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Introductory.

1. Tar following investigation has been in progress for some years and led to a
paper, communicated to the Society on December 29, 1896.* I therein pointed out
that personal judgments were frequently correlated. This correlation may be of the
kind which in that paper I termed “ spurious,” or it may be genuine. By “spurious”
correlation I understand the quantitative measure of a resemblance in judgments,
which resemblance is due solely to the particular manipulation of the observations.
Very customary treatment of observations will lead to the existence of a spurious
correlation, which may be and generally is entirely overlooked by the observers.
For example: if the quantity to be determined by judgment were the time taken
by a bright point, say a star, in travelling from a position C intermediate between
spider lines A and B to the line B, and the result were to be expressed by the ratio of
this time to the known time from A to B, then there would be correlation in the results
obtained by two observers for a number of stars, even if their absolute judgments on the

* ¢Roy. Soc. Proc.,’ vol. 60, p. 489.
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236 PROFESSOR K. PEARSON ON THE MATHEMATICAL THEORY

time from C to B were quite independent. Again, if the judgments of two observers
be in both cases referred to a standard observer, then such relative judgments will be
found to be correlated; and this is true, although if we could find the absolute errors
of the two observers, we might discover that these errors were quite uncorrelated.
We shall see illustrations below of the manner in which this spurious correlation almost
imperceptibly creeps into any ordinary method of manipulating observations, and how
very little attention has hitherto been paid to it.

But apart from this spurious correlation the experiments described in this memoir
seem to show that there exists almost mnvariably a genuine correlation between the
judgments of independent observers. This may be due to two sources : (i.) Likeness
of the environment in the case of each individual observation, which leads to likeness
of judgment in the individual observers. One experiment may appear to be made
under precisely the same conditions as a second, but really it has a certain atmosphere
of its own which influences the observers in a like manner. (ii.) Likeness in the
physical or intellectual characters of the observers leading to a likeness in their
judgments of what took place.

It is usual to suppose that the error made by an individual observer depends upon
a great variety of small causes largely peculiar to that individual; or, if peculiar to
the individual experiment, that they will affect different observers in different ways.
Our experiments show such considerable correlation between the judgments of
individual observers, that I have been compelled to discard this view ; I consider that
very slight variations of the environment (for example, similar observations on stars of
different N.P.D.) will be quite sufficient to produce correlated judgments; on the
other hand, some slight similarity of eye-sight, of ear, of temperament, may be
sufficient to associate the judgments of two observers. Whatever variety of small
causes influence the judgment, it is clear that in actual practice they do not suffice
to dominate some particular source of mental or physical likeness which leads to this
correlation in judgments. ‘

Our first series of experiments show that the actual instantaneous environment is
not necessarily the source of likeness in judgment. The same lines were not dealt
with by the three observers at one and the same instant. Thus it s on some quite
definite, but probably quite undiscoverable, likeness of temperament that we must
largely rely to account for this correlation of judgment. ’

To the naturalist, who has to observe, whether he be physicist, astronomer, or
biologist, this genuine correlation of judgments is of equal significance with the
“gpurious” correlation, and, like the latter, almost invariably disregarded. A and B
are two independent observers, making an experiment of the same character, or
observing the same phenomena. As a rule their judgments, however, will not be
independent. The importance of this conclusion in modifying the weight which must
be given to a series of observations of the same phenomena made by two ““indepen-
dent ” observers will be manifest. Once we admit that the judgments of independent
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observers are correlated, then the determination of the amount of correlation becomes
of vital importance.

It has only been after further experiment, and after much seeking for possible
sources of spurious correlation, that I have at last convinced myself of the reality of
this genuine correlation in the judgments of independent observers. 1 cannot expect
my readers to do so at once, but I believe that a careful examination of our experi-
mental results will at least convince them that it is a factor of great importance in
some, if not, as I believe, in all types of observation. As to the spurious correlation,
it plays such a large part in relative personal judgments, and is so obvious from the
theoretical standpoint, that one can only wonder it has not hitherto been regarded.

The course which I propose to follow in this memoir may be thus summed up :—

(a.) I shall introduce a more complete terminology than appears at present to
exist for the theory of errors of judgment.

(b.) I shall develop to some extent the current theory of errors, and its application
to personal equation.

(c.) I shall next consider what modifications must be made in this theory to allow
for the correlation of the judgments of independent observers.

(d.) T shall then discuss certain experimental investigations on personal equation,
which demonstrate that (c.) and not (b.) is the category under which we must class
errors of judgment.

(e.) Lastly, I shall sum up the bearing of this discussion on our treatment of errors
of observation, whether physical or astronomical.

(2.) Terminology.

If € be the actual value of some physical quantity, whether it can be really
determined or not, and «,, «, be the values of it according to the judgments of two
independent observers, whether formed by measurement, estimate, chronographic
record, or any other way, we shall speak of @ —§ x,—¢ as the absolute errors of
judgment of the two observers. a,—ux, which in many cases is all we can determine,
will be termed the relative error of judgment of the two observers.

If a sufficiently large series of judgments be taken, then the mean values of x; — &
and xz, — & will be termed the absolute personal equations of the observers, and the
mean value of x, — x, the relative personal equation of the two observers. We shall
use the notation py,, p, for the absolute, py, for the relative personal equations of
the two observers.

Clearly P = —Pra-

1f we form the standard deviations of the absolute judgments oy, and o, and of
the relative judgments oy = oy, these will be measures. respectively of the
variability in judgment of either observer absolutely, and of the variability of
their relative judgment.
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We have, if # be the number of judgments in the series:

1 .
on® = ;;S{Pm — (2, — O,
og’ = S {p — (1, — &)}, T (2

1
oy = S5 (P = (2 =)}

where S denotes a summation for every judgment of the series.

Obviously the goodness of an observer is measured by two charvacters :

(i.) The smallness of his personal equation, py,.

(ii.) The smallness of the variability of his judgment, oy,

The first determines the average error of his judgment, the second the constancy
or stability of his judgment.

The latter is often quite as important a feature of the mental worth of an
observer as the former.

This steadiness or reliability of judgment, which 1 shall term stability of judgment,
will be defined as follows :—The relative stability of two observers for a given class
of observations is measured by the inverse ratio of their standard deviations. Or,
if we are speaking of the same class of observation the absolute stability of judgment

L1 ' C e 1 . . . .
is — In the case of relative judgments, — will measure the steadiness in relative
903 T

appreciation of two observers ; it serves as a measure of their degree of approxima-
tion to like estimates, and may be called their relative stability. It by no means
follows, however, that two observers with a large degree of relative stability have
necessarily large individual absolute stabilities in judgment, nor that their absolute
personal equations are small. This remark is of considerable importance, for we are
apt to think that if two out of three observers have a small relative personal
equation and a large relative stability, then their conclusions are worth more than
those of a third observer with whom they have large relative personal equations and
smaller relative stabilities.

No conclusion of this kind can be admitted, if we find that the absolute
judgments of independent observers are correlated; for, as will be shown later, the
higher this correlation, 7.c., the less independence in judgment, the greater becomes
the relative stability of the two observers. The more marked this association in
judgment, the less are we able to set the judgment of two observers against a third.

The correlation in absolute judgments between two observers® is given by

— _S{(p()l f(fl’J ——f)) (Poa_ (’3““5) oo (11)

12 G500,

* ¢ Roy. Soe. Proc.,” vol. 60, p. 480 ¢t seq.
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The correlation in the relative judgments of two observers, 1 and 2, both referred
to a standard observer 3, is given by

S{(pgy — @3 —21)) (P33 — (5= 75) )} (iii. )

N0 3103,

P3s 12 =

So far as I can make out it is usually assumed that #, is zero, and the existence,
if 7, &c., be zero, of very sensible values in the case of pg 1, has always been
disregarded.

The probable errors* of personal equations, variability in judgments, and
correlations in judgments, as determined by the formulee (i.) (ii.) (iii.) above, are :—

Per cent. of py; = ‘67449 o /s/ 1
» o Do = 67449 oge/s/n
2 y Par = ‘67449 0'12/\/7;1;
”» w Op = 67449 oy)/s/20
. ) . ().
» b Ogy = 67449 oyy/s/2n
., ., Oy = ‘67449 0y,/\/2n
s Ty = 67449 (1 — 1)/ /n
3 s Py1n = 67449 (1 — pg )/\/” A

If any investigation of personal equation is to have vah&rtv th&es:’e pioﬂndb}e, errors
must be small relatively to the quantity measured. Accmdlngﬂy no d@‘rermmatlo-n
of personal equation is of the slightest value which dcé% nok- -give o 4 vell as Pr mOl .
without this we do not know the weight to be attubuwd;"( the, detelmlnaftmn o .
My own experience would seem to show that ten to thuty “oxosgwa%lc)ns, *én “which
number some estimates of personal equation have been formed, are very insufficient.
Further, astronomers rarely publish the data on which the personal equation has been
determined so as to enable one to judge of its degree of stability, or of the degree
of independence in the judgments of different observers.

We shall have to investigate whether there are methods of finding oy, and oy,
when only the relative personal equations and relative variabilities are given, and we
shall have to see how the correlation of absolute and relative judgments may be
determined.

Personally it appears to me that without a knowledge of all these quantities we
cannot profitably combine the observations of different observers or determine their
individual independence and stability of judgment.

»¥ ¢ Phil. Trans.,” A, vol. 191, pp. 239-245,
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(8.) Current Theory of Errors of Observation.

The assumption usually made is that the error of an observation is due to the
result of the combined action of a great number of independent sources of error ;
each source follows a permanent law and attributes equal probability of occurrence to
numerically equal errors. From this statement, or some modified form of it,* is
deduced the well-known normal curve of error frequency :—

y=ye (v

An important point to be considered is, therefore, whether actual errors of
observation in any case are such that they may be supposed to be a random
sampling of errors obeying this law. I have in a recent papert obtained a criterion
for the probability of any system being the result of a random sampling from a
series following any law of frequency, and I have shown that it is most highly
improbable that the series cited by Airy and MERRIMAN as evidence of the
suitability of the normal curve can really have been random samples from material
actually obeying such a distribution.

Assuming the applicability of the normal curve, or, indeed, the independence of
judgments of independent observers,} we have at once

9 __ bl 9
Ty = 0" + g

Simlexly ;- - Ty’ = 0+ 057, e ()
3{f—~d; R IR RO o 018" = oo’ + o
Hen‘celszé"d':educe\:+\ i L 9 oy’ + oy’ — ‘72:;2,
R T On” = 9
Oy’ + 0y — oyy®
9 __ T 0 T Oy .
Oy = 9 ). oo (i)
9 __ oy’ + Oy’ — oy’
0‘03 _— T »»-2 e

J

It was this simple result which led to the whole of the present investigation. I
had not seen it noticed before, and it seemed of wide-reaching importance. I mean
in the following manner : The astronomer, and often the physicist, can, as a rule, only
determine relative and not absolute judgments. He cannot deduce the absolute

* These are really additional assumptions. See pp. 274-275 later.

+ ¢ Phil. Mag.,” July, 1900, p. 157 ef seq.

1 If 2 and 2 be judgments of two observers and 25 their relative judgment, Sz, 8z, Sz19, errors
measured from the means of the respective systems, then 8z1o = 823 — 82, whence the result follows at

. . S 8«7 X 82
once, if the correlation = 592 x 32) be zero.
' BT %02 °
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personal equations from his knowledge of the relative personal equations. How then is
he tomeasure the relative goodness of observers? In turning this problem over in my
mind it occurred to me that if there were no means of measuring the average absolute
error of an observer short of an experiment ad hoc,* still, if we could deal with three
observers, their relative variabilities would give us the means of determining their
absolute variabilities, and the astronomer or physicist would thus really be in a
position to judge something about the steadiness in absolute judgment of a series of
observers. He could find their o, oy, and o4, and so determine their stabilities.

Now, if one accepts the independence of the judgments of independent observers,
(viL.) follow at once, and we have an important problem simply solved. I therefore
organised a series of experiments to illustrate (vil.), but instead of discovering a new
method of testing observers’ stability of judgment, I found that (vi.) did not hold ;
that, indeed, o, could be smaller than both o and o, or, in other words, that the
judgments of independent observers could be sensibly correlated! I accordingly felt
compelled to discard the current theory entirely, and develop one in which the
correlations like 1, &c., are not supposed to be zero. Before describing this,
however, I must point out that even if, on the ordinary view, we put these correlations
zero, we ought to expect correlation in the judgments of observers when they are
referred to the judgment of a standard observer.

This may be proved thus :—

Let 1, = poy — (%, — §), with similar values for v, and n;.  Then § () = S (n,)
= 8 (n5) = 058 (n5%) = 105> 3 S (0, m3) = n0gg 05 795 = 0, 501 = 0,:ar dslm}lally
S (n3m) and S (9, 9,) = 0. L

From (iii.) we have :

. ) {(Z?.jﬂjf Po — Pos + 15— m) (P + Pog — 290‘31"]%”‘77 ) } Lo

Pss 19 = Py

remembering that pg; = pys — Po1s Psg = Pos — Poa and the relations cited above.

Hence : Py 12 = 0057/ (05105) '
Similarly :f Par 51 = 0o’/ (031093) coe o (viil)

Pz = 0'012/(0'120'13)

These expressions can never vanish, and thus, if the current theory were true, the
judgments of two observers referred to a third as standard would undoubtedly be

* As, for example, by an artificial star, whose actual position at each instant of time is known, first, I
think, used by N. C. WoLrrF in 1865. Unfortunately the personal equation seems to vary a good deal
with the speed and intensity of the star observed.

T Of course relations of the type oi5® = o3+ 0y ® will also hold by (vi.) if there be no correlation of
absolute judgments.

VOL, CXCVIIL—A, 21
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correlated. Independence of absolute judgments connotes correlation of relative
judgments. This is, of course, an instance of what I have termed * spurious”
correlation, but it is none the less important that it should not be overlooked. When
we cannot form absolute judgments, but refer our observations to a special observer as
standard, then the observations so reduced of two independent observers will certainly
be correlated. I am not aware that attention has hitherto been paid to this point
when the observations of different observers relative to a standard man have been
combined.

One result of the actual correlation of independent judgments is that the values
experimentally determined for the p’s are not those given by (viil). A genuine
correlation is superposed on the spurious correlation, and the total correlation
observed may be greater or less than the values indicated in (viil.).

(4.) New Theory of Errors of Observation.

Let us suppose that the correlations #g,, 7,4, 7, are not zero, then, provided we
calculate the standard deviations of the absolute and relative judgments, we can find
at once these correlations. We have

2 9 2
oo = Tt T T ey
» 20 02903
o 2 + o 2 __ g 2
P 01 31, (iX )
3] 20’030.01 o . . . . - . o Jo
2 9 9
poo= Tt T = Ty
" 201004

We are no longer able to find the absolute variabilities from the relative variabilities,
and we require direct experiments in which the errors of absolute judgment are
known in order to determine the correlations.

Turning now to the correlations between relative judgments, we easily deduce
from (iii.)

P oyt 10000~ Ta0 %o~ T50003%02
312 7 Q P ¢ . 2 2 ¢ P
V(o 4 g 2000075 /(007 T+ g’ = 20,0000%,)
2 ) 2
_ Tyt oyt — oy
20504
: 2 2 2 e

since 05" = 0g3° + 0" — 200300173,

and similar relations hoid.
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We have thus the series :

a9 9

oy + o — oy

) g3 T= R ’ ~ s
P s 20150,

oy + ‘7212 — oy’

P23 = Ty ' S (Y)

409309

2 9 _ 2

P19 = oy’ Tyt — oy

—

12 204504

‘

These suffice to find the p's as soon as a series of experiments giving relative
judgments has been carried out. They will not suffice to differentiate the real and
the spurious parts of the correlation between the relative judgments.

These results are, of course, quite independent of any theory of normal distribution.
The correlation coeflicients will give the probable value of an error of judgment which
A will make when we know the error that B has made in the same observation.
Thus, if ey, be the average error made. by a second observer when a first makes the
error ¢y, we shall not have ¢, equal to the personal equation of the second observer,
but given by

— , % %02 .
€ = Pos — Po’n =t e . . . . . . . (xi)
Tg O

Again, if’ e, be the average error made by a second observer relative to a first, when
a third observer makes an error relative to the first of ey, then e, will not be equal
to the relative personal equation of the second observer, but must be determined
from

oy

€y = Pia = P13 P13 gli} Tl Pvos . (xi. Dis).
18 13

It will thus be clear that the reduction of isolated observations to a common
standard depends essentially on a discovery of the intensity of correlation for absolute
or relative errors. ¢y, = py, will only be true when judgments have been shown to be
perfectly independent. e, = p,, will practically be never true, for the p’s can only
vanish in the exceptional case in which the spurious and real correlations just
balance each other’s influence.

We shall find as we advance need to develop this theory in certain directions,
but its main features have now been sufficiently indicated, and we can turn to the
experimental results.

(5.) General Description of the Expervments.

The first series of experiments were made in the summer of 1896 by Dr. Avrice
Lee, Mr. G. U. Yurg, and myself. They were very simple in character. Sheets
of white paper ruled with faint blue lines were taken, such as are sold for
“seribbling,” and on each blue line two segments of a line were obtained by

212
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pricking with a needle point. This was done in triplicate by running the needle
point through three adjusted sheets. These segments formed a random distribution
of lengths placed on a series of horizontal lines. Each observer now took 500 such
lines —the series being the same for each—struck a pencil stroke with a fine pencil
through the needle points terminating each segment, and then bisected that segment
with a third pencil stroke at sight. We thus obtained three series of estimates of
the midpoints of the same group of lines by three apparently independent observers.
The judgments were made in the same room, under practically the same conditions of
light for each individual, but each experimenter was not necessarily bisecting the same
line at the same instant of time. The common factors were the length of the line
and 1its position relative to the edge of the paper, which latter varied from line to
line. It does not appear to me that these factors are more or less influential than the
sameness of influences which must ever arise when two or more individuals judge the
same phenomenon. |

The actual length of the lines and the distance from the left-hand terminal of the
point guessed as midpoint were now very carefully measured ; whatever errors occur in
these measurements, and of course such must exist, they are of a totally different order
of magnitude to the errors of midpoint judgment.®*  The letter w will be used to denote
the length of any line, « for the distance from the left-hand terminal to the experi-
mental bisection, &’ = & — Ju will stand for the error in placing the midpoint,
considered positive when towards the right. The subscript 1 refers to Dr. Luw's
judgment, the subscript 2 to my judgment, and the subscript 3 to Mr. Yurnw's
judgment. Ishould have liked to have taken 1000 instead of 500 judgments, but the
labour of experimenting, and especially also of arithmetical reduction is so great that
we had to limit ourselves to the smaller number. Even that, I believe, is far greater
than has yet been used in the determination of personal equation.

A priori, it seemed reasonable to me that the longer the line the greater would be
the error of its bisection. Accordingly «'/u, or the ratio of the error to the length of
the line, was taken in the first place as the quantity to be tabulated. 1 call this
quantity X'.  Dr. Ler spent several months of the summer of 1896 in the reduction
of the observations on this basis, and the series of diagrams giving the frequency
curves were drawn for X'.  The reduction, however, showed at once that the values
of X' for different observers were correlated. Such correlation of what I then
thought must be independent judgments led me to more closely investigate the
matter. T attributed this correlation of independent judgments to spurious correla-
tion due to the use of indices, and 1 determined to reconsider the subject on an
entively different experimental plan, after developing the theory of spurious
correlation. f

* That judgment was made rapidly as soon as the needle points terminating the line had been marked
s0 as to be visible.

1 See ‘Roy. Soc. Proc.,” vol. 60, p. 489,
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With the aid of Mr. Horace Darwin I arranged a series of experiments which
should test simultaneously the eye, the ear, and the hand, and thus give every
opportunity for a variety of small causes to influence the errors of judgment. My
plan was as follows : A beam of light of very small breadth should traverse a white
strip and at some part of its course a bell should sound. At this instant the eye
should judge its position on the strip and the observer should at once divide a similar
strip by a pencil stroke into parts in the same ratio as he considered the beam to
divide the first strip. The instant at which the bell would sound was unknown to
the observers, but it was so arranged that the exact position of the beam when the
bell sounded could be easily ascertained by another person.

Mr. DarwiN constructed for us a pendulum,® consisting of a bar swinging on
knife edges from an axis through its middle point. At either end of the bar were
weights, so that by their adjustment very slow or very quick swings could be
obtained. The pendulum could be released from rest at any angle from the vertical.
Attached to the bottom of the pendulum was a small bell, which struck a very light
hammer as it passed through the lowest point of the swing., This hammer was easily
adjustable and was pulled upright by a string between each experiment, being
knocked over by the transit of the pendulum. A mirror swinging about a horizontal
axis had a strut attached to this axis and perpendicular to the plane of the mirror.
This strut rested on a saddle (a) attached to a similar strut perpendicular to the
pendulum bar at its axis. By shifting the saddle on the strut the mirror could be
made to swing through a very small or a fairly large angle, whatever might be the
amplitude of the pendulum. The whole object of this arrangement was to obtain a
great variety of speeds and ranges for the line of light on the strip and so ascertain
how far these conditions interfered with the independence of' judgment which,
a priore, I supposed must exist.  When the first series of experiments showed sub-
stantial correlation in judgment, although the bright line moved in the same manner,
no further series were then undertaken to determine how this correlation would be
varied by differences of speed and range. Correlation existed when all the circum-
stances were alike except the position of the bright line on the strip when the bell
sounded. I believed that I had evidence that the source of the correlation was
rather in the observer than in the likeness of condition for each observer in each
individual experiment,? and this was too subtle to be analysed by simply varying
speed and range.

A beam of light from an electric lantern was intercepted by a screen having a thin
horizontal slit placed in the slide groove ; the selected part of the beam reflected from
the pendulum mirror was received on a black screen at some distance from the

* See figure 1, p. 249. |

I hope later to take a further series of estimates, but it must be remembered that 500 experiments

are the least we can make for our present purpose, and that with varying conditions the labour of making
them will be greater, while the exhausting work of reduction will not be Iessened.
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observers, and was practically absorbed, being invisible until a white strip was placed
on the black screen ; then the bright line was visible in a half-darkened room so long
as 1t fell on the white strip. This white strip was 326 centims. long and 6 centims.
broad ; it could be placed anywhere on a scale painted in red on the black sereen, and
quite invisible to the observers.

The method of experimenting was as follows : The pendulum was brought to vest
in a vertical position and the hammer was then moved up so as to touch the bell
without resting against it, 7.e., it did not change its position when the pendulum was
withdrawn. The line of light from the lantern now reflected from the stationary mirror
fell on the scale on the black screen, which was adjusted by a fourth person so as to
give a definite equilibrium position. The pendulum wasnow drawn back and clamped
at a definite angle, which gave a very considerable range to the line of light. The
three observers looking at the sereen now saw no light at all, only 6 feet by 2 of
black cloth. The fourth person now attached the strip of white card to the black
cloth by aid of a drawing pin, so that its top coincided with any division on the scale
known to himself only. He was thus able to make a record of the position on the
strip occupied by the bright line when the hammer struck the bell.  No doubt slight
errors of adjustment occurred, but they were of much higher order than the errors
of judgment. The equilibrium position of the beam was tested at the end of every
twenty experiments, as well as the proper contact of the hammer.

A series of positions for the bright line on the strip were selected so as to cover
fairly well the possible range, but the order in which these were taken was quite
unknown to the observers. Of course, it the bell rung when the bright line just
appeared on the strip, the latter was not moving as fast as if it rung when the bright
line was just leaving the strip ; but the range of the bright line was very considerable
compared with the length of the strip, and I doubt whether this difference of speed
was sufficient to sensibly influence the judgment.* The shifting of the strip on the
screen was only adopted after it had been found that to adjust the equilibrium
position of the bright line between each experiment to a fresh position on the screen-
scale would mean an expenditure of time which it was impossible to provide for. Tt
was easy enough to shift the equilibrium position, but it required two persons, one
at the pendulum and one at the screen, to adjust the equilibrium position to a definite
point of the scale, and the one at the screen instructing the other at the pendulum
how to raise or lower the line of light in adjustment was likely, besides the evil of
tediousness, to have far more influence upon the judgment of the observers than the
fairly small shift of the strip while it was hidden from sight by the body of the
adjuster.

Kach observer was provided with a white sheet of paper on which were twenty

* If the corvelations of judgments had been solely due to an “external cause” such as this, then it

would not have been possible for the correlation to have been sensibly zero between two observers, but
finite between the third observer and each of them.
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248 PROFESSOR K. PEARSON ON THE MATHEMATICAIL THEORY

rectangles similar to the white strip on the black screen, and he drew across these
“recording " strips aline in the position he considered the line of light to have on the
observation strip when the bell sounded. Every strip already used was covered up
before a new observation was made, so that it might not influence the next judgment .
the lines were drawn from left to right and all measurements taken on the left-hand
side of the strip. A facsimile of one of the sheets of observations accompanies this
paper, and will give graphically an idea of the nature of the errors of judgment made.
These errors were then scaled off to the nearest tenth of a millimetre, and formed the
basis of the second series of errors of judgment. The line of light travelled down the
strip, and if the estimated line is below the real line on the recording strip the error
was considered positive. If the personal equation were solely due to reaction time,
this positive error would represent a lag of the judgment, ¢c., the bright line would
be recorded as cccupying a position posterior to what it really occupied when the
bell sounded. A glance at the observations, however, shows that reaction time must
have had very small influence on the total magnitude of the personal equation; two
observers made rather large negative mean errors, and the third only a very small
positive mean error.

The experiments were carried out in about a week, not more than 2 hours being
given to them at a time, to prevent over-fatigue. The observers were Dr. AricE
Ler, Dr. W. R. MacpoNELL, and myself. Mr. K. Tresstrr kindly acted as adjuster
of the scale. The observers were screened from each other, but the experiments
being conducted in a long narrow room, the only one available, Dr. Lew was placed
somewhat further from the observation strip than Dr. MacpoNkLL or myself. The
only other differentiation between the observers, that I am aware of, was that I
released the pendulum from its clamp with my left hand, drawing the recording line
with my right; the bright line moved so slowly, however, that I was not at all
conscious of being hurried, and, as a rule, I had my left hand on the table before the
line of light had entered the strip.

As the arrangement of the pendulum seems likely to be of service for similar
observations, especially in the psychological laboratory, it is figured on the opposite
page.

In this series of experiments, which will be termed the ¢ bright-line series” to
distinguish it from the * bisection series,” x represents the error of judgment
considered positive as defined above, and the subscripts 1, 2, 3 refer respectively to
me, Dr. MacpoNgLL, and Dr. Lee.  Before entering into the details of these series, I
shall consider some points bearing on the method of reducing material of this kind.
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(6.) On the Means and Standard Deviations of Grouped and Ungrouped
Observations.

It is well known that if the distribution of errors follows the normal law, the
“best ” method of finding the mean is to add up all the errors and divide by their
number, the ‘ best” method of finding the square of the standard deviation is to

sy
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Tig. 1.—Apparatus for Personal Equation.

form the sum of the squares of the deviations from the mean and divide by their
number, and the “best ” method of finding a coeflicient of correlation is to take the
product of corresponding deviations from the respective means and divide by the
product of the two standard deviations and the number of observations. These
“best” methods become far too laborious in practice when the deviations run into

hundreds or even thousands. The deviations are then grouped together, each group
VOL. CXCVIIL—A. 2 K



250 PROFESSOR K. PEARSON ON THE MATHEMATICAL THEORY

containing all deviations falling within a certain small range of quantity, and the
means, standard deviations, and correlations are deduced from these grouped observa-
tions. If the means, standard deviations, and correlations be calculated from the
grouped frequencies, as if these frequencies were actually the frequency of deviations
coineiding with the midpoints of the small ranges which serve for the basis of the
grouping, we do not obtain the same values as in the case of the ungrouped observa-
tions. It becomes of some importance to determine what corrective terms ought to
be applied to make the grouped and ungrouped results accord. This point has been
considered by Mr. W. F. SmeprArD,* who has shown that from the square of the
standard deviation we ought to subtract {;th of the square of the base element of
grouping, but that the mean and product of the grouped deviations should be left
uncorrected. Thus corrected the values of the constants of the distribution as found
from the ungrouped and grouped deviations will nearly, but not of course absolutely,
coincide. In particular while the personal equation relation

Pa1 = Pog = P

will be absolutely satisfied for the ungrouped material, it will generally not be
satisfied exactly for the grouped results. A test, however, of the practical justifica-
tion for grouping is that the divergencies between the two methods ought to be of
the order of the probable errors of the results. If this be so, then we may safely
group. The fact that my grouped observations did not satisfy the relation cited
above, led me to think it worth while that a comparison should at any rate be once
made between ungrouped and grouped results on a large series of actual errors of
observation. At the same time it gave me a means of verifying the accuracy of our
very long arithmetical reductions by an independent investigation. The ungrouped
observations were dealt with in the case of nine series involving 500 or 519 observa-
tions each. The labour of squaring so many individual deviations each read to four
figures was lessened by using Barrow’s Tables, and the series were added up by aid
of an American Comptometer, which for some years past we have found of great aid
in statistical investigations.

(o) Busection of Line Series.

In Table I. will be found a comparison of the ungrouped and grouped results so far
as the means and S.D.’s are concerned for our first series. X’ has been defined as the
ratio of the error made in bisection to the length of the line bisected.

Here mean X" denotes that Dr. Lrre made an average error of about 12/1000 of
the length of the line in bisecting it, and that this error was to the rght of the true
midpoint. Mr. YuLe and I made average errors of 4 to 5/1000 of a line in bisecting

* ¢ London Math. Soc. Proc.,” vol. 29, pp. 368, 375.
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TasLe 1.
500 trials. Absolute personal equation. Relative personal equation.
X, X, Xy Xy - X4 Xy - XL | X/ XY
. +-01235 | — -00444 | — -00469 || +-00026 — -01704 | + -01679
Mean, ungrouped . .. { +-00074 | +-00093 | + -00079
rouned ¥-01230 | —-00495 | - 00377 || —-00123 | —-01589 | +-01712
»  group © 1 +:00075 | +-00093 | +-00080 || +-00098 +-00103 | +-00106
02464 | -03068 |  -02618 ‘
S.D., ungrouped : { +:00053 | +-00065 | + -00056
rouned 02455 | -03065 |  -02625 03236 ' -03376 | 03519
»  grouped . “ 1 +-00053 | +-00065 | +-00056 | + 00069 ' +-00073 | + -00075

it, and our errors were both to the left of the midpoint.*  All these absolute
equations are seen to be considerable multiples of their probable errors, or are
undoubtedly significant. While Dr. LEE’s personal equation is, roughly, three times
as large as Mr. YULE's or mine, she is steadier in her judgment, our relative steadi-
ness being as % : g%y : 5% nearly, or about as 40 : 32 : 38.

The absolute personal equations show that the probable errors of the means and of the
standard deviations are for all practical purposes identical, whether they are calculated
from the standard deviations of the ungrouped or grouped observations. From these
probable errors we see that the differences between the ungrouped and grouped
results are in all cases but two less than the probable error of the quantity ; in one of
these cases, however, the difference is only very slightly greater, and accordingly it is
not of any practical importance. In the other case, Mr. YULE'S personal equation is
insignificantly larger than mine for ungrouped results, and slightly smaller than mine
for grouped results. The effect of this is that our relative personal equation swings
round from negative to positive as we pass from ungrouped to grouped deviations.
The total change is only ‘00149, and as the probable error of the result is *00098, we
are perhaps hardly justified in holding that the grouped results are in disagreement
with the ungrouped. I think all we could say is that our absolute personal equations
are very nearly equal, and that we have sensibly no relative personal equation. The
differences of the other relative personal equations as found by the two methods are
less than their probable errors.t

* The light fell from the left hand on the paper for all three experimenters during the bisections.
T The reader will notice at once that the relation pgs = pg2 - pes no longer holds. If we deduce the
relative from the absolute personal equations we find :
pos = — 00118, pg; = — 01607 and pip = + -01725 instead of
- 00123 ~+01589 and + * 01712 respectively.
The differences are, however, quite insignificant, when we consider the probable errors.

2K 2



252 PROFESSOR K. PEARSON ON THE MATHEMATICAL THEORY

So far, then, as this first series of experiments goes, we have ample justification for
grouping our deviations.

(b.) Bright Line Seres.

In this case I compared the results for ungrouped and grouped observations not
only as far as concerns absolute personal equations, but also for the relative personal
equations, and even for the coefficients of correlation. We have therefore a still
wider basis for draw'ing inferences. This is done in Table I1., & being now the error,
positive if the bright line is recorded on the strip as being below its true position.

To find a length on the observation strip from that on the recording strip we have
to multiply by the factor 1-734.

Tasre II.

519 observations. Absolute personal equation. Relative personal equation.
1. P €. Ly — Xg. ry — &1, Ly = W
Mean. unerouned + 06724 —-1:14906 - 48563 — 66343 — +BbH28T +1+21630
Ahean, ungroup +°03538 | + -03480 | +-05377 | +:05170 | +°05954 | + -04928
rouped + 07774 —1-14483 - 44635 — 68275 — 61145 +1:21518
»o BTOUPSd .4 .0359]1 | + 03473 | +-05393 | +-05148 | +°:05943 | + -04932
<. D. unerouped 1-19495 1-17546 1-81599 1-74616 2-01091 1:66454
D.D.ungrouped . 1 409509 | + 02461 | +-03802 | +-:03656 | +-04210 | +-03485
rouped 1-18913 1-17289 1-82146 1-73883 2-00717 1:66597
» o group ’ + -02489 + 02455 + 03813 + 03640 + 04202 + 03488
Correlations. 793, 7'31. 712. Py 28+ P2y 81 03y 12-
Unerouped 3819 *1571 -0139 5625 - 3055 16154
group : + 0253 + 0289 + :0296 + 0202 + +0268 + 0184
Grouped +3908 11624 *0051 *5653 +3056 -6127
pect +:0251 | +-0288 + 0296 +-0201 | +°0268 | +-0185

We see at once from this table that the probable errors of means, standard
deviations, and correlations are for all practical purposes the same whether we group
the observations or not. In the next place we find that, judged by these probable
errors, the differences are less than would arise from the results of random sampling.
Thus in all cases the differences are less than the probable errors, and in most
cases very considerably less. The greatest divergence occurs in the relative personal
equation of Dr. Lee and myself, but even in this case the difference is just less than
the probable error. We may accordingly conclude that with such a number of
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groups as we are here using, we may safely group observations, and the differences
between the constants calculated from the absolute formulee and from the grouped
results will not exceed such errors as must arise from our statistics being a random
sample and not embracing the entire *“ population” of errors.

The interpretation of Table II., to which we shall frequently have occasion to refer,
may be given here. Abiding by the ungrouped data and multiplying by 1734, we
find for the observation strip of 32°6 centims. the results:

Observer. Mean. Standard deviation.
Professor PEArsoNn . . . 4 1348 2:0620
Dr. MAcpoNELL. . . . —1'9852 2'0333
Dre.Lee . . . . . . — ‘7740 3°1585

Thus on an average I was 13 millims. ahead of the true position ; such a personal
equation might arise from a reaction time. On the other hand, Dr. MAcpONELL
anticipated the position of the ray by 198 millims, on the average, and Dr. Ler by
7'7 millims. Their personal equations cannot, therefore, be due to reaction time.
Dr. MacpoNeLL is slightly steadier in his judgment than I am, and we are both
considerably steadier than Dr. Lem. She and I have about changed our relative
positions ; her steadiness is to mine in the ratio of about 40 to 32 in bisecting
lines, but as 26 to 40 in judging of the position of a bright line on a scale. This
change of position with regard to steadiness may be due to the different nature of
the two series of experiments, or to the lapse of time, 4-5 years, between the two.
Dr. MacpoNELL with the largest personal equation is the steadiest of the three
observers in his judgment. It is noteworthy that in both sets of experiments the
observer with the largest personal equation judges most steadily. So far as our
results reach, there appears to be no marked relationship between accuracy and
steadiness of judgment.

(7.) On the Constancy of the Personal Equation.

The totals of our results were for the ungrouped returns added up first for every
twenty-five to fifty trials, and this enables us to appreciate the degree of constancy
in the personal equation when it is determined as it actually is, and probably must
be in practice, from a comparatively few experiments.

Table IIL. (p. 256) gives the changes in personal equation for the three observers as
based upon every series of twenty-five bisections, and, further, the personal equation as
based upon 25, 50, 75, 100, 125, . .. 475, 500 experiments. These results are repre-
sented graphically in Diagram 2. In this diagram 1 unit of the vertical scale represents
an error of only t&5th of the length of the line in placing its midpoint. Tt will be
noticed that if we take 200 experiments, the variation in the value of the personal
equation obtained by taking any larger number scarcely amounts to yggth of the
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length of the line bisected. On the other hand, it must be noted that the fluctua-
tions in the personal equation when we come to deal with series of 25 are much
larger than the probable error of a random sampling. The probable error of the
personal equation of Dr. Lrg, based on 25 experiments, is 4 "00331, but actually
the personal equation as determined from two different sets of 25 experiments may
amount to seven or eight times this amount. In other words, there is a significant
difference in personal equation depending upon the individual 25 lines bisected

Number of Experiments.
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Whether this significant difference is due to the lengths of those lines, their exact
position on the paper, or to the individual state of the observer, it may be hard to
determine. It may even be due to slight variations in light occurring between one
25 series of experiments and the next. But whatever be the single source or
combination of sources to which these changes of personal equation are due, it
seems to me that they are so insignificant and subtle that they will occur in almost
every kind of physical measurement we may take. It would be idle to attempt
indeed to discover and eliminate such sources, for while it might be possible after
elaborate investigation to eliminate them in an especially devised series of experi-
ments, this could not be done in practice, where we must take our observer's
experiments as they are given to us, and where we cannot possibly ensure uniformity
inlight, in mood, or health of observer, and as well as in all the features of the observed
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phenomena. The true conclusion appears to be that the range of data upon which
the personal equation is based must be very wide, so as to swamp as far as possible
these sources of variation due to the * atmosphere” of a short consecutive series.
But if such a personal equation be found, what will be its value? It can hardly be
applied satisfactorily to an isolated observation or to a short consecutive series of
observations, for these will of course be influenced by their special atmosphere. It
would only have value for a long series such as it was itself determined for, and such a
series would rarely occur in practice. The fact that in both our series of experiments
the differences between the values of the personal equation as found from short series
are many times the probable error of sampling is very remarkable. I shall refer to it
as “the influence of immediate atmosphere,” where I understand the ¢ atmosphere” to
be compounded of all the little sources which affect either the observed thing or the
observer more or less persistently during a short series. I am prepared to be told
that the influence of immediate atmosphere was something peculiar to our own test
experiments. But I shall require a good deal of the hard logic of experimental facts
to be convinced that it has no existence in astronomical observations. There are
many determinations of astronomical personal equation, but in published data I have
been unable to discover enough material to determine how far the admitted variations
in personal equation for short series are or are not of the order of deviations due to

random sampling.
The following data will bring out the points of this discussion :—

TasrLe V.—Personal Equation.

First series. Second series.

Observer. Bisection of lines. Position of bright line.
Experi- | ... Experi- -
ments. ments.

1 2 3. 1 2 3
Mean. . . . . . . 500 +:01235 | — 00444 | — '00469 519 ‘06724 —1-14906 | — '48563
Ditto . . . . . . . 1-250 + 01424 | — 00173 | + ‘00065 1-266 ‘09571 —1-17282 | — +28940
Ditto . . . . . . .| 251-500 + 01046 | — "00714 | - ‘01004 || 267*-520 +03731 —1-12407 | — *69194
Standard deviation . . 500 02464 03068 +02618 519 119495 117546 1°81599
Probable error of mean 500 *00074 *00093 ‘00079 519 03538 ‘03480 ‘05377
Ditto . . . . . . . 250 00105 ‘00132 ‘00112 260 + 04998 104917 ‘07596
Ditto . . . . . . . 25 ‘00331 -00416 ‘00353 30 i 14715 14475 22369

* Lxperiment 291 omitted.

This table shows us:—
(a.) That the probable errors for the personal equations deduced from twenty-five

bisections are such that the fluctuations of personal equation given in Table I1L. or
Diagram 2 are in very many cases significant.
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TaBre III.—Personal Equation in Bisection of Lines,

Experiments. Observer 1. Observer 2. Observer 3.
() 0 (@) 0 () o)
1-25 + 01548 +-01548 + 02627 + 02627 + 02379 + 02379
26-50 + 01828 + 01688 + -00890 + 01759 + 01600 + +01989
51--75 + 02252 + 01876 + -00596 + +02056 + +01585 + +01856
76-100 —+00149 + 01370 - 01429 + 01342 - 01149 + 01104
101-125 + -00340 + 01164 - 02163 + 00104 - 03513 + +00180
126-150 + -00498 + 01053 - 02112 - +00265 - 02196 - 00216
1561-175 + 02326 + 01235 + 01524 - +00010 + -00381 - 00130
176-200 + +02576 + 01402 +-00290 + 00028 + 01326 + 00052
201-225 +-01629 + 01428 + - 00649 + 00097 + 01979 + - 00266
226-250 + 01396 + -01424 — 02604 —- 00173 ~--01739 + -00065
251-275 + +00822 + 01370 - 02217 ~ 00359 - +02387 - 00158
276-300 + 00514 + 01298 —-+02105 - 00504 - 01977 - +00309
301-325 + 01595 + 01321 + 01814 -~ +00316 + 00274 - +00264
326-350 + +01323 + 01321 + 01943 - 00164 + +00944 - 00178
351-375 ++02140 + +01376 + 02003 - 00020 + 01132 - 00091
-~ 376-400 + - 00484 + 01320 —+02636 - 00183 - 04012 - 00336
401-425 + +00614 ++01279 - 02902 ~-00343 = - 02904 -~ +00487
426-450 + 01320 + 01281 -"+01227 -+00392 ' - -00978 - 00514
451-475 + -00946 +-01263 + +00073 ~+00333 | 4 -01512 - 00408
476-500 + 00698 + 01235 - 02548 ~ 00444 E - 01643 - 00469
Tasre IV.—Personal Equation for Position of Bright Line.
Experiments. Observer 1. Observer 2. Observer 3.
| | (@) @) (@) 0) @) ()
1-37 + 129973 + 29973 ~ 27703 — 27703 + 42243 + 42243
38-T4 + 04838 + +17406 - +b50540 - 44122 + 65919 + 54081
75-111 + 49432 + -28081 ~1-58568 — 82270 + 22459 + 43541
112-148 + 13595 + +24459 ~1-41649 - 97115 + 42162 + 43196
149-185 + 02459 + +20059 ~1-18027 ~1-01297 - 1-02459 + 14065
186-212 - 03074 + 17113 -1-61037 ~1-08906 ~1-15704 - +02462
213-239 - 09185 + 14142 -1-60111 —1-14690 - 1-73926 - +21707
240-266 — 30889 + 09571 —1-40222 ~1-17282 - 92963 — +28940
*267-293 — 40308 + 05130 -1-21692 ~1-17675 — 52346 - +31024
294-320 — 24519 + 02621 —1-24593 —~1-18260 — 67747 ~ 34132
321-347 | - 54185 - 01812 - 97185 —1-16616 -~ 16556 - +32760
348-374 |+ -08889 —-+01038 —-1-25704 -1-17273 —~ 66889 - 356231
375-401 — 04185 - +01250 - 92222 —1-15582 — 47518 — *36060
402-435 - 13735 - 02228 —-1-07912 —1-14982 ~1-22735 - *42850
436-469 + 48117 + +01429 - 86324 - 1-12900 —~1-34088 —~ 49479
470-503 + 52029 + 04857 —~ 145265 —1-15092 ~ 39588 - 148809
504-520 = +-61882 + 06724 -1-09412 ~1+14906 — 41294 ~ 48563
!

Columns () contain the personal equations determined from the experiments given in the first column.
Columns (b) contain the personal equations determined from all the experiments up to and including the
last given in the corresponding line of the first column.

* Not including No. 291, which was & priori rejected. Hence the total number of experiments dealt
with is one less after this than the number recorded to the right of the first colwmn.
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y4]

Although the personal equations in Table IV. are based upon series varying in
number from 26 to 37, the probable errors for thirty observations of the position of
a bright line suffice to show that the fluctuations in the values of the personal equa-
tions as given in Table IV. or in Diagram IIL., p. 270, are in many cases significant.

(0.) The probable errors for the personal equation in bisecting 250 lines show that
there were significant changes in the personal equations of the three observers
between the first and second moiety of the experiments. While Dr. Ler (1) bettered
her judgment by ‘004, Mr. YULE (3) swung over from "001 to right of true midpoint
to '010 to left of midpoint, and I had a worse judgment by 005 in the second
moiety when compared with the first moiety of the results.

In the case of the second series with the bright line, Dr. MacpoNELL (2) and T (1)
have changes slightly for the better in our judgments between the 266 first experi-
ments and the 253 second experiments; but having regard to the probable errors
given for 260 experiments, it may be doubted whether these changes are significant.
Dr. Lge (3) has, however, a quite significant change for the worse.

The fact that in some cases the personal equation grows less, in others greater, in
the second half of the series seems to indicate that the changes in personal equation
were by no means due to a secular improvement in judgment.* Nor do they admit
of explanation on the assumption of increasing fatigue due to the exhaustion of the
power of attention. It must be remembered that the experiments were spread out
over a number of days, and this cause would only influence the latter experiments
on each day. My worst experiments on the bright line are the Series 321-347 and
504-520 (Observer (1) Column («) Table IV.), but they are much above the average
in goodness for Dr. Ler (Observer (3) Column («)), and above the average for
Dr. MacpoNerL. Dr. MACDONELL'S worst results are 186 to 239 (Observer (2)
Column (a) ), and these, especially 213 to 239, are bad for Dr. Leg, but they are
very good results so far as I am concerned. If any fluctuation was accordingly
due to fatigue, it did not affect us alike.

While these fluctuations in short series are significant, they by no means screen
the general features of each observer’s individuality. Dr. Lk is clearly in the
habit of bisecting straight lines at a point some ;3 or more to the right of the
true point of bisection, while I place it with a sensibly less error to the left. She
places a line of light moving downwards over a vertical strip ‘8 centim. above its
true position, and I about ‘1 centim. below its true position at any instant.
Dr. MAcpoNELL, on the other hand, with the steadiest judgment of all three,
displaces it 2 centims. above its true position.t The differences of personal equation
in both series for all three observers are quite significant when compared with the

* It should be noted that in the cases of Dr. LEE, Mr. YULE, and myself we have for years been
accustomed to reading scales and judging proportional parts by the eye.

T Table V., second series, gives lengths on recording strip. The actual values for observing strip are
given on p. 253,

VOL. ¢XQVIIT.—A. 2 L
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probable errors of the differences, i.e., there is a real individuality in observation
which manifests itself in the personal equation.

But the fluctuations in the personal equation are significant too, and they cannot
offhand be attributed to anything like betterment with practice, or decadence with
fatigue.

So long as the variations in the constants of an experimental series can be shown
to be within the errors of random sampling we feel on safe ground; we know the
number of experiments required to obtain a result with any required degree of
accuracy. On the other hand, when we find significant fluctuations in the personal
equation depending on the influence of immediate atmosphere, it becomes all the
more important to show in each individual investigation that the personal equation
itself is insignificant. Let me illustrate this point. A physicist makes twenty or
thirty measurements of a quantity, say by aid of a bright line moving across a
scale. He gives the mean value m of the result and also what he terms its probable
error e.  Now the use of this probable error I take it to be this. If the same experi-
ments were to be repeated by the same man the same number of times with the
mean result m/, then we should expect to find m’ — m not a large multiple of the
probable error of the difference /(¢4 ¢*) = ,/(2)e. e gives us a test of the
closeness with which the result will repeat itself on repetition of the experiments.
But the whole foundation of this statement is the hypothesis that the twenty or
thirty experiments dealt with are a random sampling of all possible experiments
that might be made. Now the variability in the results of the individual
experiments includes the variability of personal error, and the hypothesis supposes
that the personal errors are a random sampling of the observer’s personal errors.
Our investigations seem to indicate that the personal errors are far from being a
random sampling but depend in some subtle manner on the influence of immediate
atmosphere. Hence, unless it can be shown that the latter influence is small as
compared with other sources of error in the measurement under consideration, the
mere calculation of the probable error is by no means a security for the same
observer reaching the same result on repeating the original series of experiments.

We, of course, for both series selected experiments in which the personal error
would be large,* and accordingly could be easily dealt with. But the division of
scale lengths by the eye and the estimated position of a bright line are fundamental
in many types of physical observation. Further, large errors are for theoretical
purposes quite as good as, for practical purposes much better than, small, when we
wish to obtain an answer to the question: Are the fluctuations in personal equation
merely the result of random sampling, or are they due to the influence of immediate
atmosphere ?

So important is it to realise that these fluctuations are not due to random sampling,

* As a matter of fact only at a maximum [} in dividing a line and #; in determining the position
of a bright line between two seale marks.
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that I have worked out all the constants for the second series, for the whole set
of experiments, and for its first and second moiety.

They are given in the accompanying table.

TaBrLe VI.-—Influence on Constants of Fluctuations in Personal Equation.

All Observations. First Series. Second Series.
1-520 (without 291). 1-266 inclusive. 267-520 (without 291).
Observer. 1 2 3 1 2 3 1 2 3
- | Mean 0672 —1-1491 | — 4856 ‘0957 | —~1°1728 | — -2894 0873 | —1°1241 | — -6919
217 : 40854 | 4 '0848| & ‘0537 + ‘0514 | & °‘0520| + ‘0778| + -0484| 4 -0459| 4 0728
€l9D { 11949 1-1755 18160 1-2428 12563 18815 11417 10833 17205
bso e : 4 '0250 | + +0246| 4 °0380, 4 ‘0363 ‘0887 | =+ '0550. + 0842 4 ‘0325 4+ -0516
'g Correlation *3819 ‘1571 *0139 3677 *2594 ‘0530 | 4123 *0256 | — -0368
L 40253 | + -0289| 4+ ‘0296 4 ‘0355 ‘0386| 4+ 0412 | 4+ -0352| 1+ 0424 + 0428
Observers. 3-2 1-8 2-1 3-2 1-3 2-1 3-2 1-3 2-1
] Moan { 6634 5529 | —1-2163 8834 3851 | —1-2685 4321 7292 | —1-1614
g T + *0517 4+ -0595| 4+ ‘0493 L+ °0760 ‘0814 | + 0711 | 4 °0683| X -‘0865 + °-0680
g1 9D 17462 20109 16645 18385 19676 17198 1°6114 20406 16026
R 4+ 0366 | 1+ -0421| 4+ +0348| -+ °0538 ‘0575 + 0503 £ °0483| + ‘0612 i+ -0481
): Correlation 5625 *3055 '6154 *5085 *3900 *5935 *6323 ‘1938 | 6375
- +°0202 | + 0268 | & 0184 4 -0307 + ‘0351 | X -0R68| X ‘0255 | + ‘0408 X '0252

In the row in absolute judgments, entitled ¢ Correlation,” the correlation, ry, of the judgment of the second and third

observers is entered in column (1), 3 in column (2), 7y in column (38).
“ Correlation,” the correlation of the judgments of the second and third observers referred to the first observer as

In the row in relative judgments, entitled

a standard, or p), g3, is entered in column (1), pg, 5 in column (2), and ps, 15 in column (3).
The figures in antique type give the probable errors of each constant, and the probable errors in the differences of the

constants can be found in the usual way as the square root of the sum of the squares of these.

Dealing first with the absolute observations, we note that the personal equations
of Dr. MacpoNELL and myself, (2) and (1), are within the limits of the probable

errors the same for either half series and for the whole series.
have improved by about ‘03, but whether this is a real improvement between the

Both of us appear to

first and second series it is impossible to say, for the probable error of the half series

1s as much as ‘05.

In my own case, in the second series my personal equation is less
than its probable error, and accordingly on the basis of 253 experiments—a number
be it noted far larger than could ever be made in actual practice—it would be
impossible to say whether I had a personal equation or not. I mention this point,

because it seems to me a sine qud non of all investigations of personal equation that
the probable error of the results should be given, and in most cases one seeks for it

in valn.
Dr.

and second

judgment.

series.

Ler’s personal equation has increased substantially between the first

All three observers have grown apparently steadier in their
The probable errors, however, of the S.D.’s do not allow of the assertion

2 L2
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that the steadiness has substantially increased. The variations in correlations of
judgments are noteworthy. Judged from the first series, or the second series,
or the whole series, the correlation between the judgments of Dr. Lem and
Dr. MACDONELL remains sensibly the same, 7.e., "4 within the limits of the probable
error ; there is sensibly no correlation between the judgments of Dr. MacpoxgrLL
and myself as given by any of the three series. Between Dr. Lrr and myself
there is on the whole series a substantial correlation of ‘16 4 ‘03, but the two
half series show us that it was on the wane during the course of the experiments,
having fallen from the comparatively high value of 26 to practically zero between
the two half series. Whatever causes therefore produced the marked divergence
of personal equation between Dr. MacpoNeLn and myself, they seemed to have
been combined in Dr. Ler, and—to speak metaphorically-—the dominant set for
Dr. MacponeLL became after a struggle dominant for Dr. Ler; her methods
of judging in the course of the experiments became more and more like
Dr. MacpoNELL's and less like mine.

We turn now to the relative judgments. These it must be remembered are the
only data which would be generally known in practice. Here it is only in the
difference of Dr. MacpoNELL'S and my judgments (column 2-1) that there is any
real approach to constancy in the relative personal equation. The differences of our
judgments have sensibly the same value for the first, the second, and the whole series.
The same remark applies also to relative steadiness of judgment.®* On the other
hand, the relative personal equations of Dr. Lee and Dr. Macpoxsrr, or of Dr. Len
and me, differ substantially between the first half and the second half series. The
relative steadinesses of judgment are less altered, being sensibly constant for Dr. Leg
and myself, but possibly varying slightly for Dr. Leg and Dr. MAcpoNELL,

When we turn to the correlation of relative judgments, that of Dr. MAcpoNELL'S
and my judgments, referred to Dr. LEE's as standard, shows sensible constancy
throughout the three series; that of Dr. MacponeLys and Dr. Leg’s, referred to
mine as standard, shows not very large but sensible change; and finally that of
Dr. Ler’s and mine referred to Dr. MacpoNELL'S, shows very substantial modification.

Now judged by size of personal equation I stand first and Dr. MAcpoNELL last,
judged by steadiness Dr. MacpoNeLL and I are almost equal (within the limits
of the probable error), and Dr. Leg last. The most constant results for absolute
personal equation are found—as we might & prior expect they would be—where
the steadiness is greatest. But if we wish to obtain relative judgments whose
relationship to each other will remain at closely the same value during a long
series, then apparently we ought to refer not to the most steady, but to the least
steady of the observers as a standard.

* T may remind the reader of what this exactly means: The differences of 1-72 and 1-60, the standard

deviations for (2-1) in the first and second series, from 1'66, the standard deviation in the whole series,
are about ‘06, and this is just about the magnitude of the probable error of these differences, i.e.,

J4(035)? + (-050)2} = 061,
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It may be asked how, when as in practice we only know the relative judgments,
are we to find out the degree of steadiness of the individual observers? This is a
very important problem, and the answer would be perfectly clear if the old theory
on p. 240 of this memoir were correct. Unfortunately the correlation of judgments
comes in, and deprives us of any means of judging from a knowledge of relative
steadinesses what the absolute steadinesses are. Let me illustrate this: The
relative variabilities are greatest in the cases of -2 and 1-3, we might therefore
suppose 3 to be least steady ; the relative variabilities are least for 3-2 and 2-1, we
might therefore suppose 2 to be most steady, and we should thus reach the actual
scale of steadiness in absolute judgments—Dr. MACDONELL, myself', Dr. Lgz.
But now turn from the bright-line experiments in Table VI. to the bisection experi-
ments in Table I.  The relative judgment standard deviations are greatest for 3-1
and 1-2 and least for 2-3 and 3-1, we should therefore suppose that 1 was least
steady and 8 most steady, or the order of steadiness 3, 2, 1, 4.e., Mr. YULE, myself,
Dr. Lee. But an examination of the absolute standard deviations shows us that the
real order is quite different, being Dr. Leg, Mr. YuLg, and myself. In other words,
no argument can be drawn, owing to the correlation in judgments, from relative to
absolute steadiness.

It seems therefore impossible without experiments ad hoc to determine which
observer is steadiest in judgment from a knowledge of relative personal equations.

We can only conclude that, at any rate in our own cases, the fluctuations in
personal equation are such that, even in what are—for practical purposes—very large
series, we cannot invariably assume them to be due to random sampling. We
cannot attribute sensible changes in our own case to practice or to fatigue, but the
high correlation of judgments suggests an “influence of the immediate atmosphere,”
which may work upon two observers for a time in the same manner.

(8.) On the Interdependence of Judgments of the same Phenomenon.
(i.) The Bright-line Experiments.

In the preceding paragraphs of this paper we have already had occasion to
frequently refer to the correlation of the judgments of independent observers.
Relations (vi.) of p. 240 are not fulfilled, nor even approximately fulfilled. For
example, in Table I1. we find oy = 1°74, about, which is actually less than oy = 1-82,
about, when, if the theory of p. 240 were correct, oy = /(04" + o’) ! An
examination of Table II. show us substantial correlations in two out of the three
cases between absolute judgments. Now it is well to put somewhat more definitely
what is meant by this correlation. Astronomers have already found that the
brightness of a star influences the personal equation.* This in the language of the

* ¢ Monthly Notices of the Roy. Astron. Soc.,” vol. 60, November, 1899.
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present writer produces a correlation of judgments, for “every one of the observers
records the time of transit of faint stars later than that of bright stars.” Hence
if a number of observations were made on stars of varying magnitude, the judg-
ment being a function of the magnitude, we should have a series of correlated
errors. Again it is quite possible that the rate of transit of a bright line in our
experiments might tend to correlate judgments, although the Cape observers did
not find the personal equation to vary with stars of very different declination. Tt is
not, however, contended that the correlation of jugdments is not due to one cause
or another. The point of the present writer is this, that when every effort is made
to eliminate large causes, such as varying brightness or rate of motion of the line
in our own experiments, there still remains a multitude of small causes which
produce correlation. It might be possible in an ideal series still further to
eliminate some of these, but in practical observation we have to take a given
phenomenon as it is, and we cannot possibly subtract from it the whole of its
characteristic atmosphere. The next point to be noticed is, that whatever be these
lesser causes of the characteristic atmosphere, e.g., possibility of judging better the
position of a bright line when it is nearer to one or another part of its range
of visibility, or of bhisecting a line of one length better than of another length—
they affect different observers in quite different manners. Unlike the brightness
of stars, the fluctuations of personal equation due to these causes are in themselves
personal. Dr. MacpoNELL and I have within the limits of error no correlation
in our judgments of the position of a bright line. Dr. Ler and Dr. MacpoNuiL
have a correlation as high as that of a measure made on a pair of brothers. In
other words, correlation of judgments is a personal matter, just as personal equation
itself. We could no doubt increase it by introducing variety in the observed
phenomena—degree of brightness, degrees of speed—but beyond such causes capable
of differentiation, there appear to be others, which I have classed as the influence
of the immediate atmosphere, and which appeal to different personalities in different
ways, and where there is a resemblance between certain features of two personalities
produce correlation in their judgments. For example, A and B are alike in their
sight, being slightly short-sighted we will say, B and C are alike in their nervous
temperament, being able to judge more correctly if the bell rings after the bright line
has been visible a rather longer time. There is thus an element of personality the
same in A and Band another the same in B and C.  The result would be that A’s and
B’s judgments would be correlated, and also B's and (s judgments would be correlated,
but not necessarily A’s and C’s. Something like this probably is what actually occurs
in the case of Dr. MacpoNELL, Dr. Lur, and myself. But it would be practically
hopeless to try and discover the common elements in our personalities, and what in
the immediate atmosphere of the experiments affected such elements. Tven if, in a
long and laborious series of experiments and reductions, we could discover the subtle
causes of our correlations or non-correlations, the results would be of small value,
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for they would be personal to ourselves, and in actual observation they could not be
eliminated from our own future experiments, nor could the like causes be determined
for other observers. We are forced to admit, I think, that correlation is a personal
character of every pair of observers, and to look upon it as a personal constant to
be determined by experiment.

Here again, however, arises the very same point as we have considered in
discussing absolute steadiness of judgment—we do not in practice know the absolute
judgments, and so cannot find the correlation of absolute judgments, ry, 75, 7,
All we can do is to refer the judgments of two observers to a third as standard,
and then measure the correlation of relative judgment. In this case we have a
result which is not purely personal ; we have superposed on the correlation due to a
common element in personality, an element of “ spurious correlation.”

Taking the bright-line experimental result from Table VI, we have for 519
observations : —

ry, = '3819 4 0253, p1rgs = 5625 4 0202,
iy = 1571 4 0289, pa 13 = 3055 + 0268,
To1 = ‘0139 i 0296; Psgs 21 =— ‘6154 ':L—_ ‘0184.

The latter series, all that we should usually know, enables us to form no opinion at
all about the former. The absolute judgments of Dr. MacpoNELL and myself have
sensibly no correlation ; our relative judgments have the greatest correlation of all—
such are the masking effects of spurious correlation when judgments are referred to a
third observer as standard !

If, from the values of the standard deviations of the absolute judgments, we
calculate what would be the spurious correlations on the assumption that the absolute
judgments are not correlated, we have by the method of p. 241 :—

2
901

Bls 50 = - = "3918,
P1» 52 V(en® + o) /(a0 + a4s?)
Bos 13 = %oy’ - = 3811
Par 13 V(e + o) /(o + o) o
— — 0‘032 _— .7013
Por o1 = \/(0'032 + ‘7012)\/(0'032 + 0'022) o '
Hence py, 39 — p1, 50 = "1707, py, 13 — P, 15 = — 0756, and py, 5 — P, 9y = — 0859,

or the effect of the correlation of absolute judgments is to increase in one case and
decrease in the other two the spurious correlation. Without direct experiments
ad hoc 1 see no way of determining from the usual data of the personal equation how
much of the observed correlation of judgments may be due to a common element in
the personality, and how much is really spurious. The two causes sometimes work in
the same, sometimes in opposite directions.
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The bright-line experiments show in a perfectly direct and simple manner that
the correlation of absolute judgments is not wholly due to some external source
influencing all observers in the same way, but is the result of a common element in
the personalities of two observers. They further demonstrate the extreme difticulty
in actual observations of separating without experiments ad Loc this psychological
from the spurious correlation. These are precisely the points they were designed to
elucidate. '

(ii.) Zhe Bisectvon Hxperiments.

I have indicated that it was the correlation in judgments of independent observers
in the case of bisection that led to the second series or bright-line experiments.
After these had demonstrated that the correlation of judgments was not wholly
spurious correlation, it seemed desirable to reconsider the bisection experiments with
a view to analysing more fully the character of the correlation exhibited by them.

The reader will remember that the error in judgment in their case was taken to
be the displacement to the right of the true midpoint measured as a fraction of
the total length of the line bisected. The following are the values of the corre-
lations between the absolute judgments and between the relative judgments thus
measured :—

TaprLe VII.

795 = 3627 £ 0262 p1y 93 = b615 + 0207

i
i

719 = 2053 + ‘0289 3y 12 = 4379 + ‘0244

I
g = 1139 + 0298 ; poy 51 = 4980 & 0227

Thus in every case the correlation has a quite sensible value.

I have pointed out that the absolute displacement of the midpoint by the experi-
menter was divided originally by the length of the line, because @ p1i0re we supposed
that errors of bisection would be proportional to the length of the line bisected. But
that when I had more fully realised the meaning of spurious correlation I saw that the
whole of the above correlations might be really spurious in character, for they were the
correlations of ratios having the same denominator. The experiments were accord-
ingly put on one side until the bright-line experiments were concluded. It then
seemed desirable to determine the correlations between the absolute displacements
of the midpoints, and to find the magnitude of the correlation between the lengths
of the lines experimented on and the errors made in their bisection. The labour of
reducing again all the data would be excessive, and a very little consideration showed
me that it was really unnecessary, if we knew the variation and distribution of the
lengths of the lines bisected. Let u stand for the length of any one of the bisected
lines, which as we have seen were a random sample. Then we have the following
distribution :—
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Tapre VIIT.—Distribution of the 500 Experimental Lines.

Magnitude in } inches. Frequency. Magnitude in £ inches. Frequency.
3-00 5 5-75 44
325 7 6+00 37
350 4 6-25 22
3:75 12 650 18
4-00 20 6-75 13
4-2b 28 7-00 : 9
450 30 7-25 13
4-75 48 7:50 0
5:00 58 775 3
5-2b 64 8-00 4
5-50 58 8-25 3

Here the frequency corresponding to any magnitude m in half-inches denotes all
the lines whose lengths fall between s — ‘125 and m 4 125 half-inches. The
lengths of the experimental lines had before this grouping been read off to the nearest
355 of an inch.

From this frequency we found :—

m, = mean value of u = 58165 half-inches.
o, = standard deviation of w = ‘9513 half-inch.
Vy = O'M/mu' = “1789.

Now let o/, = distance of experimental point of bisection from real midpoint of
line, positive if it tall to the right, and x, = distance from left-hand terminal of line
to experimental point of bisection in the case of the gth observer. Let us write
X', =a/u, then X', is the ratio error which we had previously dealt with, and
X, = a,/u.

Clearly a, =wx, — u,

and if m, denote the mean value of a variant z, we at once find :
Mmx, = My, + '
(xil.)

(qu == leq
Now X, =X,— "5 =wm,/u— "5

Treating in the usual way variations as differentials, whose squares and products
may be neglected, we have :—
: oz, m
OX/y=""—"8u. . . . . . . . . (xii
ey (xiil.),
VOL, CXCVIIL—A. 2 M
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whence squaring, summing for all possible values, and remembering the definitions of
standard deviation and correlation coeflicient we find :

o, [(mg, 4+ B = 0%, 0%, = 20,000 - . . . . . (XIV.),

where v,, stands for o, /m,,.

But the left-hand side of this equation is known from the previous reductions,
o5, My, having the values in Table I.; v, has just been determined. Hence a
knowledge of v, would enable us to find 7, without the labour of further correlation
tables. The values of ,, @, ®; had of course been measured in order to find ',
#y, and 5, so that all we required were their frequency distributions. They were as

follows :(—

TasrLe IX.—Table of Frequencies of x,.

Observer Observer
Magnitude in | __ || Magnitude in
% inches. ¥ inches.

1 2 3 1. 2 3
1-35 e 1 1 3-00 52 39 31
1-50 b 8 6 315 31 28 30
1-65 8 b 6 33 20 23 20
1-80 6 15 12 3:4b 21 17 16
195 16 29 21 360 12 10 10
2-10 29 36 39 575 10 6 10
2-25 42 47 49 390 3 4 3
240 41 54 60 4+05 2 2 2
2-5b 56 62 63 420 3 1 2
2+70 75 55 56 435 - 1 1
2-85 68 55 62 450 — 2 —

Here the unit of grouping is ‘15 half-inch, and a magnitude m covers all the
frequency between m — 075 and m 4 ‘075 half-inches. Fvom these data we deduced
m, andfo, being in half-inch units.

TasLe X.
Quantity. 1. 2. 3.
Mean, 7, 2:7216 2-6379 26445
S.D., op 4909 +5253 -5072
Mylog = Uy - 1804 +1991 +1918
. . 1
Since x, = x, — du,
W — Son 13,
we have S/, = du, — du,

and o =@ k0 — 0, (xv.).
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Further, - o', Su = Su,6u — Fou?
a’nd 0'21,10'”7”7,;,/0 = 0-.7:,,0‘1/)11/.;*,, - %0'112,
wa,,Tux,, - %0' u .
whence Py, = 20 L (xvd)
Ty,

Thus (xiv.) gives us 'y, (XV.) 0w, and (xvL.) 7., The numerical values obtained
were, o/, being in half-inch units :—

Tasre X1

i i -
Quantity. 1. ! 2. ! 3.
ue 9640 9514 9613
Oy -1306 | -1635 L r1402
P - +0186 0302  + 1465 0295 : + 0851 %0299

Now 7, 1s the correlation between the absolute error made by the gth observer and
the length of the line bisected, and we see at once that, contrary to our a@ priors assump-
tion, there is little relationship between the amount of error and the length of the line
bisected. Dr. LEE even makes a larger absolute error for small than for large lines, but
her correlation is below its probable error in value, and we can only conclude that
the length of the line between the limits taken for it in the experiments is quite
immaterial to her judgment of its midpoint. There is a small correlation between
Mr. YurLe's error and the length of the line, his error increasing if the line be longer.
. T am the only one of the three experimenters whose judgment of the midpoint of a line
is considerably influenced by its length, but even in my case the result is of a totally
different order from what we & prior: had anticipated, for we had supposed the error
would be almost directly proportional to the length of the line dealt with.

Clearly, in correlating the judgments of (1) and (2) or of (1) and (3) we should
have done better to take absolute displacements of the midpoint, rather than the
proportions these bear to the length of the line. Accordingly I proceeded to deduce
formulee for finding the correlations between the absolute displacement errors.

Since x, = x, — Ju, 8z', = da, — 40u,

. ! - 1
x, = wx, — Su, 8, = 8x, — Ldu,

we have, by multiplying out and summing,

O Op Pt == O g Op Mz — 5OuT s Tz, — 20T e+ L0 2
2!, Yol &ty — a, Y apt gy 2V uY a,l ux, oY uY ! vz, 4Yu -

" 1 9 1 . 1 2
. O, Oz, ey, = 20002, uzy — 50u0 2 uzy + §0u X3
Or R . xvil.).
e ag ' Ty »

2 M2
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Now, o, o4, o, and 7, are all known. Henee the correlation of the absolute
displacements will be known as soon as we find »

gt
- )

But X /X, = x,/x,,
or, 8X,Jmy, — 8X,/my, = dx,/m, ~ bx,/m,.

Hence squaring and summing we find :

2 2 e Pe o = 2 .
Vx, + V%, — 205 0x, Tx,x, = U, 07, o 20005700,
But since X, = X', + 5, 68X, = 6X',, whence we have at once :—
O-X,, _ (TX’,,;

and 7x,x, = VX%,

Thus we find :(—

-~

2 2 Yo -
2 a°x; g x Z20x X X X!
’02,” 4 ’Uz;‘) u 1d — q” Xpl KgAp - .
T = %{ ”{I;;J:ﬁ — (mx, +"5)? + (mxi, +5)*  (inx, + *5)(imxs, + D) tf . (xviid).
o Vo, Vary J

Here v, is given by Table X., my, ox and ry,y, are all entered in Table 1., so that
T4, can be. found. Hence from (xvil.) we find 7., the correlation of the absolute
displacements.

Substituting the numerical values we easily find the following results :—

TasrLe XII

T, = ‘9445 : r

' |
r ~ 3596 + 0263 |
! Fow = 9359 | Prpay = 1242 £ 0297 |
i Fo = ‘9358 Poyey = '9993 4 ‘0287

There are thus seen to be substantial correlations between the errors in the absolute
displacements, not reduced to the length of the bisected line as unit.

To find the correlations between the relative displacements not reduced to the
length of the bisected line as unit, we have to find first

P J— 3 2 y "
0%, = 0%, 07y, — 200,00
using Tables XI. and XII., and thence find

2 2 b)
g ”'1i€’~z..t_9-, whaly O alaly

p11'23 =

‘
201/1‘5'2 Oy

There results, the standard deviations being in half-inch units :
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TasLe XIIT.

|

| o, = 1729 p.. = 5503 + 0210
| Lo I

‘i oo, = 1793 ’ oa = D002 & 0226
} To, = 1852 o = 4478 + 0241

We have now the complete data requisite for analysing the experiments on the
bisection of straight lines. ~We place all the correlation coefficients together in
Table XIV. for comparison of the two methods of deducing results.

TasLe XIV.—Correlation in the Judgments as to Midpoint of Lines.

Errors measured in terms Jrrors measured
of length of line. f absolutely.
793 *3627 + 0262 3596 + ‘0263
731 ‘1139 + 0298 ‘1242 + 0297
e 2053 + -0289 2223 + ‘0287
Py 23 5615 + ‘0207 ‘5503 + 0210
P25 31 | 4980 + 0227 5002 + 0226
ps 12 | 4379 + 0244 4478 + 0241
i

We conclude at once that :—

(i.) Within the limits of the probable errors of the observations the correlations of
the errors in judgment, whether measured absolutely or in terms of the length of the
line bisected, are sensibly the same; and this is true not only for the correlation in
absolute (r) but also for the correlation (p) in relative judgments.

(ii.) Thus while we have shown that the error in bisecting a line is not proportional
to the length of the line, and indeed not at all or only slightly correlated with it,
yet the observed correlation of judgments cannot arise solely from the use of a ratio
or index. For this correlation still exists, if we deal with the absolute errors. It is
thus not a purely spurious correlation.

(iii.) The correlation varies considerably from one pair of observers to a second. We
thus are forced to conclude that it is not a result of a common varying external
cause, but must in part or wholly be due to a common element in the personalities of
two experimenters, which is affected in the same way, and differently from some other
common element in the personalities of another pair of observers.

Thus the bisection experiments entirely confirm the conclusions we have formed as
a result of the bright-line experiments. In both cases there is a real personal
correlation of judgment, only in the two series it is differently masked by or com-
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bined with spurious correlation according to the special manipulation used in the
reduction of the errors.

Taking into account what we have learnt as to the nature of fluctuations in
personal equation, I think we may conclude broadly as follows :—

The errors of judgment of apparently independent observers are not as a rule
independent. The immediate atmosphere of each single observation or of each short
series of observations affects in a differential manner the factors of the personality,
causing variations in the personal equation which are not of the order of those
due to random sampling. Certain factors affected by the immediate atmosphere
seem to be common elements of two or more personalities, and there results from this
a tendency in each pair of observers to judge in the same manner. If we enlarge the
concept of “immediate atmosphere” to embrace not only the objective side of the
phenomena, but the physical and mental state of the percipient, we may simply state
that certain elements of this immediate atmosphere are common to each pair of
observers and produce a correlation between their judgments. Their personal equa-
tions fluctuate in sympathy. This sympathetic fluctuation of personal equations
leading to correlation of judgments is really visible on inspection, as the reader will
at once see on examining Diagrams 1I. and II1.

Diagram M. Personal Equation
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Continuous Polygon =Values of Personal Equation as based upon 27 to 37 Observations.
Continuous Curve = Agproachi»  » w o its Mean Value for 5i9 o .

This quite sub-conscious sympathetic fluctuation of personal equation in the case of
apparently independent observers is not only of fundamental importance when we
have to combine observations of the same phenomenon by different observers, and
assign the weight of the combination, but it appears to have an even wider bearing
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when we have to consider to what degree the testimony of a number of apparently
independent witnesses of the same event is strengthened by the concurrence of their
judgments as to what actually took place. Without some estimate of the correlation
of judgments we cannot assert what weight is to be given to combined testimony.

(9.) On the Nature of the Frequency Distribution wn the case of Errors of Judgment.

Having completed our investigation of the nature of fluctuations in personal
equation and of the correlation between judgments—an investigation which demands
no hypothesis as to the form of their law of distribution—we now turn to a considera-
tion of the manner in which errors of judgment are distributed.

In Tables XV. and X VL will be found the frequencies for the two series of experi-
ments, the results being grouped (see pp. 272-273).*

The question to be answered is this: Is the general nature of these distributions
capable of being described by the “normal” curve of errors, on the assumption that
they are random samplings of the whole ““ populations” of errors that the observers
respectively would produce if they continued to experiment indefinitely under the
same conditions? So far as I am aware no thorough investigation has yet been
made as to how far actually observed errors are capable of being described by the
normal curve of errors. In most text-books on the theory of errors certain axioms
are laid down as ruling the distribution of errors of judgment, and on the basis of
these axioms the normal curve of errors is deduced. Omne or two limited series of
errors of observation are then cited, and the axioms declared to be satisfactory by com-
paring a graph of the theoretical with the observed distribution, or by a table com-
paring the observed and theoretical frequencies of errors occurring within each small
range. As a rule a vague inspection of the amount of agreement is the only thing
appealed to to test the accordance of theory and experiment. So far as I am aware
writers on the theory of errors have quite overlooked the point that that theory
itself provides a perfectly general test of whether the accordance between theory and
experiment is a reasonable or an unreasonable one. It is not a question of whether
there is a “ practical accordance” between the two, whatever that may mean, but of
the degree of probability that a given system of errors or deviations is a random
sampling from an indefinitely large distribution of errors obeying the axioms from
which the normal curve of errors has been deduced. To talk of “practical accord-
ance” between theory and observation is simply to shuffle out of an examination of
the truth, when the odds are 3000 to 1, or even 70 to 1, against the observed results
being a random sample of errors obeying certain fundamental axioms.t Now in the

* In Table XV. a group such as 4755 embraces all the frequency between 4:505 and 5:005 ; and in
Table XVI. a group such as ‘04 embraces all the frequency between ‘035 and ‘045,

t A recent writer on statistics seems to find that an agreement measured by the odds of 3000 to 1 is
very satisfactory, and one against which the odds are 70 to 1 represents with all practicable accuracy the
observed frequency. Comment is needless.
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Tasie XV.—Frequency of Absolute and Relative Frrors in Bright-line Series of
Experiments. Number, 519

Size of error. (1) (2.) ; (3.) (3-2.) (1-3.) (2-1.)
7755 — — - 1 — .
7955 — — — 1 — _
6755 — — — — 1 —
6255 1 — 1 — 1 —
5755 — _— - 4 9 —
5255 — 1 — 1 5 —
4-755 1 — - 4 5 —
4-255 — — - 12 17 i
3755 1 — 1 15 18 —
3-955 6 — 12 19 17 1
2756 4 —_ 19 20 29 1
9255 12 — 18 26 35 8
1755 99 3 26 34 41 13
1-255 57 8 492 49 37 19

755 71 31 18 62 41 23
<955 o7 35 44 i 60 54

~ 945 85 78 48 90 41 792
~ 74b 69 76 6 41 56 55
—~ 19245 56 96 60 | 21 35 50
~ 1-745 23 79 49 19 34 59
~ 9-945 7 60 36 ! 9 21 58
— 92-745 4 30 36 | 5 10 38
~ 3-245 1 17 20 | 5 6 30
~ 3745 1 5 12 1 5 15
— 4245 — 3 5 3 9 7
—~ 4-745 1 1 2 — — 7
~ 5245 — — 1 — — 3
~ 5745 — — | —_ — 9
~ 6245 — — - = — 9
— 6745 - 1 — — — —
~ 7245 — — — —_— — —
~ 7745 — — — — — 1
8-245 —_ - - — — —

- 8745 — —_— — — — —
~ 9-945 — — — — —_ —
—~ 9745 — — - — — —
~10-245 —_ — — — —_ 1

present investigation we have no less than twelve frequency distributions, six absolute
distributions and six relative distributions; the latter being of course of the type
which will usually occur in astronomical or physical observations where the absolute
errors cannot be measured. We have then material enough to discuss the problem :
Is it suitable for the purpose ? It seems to me that there is nothing peculiar to our
data which marks them off from other series of observational errors, except their
rather extensive character, which was necessary if' safe conclusions were to be drawn.
There were four independent observers, three of whom at least had been long used to
making observations and measurements ; the fourth, less accustomed, turned out in the
sequel to have the steadiest judgment. Further, the investigations were begun with
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TasLe XVL—Frequency of Absolute and Relative Trrors referred to Length of Line
as Unit in Bisection Experiments.* Number = 500.

Size of error. (1) (2) 3) (2-3.) (3-1) (1-2)
-+12 — — — — — 2
--11 — — — — — 1
--10 —_ — — 1 — 3
-+09 1 — — 2 — 7
- 08 4 1 — 1 1 9
- 07 85 3 1 6 2 235
- 06 12 11 75 13 65 215
- 05 13-5 14-5 9-5 16-5 14-5 35
— 04 45 215 22 26 10 58
-+03 61 30 40°5 45°5 26 45
- 02 76 47 435 36 43 59
-+01 90-5 515 51 66 33 645

+00 74+5 72 685 555 42 43
+ 01 50 655 75 61 535 375
+ 02 30°5 53 70°5 52-5 60-5 265
+°03 215 50-5 61 41°5 61 275
+ 04 7 285 256°b 34-5 b2 16
+ 05 3 27 13-5 20 345 T
+ 06 2 13-5 10 13 27 11
+ 07 — 75 1 4 175 1
+ 08 — —_ — 2 5 1
+ 09 — 1 — 2 75 1
+°10 — — — 1 35 —
+ 11 — 2 — —_ — —

no intention of considering the problem ot normal frequency ; they were designed to
demonstrate what appeared a remarkable and valuable result flowing from the
theory of errors as usually expounded (see p. 240). Each of us made our individual
Judgments with care and without any theoretical bias. We were of course, during
the work of the observations, liable to physical and psychological influences, to the
subtle changes of daily health and of sense-keenness. But I contend that all such
things affect every observer, and that it is idle to propound a theory which would
hold for an ideal observer of perfectly equable temperament and physical fitness
observing under a perfectly equable environment for a number of days or even weeks
an exactly identical phenomenon. Such a theory could not be verified, and if
verified would have no practical application. Our observations seem to me a
perfectly fair sample of actual errors of judgment, and I believe no objections can be
taken to them which would not apply with even increased force against most of the
series of errors of judgment with which physicists or astronomers have to deal.
There are two classes of considerations which arise in our view of frequency distri

butions :—

¥ In this table and in the diagrams X. to XV. the error has been given the opposite sign to its value
in Table 1.

VOL. CXCVIIL.-—A, 2 N
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(a.) General physical characters of the nature of the distribution without regard to
the special frequency of errors of particular sizes.

(b.) Agreement between theory and observation in the general distribution of
errors of each particular size.

T propose to investigate these classes of considerations separately.

(10.) (a.) General Physical Characters of o Normal Distribution.

While the analytical processes by means of which the normal curve is deduced are
extremely varied—sometimes very simple (HacuN), sometimes very complex
(Po1sson), there is confessedly or tacitly involved an axiom of the following kind :—

(ee.) Positive and negative errors of the same size are equally frequent. Sometimes
this result is disguised by assuming that the actual error is the sum of an indefinitely
great number of small elementary errors which are equally likely to be positive or
negative. Whatever process of proof be followed the result is the same—the normal
distribution gives a symmetrical distribution of errors, and this is its first general
physical character. Now in an immense number of cases of deviations from the
mean, such as occur in organic nature, this symmetry is quite unknown ; such distri-
butions I have spoken of as skew frequency distributions,® and their characteristic
feature is that the mode or position of the maximum frequency diverges from the
mean. The ratio of the distance of the mode from the mean to the standard
deviation I have treated as a measure of the ““ skewness” of the distribution. It will
vanish when the curve is symmetrical or when the sums of all odd powers of the
errors are zero. Thus if n be the number of observations, nu, the sum of the
pth powers of the errors, u, = 0 for a normal distribution if p be odd. For most
practical purposes the labour of investigation compels us to confine our attention to
the question of whether us is sensibly zero.

But the normal distribution not only involves a condition as to the odd moments,

but also one which must sensibly hold in the case of each pair of even moments.
The simplest of such relations is expressed by

Py = 3pay™
Now this relation and its extensions to higher moments have nothing whatever to
do with the symmetry of the normal distribution—with the equal frequency of errors
of the same size, whether positive or negative. They depend really upon two
additional axioms, which are again confessedly or tacitly assumed in the course of the
proof, namely :—

(B.) That there are an indefinitely great number of cause-groups associated in
producing each individual error.

* ¢ Phil. Trans.,” A, vol. 186, p. 343 ef seq.
t ¢Phil. Trans.,” A, vol. 185, p. 108.
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(y-) That the contributions towards any individual error of these cause-groups are
not correlated among themselves.

It is not my purpose at present to consider the philosophical arguments for or
against these axioms. I have considered the matter at length in a paper not yet
published, but I want to indicate the source of such relations as those just referred to.
If actual distributions of error do not sensibly satisfy pg= 0, then axiom () is not
true ; if they do not sensibly satisfy p, = 3p,% then either (8) or (y) or both are
invalid.

The nature of the relation u, = 3u,® deserves a little fuller consideration from
the physical side.

Let m, and m, be the number of errors of magnitudes x; and x, respectively, and
let 7'y’ and n'w, represent the second and fourth moments of the remainder of the
errors. Let m; + my=m'. Then

npy = 0y + myx® + myr,?,
npy, = 0wy 4 mpaet + mox,t.
Hence we find :—
npy = 0y + m'agt  (npy — wpy = m'y?) (1,° + 2°).

Now without altering the total frequency, te., keeping m’ constant, take part of
the frequency m, and transfer it from x, to @, ; do this equally on both sides of the
mean, so that the position of the mean be not altered. Now in order that p, should
also not be altered, =, being supposed constant, we must have :—

omyfmy = (2,82,)/(y* — %),

or if x, be > x,, 6z, must be positive. Thus if we bring a part of the outlying
frequency inward to a point nearer the mean, we can still retain the same mean and
the same standard deviation, z.e., get the same normal curve, if we shift the inlying
frequency group a little outward. The whole effect of such a change will be to
flatten the frequency curve at its summit by a reduction of its tails, which increases
the middle part of the curve. Now, looking at the above value of u, we see that
since x,? < x,%, nuy — n'py — m'a,? is negative, and therefore that when x, increases
1y decreases. '

- We conclude accordingly that symmetrical or nearly symmetrical curves which
have the same mean and standard deviation as a normal curve will be flatter topped
if u, be < 3u,? and steeper at the top if p, be > 3u<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>