <”“z‘ ’é;:' ng) @ 1 = (“bi %‘ X23> ‘bO mz factorS
1 2 1

bl Bl
o m+1 ¢ B g+ 1 ey v g+l
1—{c 3X> .1—-<~2>—3X) i —i-j-X‘) to m; factors
< 1 oy 31 cl )6’2 32 02 '}'2 33 3
0 to [, factors to [, factors to [, factors
9
= @
1 - alalXu ol - ';‘ ,81X12 .1 - "Z’s“ '}/1X13 ... to my factors
1 %
%t by By by oy
1 =10, . Xy 1 — 5 B KXo D . Xy . « . to m, factors
1—0c 5. X1 — < &ngp ] -2 Xs . o . to m, factors
oo 1 B Gy Y

&e.

to [, factors  to I, factors to I, factors

wherein, naturally, each of the series

lh l2) ZS’
Ny, Whoy Mgy o o s

Ny, Moy Mgy o v o

is in descending order, and the theorem of reciprocity involved in the fact of the
existence of the graph consists in the circumstance that the function remains
unaltered, when X, is put equal to x, for any substitution impressed upon the unsuffixed
symbols 7, m, n.
In the corresponding lattice the conditions are —
(i.) The first, second, &c., rows do not contain more than mn, 7, &c. numbers
respectively ; |
(ii.) The first, second, &c., rows do not contain higher numbers than /,, 1, &e. .. .;
(ii.) No number so great as s occurs below row m, for all values of s;
My, My, « - . M, . . . being of course in descending order of magnitude.
Art. 98. The reduction of this Q function presents great difficulties, and I propose
to restrict consideration to the case

b=l =1, =...=I1
My =My =My == ... =M

721:’/1,22‘527@3:.,;:1’13,.
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To adapt the function to enumerate the partitions into at most m parts of l-partite
numbers, such partitions being such as possess regular graphs in solido, put

Xp=Xp=Xpy=...=X, =

Xn=Xp=Xp=... =X,

8

i
2

-

X11=X12=Xl' ::"'ZXI,,

8

Ly

and the resulting function enumerates by the coeflicients of
B R

the number of partitions of the [-partite

_ (ppe - 1)
mto at most m parts. ,
Art. 94. Further putting

Wy TRy ==y TS, L, == o=

the coeflicients of «” gives the number of graphs n solido or unipartite partitions
upon a two-dimensional lattice, limited, as indicated above, by the numbers 7, m, n.
This function appears to be reducible to the product of factors shown in the
tableau below :-—
(k1) (+2) (+3) (4w,
O ¢ N ) B OO
(n+2) (n+3) (n+4) (v +m + 1),

2 - B T
(e #8) (w44 (0 +5) (w4 -k 2)

o 2

It R C R O &)

e+ (etl+1) (Atl4+2) (et omt+l—1)
(O e D R ) N (AR S e E

This result, veriied in a multitude of particular cases, awaits demonstration. For
[ = 2 it has been proved independently by Professor Forsyrir and by the present
author. The diagrammatic exhibition of the result at the points of the lattice is
clear, and since the product is an invariant for any substitution impressed upon the
letters /, m, n, it appears that such exhibition is six-fold. Taking a lattice whose
sides contain 7 m points respectively, so that [ m points in all ave involved, we mark
a corner point, regarding it as an origin of rectangular axes one, and proceed to the
opposite corner, along any line of route, such that progression along any branch or
VOL. CXCIL—A., 3 ¢
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section of the lattice is in the positive direction, marking the successive points
reached two, three, &e.
For every point, marked s, we have a factor,

(n -+ 8)
b
(s)
and express the generating function as a product of [ m such factors. 1f i be w0, each
factor is of the form

and if the number s appears o times on the lattice, we have a factor (s) 7, and the
complete result may be written
1
()7 (52)7 ()7 .

Axrt. 95. Hence the enumeration is identical with that of the partitions of a
unipartite number into an unlimited number of parts of o) 4 o, 4 o 4 . .. different
kinds, viz. - .

o, of the numerical value s, but differently coloured.

Ty ) 2 RP) I 9
3 22 2 53 29 2
. . . . . . . . . o B . . . . .

The number of distinet lines of route in a lattice of £ m points is

[l 4+ m—2
\ -1 )’

so that, in general, on the lattice we have partitions of a number into [ m parts

. 4 -2
subject to < 1

Such a partition is transformable (72 m) into one composed of the parts

> descending orders.

1 of 1  colour
2 2 2 5
m " i .
{ . i »

L+ 1 , =1

[4m—1 ,, 1 ’
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a theorem of reciprocity analogous to and including the well-known theorem con-
nected with the partitions of a number on a line. There is also a lattice theory
connected with unipartite partitions on a line, for the unit-graph of such a partition
is nothing more than a number of units and zeros placed at the points of a two-
l4+m—2
=1
Art. 96, The fact is that the theory of the two-dimensional lattice, the part-
magnitude being restricted to unity, is co-extensive with the whole theory of
partitions upon a line. Hence for such partitions we may vepresent the generating

function, diagrammatically, in two ways upon a lattice as well as in two ways upon
a line.

The two representations upon a line are

dimensional lattice, such numbers being subject to the ( > descending orders.

/

(+1) (42 (+3) (+4 (@+m—=1) (+m)
O I R ¢ R RCE )

S - SR .

(m+1)y (m+2) (m+3) (m+4) (I +m—=1) (+m)
@ t(2) (3) (4) (L =1) )

Upon a lattice we have

L e s a4 b1
2 J 4 Slo...... A Ay
3 4 ) 6i........ Wt lwp
4 ‘5 6 7 ....... &éi.z_._aé‘f‘s
g fh MR miz i
!
m ------

m+l myz  me3 bemee b
and at the point marked s we place the factor

(Gt 1).
®)

The second lattice is obtained by interchange of 7 and m.
The product thus obtained is
s=l =1 (S -+ 1)} be— b.s:...l"“bs_m
il { -
(s)
3¢2

s=1,
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b, denoting the s figurate number of the second order, and b, — b,_, — b,_,, is sasily
shown to be equal to the number of points of the lattice marked s. We have to
show that this is equal to

A,

w==] (g)
Taking 7 = m, observe that (I + ) occurs in the former to the power

bl—{<9—-l - Z)x-—l - bl«{—s-l»m
- - bH»s '+' ])s + Z)I+s—-m
which
=11 l4s=m
=0 if I+ s=m:
whilst (s) oceurs to the power
bs—-l - Z).e—lml - [)S.AA]w.m
- L + ])&-—l + bﬁ——m
which
=1 if s=m
=0 if s=/land=m
=1 if s=1:

the product is, therefore,

{HE...OH+DU+2)... (m)} 0 =1 (9)
Art, 97. When I =m =2 = o« the generating function is

1
(T =) (1 — a® (1 — aP (1 —aty. .,

3

which may be written
1

o ‘ .
= (1 — aa) (1 M fr>< B T I ﬁﬁ> (.0 ..
A\

aty s, i y iy

from which is deduced a graphical representation in two dimensions involving units
and zeros.
The graph is regular, and the successive rows involve the numbers

1;1,0;1,0,0;1,0,0,0: ...

respectively. In the general case there is a similar representation, proper restrictions
being placed upon the numbers of figures in the rows,



MAJOR P. A. MACMAHON ON THE THEORY OF PARTITIONS OF NUMBERS., 381

Section 7.

Art. 98. It might have been conjectured that the lattice in solido would have
afforded results of equal interest, but this on investigation does not appear to be the
case. The simplest of such lattices is that in which the points are the summits of a
cube and the branches the edges of the cube,

o = %o

...... x
o, Z o oLy /P
Y i iv
iy v
oLy = Cié
G w
.
oy i g
i
&

a6y ay 04 a; ag o7 ag 1S a partition of a number into eight parts, satisfying the
conditional relations indicated by the symbols = as shown. The descending order is
in the positive direction parallel to each axis. The Q function

0. 1
= - oyl [ — ylly <
1=, X, 01T — 22X, 01— 797X, .1 — 22X,
ay; " (ty (s
10~ [ Clys |
——OX, L 1— X, 1 SBX ] — e X
o st sty Ayt lya

is difficult to deal with, and the result which T have obtained too complicated to he
worth preserving. I therefore put at once

X=X=X=X,=X, =X, =X, =X, ==,

and seek the sum Sputeteatatatatate T djvide the calculation into eighteen parts
as follows :—

Conditions. Result.
ag = a7 = 0y 14+ 2 +a

o = s, a; = oy (1) (2) (3) (4 (5) (6) (T) (8)
g = oy = oy a* a4

T (1) (2) () (5 5) () (1) (8)
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Jonditions. Result.
ag == o = oy @
G =y dy = 0 (1) ) 3 H () ) (D ()
Oy == 0y, oy == 0 b P a,;m
= 0= (1) () () () 5) (©) () (9
Og 2= Oy, Uy == O AT ST
Oy = Uy, O > 0 (1) (2) (3) (4) (5) (6) (7) (8)
g = gy Oy == O a4 !

(1) (2) (3) (4) (B) (6) (T) (8)

Oy Oy g == 04 % 4 ot

vy B o, oy = (1) (2) (3) () (5) (6) (T) (B
0(1 ] a(,, Oy Z a; mt + x’? + 5(38

Oy == 0, O == O 1) (2) (3) @) (5) (6) (7) (8)
0y = O, g = Oy b 4 27 2l

(1) (2) (3) (4) () (6) (7) (8)

Oy == Oy, Oy == O

Ly == U,"-, O(,;' = O .’UH + g}“‘
Uy = o, o = o (1) (2) (3) (£ (5) (6) () (8)
Oy = g, g = 0 PO ST R

(1) (2) (3) () (B) (6) () (8)

Oy == Oy, Oy = 0 . O A  h
Wy = Oy, Oy = 0 (1) (2) (3) (4) (5) (6) (7) (8)
O Z 0y = 0l of 4 a4 @

L= (1)(2) (3) (4 (5) (6) (T) (8)

o = oy > o a8 4 o

e =y, oy = 0 (1) (2) (3) (4) (8) (6) (7) (8)

i
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Conditions. Result.
oy == 0y == O 25 gt

%y > @y, Uy > o (1) (2) 3) (4) (5) (6) (7) (8)
Oy = Oy == Oy at 4+ ot oot

Uy = oy 0 = 0y (1) (2) 3) () () (6) (7) (8)
Oy == Olg 2= Oy 20 oot

Uy 2oy, 0y = O (1) (2) (3) () (5) (6) (7) (8)
o = oy = o P S T

Uy = Oy, Oy > 0 (1) (2) (3) () (5) (6) (T) (8)

and by addition the resulting generating function™ is

1 207 4 20° 4 Bt + B2 + 508 + dof 4+ 8a° + 4 4 Dt 4 Bal 4 Bal 4 28 4 Jght 4 10
M (2) (3) () (B) (6) (1) (8)

Art. 99. By analogy with the lattice ¢n plano one might have conjectured that the
result would have been
1

(HEFEF@’
but this is not so, although the two functions do coincide as far as the coefficient of
a® inclusive. In fact, the two expansions yield respectively
144 4ot 4 7o’ F Lt 4 230" - 412 4 632" + ...,
L4 o 4 4a* 4 7o 4 Lot + 282° + 420° 4 63067 + .. .,
the succeeding coetlicients becoming widely divergent. This at first seemed sur-

prising, but observe that analogy might also lead us to expect that, if’ the part-
magnitude be limited to ¢, the result would be

(D) (0 + 20+ 8) (0 + 4)
(1) (2)* (3) (4) ’

but this does not happen to be expressible in a finite integral form for all values of 7,
a fact which necessitates the immediate rejection of the conjecture. The expression
in question is only finite and integral when ¢ is of the form 8p or 3p + L. We have,

* My, A, B. Kenveg Treas. .S, has verified this conclusion by a different and most ingenious method
of summation, which also readily yields the result for any desived restriction on the part-magnitude.



384 MAJOR P. A. MACMAHON ON THE THEORY OF PARTITIONS OF NUMBERS.

further, the fact that the expression does give the enumeration when ¢ = 1, for then
the generating function is easily ascertainable to be

I 4 o+ 82° 4 3&® + 4u* 4 3”4 3&" 4 " 4 25,
which may be exhibited in the forms

@) G @ 6) ) GP @) 6)
(HEPT MG (1) EPEPH

Art. 100. The second of these forms immediately arrests the attention, for, i
plano, it denotes the number of partitions on a lattice of four points (in fact, o
square), the part-magnitude being limited not to exceed 2. The reason of this is as
follows :— '

Taking the cube with any distribution of units at the summits, we may project
the summits upon the plane of ¥ 2z, adding up the units on the cube edges at right

/ E’ ........... x
! » 4
2
o
{
FA
/. /
e
7

angles to that plane, and thus obtain a distribution, on the points of the cube face in
that plane, of numbers limited in magnitude to 2.

o

U

This projection establishes the theorem, which may now be generalized.  Conceive
a lattice in solido having [, m, n points along the axes of w, 7, z respectively, and a
distribution of units at the points of the lattice which form un unbroken succession
along each line of route through the lattice from the origin to the opposite corner, a
line of route- always proceeding parallel to the axes.in a pobmvo sense. ~Now project
and sum units on the plane of ¥ 2. ' '



MAJOR P. A. MACMAHON ON THE THEORY OF PARTITIONS OF NUMBERS. 385

The result is a partition of the number at the points of a lattice ¢n plano whose
sides contain m and n points respectively, the part-magnitude being limited not to
exceed I. The descending order in this lattice is clearly from the origin to the
opposite corner in the plane y z along each of its lines of route.

The enumerating generating function is

e+ (+2) (+3) (¢ +m)
1 (2 ' (3 T (m)
L (2 (+3) (I + 4) (@ +m+1)
@ B @ T )
o (1+3  (+4) (¢ +9) (¢+m+2)

(3) @ (B T (m+2)

X(l+n)-(l+n+i) C+n+2)  (+m+n)
(n)y © (n+1) T (»+2) "7 (m+n)

Each factor may be supposed at a poiut of the corresponding lattice ; if any point
is the s™ along a line of route the factor is

(1+3)
(s)

The number of points at which we place

@+
()
is equal to the coefficient of @’ in the expansion of

z(l+z+a"4+ .. . +a) I +ae+a+... +a)
that 1s of

If m, n be in ascending order and b, denote the s™ figurate number of the second
order, this coefficient is
bs - b(s—m) - b(l—ﬂ)

the term + b,_,,_, being omitted because s is at most m + n — 1.
Hence the generating function may be written

s:mﬁn—l{ (l + 8>}bt~bs—m_bs—n.
©)

s=1

Art. 101. It is now important to show the connexion between this result and the
original lattice in solido.

VOL. CXCII.—A. 3D
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I say that this generating function may be exhibited by factors placed at the
points of the lattice wn solido. These factors are of form

and such a factor must be placed at every point which is the s™ occurring along a
line of route in the cubic reticulation.

I take /, m, n in ascending order, and remark that the number of points possessing
this property is the coefficient of 2* in the product

z(ldaect+2+...+2)Q+aet+2>+.. . F2") U+t a®+... 4 a7,
which is
€

d—ap =) (L—am) (1 —a7),

and that, if ¢, denote the s™ of the third order of figurate numbers, this coefficient is

Cs = Csp ™ Csupyp = Csy + Coclmm + Coin + Cotnmns

the term — ¢,_,_,,_, being omitted, because s is at most I + m + n — 2.
I propose, therefore, to prove the identity

8=77ﬁn— 1 { Qit?} } bs - bs«m - bx—n i:_l+ﬁ+ n=2 { _(_‘i_i_‘]ﬁ } G5 g1 ™ Cgp ™= Cg—n, + Comlmm + Comlmn + Coi—n
() a (s)

§=1 s=1

The factor (I + s) occurs to the power

- bl+s + bs - bs—m - bsﬂn + blli-s—m + bH-s—n

on the sinister side, and to the power

- (Cl+s - Cl+s-~1) + (Cs - Cs-—l) - (Cs-—-m - Cs-—-m-l)

- (Cs-—n - Cs-—n—l) + (Cl+s—-m - Ol—l—s«m—«l) + (c[-i-s—n - ci+s-n~—l)

on the dexter. But
Glc o Ck—~l == bk = ]G.

Hence, under all circumstances, the two powers must be equal.
Again the factor (¢) occurs to the power,

- bs + bs-—l + bs-—m + bs—-n - bs—«l-m - bs-—lwﬁ.

on the sinister side, and to the power
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- (cs - cs—l) + (Cs—l + Cs—l—-l) + (Ca—-m s Cs—m—-l)

+ (CS——ﬂ - Gs—n—l) - (Cs-—l—-m - 6.9~l-—m-—1) - (Ca—-l—n - ca-l—n-—l)

on the dexter, and again the two powers are equal.

Hence the identity under consideration is established, and this carries with it the
proof of the diagrammatic representation of the gene ramng function on the points of
the solid reticulation.

Art. 102. I resume the general theory of the partitions on the summits of a cube.
When the parts are unrestricted in magnitude the generating function has been
found. A process similar to that employed leads to the theorem that when the parts
are restricted not to exceed ¢ in magnitude the generating function is the quotient of

1+ a (20 F 22° 4 3a* 4 22° 4 22F)
+ o (2° 4 32° + 42" 4 82° 4 4a® 4 3™ 4 2V)
+ o (22" + 22" + 32" + 22 + 22')
4+ a*. x'
by ‘
(1t —a) (1 —ax) (1 =—ax®) (1 —ax’) (1 —ax*) (1 —ax’) (1 —az’) (1 —ax’) (1 —ax®),

the required number being given by the coefficient of a‘z”. Denoting the numerator
by 1 4 aP (x) + o*Q () + o’R (z) + a*. 2', the whole coeflicient of o' is

(9) (10) . .. (t + 8)
O @ ...0

(9) (10). . (t+7) (9) (10) .. . (¢ + 6)
O .- T Ga Ty
(9)(10)...(t+E))_I_gv16 (9) (10) ... (t+4)
W@ =3 T 0@ .. =4

+ P (a)

+ R (=)
Denoting this generating function by:F, (x), I find

P (@) =Fi(0) - ).
9 8)(9
Q)= o~ 10 42 .

R(x) = F, (») — ()F()+w(8)(9)F1(x) UIOION

M (@) BIOION
= Fe) ~ (B )+ 2 ) () = (i) B0+ 5 g o
e B ) = DB, (@) — 2O p, () 4 QOO
M 1) @) LG
| = HoHe " @+ HHH G

3D2
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and in general
@A) ...+ Y ®O). ) (D
F@O=0@. t-o M@ =2he . -y @ @
S (b4 (=8 (E—3)

TP he . w=2 mo @
ROIGIN G WO I
YO, =D HEG)

D BYO) .. I+ ) (=)= (=D —1)
W@ ... 0 D@ @ @)

'F, ()

4+ x

Art. 108. This appears to be the most symmetrical form in which the generating
function can be exhibited, and it may be assumed that the like function for the solid
reticulation in general will be of complicated nature. The argument that has been
given shows that the theory of the n-dimensional lattice (easily realizable in plano),
the part-magnitude being limited so as not to exceed unity, is co-extensive with the
whole theory of partitions on the lattice of #» — 1 dimensions.

Section 8.

Art. 104. The enumerating generating functions that are met with at the outset in
the theory of the partitions of numbers are such as are formed by factors of the forms

(n+s)

()
in two and three dimensions are so expressible, and the mere fact of such expression
proves beyond question that the numerator of the generating function is exactly
divisible by the denominator ; in other words, it proves that the function can be put
into a finite integral form. It is quite natural therefore to seek the general expression
of functions of this form, which possesses this property of competency to generate
a finite number of terms. Moreover, it is conceivable that such a determination will
indicate the paths of future research in these matters: will be in fact a sign-post at
the cross-ways. This is the reason why I undertook the investigation ; but, as
frequently happens in similar cases, the problem proves d posteriors to be per se of
great interest and to involve in itself a notable theorem in partitions.

Art. 105. I consider the function

written for brevity All those which appear in connection with regular graphs

(n+ 1) (n 4+ 2)2(n+ 3)%...(n + 8
@»= @ @ . e

XaXeXe, , , X,

b

which I also write
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and investigate the sum _ .
SXaXeXge, .., X®

for all values of a,, @, &; ... a, which render the expression under the sign of
summation expressible in a finite integral form for all values of the integer n.

Art. 106. Let & be that factor of 1 — «* which, when equated to zero, yields all the

primitive roots of the equation
1 —a'=0.

Then 1 —a' = &&,8, ... & where 1, dy, d,, ... ¢ are all the divisors of z. We
must find the circumstances under which every expression & will occur at least as
often in the numerator as in the denominator. We need not attend to &, since it
occurs with equal frequency in numerator and denominator. In regard to &, we
have equal frequency if n 4+ 1 be uneven, but if n 4+ 1 be even we must have

e T T N T M7 ol S
For & if n 4+ 1=0 mod 3,

ittt = tagat. .,
and if n 4+ 1=1 mod 3,

aytostogt ... =a;foagfoyt. .,
while the case of n 4 1 = 2 mod 3 need not be attended to.
Proceeding in this manner we find the following conditions :—

o Fagtos .= a gty .
o+ oy + a; 4. = oyt o+ ooy .
ot sty + .= ooty
Jra1+a5+“9 +... =t et apt ..
o Fagt ot = e ooy oo,
L”-s+a1+au+--- = ay + o5+ ap .
(o, + o, 4 ... .. Ce= ey

Oy 20‘:—1

\al—% EOL,_|

K2 = a,

Gy = o,

&1 = a,

4 s(s — 1) in number.
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The next step is to construct an & function which shall express these conditions
and lead practically to the desired summation.
Art. 107. First take s = 2; there is but one condition

wy 22 Ol
and the function is
' 1 1

o : R
1—aX,. 1—+x, =% 1l-XX

oy

Vi

and every term in the ascending expansion of this function is of the required form,
and no other forms exist. 'The general term being

Xgpmee (Xle)a’ oy Z O,

we may call X, and X, X, the ground forms from which all other forms are derived.
Art. 108. Next take s = 3. The conditions are

oy -y By
0‘1 3 as »

o

Gy =2 Oy _J
leading to the summation formula

1

19

= t, a
=1 =X, 1 -2 X, 1 — L X
ay (ol

the auxiliaries a,, a,, a, determining the first, second and third conditions respectively.
The function is equal to

1
Q S hj .,,,,,A,,.,,A.«_iﬁw#»
=1 —00,X,.1— "021 X,.1~— E;szi‘
1
= O 1
Z] —aX,.1— Xy 1= 0 XXX,
. 1
1 ' 1 a,
- 0 — - - ,.l..
=1—aX, | 1-aXXX 1= XX3X; %(_2 1 XXX,
1 o
—— 1 + . X1X2
T1-X.1-XXX,. 1 -XXX, "1 -X.1-XX,. 1—-XXX;

. 1 — XIX2X,
T1oX.1 - XX, 1 = XXX, 1 - X,X3X,’

representing the complete solution.
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The denominator factors yield the ground forms
XXXy XXX,

in addition to those previously met with, whilst the numerator factor indicates the
ground form syzygy
Xl . XlXéXg — X1X2 B X1X2X3 = Oo
Observe that
1 — 2t ] e g2 1 - s
l—z. 1—a*.1-2a°

o . (1 — x"‘"‘l) (1 —_— x’n+2)2 (1 — :13’”'3)
X1X2X3 - (l, . JJ) (1— 2%)? (1 - %)

X, XX, ==

are those with which we are familiar in the theories of simple and compound
partition respectively.
Art. 109. I pass on to the case s = 4 ; the conditions are

oy + oy =0y 4 oy
oy ooy = oy
oy = o
o = oy
[e 2% = oy
oLy = oy

We neglect the fifth of these as being implied by the remainder and from the
function

Q 1
1 —aqaeX,. 1T —2X,. 1 —25X, 1 —-—2 X,
, (ot N
which, when reduced, is
1
T—X,.1—XX,. 1 — X, ,X,X,. 1 — X, X2X2X,
+ XIX%X.?
T—X,.1 - XX, 1— X, X2X,. 1 — X,XIX2X,
X, X, X,

iz X,.1— XXX, 1 — X, X2X,. 1 — X,X2X2X,

showing that the new ground forms are X, X,X,X, and X, X;X3X,, both of which have
presented themselves before.
The result may be written

1 — XIX3X, — XOXIX2X, — XOXIXEX) + XOXIXeX, + XIXiXEX,
1 —X,. 1 - XX, 1= XXX, . 1 — XXX, . 1 — X,X,X,X, . I — X,X2X2X,~
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and the numerator now indicates the existence of first and second syzygies between
the ground forms.
We have the first syzygies

(A) =XX, . X, XX, — X, . X, XX, =0,
(B)) = X, XX, . X, XXX, — X, . X\ XEXKEX, = 0,
(By) = X,X2X; . X,X,X,X, — X,X, . X,X2X2X, == 0,
and the second syzygies
X, (B,) - X, X;(B) =0,
X, XX, (B,) — X, X5X, (B,) = 0.

Art. 110. For s = 5, the generating function is
1

Q R b_Z;b B a " ’7 SOV W"w._.imM;”f
= R cye 1o, a,bya

T — g, X, 1 — 22X 1 — Sy 2 X ] e —EEX
1L e a, 2 agbz g - c¢1a3bsc 4 . 1 %5404@ 5

and there is no difficulty in continuing the series. The obtaining, however, of the
reduced forms soon becomes laborious.

Art. 111. There is another method of investigation. Guided by the results ob-
tained let us restrict consideration to the forms

) - XpXge ., X
which are such that
am — a.s-+~1—m °:l<=

This is of great importance, because we are thus able, for any given order, to
generate the functions of that order alone.

Put X, X, 1-n = Y, and seek SY2Yq. ...

Art. 112. For s = 2, the generating function is simply

11
1—Y, 1-XX,

~Art. 113. For s = 3, the conditions

20, = a0 =
lead to

1
Q )

2
21—f-l‘;xzq.1-~—bafy2

the letters a, b determining the first and second conditions respectively

* The validity of this assumption will be considered later.



MAJOR P. A. MACMAHON ON THE THEORY OF PARTITIONS OF NUMBERS.

This is on reduction
1 1

1—Y,Y, 1-Y, V3 1—XXX,1— XXX,

a real generating function.
Art. 114. For s = 4, the conditions are the same, viz. :—

2“1 = 22 = oy
and the O function, where now
Y, = XX, Y. = X,X,,
is
1 1

%;Y,.1—~3~Y., 1-YY,.1 —-Y Y2

Q

>1__‘

1
T 1 - XX, XX, .1 — X, XIX2X,

yielding the ground forms already found by the first method.
Art. 115, For s = 5, the conditions are

o+ oy = o =y,

Q00 = oy = oty

leading to
Q o ! ; )
=1 -y 1%y, 1- Y
d be o
where

Y, =X X;, Y, = XX, ¥, =X,
and this is

1
Q - -
= fi[)g a 1 -
R S B (IR
=0 11 1
F1— @YYV, 1 — VY, 1= Y,
1
= 0 1
Z1— Y, 1 — o VoY, 1 — 0V, Y,V

_ 1 — YIV3Y§
T 1—YY,Y,.1—Y,Y,V2.1— Y, Y2V2.1 — Y,Y2V:

1 — X XX,X,X,

T X XXX X L — XXX, T — X XIKIXEX, L 1 — X, XIXOXX,

establishing the ground forms
XXX, XX, XX XXX,
X XEXEXEX,, X XeXEXiX,
VOL. CXCIL.—A. S E
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connected by the simple syzygy
(XXX, Xy) (XGXEXEXGK,) — (XX XGX,X;) X XEXEXEX;) = 0.

Art. 116, I stop to remark that one of these ground forms, viz.:—
XX X5X, X,
is new, not having so far presented itself in a partition theorem. Tt is one of an

infinite system which merits, and will receive, separate consideration later on. The
one before us is associated with partitions at the points of the dislocated lattice.

Bi = Po = Ps
11 1
= >
1'8*1- 5 [Gb

Art. 117 For s = 6, the conditions are :

200 = oy +- oy

200 = a,
Uy = 0Ly,
leading to
1
Q- 2 - 2 o ?
=1~ vi1i- %y 5% Y
a be a
where
Y, =XX, Y,=2XX; VY,=2XX,
This is
1
Q -
=Yy i “yv.i-Lty
a ' b TR a
1
=2 1 @
1= =Y, 1 ——VY,Y,. 1 —0bY,Y,Y,
o b
1

1—Y,Y,Y,. 1 — Y, V3V2.1 — Y,Y;Yz ’
establishing the ground forms :

X XX X X X

X XEXEXaXeX,

X XEXEXEXEX
unconnected by any syzygy.
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Art. 118. For s = 7, the independent conditions are :

20, + 205 = 200, + o4
2&2 = oy
o+ =

oy = Oy

20, = o,

a3 = Oy
e = Oy,
and these lead to
Q e e N
1= 7 Vi aef e A Rl AL
and eliminating d, f, g in succession
=2 : B l of 1
= _ _ vy — Y vy 2
L= V=Y, LY 1 =Y,
. 1
= a’ee? by : a 147
L= oV = VY 1 = VYL
1
=0 e
= - - y o g R
=L eV, 1 — YT = VY = Y
and ecliminating e
1
— Q e . S (( S 1
s R 'a 9 AV VO IE 4
= L abeY YL V,V 1 — BV VIV L — VY - Y

and eliminating ¢

B 1 — @BVIVEVEVE 7
= | = abY,Y,Y,Y,. 1 — aY,Y,V3V2.1 — BPY,Y3V2Y2°

R o
1 —ab. Y Y3Y3Y;. 1 ) Y,.

Aund on further reduction it is finally

1= VIVEVRYE 1 — VEVIVEYS
L — YV, V.Y, 1 — Y, Y,Y,Y2. 1 — YV, Y2y
T — Y, Y3Y3V2. 1 — Y V3VEYi. 1 — Y, VIViYY

establishing the ground forms
312
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Y, Y.V, Y, = X\ XXX XXX,
Y, Y. Y, Y: = X XX XX XX,
Y, Y, YiYE = X X, XEXEXeX X,
Y YIY3YE = X XEXEXGXE XX,
Y. VI3V = X XEXGXKEXEXEX,
Y, YEY5YE = X XEXEXXEXEX,

connected by the simple syzygies
(Y.Y.V, V) (VIVEVEYY) — (V,YV,Y303) (Y, V3VEV3) = o,
(Y, Y.V, Y,) (Y Y3Y3Y%) — (Y, Y,Y,Y) (Y, Y5YiY)) = o,

and, denoting these respectively by A and B, the numerator term - YAYSYSY?
indicates the second, or compound, syzygy :—

(VY.Y,Y,) (Y V3Y3YY) (A) — (V,Y.Y3V3) (VV3V3Y3) (B) = 0.
Art. 119. I remark that the forms
Y. Y, Y, Y5, Y. Y, YiYE

are new to partition theory.
Art. 120. For s = 8, the reduced conditions are
oy oy = oy ooy

oy oty = g

0y =2 0ty
200, =
oy = oy
leading to
o 1 L
= bad* ab e _ ¢
1—7; Y, . l————z Y, l—-~—bc~ Y,. 1~ ;Y@
o) 1
T = bd* ., a < S, 1
1 -—711 1 - —-(ZV-Y2Y3YL o1 3 Y,V,. 1~ P Y,
1

o ] 1
1 — BAY,YY,Y, . 1 — 37 VYY1 -
T VY Y,Y, = BV - VLY L Y, VRN

Yy, 1— 71? Y,V

= 1= Y,V,V,Y,. 1 — Y,V,VIV: . 1 — Y, V3V3Y2
1 — Y, VIYV2V9 . 1 — Y, Y3VEYE . 1 — Y, YV2VEYS
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indicating the ground forms
Y. Y.V, Y, = X\ X, XX, X, XX, X,
Y, Y, YViV: = X X XEXEXEXEX, X,
Y, VEYEYE = X XEXGXEXGXEX X
Y YIYEYE = X, XEXEXEXIXEXEX,
Y, YEY3YE = X, XEXSXEXEXIX X,
Y, VY3V = X XEXEXAXEXEX X,

Avrt. 121. So far it appears that all products which can be placed in the form of a
rectangle

XX, Xy L0 X
XX Xy Lo Xy

Xme+1Xm+2 L Xl+m—-1

are ground forms for all values of / and m.

I have established this independently, and thus proved that the conjectured
result for the general lattice in plano is, at any rate, finite and integral, as it
should be.

Tt is desirable to obtain information concerning the ground forms which arve not
within the rectangular tableau.

The forms

XuXe,, X
which appear in the tableau, may be eliminated from consideration, with the
exception of the form

XX, .. X,

by ascribing additional conditions such as
Oy == Oy,
which are not true in the tableau.

The condition of this tableau is that if &, = ., no index a,., is greater than «, ;
after a repetition of index, no rise in index takes place. In the Y form, therefore,
we may assign the conditions

_ OLp = ocm_, - ap+2
for any value of p, as one excluding the whole of the forms appertaining to the
tableau.

We may impress the conditions
oy = o, << o,
oy == 0y << 0

[22 :a4<a5
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in succession, and we may combine any number of such conditions as are inde-
pendent.

Art. 122. T postpone further investigation into this interesting theory, and will
now give a formal proof that the product tableau is, in fact, finite and integral. The
product in question for m =/ is

T Y2 i U =1 L2 2 e

XIXZ o or e Xé—-} (XLX[—H oo X:/L> X-§JL~F[1X1;L—I<2 e X'IJL-I»(—BXNH«Z—-I
so that
a, = for I=s

o, == for s=/land <m + 1
Oprs =l —s for [ —1=s
All the conditions may be resumed in the single formula
L N SRR - S IR S TR S

s and ¢ being any integers.

Let the greatest integer in iisj~~~ be denoted by I, ~~:—T- or by I, simply for
brevity. Similarly let I, refer to ;;:w 1, to ‘+ m:; =t , J; to , J, to P
and J; to éi—q_);—}j . We derive
L=J, or J,+1
L=J, or J,+1
I,=4J, or J,+1
L4+L=1I o IL+1
Ji+d,=J, or J,—1
and we have ten p’ossible cases to consider, viz. :—-
Case 1.
L =J, L+ 1, =1
L=J, J 4 =J;
[, =J,
Case 2
[ =J +1 1, 4+ 1, =1,
L=, JFdo=d,—1
3 a Case 3.
Ii=d, +1 LA L=1+1
1,=J, Jy -y = J,
e
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I,=1J,
I2"—'-'*12‘!"1
13=J3

L=,

]:22 Jz + 1
Ig = Js

II::JI+1
L=J,+1
L=,

I,=J 41
L=J,
I.3=J3 + 1

I, =1,
12=J2+1
Ii=J,4+1

IL=J, 41
12:!]2"'"1
L:J%‘i“l

Il='11+1
12:J2+1

For the series

Case 4.

Case 5.

Case 6.

Jase 7.

Case 8.

Case 9.

Case 10.

L+L=1IL

h‘J1+J2=Js"‘1

L+L=L+1
J1+J.2=e];;

L+TL=IL+1
Q]’1+J2:——:!]—3'-1

L+IL=1
vI] +1T3m"T-J3

L+L=1
J, + J:z:J:s

L+L=1
J1+J2:J3""‘1

I1+Iz=13+ 1
Ji+J.=J,

as+ a28+t+ a3s+2t+ L]

we have, as far as «,_,, I, terms ; as far as a,, I, terms; and, as far as IR |

terms,
Hence the summation gives :-—

{2+ L —=1)(s+ )} +1(L—1) |
+3L—L){2l+o2m 42 —2(+t) (L41) = (s+ 1) I, — I, — 1)}
=36+ B4+ T—I) 4 (s — it — 3T, |
+Gs—dt—m) L+ (4 m—Ls+ )L,

399
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Summing similarly the series

Ot = Oggror =+ Oygpne -+

we find
e+ (I + =30 4+ @Fs+ 4t~ 0)J,
A (Ss+ St—m)dy, + ({ + m — s — 1t) I,

and we have in each of the ten cases to establish the relation

PEA) @A) + Gs— 4t~ D1,

+ (3s—4t—m)L, + (4 m — ks + L) I,
= (s +0) (T T — T + (bs + 3t — ),

+ s+t —m)J, + (I + m — Ls —%) J,

for all values of s and ¢

For Case 1 it reduces to
L+ I =1,

which is true, for here I, 4+ I, = I..
For Case 2, making use of J, 4+ J, = J, — 1, the reduction is to
{— 5t

J= =
1 S-I-l’ 3

. . o l—=1 . .
and J, being the greatest integer in -t and moreover s 4 ¢ being at least unity,
the relation is obviously satisfied.

For Case 8, making use of J, + J, = J;, we find

and this is satisfied as s = 1.
For Case 4, reducing by J, + J, = J, — 1, we find

m
e
JZ“'s+t 1

obviously true from the definition of J,.
For Case 5, reducing by J, + J, = J;, we find

obviously satisfied.

For Case 6, reducing by J, + J, = J, — 1, we find

clearly satisfied.
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For Case 7, reducing by J, + J;, = J;, we find

m
s+t

J22 H

which is right.
For Case 8, reducing by J, + J, = J,, we find

!
J] ..>_ s + i,
which 1s satisfied.
For Case 9, reducing by J, 4 J, = J, — 1, the ratio is one of equality.
For Case 10, reducing by J, + J, = J,, we find

: s+t=0,
which is right.
Hence the relation is universally satisfied, and we have proved that the expression

2 -1 LYi-1 [—é
X1X2 LA XZ—I (XZXZ+1 AR Xm) Xm+1'Xm+Z . . XH—m—l

is in every case finite and integral.

Art. 123. In Part 3 of this Memoir I hope to treat of other systems of algebraical
and arithmetical functions which fall within the domain of partition analysis and the
theory of the linear composition of integers; also to take up the general theories of
partition analysis and linear Diophantine analysis, with possible extensions to higher
degrees.

VOL. CXCIL,—A, 3F



