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ABBREVIATIONS.

[I.] and [IL] denote the two previous parts of this discussion published respectively in the ¢Phil.
Trans.,” A, vol. 210 (1910), and vol. 212 (1912).

The formula for a line is n = N/D;2 - N/D,,2

N/D,2 is the limit or value when m = oo,

¢ denotes the correction to be added to any limit adopted to give the true value.

N/Dy? is referred to as the V part (variable).

D,y is referred to as the denominator of the line.

“Separation” of two lines is the difference of their wave numbers.

¢ Difference ” of two lines is the difference of their denominators.

¢ Mantissa ” is the decimal part of the denominator.

v denotes the separation of two lines of a doublet.

A is used for the denominator difference of the two lines which produces v.

viy vay A1, Ap are similar quantities for triplets.
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324 DR. W. M. HICKS: A CRITICAL STUDY OF SPECTRAL SERIES.

‘W denotes the atomic weight, w = W/100.

81 denotes the “oun” = 90 47w?

3, = moy, but 8 is used for 8, = 361 89u?2.

O - C is used for the difference in wave-length between an observed line and its calculated value.

O denotes the maximum possible error of observation.

In general, figures in brackets before lines denote intensities, and in brackets after, possible errors of

observation.

Tur doublet and triplet separations in the spectra of elements are, as has long been
known, roughly proportional to the squares of their atomic weights, at least when
elements of the same group of the periodic table are compared. In the formulx
which give the series lines these separations arise by certain terms being deducted
from the denominator of the typical sequences. For instance, in the alkalies if the
p-sequence be written N/D, 2 where D,, = m+u+afm, the p-sequence for the second
principal series has denominator D—A, and we get converging doublets; whereas
the constant separations for the S and D series are formed by taking
S () =D;(w) =N/D? and 8S,(>)=D,(o)=N/(D,—A)%. It is clear that the
values of A for the various elements will also be roughly proportional to the squares
of the atomic weights. For this reason it is convenient to refer to them as the
atomic weight terms. We shall denote them by A in the case of doublets and A,
and A, in the case of triplets, using » as before to denote the separations. Two
questions naturally arise. On the one hand what is the real relation between them
and the atomic weights, and on the other what relation have they to the constitution
of the spectra themselves? The present communication is an attempt to throw some
light on both these problems.

The Dependence of the Atomic Weight Term on the Atomic Weight.

The values of the A can be obtained with very considerable accuracy, especially in
the case of elements of large separations, i.e., of large atomic weight. If, therefore,
the definite relation between these quantities can be obtained, not only may it be
expected to give some insight into the constitution of the vibrating systems which
give the lines, but it may afford another avenue whereby the actual atomic weights
of elements may be obtained, and the solution of the problem is therefore of importance
to the chemist as well as to the physicist.

It may be interesting to note the steps which first led the author to the solution
which follows, and incidentally may add some weight to the formal evidence in its
favour. It has long been known that in the case of triplets the ratio of A, : A, is
always slightly larger than 2. It was natural, therefore, in an attempt to discover
their relation to the atomic welght to consider the values of A;—2A, These were
caleulated for several cases, A, and A, being expressed in terms of the squares of the
atomic weights. It was at once noticed that in several cases these differences were
multiples of the same number, in the neighbourhood of 360, e.g., Ca 1, Sr3, Bas,
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Hg 19, and, further, that in many cases A, and A, were also themselves multiples of
the same number. As, however, Mg with a difference of 450 and Zn of 543 could not
possibly be brought into line with the others, this line of attack was given up. But
later the case of Zn, which at first had seemed to stand in the way of an explanation
on these lines, gave cause for encouragement. The series for Zn are well defined, the
measures good, and the formule reproduce the lines with great accuracy.® Great
confidence can thus be put in the values for A, and A,, and it was noticed that they
were both extremely exact multiples of the difference A;—2A,. In fact, the values
are A; = 31 x543°446w” and A, = 15x 543'476w’. This relation could hardly be due
to mere chance, especially when it was also noticed that 54344 is very close to 3/2 the
former 360, and, further, the 450 of Mg is about 5/4 the same. In other words, with
the rough values used 860 = 4x90, 450 = 5x 90, and 540 = 6 x90. This looked so
promising that a systematic discussion of all the data at disposal with limits of
possible variation was undertaken. The theory to be tested then is that the A of
any element which give its doublet or triplet separations are multiples of a quantity
proportional to the square of the atomic weight. We will denote this by ¢ = qu?
It will be convenient, in general, to deal with the 360 quantity, and § will be used to
denote this. If other multiples are dealt with as units a subscript unit will be used
giving the multiple of the 90. Thus 4, denotes the smallest, §, = 542'7%?, and so on.
The results are given in Table 1. below.

The value of A is obtainable as the difference of two decimals with six significant
figures. It is convenient therefore to tabulate the values of 10°A. The exactness of
the calculated value depends on (1) the correctness of the adopted value of S (),
(2) the exactness with which v is measured, and (3), when expressed in terms of w?
the exactness of the value of W or the atomic weight. In the case of the latter the
value W/100 = w is used and the values of 10°A/w® are tabulated. The method
adopted may best be seen by taking an actual example, say that of calcium. The
values of », », as found by least squares from the S-series are 105'89, 52°09. The
value of S(=) as given in Table T. of [II.] is 33983'45, and the correct value is
supposed to be ¢ larger. The numbers 33983°45, 34089°34, 34141°43 are then thrown
into the form N/D? and the denominators are 1796470, 1793679, 1792310, giving
for differences A, = "002791, A, = ‘001369, which are tabulated as 2791, 1369. The
corrections for the error ¢ are found to be —'2¢ and —'1&  Moreover, the last digits
of 10°D may be '5 wrong and the value of the A be +1 out. In cases where the »
are known to three decimal places, the calculations are carried out with 9-figure
logarithms, and the values of A determined without this ambiguity. The values of »
may be wrong by dv, s.e., 10589 +dv, &e. This will produce a variation in A, of
26'3dv—in general dv is a fraction <'1. Thus '

A, = 2791+ 1—2£+26"3d.

¥ See Table 1. of Part II.
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The atomic weights are supposed to be those given by BRAUNER,* +a, where x is
a number to be added to the fourth significant figure in BRAUNER'S value. BRAUNER
gives for Ca 40°124. A, is then divided by ("40124)%
The result is
A, = (1733614622 —124¢4 163dy, —8'64x) w
This is
= 48 (361°169+ 18 —"025£+3"4dy, —"180x) u™

Table I. gives the values for those elements in which the series have been
established. The second column contains the atomic weight as given by BRAUNER,
except for the few belonging to volumes of Asuea’s ‘ Handbuch’ not yet published,
with estimated possible error beneath. In the third column the top number gives
v and the second 10°A. For triplets there are therefore two sets. The fourth column
gives 10"Afw?, and the multiples of which it is composed. In general the 360 ratio
is taken, but in several cases it is necessary to take 2x90 or 180 and 1x90. The
second line of columns 5, 6, 7, 8 gives the coefficient of the error corrections to be
applied to this number 860, or 180, &ec., as the case may be, and the upper line of
figures gives the maximum errors estimated, which have, in general, been less than
those permissible by the observations. The last column gives the difference between
3618 and the factor given in the fourth column, except that when it is not the
4x90 term it is brought up to it by multiplying by 2 if it is 180 and 4 if’ 90. The
maximum errors are also attached.

In many cases it will be seen that the number of significant figures in the
calculated numbers is larger than in the data from which they are derived. In these
cases the number of significant figures in the data must be supposed to be made up
to the proper number by the addition of zeros. This enables new calculated values
to be determined when the data are improved without the trouble of recalculation.

TAaBLE I.—Evaluation of J and of m.

Notation.—W = atomic weight ; guw?® = § with w = (atomic weight)/100 ; & error
in 7, ; dv, error in v; @, error in w on the fourth significant figure.

w. v, 106A, qu?, mé. +1 —& dv. —. 361-8+.
Na 22-998 17-175 14027-96 0 1 0 2 2
2 743-0 155 x 90-50 0 ‘021 | 5-21 | -078 141
K 39-097 57-87 19224 -86 ' 1 ) -3 92
3 2939 53 x 362-72 012 037 6-26 | "142 322

* ABEGq, ¢ Handbuch der Anorganischen Chemie.’
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Tasre 1. (continued).
w. v, 108A, qu?, md. +1. - dv. -2 361-8+.
Rb 85448 237-54 17715-86 1 *3 ) — 40
5 12935 49 x 361-40 003 022 152 +084 b6
Cs 132-828 553-80 1844948 1 ‘4 <07 — 06
7 32551 51 x 36174 0 +025 * 65 - 96 +33
Cu 63-b6 248-49 180758 5 4 1 *04
1 7311 50 x 361-84 <05 +02 1-44 *115 +80
Ag | 107-88 920-61 23879-34 10 +02 0 ‘01
27791 66 x 36181 <006 | ‘017 +39 +33 +2
Au | 197-20 |  3815-52
7 113961 + 81y 81 x 36180
Mg 24- 362 40-90 14389-05 16-91 3 +02 b +19
2 854 159 x 90-497 +423| -010 8:79 <075 1:00
19-89 699233 *04 1-78
415 77 %90°89 219 -003 457 -075 3-12
Ar+ Ay = 59 x 362" 36
Ca 40-124 10589 17336-1 . 6 -1 5} — 63
b 2791 48 x 361°169 *129| -025 34 +180 1-52
52:09 8503-4 °1 - 24
1369 47 x 180-923 +129| -013 3-48 +090 1:00
A+ Ay = 143 x 180696
Sr 8766 39435 154016 4 *2 3 *5H9
3 11835 85 x 181-195 +0151 -008 +46 <041 72
' 186-93 7200-4 -1 ~1-78
5533 20 x 36002 065 | 019 1:95 +083 +585
A+ Ay = 125 x 180-82
Ba 137-43 87821 155282 10 ¢ *9 ‘6 - 68
6 29328 43 x 361121 012 -019 41 +526 +600
370-33 634096 *2 + b4
~ 11976 35x 181170 -015| 017 49 +263 +882
A1+A2 = 121 X180'74
Ra | 2264 205026 1807715 10 ¢ 9 ] — 257
92658 50 x 361543 +004] -023 *023] 32 21
832:00 1 67093 *86
34390 37 x181-33
AV SVAPEES

137 x 18092
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TaerLe L (continued).

Ww. v, 109A. qu?, md. +1 —&. dv. — . 361-8+.
Zn 6540 388-905 1684368 1 0 3 <423
3 720442 31 x 543-334 0 015 +135 <420
190-093 8150-74 0. <456
348620 15 x 543383 0 ‘015 *135 420
A+ Ay = 46 x 543356
Cd | 112-8 1170-848 1832133 . °3 0 1 - 8
1 2310556 1014 x 180504 0 007 15 “321 1646
541-892 8221-64 - 408
1036854 91 x 90 348 0 +003 16 160 - 644
Eu | 151-93 2630'5' 2219106 10? 3 -3 - 98
3 51223 123 x 18041 -007 +068 | 236 68
1004 - 794057 1 - 94
18329 22 % 360°93 +013 *136 | 472 +39
A+ Ay = 333 x 90485
Hg | 200-3 4630° 648 21888-03 0 2 0 3 - 015
3 87814-99 121 x 180- 892 ‘013 078 | -354 2-12
1767-01 747805 -002 3 -1-41
30002-3 83 x 90-096 <0026 05 +091 1-15
A+ Ay = 54 x 543-816
Al 27-10 112-15 23884 . 3 02 5 079
5 1754 66 x 361-879 21 ‘012 | 3-21 266 1635
Ga 699 826-10 . 27715 1 10 30 —1-87
3 13498 77 % 359-93 -026 | -011 435 | 103 3-17
In | 114-8 221238 28593-88 - 1 25 ) <147
5 37684 79 x 361-947 01 117 165 | -630 3-32
Tl | 204-04 7792-39 3222362 0 03 b +263
5 134154 89 x 362063 +002 | -012 047 - 365 18
Sc 441 320°80 36714 1 50 - 086
5 7140 1014 x 361-714 | -05 ‘014 | 1-136 | -165 - 9+45
or 6404 91 x 361-89
He 3-99 1-007 20860 0 B 35
33377 58 x 361-45 0 355 | -180 1
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TaBLE I. (continued).

Ww. v, 108A, qu?, md. +1. -& dv. -2 361-8+.
(6] 16 365 6692 +03 0 - 01
171-3 0" 184 % 361-79 2:11 1-13 100 b
2:03 37149 03 0 1-0
95 41 x 90-20 *95 *34 25 2
.62 1 .
5 }0 145,
S 32-07 17-96 1015085 10 1 - 34
1044 28 x 36214 *35 *019 [20-14 | 226 3
11-21 : 63297 - 46
651 35 x 18067 21 *009 |10°05 | -113 1-5
A+ Ay = 91 x 1811
Se 79-2 103-70 10192 2 201 220 .
6392 28 x 36400 057 ‘034 | 3-5 <092 31
4469 ] 43634 . 1-81
2737 12 x 363-61 <057 <04 4-08 | -092 31
Ay 4+ Ay = 161 x 90-40

Data on whach the Table vs based.

Na. The limit is 24476-11. It is the limit found in [I.] corrected by the result of ZICKENDRAHT’S
measurements of the high orders of NaS. The value of v adopted is that deduced from FABRY and
PEROT’S interferometer measurements of the D-lines using 9-figure logarithms. Consequently, the results
are more reliable than would otherwise be expected from such a low atomic weight. But on this point,
see below (p. 331).

The limit for K is 21964-44—corrected from the value in [I.] by addition of 1-06 as indicated by
ZICKENDRAHT’S observations. The value of v is very ill-determined. A value of v = 5773 would make
g = 361-80. SAUNDERS’ results for S (3) give v = 5775, and K.R.’s for S (4) give 5760 + -30. The
value in the table is that used in [I.] 57-87+1. The limits for Rb and Cs are those given in [I.] for
S (=), viz,, 20869°73 and 19671 -48.

. Cu. S (o) = 31515-48.

Ag. D (o) = 3064460, found from first three lines. FABRY and PerorT have measured by the
interferometer Dy (2) and Dy (2) and K.R.’s are extremely close to these. They have been taken as
correct to -001 A.U. The lines Diz and Dj; are so close that their difference of wave number as given
by KAvSER and RUNGE are probably of the same order of exaetness. We may regard, therefore,
K. and R.s Dy; = Dy and F. and R.’s Dy — Dy as quite exact up to the second decimal place. This gives
v = 920-61. It cannot be uncertain to more than a few units in the first decimal. A more correct value
is obtained below (p. 404).

The limits of the 2nd and 3rd groups of elements are those given in [II.]. In the cases of Zn, Cd, Hg,
the interferometer measurements of FABRY and PEROT are used, except vo for Cd and Hg, with 9-figure
logarithms in order to get an extra significant figure, their readings being reduced to ROWLAND’S scale
by HARTMANN’S factor 1:000034. In these cases the values of v may be taken as practically correct
to -001 A.U. '

For Se, see Appendix I.

VOL. CCXIII.—A. 2 U
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He. Limit given in [L.], which is practically exact. v = 1-007 is given by PASCHEN as a result of all
his readings and is probably not more than 002 in error. Consequently, the numbers for He have weight
in spite of its low atomic weight.

O. The limit is 23204°00. Although v, vy are known with fair accuracy, the possible proportional
errors are considerable, so that the data have small weight. The limit for the doublet series is 21204 with
v =+62. The values are still more indefinite.

S. Limit 20106. The D series give 20110. This gives a considerable range of uncertainty.

Se. Limit 19275-10. The atomic weights for O, S, and Se are those of the International Committee
of 1910.

The table shows at once that the two groups which give doublet series agree in
giving the A as multiples of a number close to 361'8w* Group IL, giving the triplet
series, require in several cases multiples of 90w® or 180w® It is curious that the
groups which first indicated this relation do not show it so markedly and with so
little doubt as the doublet series, in which by themselves it would probably never
have been noticed. There seems to be some kind of displacement with the middle
lines of the triplets. If, for consideration, the values of A,+A, be taken, this
irregularity disappears, and, moreover, with the larger observed quantities, the
proportional errors will be less.

If we agree to look upon the 361 as the normal type, and for numerical comparison
multiply the 90 by 4 and the 180 by 2, and, if further, the results are supposed to be
weighted by the estimated limits of variation assigned in the last column of the
table, the method of least squares gives for the value of ¢ = fuw*—

Grouwp L . . . . . . . . . 361900,
., IL . . . . . . . . . 861720,
L, IIL . . . . . . . . . 862051,

All three groups . . . . . . . 861890,

In Groups II. and IIT. it is possible too much weight has been given to Hg, »,, and
Tl. We will take as the preliminary value for ¢ that of silver, viz., 861'81, which is
practically that of the general weighted mean. The true value cannot vary much
from this—probably less than '2. With this, the subsidiary values become 180°90+ 1
and 90°45+°05.

Tt is seen that in the doublet groups all the elements can come within this limit.
In fact, with the exception of K and Ga, they come extremely close. Ga is
spectroscopically uncertain as well as in its atomic weight, and the uncertainty of K
is-due to the uncertainty in its value of ». In the triplet groups also, all calculated
from A;+A, have possible variations which will bring them within, although the
closeness is not so marked as for the doublet elements. The sequence formulee are
well established in Groups I. and ITL., but there are uncertainties in Group 1L which
yet require clearing up. In this relation also, the table shows slight regular variations
as, e.g., A, and A, err from the general mean in different directions, but in these cases
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the values of A, + A, come much closer to it. The values of (A, +A,)/w? are therefore
added to the table. It is clear, however, that when the spectroscopic observations
are good, the relation here established will enable very accurate measures of the
atomic weight to be obtained. In fact, with the possible accuracy attainable in
spectroscopic measurements, it may be hoped to obtain far more reliable values of these
constants than by weighing, except in those cases where they are small. The table,
for example, affords considerable support for BRAUNER’S estimates, except, possibly,
in the Mg group, where the irregularities are due to spectral causes. The case of Zn
“may be taken as an example here. Its spectral values are very good, it shows with
w = 6540 the multiple 548357 instead of 542°70+'80. If the excess is due to the
value of the atomic weight, it should be ‘048 larger, which would be allowable within
BrAUNER’S estimates to bring it to the adopted value of ¢, ¢.e., w = 65:448. This is
more fully considered below. The numbers for Se also seem to show that 79°2 is too
small for its atomic weight. 7940 would make ¢ for A; = 86216 and for A, = 86177,
and the spectral uncertainties would account for the outstanding differences.

If & is written for 1§, it may be noticed that the values of the A for the first of
each sub-group may be written— ‘

i il iil, vi.
Na.  Cu Mg.* Zn. Se. AL s.
1558, 50x 44, 32x58 81x64 52x78, 83x84, 8 x 148,

and, moreover, the same multiples of J;, recur in several of the same group, eg.,
A+ A, for Zn, Cd, and Hg, and A, for Eu are all multiples of 64,, also the 53, occurs
in Mg, Sr, Ba, and Ra. Analogy would lead to a corresponding 3, for Na. The
values of the atomic weight and the doublet separations of Na are known with great
accuracy, and no possible value given to ¢ eould change the multiple from 155 to 156
or 153. The only loophole for an explanation may be that the value of » as found by
Fasry and PEroT comes from the Principal series, and that VP, (1) is not really
S (). This latter point has been discussed in [I.] and also in [IL., p. 88]. It is
equivalent to a considerable change in S (). To obtain a value 156 or 52 x 8 would
require an increase of ‘07 in v, %.e., to 17°25, Such a value would be quite well in
consonance with the measures of SAUNDERS and of K. and R. for other doublets, e.g.,
D(2) 17°30 (S.), S (3) 1722426 (K.R.), S(4) 17°05+°38 (K.R.), P(1) 1720 (K.R.).
But Fasry and Peror’s values for P (1)—independently verified by Lord RAvLEIGH—
would seem conclusive against this value, unless F. and P.’s apply only to VP (1)
and 17°25 to S (). This would correspond to a lateral displacement of J; (see below)
between VP (1) and S ().

S and Se both give 8 x 144, which falls in line with the other sub-groups. In fact,

* This is the value first deduced when the international system of atomic weights was used. It is
3; more than that in the table. The question is considered below.

2 U 2
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if n denote the order of the group, the sub-groups would be based on (2n+1) 4, and
(2n+2)4,. This would leave §, and 28, for group 0. He, as is seen, may be either.

The foregoing evidence is, I think, conclusive that the atomic weight terms are
multiples of a quantity very close to one quarter of 361°8w?. Before attempting on
existing knowledge to obtain a closer value to this quantity, it will be desirable to
consider certain other ways in which the atomic weight plays a part, and which will
provide further data for its more exact determination. As it will be convenient to
have a name for these quantities which seem to have a real existence, the word ““oun”
(wv)* is suggested.

The curious irregularities in the value of the oun noticeable in the elements of the
2nd group in connection with the separate A, and A, values, whilst the values found
from A,+A, are normal is worth examining in closer detail. The values of v+,
given in the table are deduced from the sums of », r,, each determined independently
by least squares from the best observations. If the values of v +», are determined
directly the values are slightly different, which is natural as they are found from
selected pairs. The old values and the values thus found are collected here, and with
them the values of &/w?.

Mg. Ca. Sr.
New . . . . . 6079 (362°36) 15801 (361°45) 581°21(361°60)
od . . . . . 6079 (362°36) 157798 (361°39) 58128 (361°64)
Ba. Ra. Zn.
New . . . . . 124885(361'56) 288226(361'84) 578998 (362'23)
Old . . . . . 124854(361'48) 2882'26(361'84) 578'998(362'23)
Cd. Eu. Hg.
New . . . . . 1712'84(362°41) 26345 (361°94)  6397°53 (362'46)
Oold . . . . . 171274(362'39) 2634'5(361°94) 639766 (362°57)

It will be shown later that spectroscopically Mg belongs rather to the Zn sub-group
than to the Ca. The same tendency is exhibited here. The more probable values of
n+r, have brought the oun more closely to equality with 361'60w* for the Ca
sub-group, and with 3624 for the Mg and the Zn sub-group. The value of », for Eu
may be 2633°5 instead of 2630°5, and if so, its value of the oun would come to
362'34. If the variations in the value of the oun had been more irregularly
distributed, it might have been natural to assign the variations (small as they are) to
errors in the value of the atomic weight. But this does not seem justified unless
there are chemical reasons whereby atomic weights in any particular group have a
liability to be all over-estimated or all under-estimated. In view of the latter

* The pronunciation of oun will be the same in the chief European languages.
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possibility it may be well to determine the amount of such error required to bring,
say, the value 362°4 to 3618, and 361'6 to 361°9, as 1t is probable the true value of
the ratio lies between 8618 and 861°9. The former requires an increase in atomic
welght of 155, and the latter a decrease of 5755 of the accepted values. The
following would be the changes in atomic weight required :—

Ca. Sr. Ba. Mg. ZI;. Cd. Hg.
—'025 —'036 —'052 +02; +04 409 +°2

~ According to the estimates of accuracy given by BRAUNER the changes for Mg and
Ca are quite impossible, for Zn just possible, and for the others possible. In the case
of Mg and Ca, however, small errors in » +, are considerable proportional errors
and the deviations may be caused by these. It is necessary to have these estimates
before us. Notwithstanding them, the close agreement of the numbers in each set,
and the difference between the two sets must produce the conviction that the
differences are real, and are not due to errors either in the spectroscopic measure-
ments or the atomic weight determinations. ‘

In the table the multiples given are those which give the oun most closely. An
inspection, however, shows that in each element there is some disturbing influence
affecting the A, and A, in opposite directions. Moreover, the sum of the multiples
chosen are in certain cases not the multiple taken for A,+ A, and this should clearly
be so. This happens in Cd, Eu, and Hg. There is apparent a general rule that », is
too small and v, is too large, the deviation increasing with the atomic weight. The
discrepancy is equivalent to a transference from the true A; to the true A,
Evidently the transfer in Cd, Eu, and Hg has been so large as to increase A, by
more than 4, so that the closest multiple now appears to be too large by unity. If
the multiples in A, be diminished by unity, the sum is equal to that for A,+A,, and
the discrepancy between the ouns from A, to A, increases in a regular order. A
similar change has occurred in Sr, only here while the multiple of A, has apparently
increased, that of A, has apparently decreased. If the ratio A,:A, be taken as
79 :171 in place of 80 :170 the discrepancy again falls into order with the others.

- With these changed ratios the values become

Sr . . . . . 171x90'068 79x91'144
Cd . . . . . 203x90252 90x 91°351
Eu . . . . . 246x90°205 87 x 9127
Hg e . .. 242x90'446 82x91°17

This transference must take place in the D, () =8,() term. The values are
given in the following table in which the first column gives the value of A,:A,, the
second the value of the transference, the fourth the transference in v, to v, the fifth
the new value of A,, and the third and sixth are as explained later :—
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A2 H Al. dD. dD . 81. SV. Az. BN.
Mg 77 : 159 96 -180 <05 4140 0
Ca 47 : 96 1-9 130 <05 13674 0-16
Sr 79:171 44-4 639 1-49 54889 5:20
Ba 35 : 86 290 1698 -90 119503 3-34
Ra 37 :100 7776 -1678 1-84 343122 813
7n 15: 31 0 0 0 348620 0
cd 90 : 203 87-81 7714 4-53 102827 11-86
Fu 87:246 157-8 BT 853 18171+2 21-76
. { 41:121 1827 5030 1047 298177 25- 64
18 829243 27446 7563 15-72 297256 3850

What is the nature of the modification? Perhaps the simplest explanation to test
is that a fraction of d, is transferred. - The third column gives the fraction of §; which
is equal to the transfer. It is noticed at once that the two groups fall into two
separate sets. With the exception of Sr, the fraction in the first is about *17. Mg
and Ca can both fit in with this, for the values are so small that they depend on
decimals in the value of A;, A,, and therefore beyond our significant figures. In Ca,
indeed, evidence is given later that A, is somewhat higher and would bring the ratio
close to '18. But Sr is quite out of step with the others. Zn has no transfer, Cd
and Eu are equal, but Hg is 5030. If the ratio in Hg be taken to be 82:243
however, the fraction agrees with those of Cd and Eu. The Hg oun is then 361°43w?
in place of 36254 and closer to the mean value, and as will be shown later there is
evidence for the new value of A, (see p. 897). If this explanation is valid it must be
possible to bring Sr into the scheme with a transfer of 117, but it is difficult to see
how this can be done. 639 is about four times too great, in other words, where the
others are modified by a fraction of §;, Sr is modified by the same fraction of §. The
above arrangement brings Mg into the Ca group and upsets the law whereby its first
A, should be a multiple of 5J,. As this law seems to have a considerable weight of
evidence in its favour, and moreover, as will be seen shortly, Mg tends to go
spectroscopically with the Zn group, it may be well to see the result of keeping
A, = 40 and the ratio A,: A; = 19:40. This will require a transfer of about 6°3
with a considerable uncertainty owing to the small values of A, and A, and
A, = 4087. With this the fraction of &, is 1'1727. To bring to the same fraction as
in Cd the transfer should be about 4, which the uncertainty in 63 is not great
enough to permit. As the fraction 77 is of the order 1—215 it suggests that the
modification is produced by adding & to the atomic volume term in the sequence

of the P series, viz. (atomic weight term +6,) <1~%§>. The question must be left

open at present. It has been noted that the arrangement which gives A, = 1594, for
Mg throws it out of the rule that the first members of the different groups are
successive multiples of §;. When the calculations were first made, the values of the
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international atomic weights were used, and for Mg it is 24'32 in place of BRAUNER'S
24'362. This clearly gave A; = 160d, and A+ A, = 2378, with ¢ =(362'09+'65) w?
the uncertainty ‘65 not including that of atomic weight and being chiefly due to
uncertainty in »,+v,, The transference required now is 270, and the fraction of ¢, is
502, again clearly not that of the Ca group, but when account is taken of the
uncertainty in »+», quite possibly agreeing with that of the Zn group. The
assumption that the international value of w is more correct than BRAUNER'S certainly
gets over the difficulties mentioned above. But we are not justified in choosing the
values from the particular systems which best suit our theories. The discrepancy
between the international and BRAUNER's is very great—from 10 to 15 times
BrauNER’s indication of his possible error.

Another suggestion as to a possible explanation may be given. There have been
various indications in [I. and IL.] that small variations in N may occur. If so it is
possible to produce the changes observed by a small change dN in the middle line of
the triplet. The necessary changes to do this are given in the sixth column. The
changes clearly depend on the squares of the atomic weight, for if they are expressed
in the form zw® they are

Sr ... 520=6767w’=4x1564uw’ Cd ... 1186 = 9'426w*
Ba ... 3884=1777u" Eu ... 2176 = 9°426u?
Ra ... 818 = 1'586w* Hg. .. 3850 = 9'596u?

in which it may be noticed that 9426 = 6x 1'571. Again multiples of a quantity
depending on the square of the atomic weight enter, and it is especially interesting
to note that the Zn group are affected with the multiple 6. If Ca and Zn show
similar displacements, Ca would require N = ‘25 in place of "16 and Zn 4'03. Zn
is clearly 0, 7.e., is unaffected, but considering the small numbers involved in Ca and
consequently large proportional errors, Ca might well show ‘25 instead of ‘16. The
question naturally arises, do these quantities depend in any way on the oun? Now
any change in N may be supposed to arise either as a real change in N itself or an
apparent change due to the introduction of a factor in connection with the 1/D% 1In
other words, the quantity VD is

14f o o ()

mt A et d)

Looked at from this point of view, 9'426w® requires N (1+°000859w?) or
N (1+°000429w*)>. Now 58, would give ‘000452w?, but if the present explanation
is the true one, this is not a likely value since it will not include the alkaline earths.
A value 64, = '0005428w* would be expected. The Ba value 1777 would give
(1°000088w?), or practically (1+4)% = It rather looks as if this explanation is a part
of the truth. If more exact measures were at disposal it might be well to assume
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these results as holding, recalculate for the denominators and discuss the rearrange-
ment now required. It may be noted, however, that in the Zn sub-group a factor
(L+24,)? in D, () would reduce the calculated oun below 362'4w? and (1—yd,)? raise
it in the Ca sub-group above 361'60w® and at the same time increase the factors in
the numbers above towards (1+64,)* and (1+44,)% The factors may of course enter
either as (1+xd)* or (1—ad)~2

Collaterals.

The first set in doublet or triplet S or P series is always the stronger. The others
may be considered as receiving a sort of lateral displacement, by the atomic weight
term, in the recognised way, and may be called collaterals. This kind of displacement
is, however, not confined to the series generally recognised, but is of very common
occurrence, and, indeed, depends not only on the A but also on other multiples of é.
In fact, the doublet and triplet series are only special cases of a law of very wide
application. Some evidence of its existence will be given below. It will be sufficient
now only to refer to certain points connected with the law, and to a convenient
notation to represent it. This kind of relation was first noted in the spectra of the
alkaline earths,* and as the lines are both numerous and at the same time strong and
well defined, and, therefore, with very small observation errors, any arguments based
on them must have special weight. Moreover, there are long series of step by step
displacements involving large multiples of A between initial and final lines, so that
we may feel some certainty that these large multiples are real and not mere
coincidences.

As a compact notation is desirable the following has been adopted. In generalf
the wave number of a line is determined by a formula of the form N/D2?~N/D,? and
lateral displacements may be produced by the addition (or subtraction) of multiples
of 8, say xd or A, to D, or D,,. This is indicated by writing (zd) to the left of the
symbol of the original line when it is added to D,, and to the right when added to D,,.
Thus CaS, (2) is 6162°46. So far as numerical agreement goes 643936 is a collateral
of this represented by (24,+104,) CaS, (2) (+4,). This means that whereas, see [IL.],

N N
Wave number of CaS, (2) = (1'796470)2_ (2'484994)2’
ap N _ N
Wave number of 643936 = (1796470 424, + 10A,F (2484994 + A, )
N N

~ (1'815732)F  (2486362)

* A note on this relationship was given at the Portsmouth mecting of the British Association, see
¢ Report, B.A. (1911), p. 342.

t Though not always, as I hope to show in a future communication.
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Before going further it is desirable here to consider the nature of the cumulative
effects produced by errors in the values of J, or of the limits, in the course of a
succession of step by step displacements. There may be a small error in the starting
point, e.g., S() in the above example, or in the value adopted for ». We will
consider these separately, taking the case where the displacement is on the left, or
the first term.

1. The limat correct, but v slightly too large—Then § calculated from this is also
slightly too large. It will, however, serve to identify a large series of steps in
succession, .., to reproduce the successive differences of the wayve numbers of the
lines. But the errors will all be cumulative, and if the last line of a set be calculated
direct from the first, its denominator is too large and its wave number too small. In
- this case a more correct value of J can be obtained by using these extreme lines, and
this corrected value must satisfy all the other lines. In general a new correction will
only affect an extra significant figure in the value of J.

2. & correct, but limat wrong.—In this case a slight error in the limit will be of no
importance unless the ¢ and its multiples are considerable; and, as a rule, the limits
are known with very considerable accuracy, except possibly in the alkaline earths and
a few others. Let us suppose the limit adopted (say S (o)) is too large, that is, its
denominator too small. If the second line is due to a positive displacement, its
denominator is larger than that of the first, and the wave number less. Suppose D,
D, the denominators for the two lines, D, > D, if the displacement is positive, the
separation is N/D?—~N/D,%. If the limit is chosen too large D, and D, are chosen too
small, although D,—D, is correct since ¢ is supposed correct. If D, becomes D,—z,
the error in the separation is 2Na/D—2Nx/D,, which is positive since D, is
supposed > D, v.e., the calculated separation is too large. If the displacement is a
negative one, D, < D,, the true separation is now 2N/D,>—2N/D.? and the error
2Nx/D?—2Nz/D,’, which is now negative since D, < D,. The effect would be that
in any series of step by step displacements § would appear to require continual
decreases, and at the end the ¢ corrected values” would not at all fit the initial
cases. If, then, it is found that when § is corrected as in Case 1 the corrections
tend to alter the former corrected one, and not to produce additional significant
figures only, it may be surmised that the limit has been wrongly chosen. It is
clear, then, that where there are a number of successive collaterals with a large
multiple of § between the extreme ones, we have at disposal a means whereby
much more accurate values for § and the limits are obtainable. Cases are given
below, e.g., in BaD.

For low atomic weights d, is always a small quantity and except for orders where
m = 1 or 2, the alteration in wave number is small. For the present purpose which
is to obtain proof of the existence of the displacements here indicated, no evidence can
be admitted in which the change in wave number produced by a displacement 4, is
comparable with the possible error of observation. The evidence, therefore, is of

VOL. CCXIIT,—A., 2 X
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greatest weight when derived from the spectra of elements of high atomic weight, or
from cases in which the displacements are due to multiples of A. '

It is possible for a line to be simultaneously displaced to right and left, as for
instance CaS, (2) given above. Such lines exist, but since there is a very considerable
scope for adjustment of values by a proper choice of say « and y in (xd) X (yd), and
specially so in % when m > 2, such cases cannot be considered as established unless d is
very large, or the A enter only, or unless there is independent evidence by the existence
of intermediate steps. ‘ ‘

When these collaterals were first found it was noticed that in general a positive
displacement seemed in the majority of cases to increase the intensity of the lines, and
a negative to decrease it. This is clear when the displacements considered are those
from the 1st to the 2nd set of a doublet series where the displacement is a negative
one and there is always a decrease in intensity. It is also evident in the satellites of
the D series. Apparently, as will be shown, the typical line of the series is the
satellite. The strong line is a positive collateral of this and always-shows a great
increase of intensity. Although these facts are obvious the connection was not
recognised, until the relation showed itself first in a series of collaterals. It is, I think,
safe to say that a positive displacement produces a tendency to increase of intensity ;
there may be other causes acting so as sometimes to mask the effect, but in general,
where the rule appears to be broken, the suggested displacements should be regarded
with some doubt. In so far as I have used this rule in the following, the results are
biassed and of course the evidence for the rule to that extent weakened.

It would be possible to give here long lists of collaterals. As, however, the present
communication has reference chiefly to the discovery of general laws as a necessary
preliminary to the more thorough examination of special spectra, it will be sufficient
to refer for evidence to the cases which arise in the succeeding discussion. This seems,
however, a natural place to refer to certain cases discussed in Parts I. and IIL., where
unexpected deviations occurred between the calculated and observed position of a line
in the middle of a series in which for the other lines the agreement was especially
good. As special instances, the cases of TIS, (4) and CaS, (5) [1L., p. 89] may be taken.
The suggestion that TIS, (4) may be due to a transcription error is not valid, and was
occasioned by an oversight in confounding dx with dn. If the normal line be denoted
by TIS, (4), the observed is the collateral TIS, (4) (154,) giving O—C = —-01 in place of
—1°21. Similarly, the observed Ca line is CaS, (5) (—64,) with O—C = —03 in place
of '61. There are many examples of such sudden jumps which are certainly not due
to errors of observation. Several instances will be found below in the D series.

The Diffuse Series.

To the question what is the positive criterion of a Diffuse series no clear answer up
to the present has been given. We find in general three sets of series associated
together. Two of these have the same limits, the other a limit peculiar to itself.
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The latter is the Principal series, and the difference between the wave numbers of its
first line and of its limit gives the limit of the other two. Of the other two series,
one shows a Zeeman effect of the same nature as that in the Principal. This is called
the Sharp series—or (by KAvsER and RunNce) the 2nd associated series. The third
series is called the Diffuse—or the 1st associated series. It has in fact a negative
kind of criterion. The preceding definitions apply to the three series in all elements,
including such elements as Li, He, and others which show singlet series. When
doublets and triplets appear, we have a simple physical criterion for the Principal
series in that it is that series in which the doublets or triplets converge with increasing
order. This criterion can be applied even when the 1st line has not been observed.
In certain elements the constant separations are shown between satellites. In these
cases the series is certainly a D-series, at least in those recognised up to the present—
but further knowledge may show that in certain cases such satellites may appear in
other series.® If, passing beyond the mere physical appearance of the series or their
visible arrangement in the spectrum, we attempt to represent their wave numbers by
formulee of the recognised types, we have further criteria for the Principal and Sharp,
viz., that the 1st line of the Principal may also, very nearly at least, be calculated
from the formula for the Sharp—or wice versd—and that the denominators in their
formulee differ, roughly indeed but sufficiently closely for use as a criterion, by
a number not far from '5. But when an attempt is made to deal in the same way
with a line of the diffuse series, no general type of formula has, at least as yet, been
found. In the alkali metals, as was seen in [I.] all the D-series take a positive value
for a—in other words, the fractional parts of the denominators decrease with
increasing order, and the general conclusion might be drawn that this was a common
feature of all diffuse series. But the opposite occurs in the triplet spectra of the
2nd group of elements, whilst a similar rule of a positive value of a recurs in the
3rd group. This suggests that the series giving doublets have a positive and triplets
a negative, but this is contradicted by the triplet series of O, S and Se, which behave
in the same way as the doublets of Groups 1 and 8. The question naturally arises,
is there a typical D-sequence with a positive, and the diffuse series in the 2nd group
do not really belong to this type, or is there no actual D-sequence, .e., no regular
type of formula to which the D-series conform. The difficulty of finding formulse to
accurately represent any particular D-series would point to the latter supposition,
a supposition also which is strengthened when we study comparatively the series of
numerical values of the denominators found directly from observations as is done
below. In the case of the alkalies the formulee given in [L.] (as well as those in 1/m?)
do not reproduce well the high orders and are probably only within the limits of error
because the lines are so diffuse that the observation errors are very large. In fact
one of the few excessive deviations found in [LI.] was that of NaD (6), in which it is

* E.g., in Sc8S., see Appendix 1.
2x2
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not probable that the error is one of observation. In Group 2 the Zn sub-group can
be reproduced fairly well with a formula in «/(2m—1) in which « is negative. Mg
can also be reproduced within error limits by a formula of the same kind, but it is
impossible to do so for Ca, and Sr and Ba require additional terms in 1/m% In
Group 3 Al is quite intractable, and if really depending on a formula, appears to
require complicated algebraic or circular functions. In and Tl also are not amenable
to formulse in a/m only or afm+Bfm?. Nevertheless, the general build of the series
is so similar to that of the others that it would seem probable that the wave numbers
should also be of the form S (o )—N/(m+d,)". If so it is possible to calculate d,,
from the observations and a comparative study may throw some light on the origin of
the different lines. The attempt to deal with these series from the formule point of
view, however, brought out the fact that the satellites are related to the strong lines
in a similar way to that in which the Principal line doublets are, viz., by a constant
difference in the denominators and that their differences probably depend on
multiples of the “oun,” as is the case in the Principal series. As the evidence
depends also on a comparison of the numerical values of d,, this point will also be
considered now.

The actual values of d,, will depend on the accuracy of the value S () (or D (1))
of the limit. In the calculations below the most probable value has been used (see
note under each element) and the true value has been taken to be that +¢& In order
to be free from mental bias these have been in general taken to be the same as S (),
which involves the theorem that D () = S (o). But of this little doubt can be felt.
The true values of d, can then be given in the form d,+k¢ where £ is small.  For
high orders of m, k is comparatively large and can only be used when ¢ is very small.
It is however generally the case that errors made in this way are only a fraction of
the observational errors. '

As in the normal type where there are no satellites VD, = VD, = VD,, and where
there are satellites VD,, = VD,, VD, = VD, it is only necessary to tabulate the
values of d, for the case of VD, or VD,;, VD,,, VD,, respectively. When this is done
certain regularities are clearly apparent, which can be made more exact by allowing
small observational errors and giving a small permissible value to & It would cumber
the space at disposal to give both sets of values, especially as it is possible to easily
indicate the differences on the one set of tables. Table IL. then gives the values of D,,
with the modified value of g with the maximum errors attached in the usual way
in (), and the calculated value given as a correction to the selected value. Thus for
" NaD (3), D(3) = 3'986626 (133)—289¢—104, 3°986626 is the selected value, 133
possible change in last three digits in this, —289 is change for ¢ = +1, and the observed
value is 104 less than the selected. The values of the errors of observed wave-length
over calculated (O—C), and of possible observed errors (O) are given in each case on
the right. The tables for the different elements are collected together and discussion
of each is given later when considering the ordinal relations of the denominators.
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Tasre 1L
Na. K.
A =T743. d=1917. A = 2939. J = 55'45.
D. 0-C.| O ' D. 0-C.| O.
2-988656 (36) — 121¢ P. 2-853302 (38) — 106¢
2030 = 3A—200 57936 = 20A—844
K.R. | 3-986626 (133) - 2895104 | -02 | -03 S. | 3:795366 (224)— 2495 +167 |- 30 | -4
4A 9A .
4-983654 (4562) — 566£+356 |- 01 2 K.R. 4-768915 (74) — 494£ - 61 ‘04 05
4A 5A
5-980682 (2248) — 977£-81 | <02 | -5 | 5754220 (452) - 8695 +348 |- 11| -15
174 3A
6968051 (%) — 1545¢ + 23 0 1 » 6745786 (1050) — 1400¢ + 381 |- - 07 2
—28A 24
7-988855 — 2329£ — 528 ” 7-739527 (8462) - 2115£+ 867 |—-10 | 1-0
8-988857 — 3324£ — 850 S.* - 8723519
998886 — 456£ — 520 L.D. 9-731179
10-990 - 6-1¢ L.D. 10-686 ?D line
11-992 - 792
12-999 - 10-1¢ ,
13-986 ~126¢ * S. gives v = 61:25; L.D. give 59:15; both give
14-951 - 15¢ D; (8) the same. If we take this as correct and make

v = 5787, the denominator = 8:733756. L.D.’s value
= 8:729879.

Na. NaP (o) is given in [I.] = 4144676 + 169, but WooD’s measurements of the high orders require
a value about 1-48 larger, say, close to 41448-24. Also FABRY and BuissoN’s interferometer measure of
NaP (1) give, when referred to HARTMANN’S R scale, n = 16972°85. Whence

VP (1) = 41448-24 - 1697285 = 24475°39

and this should be D (o) and S(o). Further, S( o) is given in [L] as 24472-11+3-84 and
ZICKENDRAHT’S measures of high order require about 3 or 4 more, or, say, 35, which is within allowable
limits. This would give S(o) =D (o) = 24475-61. Thirdly, D (), calculated from m = 3, 4, 5,
gives 24475-20. ZICKENDRAHT'S measures, however, if exact, require about 2 larger. The three
combined appear to point to a value close to 2447540, and this was taken for calculation. In the
modified table above, it was found better to take D ( o) about 1 larger, in the direction of ZICKENDRAHT'S
results, and the table is therefore based on 24476-40. For NaD (6) ZICKENDRAHT, as well as K.R., gives
an abnormally great separation. LEHMANN’S value of D;(2) gives 243 greater, making lst ordinal
difference = 3A.  K.R.’s value of D (6) gives 6:965755.

K. KPy(o) from [L] = 35006-21+1-55 and agrees well with BEVAN'S measures of high orders,
possibly slightly less. For P;(1) K.R. give n = 1304177 and S 13042-96. These, then, give for
D(ow)=8(w)=21964"44 or less (K.R.) and 2196325, or less, (S.). The value 21964 has been taken
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Tasre II. (continued).

Rb.
A = 12935. d=26377.

D. 0-C. 0.
RAN. 2766216 — 96¢
60669 = 2300
S. 3705547 — 232£+0 -00 1
833 :
» 4-683718 (234) — 468¢ — 26 <05 -20
388
K.R. 5673688 (382) — 833¢ + 22 ~+00 ‘15
195
" 6668673 (676) — 1352¢ — 118 01 ‘15
155
R. or S. 7-664713 - 2053¢ - 68 0 7
143
S. 8661017 — 2963¢ — 70 0 1
, 9-661017 — 4114£+ 391 0
» 106428 — 55¢
, 11-6464 - 72¢
,, 12-635 — 9¢

RbP; (o) = 33687:50+ 2 [1.], and probably greater. BEVAN’S observations show slightly larger, say,
about ‘5, ¢.c., P (o) = 33688. Using SAUNDERS’ for Py (1), VP (1) = 2087129 = D (o).

According to SAUNDERS, RbD shows satellites for m = 3 and 4, giving D1 (3) - D3 (3) = 263 and
Dyy (4) - Dig(4) = 2-02 with uncertainties of 1. These give differences in the denominators respectively
of 610 and 946, and 98, = 593, 148, = 923. ’

Cs.
A = 32551. d = 638°22.
Dy Dyo. 0-C. 0. 0-C. 0.
P. 2554329 (228) —-T6£—-43 460, +546989 (226) - 97 -5 3 -13 3
305
' 3535183 (200)—2015-{-40 549, 526567 (200)+9 *2 1 -0 1
106
S. 4533588 (1601) —424£+1 145 -524635 - 161 <00 ) ) ?
35,
' 5-533110 (400) — 768¢ + 22 145 524175 - 26
35,
. R. 6532631 — 11264§+ 77 146 *523696 — 428
" 7532631 — 1945¢£ — 158
' 8532631 — 2826£+ 56
'y 9-525411 -- 3975¢&
., 10°52533 — 530E
. 11-5326 — T0&+ 11
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Tasre IL (continued).

Since the publication of [I.] RANDALL¥* has measured P (1) with considerable accuracy. This, with
P (2, 8), gives Py (o) = 3140178, and RANDALL’S value for Py (1) gives VP (1) = 19673-12. BEvVAN’s
observations show P;( o) about 2 larger. Probably, however, this value for VP (1) is close to the true
value for D (o ), and the calculations are based on D (o) = 19673-00.

For D, (3) LunMANN gives denominators 548 larger for Dy and 548 less for Dy, If we allow S. twice
the weight of L. the value of O — C would come out about zero.

Cu.

A =T7311. J = 146°22.

Dy Dis. 0-C. 0. 0-C. 0.

2-979076 (43) ~ 1206~ 6 225,  -978272+4 01 | 10 | --o01 <05
345

3-984047 (173) - 288£+24 275, -983060+ 30 ~-01 ‘10 | --01 +20
108

4-985509 (1) - 565£ + 35 ~-01 ?

D () = 3151548 found from K.R.’s value for D (2, 3, 4).

Ag.

A = 27791. d = 421°07.

Dy,. Dy 0-C. 0. 0-C. 0.
2-979583 (19)— 120£+3 233, -977150(19)+12 | —-01 05 | —-03 -05
413
3983808 (1967) — 288¢ +23 105, 1982891 (175)—27 | — -0l 1-00 01
325
4987280 (7T76)~565¢— 2 168, 1985701 (2170) -00 2-00 -00
95
5988130 (3720) — 979¢ + 46 -00 *50

T Calculated from Dy —v.

D (o0 ) found from first three by formula = 3064466, modified to 30644 -76.
The limit uncertain, see special discussion (p. 403).

The observation errors after the first are so large that the satellite differences might be also 238, or
larger, as in Cu. ‘

* « Zur Kenntnis ultraroter Linienspektra,” ¢ Ann. d. Phys.’ (IV.), 33, p. 743,
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TasrLe II. (continued).
Mg.

A, =854, A, =413. = 21'48.

D. 0-c. 0.
P, 1822169 - 275+ 12 -1 15
164,
K.R. 2-828774 (20) - 103¢ — 12 02 03
64
3831255 (79) — 256£ 459 ~ 02 03
34
* 4832494 (190) ~ 514£ + 61 . ~ o1 03
2,
5833320 (1808) — 904 — 24 00 15
t 6833320 (4210) - 1452¢ — 583 02 20

* (alculated from Dy — vy,

T The observed value gives vy = 42-87 in place of the normal value 40-92.

40-92, giving equal weights to Dy, D3, the value would be 6-833809.

D(w) =S(w) = 39752-83+2-73, as given in [IL], from the formula in 1/m?

the above to 39751-08.

Ca.

A =2791. A, =1369. &= 5814,

If this be corrected to

This is modified in

Di. Dys. D 0-C.| 0. l0-C.| 0. |0-C.| O.
1-947172 (8) - 33£ — 4 135 -946417(25)+5 85 -945952(25)+20 | 5 |10 |—-6 |20 |-24
3'082696(3?)?2—]33$+14 135 -081941(20)+11 85 -081476(20)~14 |--02 | -03 |--01 | -03| -02| -03
4‘091707(11(?5)8_312&17 145 090893 (104) - 17 090428 ~21 | 0 105 | 0 05| -01| -05
15-091707 (53%)_ 598E + 326 ~-06| -10
6-091707 (485(()')) ~1012¢ - 1400 ‘14| +50
+7-091707 (773%) —1546£ + 161 02| 50

* (Calculated from Dyy and Dy, treating each as of equal value.
t+ Collaterals (see text). The values calculated direct from the observations are respectively 5082736,

6056500, 6976528,

D () = 3398185, being 3398345+ 58, as given for S (oo ) in [IL}, with 1/m?

g= 1.

modified by putting
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Tasre II. (continued).

345

Sr.
A, = 11835. A, = 5533. d = 277°89.
Dy Dy ' Dys. 0-C| 0. |0-C.| O. |0-C.| O.
1-993184 (7) - 36£ + 1 135 -989572(8)-7 85 *-987349+45 |--3 |15 |17 |20 | ¢ 7
65348
3-174741(17) - 146£ + 15 128 -171407 (17)-7 85 -169184 (29)+15 |- -02 03 01 03 [-02] 05
845 .
4:198084 (101) - 337¢£ + 41 158 193916 (100) - 82 85 -191693 (?)+597 |- -02 05 04 -05 +30 1
19 . :
5:203364 (963) — 6426+ 112 - 155 1:199196 (482)--300 88 T-196973(%H) -84 |- -02 +20 |- 06 9
23
6-203919 (2539) — 10885 — 40 155 1-199751 (?)+210 00 | 30 [—-02 | ¢
0
7-203919 (2838) — 1702¢ — 1819 ‘12| -20
0
8-203919 (20174) — 2522£ + 5971 -3 1-0
* Calculated from Dy; — vy — v,  The difference might be 7%8 = 314,,
T Calculated from Dy; - v; and Dgy — vy,
1 Calculated from Dy —v;.
D (o) = 3102725, being 3102765 + 4, as given for S( o) in [IL], with 1/m? modified by putting
E= -4 .
Ba.
A, = 29328. A, = 11976. Jd = 6832,
Dy, D , Die. 0-¢.| o. lo-¢.| 0. |o-c]| o.
1-825551%
, . 2-086655 :
3-114613(12)-137£-11 145 -105049(20)+19 115 -093194 (20)-11 <02 03 |- 04 05 02 05
644 =
4-158338 (812) — 326£+24 108 -151506 (325) - 154 295 '131691(160).-}-101 - -01 50 09 *20 |- -06 10
145 v
5:148774 — 49 ? ?
61517
7-0414

* Possibly not BaD (see text).

D (o) = 2861063, being 28642-63 + %, as given for S( o) in [IL], with 1/m, modified by & = ~ 32
as explained in text, p. 358.

 VOL. COXIIL
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TasLe II. (continued).

Ra.

A, = 92658. J = 1853"16.

Dy Dy Dy 0-C.
4065042 — 306¢ 23,  -064116+10 25  -060410 - 46 00 | - -0l -05
355,
5-081257 - 598¢ +26 25,  -080331+115 ~-01 | --05
215
6090986 — 1028£ + 22 -00

D () = 2276019, being 2276009, as given for D (o) in [IL], modified by & = -1.
The numbers are calculated from the problematic data given in [1I., p. 65).

Zm.
A, = 720442, A, = 3486°20. 0 = 154'93.
Dy Dyo. Dys. 0-C.| 0. |[0-C.| 0. |[0O-C.| O.
-905311 (49)+ 36 95, -904963(100)—~15 | -02 | 03 |~ 03| -05 | 0 ‘10

9905892 (28) — 1126 - 20 159,

3-907519 (17;)886) _ 979646 135,

4-908913 (4%82) 530 8
5909843 (2;68f )~ 940£ - 40

*6-909593 (4068)
*7-910072 (11320)

-907015 (108) + 54 103, 906627 ()+43 |—--00 | <03 |~-01 | -03 |- -0l
©00 | 05
00 | 20
+20
-30

* Collaterals (see text).

334

D (o) = 4287417 being S () = 42876'421'1,08, as given in [IL], modified by ¢ = - 2-25.

Dig, D13 are calculated from the more accurate Dy, Dgg by the use of the exact value of v; = 388-905.
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347
Tasre 1L (continued).
Cd.
A, = 23105°56. A, = 10368°54. d = 45528.
Dy Dy,. Dys. 0-C.| 0. |0-C.] O. |0-C.| O
2:902039 (28) - 111£— 13 183,  -899990 (44)+7 115, -898748(83)+15 | 01 | 03 |--01 | <05 |--02| 10
758
3-910576 (91)— 272611 195, -908413(630)—22 155, -906706(H+2 | <00 | 03 | 00| 20 |0 1
318
4'9]4104(216)1—5415—19 198, -911941(708)+31 155, +00 -03 00| -10
128
5-915470 (26561) —942¢£-29 +00 20
. 115 :
6-920598 (6648) — 1511£ - 60 -00 - 30.
D (o) = 4071085 being S(») = 40710'60f2:,}g , as given in [I1.], modified by ¢ = -25.
Eu.
A, = 51223. A, = 18329. = 833°'04.
Dll- D]g. ’ D]g. O-—C
2930707 — 1145 295, -924667-25 335, 917794+ 26 03 | —-03

575,
200
135,

3942578 - 279£ - 5
1

4-946742 - B52£ + 17

5949450 — 960¢ + 94

S o o o

D (o) = 40363°19 being 8 (o0 ) in [IL, p. 73]. No estimated possible errors given.

2v 2




o 66-

g. =54 K 3
8- = 3 &q poyrpow 1] ur uears se 00"

L gg-6810% = () § Sueq ‘gg. 07107 = ()

T8 woay pejemdle))

348

%

B

[

=

=

w2

—

<

= 6%6-G1

) arorEt

2 .. 986:5T

& 912926-8
(4) 98T FL48%6- L

m Ge1 - £0€066-9

= 'e9

E i 00- i 100 i | 00- Gl +1¥91%6- 18 . e’ +L¥10%6-  'ee? %+w%ﬁ€om$§@

: 9

3 i |00 i 10-1 % | 00- | O-| 00- 1C—915¥26- 'l CQOT—F10¥¢6- TeAT @I —¢€8I0F6.  'edl @m[wmm?@%:mw%g..‘v

o) . 6

£ ¢l 10-— 0G| 00- 0T 00~ | 0-| 10-=| 2¢+(81%)6Le7E6- "eqT L+(119)550066- "8 G+ (L6T) $4g986-5 "eT LE+361E ~ (191 EELTF6 €

— o8y

£ lco. 10.-1 - 10- | €0 10-—| €0 00- 8+¥1€166- Yo 6-(86)1L9186- 96T 9-+(86)1Le8e6- TQIT G- I¢Il - (C7)E9Cte6-C

< —

7 0 D-0 0 D-0 0 D-0/0|D-0 (I I e g W

) ! i

2

jeu . . z . 1

) 67.1CFT = ¢ £.2000¢ = °v 66.71828 = 'V

E SH

o

(=

{(penuiguod) IT EIAV],



DR. W, M. HICKS: A CRITICAL STUDY OF SPECTRAL SERIES,

349
Tasre I (continued).
Al
A = 1754. d = 26°57.
Du1. Dy, 0-C. 0. 0-C 0.
2:631287 (25) - 83£+0 45 631181 (25) + 12 -00 03 -~ 01 03
117A
3426069 (82) — 183¢ — 5 300 425272(82) - 8 <00 03 £00 103
94A :
4-261194 (200) — 353£+20 525 -259812(200)+2 -00 <03 -00 03
54A
5+166498 (620) — 629¢ — 130 01 05
29A
6:115632 (2088) — 1044£ + 160 -00 -10
16A
7-087568 (3431) — 1626£ + 666 ~ 02 10
A
8-0753 + 400 2
9-0604 ‘2
10-0523 2
D (o) = 48164-12 being S( o0 ) = 48161-46 +2-49, as given in [IL], modified by £ = 2°66.
In.
A = 37684. 0 =477°01.
Dy Dy, o-¢, 0. |0-C 0.
2-823978 (48) — 102£ + 10 50 -821593(48)~10  |—-01 | -05 | -01 | -05
375 _ 585 ‘
3-806329 (167) — 251¢ - 76 265 -793927 (167) - 154 02 | 05 | -04 | -05
620 628 :
4-776755 (392) — 497£ - 20 266 764353 (784) — 287 -00 05 03 10
445 ‘ 500
5755767 (2954) - 869¢ — 63 326 740503 (7343) - 98 -00 20 -00 50
: 500
6-696300 (4791) - 1369¢ *-716653 - 179 20 -08 30
7 : *-715387 30
8- *717621 "3
9- *-717556 30
10- 30
11- ?

* Collaterals (28;) D, (m).

D (o) = 4445476 + 248 being S (o) of [I1.]
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TasLe I1. (continued).
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TI.
A = 134154. d = 1507"34.
Dy Dys. 0-C. 0. |0-C| O
2-897392 *.888344
*2+899520 (80) - 111£+ 10 249, *-890476 - 16 - 01 03 02 ‘03
25, 55,
3:898764 (89) — 270 - 30 275, *.888590 + 53 01 03 [ --02 03
281 381
4-898010 (213) — 535¢ — 26 286, 887459 +53 -00 03 00 03
38, 3%
5-896880 (414) — 935£ +1 285, 886329 — 116 00 ‘03 01 03
35, 38
6895750 (2287) - 1495¢ — 220 286, +885199 + 39 01 +10 00 10
35, '
7-894620 (3431) — 2242% ~ 1197 03 | 10
8+894620 (5134) — 3209£ + 301 00 | -10
9-894620 (7067) — 4417¢ - 591 01 | +10
10-8946 + 33 - 03 20
11-8946 + 31 --02 20
12-8946 + 70 - 04 30
13-8946 +278 --14 30
14-8946 + 406 - 16 30
* Collaterals (see text).
D (o) = 4147053+ 172 being S ( o) of [11.] modified by ¢ =-3.
‘ 0.
A, =172, A, = 95. J = 933.
D, 0-C. 0. D". 0-0. 0.
2-972467 (40) ~ 1206 +16 | —-12 | -3 2-980383 (93) — 121£ - 3 03 -| 100
344, 9A,
3966621 (14) — 284¢ — 12 015 | 018 3978835 (72) - 28T& +7 ~ 026 | 26
14A 94,
4'964213(18)}-55854- 15 - 008 -01 4-977287 (33) — 562& + 28 - 017 02
84 34,
5-962837 (38) - 966¢+20 | — 005 | -0l 5+976771 (68) — 974 — 33 010 | 02
54, Ay ‘
6:961977 (67) — 1538¢ - 15 +005 01 6:976599 (215) — 1547& + 38 - 007 +04
24, 7+986756 (626) — 2321¢ 07
7-961633 (309) — 2301£ + 20 - 001 -03 8-985948 (6610) — 3305¢ 5
2A
8:961285 (951)1— 3281£-63 -003 06 9-976599 (1) — 4523£ + 1042 - 06 ?
9+965800 (1) - 4521¢

D" (o0) = 23204-1.
D" (o) = 21204-2.

The observed D” corrected to give v == 79, treating the observed line as the mean of the doublet.
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TasLE I1. (continued).

S.
A, = 1044. A, = 651°7. J = 37:28.
0-C. 0.
4553453 (47) - 4308+ T — -0l -05
144,
5544330 (21) — TT6¢ — 7 0 -01
6539110 (358?1— 1273¢ - 29 -007 01
7535978 (19%1—‘1944& 173 02 103
8533890 (39261;1— 9828£ — 202 02 .04
9529714 (11:1%)1- 39365 - 129 -01 08

D () = 20084-2.
Se.

A, = 6407. A, = 2722, d = 226°8.
Calculated from Observed Values.

4629262 (54) — 452¢ *-626133 (108)
5-621963 (56) — 810¢ -622797
6-615643 (105) — 1320¢ -617055
7- 601450 (240) — 2002¢ -608778

8-611058 (728) — 2911¢
9-592507 (643) — 4024F
1057831 (270) — 540¢

* Calculated from Dgl - DQQ.

351

Modified Table.
0-C. 0. 0-0C. 0.
4:629285 + 22 553, 626167 +11 - 02 06 --01 <09
198
5:624976 + 41 3881 +622822 - 56 =02 ‘03 03 9
198
6-620667 - b 558, *617549 — 362 <00 03 *10 9
198
7616358 4+ 156 550, +613240 - 531 — 02 04 -09 -09
193
8:612049 - 700 -076 08
198 .
9:607740 + 91 ° - 00 <05
A +A,
10-59860 15
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The Satellite Separations.—As the values of the satellite differences are practically
independent of the exact value of D (), their consideration may be taken up at
once and the details of the calculations respecting the tables postponed until the
consideration of the order differences. An examination of the tables will show
conclusively that these differences are multiples of the “oun.” Dealing first with
the differences for the first lines, the following figures, contained implicitly in the
tables, will show how closely this is the case. The nearest multiples of the oun are
appended, as calculated from the first approximations of Table I. The possible errors
are those of the D, lines (except Zn).

Cs. ... 7394+228 468, = 7340 od ‘{2029-}_—28 184, = 2049
Cu ... 794+43 224, = 804 1234+44 114, = 1248
Ag ... 2424419 238, = 2422 a _{6065i? 294, = 6040
o 4648 510, = 741 6822+? 330, = 6873
T L 450425 319, = 451 3980+25 114, = 3991
w .{8620i7 520, = 3596 Hg {6222:{?,2 19? - 2224
2170+ ? 319, = 2154 - 1=
Ba. . . . Not observed, as deduced Al 94£35 14, = 93
below (P- 388), 154, 99, In. ... 2405+48 208, = 2385
or 604, 364, TL. ... 9048427 243, = 9044
7 { 525477 158, = 581 Se. ... 3129+54 558 = 3118
369 +28 99, = 350

The only case of “failure” is the first difference for Sr in which the estimated
possible error is extremely small. If the possible error be the sum of those of each
line, the value is 15 in place of 7, and if § be calculated from the most probable
value of the oun it should be about 4§, greater, s.e., 52d, = 3600. It will be noted
that where triplets enter, the two satellite differences, and consequently the two
satellite separations, are extremely close to the ratio 5:3. This ratio seems to
persist also in Hg where the separations are in reverse order, and we find a ratio of
3:5 in place of 5:3. The law for this ratio is in fact much more closely obeyed
than the corresponding one for the ratio 2:1 for the triplet separations. It is
therefore of great assistance in searching for the lines of I series whose limits are
VD (2), and which consequently possess constant triplet separations in this ratio. Tts
explanation should be expected to throw some valuable light on the constitution of
the atom. The general dependence of the differences on the small “oun” 4, should
also be noted.

Passing now to the consideration of the satellite differences for orders beyond the
first (m>>2), it is seen that they still depend on multiples of the oun, but different
from those of the first order. In a large number of cases the multiples are the same
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for different orders within limits of errors, especially in the doublets and differences
of the second and third satellites. Thus we find Cs, 145; Ca, 134, 8J; Sr, 128 for
m = 8 and 158 for m>38 for first separations, and 8J for all orders in the second ; Ba
and Zn show too few for comparison (see discussion below); Cd, 194, 154,; Hg is
irregular, Al is anomalous; In 264, Tl, 274, for m = 2, and 284, for m>3; Se, as
amended later, shows 553, for m = 4, 6, 7, and 384, for m = 5, the lines for m<3
being outside region of observation. The evidence points to a normal rule that the
differences for the orders beyond the first in any spectrum are the same, but different
from—in general greater than—that of the first.

The Order Differences—The order differences change very considerably with a
change in the value taken for the limit, 7.c., in the value given to & No doubt with
unlimited choice of ¢ it would be possible to arrange a set of denominator differences
all multiples of the oun within error limits, for a series of values of £ could be found
making the first difference a multiple. Out of these one or two would probably give
the second such a multiple. After the second the error limits as a rule come to be
very large, in fact larger than half the oun itself, except in case of very high atomic
weight. No conclusions could be drawn from any such arrangement. But in the
present cases the choice of ¢ is bounded by very narrow limits, for the relation
D(®)=S8(») is supposed to hold, and, as a rule, the values of S() are known
with very considerable accuracy, and the possible limits of variation are known.
They were given in [I.] and [IL.]. Before proceeding to draw general conclusions
from Table II., it will be well to consider in more detail the data for the different
elements on which the table is based.

Na.

Although the readings for NaD are very inexact, the peculiarity of the large
depression shown for m = 6, as well as the large recovery afterwards to mantissee
close to unity, must be real effects. It is of course possible that NaD,(6) is a
collateral from the normal type. If D, (6) be calculated from D,(6)—v, the mantissa
becomes "989054, in other words, the D, line begins to show the rise to the large
final value at m = 6, whilst D, does not do so until m =7. The D, lines would seem
to succumb to the disturbing effects sooner than the D,. It was pointed out in
[I., p. 83] that in the Na the D series apparently belongs to the ¥ type, in which
the mantissa is '9986138. It would almost seem that the peculiar rise shown is due
to the fact that it reverts to this F sequence. Here, as we shall see in other cases,
the values of the first members of these series appear to be subject to some kind of
displacement which affects their (supposedly) normal relations to other lines. If now
the first mantissa be supposed normally to be this 998613, it is 9691 above that in
the modified table, and this is 18A+32, thus completing the order differences as
multiples of A. But in any case the data for Na are of small use for the present
purpose, as the errors are so large, and A so small. The arrangement in the table

VOL. COXIIL—A., 2 z
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gives the values of O—C least. If ¢ be taken about ‘6, the order differences can run
8A . 4A, 4A within error limits.

K.

It is seen that the numbers, with the exception as in other cases of the first
difference, fall into multiples of A quite naturally without a change in D (), though
possibly a small change in £ might make the values of O—C less. A is so large, that
the theory of the dependence on multiples receives considerable support. The first
also is close to 20A. This element is one in which the value given in the first
discussion above for the oun 1s 862°68w? which is presumably too large by ‘8 to °9.
If it be 861°8, A should be z1y less and = 2933. This would scarcely effect the other
intervals, but it would make the first one = 20A—704. Again there is a sudden fall
(at m = 8). It doubtless corresponds to a real effect, for SAUNDERS as well as
LiveiNg and DEwAR make v anomalous here. 8. observes v = 6125 and L.D. 59°15,
but both give D, (8) the same. If this be taken as correct and the normal D, (8)
found from D,—57'87, the mantissa is ‘733756, giving the same difference 2A. This
shows that the D, set have not participated in the sudden fall—at least to the same
degree as D —a result analogous to what happens in Na.

Rb.

In Rb there is some doubt whether a satellite series exists. The question has
already been discussed in [I., pp. 71, 86]. SAunDERS has given for D (3) lines whose
wave numbers are 1288393, 12886°56, and 1312119, with normal separations 23726,
and satellite separations 2'68. Also D (4) is a doublet having a separation 23552,
which certainly points to an unobserved satellite about 2°4+°1. But RANDALLS
observations for D (2) show only a doublet of normal separation—that is clearly with
no satellite. Moreover the F series, which depends on Dy, (2) and D,,(2) for its
limits, is a singlet series and not a double one. In the table the series is taken as if
it were without a satellite, the reading for D, (4) being corrected from D, (4)—». In
other words it represents the satellite lines if they actually do exist. In the latter
case the strong lines would show denominators about 609, and 1100 above those in
the table for Dy, (3) and Dy, (4). The first is about 2 and the second of the order of
44, whilst if normal, judging from other cases, they should be equal. Moreover, in
all other cases (In and T1 excepted) the satellite separations are practically the same
multiples of the oun in the same group. Cs shows a difference of 144, so that the
supposed ones here are far too small, as well as irregular. The observed separations,
moreover, are equal within errors of observation, which would rather point to an
alteration in D, (). Now a lateral displacement of 2§ on D (e ) would produce a
separation of 2°41, which is about the observed value.

The table shows a stationary point at m = 8 and 9 and then the large fall shown
in the other elements. They could be accounted for by a lateral displacement
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(28) D (), the mantissa of m = 8 being at the same time subject to the fall of
multiples of § which would scarcely stop at 14J. In the table, however, the errors
are inserted on the supposition that the mantissae remain constant.

Cs.

The mantissee appear to run down by equal intervals from m = 4 to 6, are equal for
6, 7, 8, then a large drop of about 114 to the same value for 9, 10, and return to the
value at m = 8 for m = 11. The possible errors are so large that the regularity is
curious. It is possible that they might run down at equal intervals of 89, to the last
one for m = 10. Or, if there are very small observational errors, the drop for 9, 10
may be due to a lateral displacement, about (+73,) D (). Tt should be noticed that
with Cs all the order differences but one are multiples of 88,, or the group multiple.

Cu.

The two first doublets of CuD are strong. The third is much weaker than would
be expected. Moreover, it gives a separation between D, and D,, of 25214, whereas
it should be somewhat less than » = 248°28. This (A = 3688°6) can therefore scarcely
be the normal chief line of this doublet. Now Epkr and VALENTA give a spark line
at 368775 which gives a separation with D, of 24591, leaving a satellite separation
of 2°37, which is within limits in fair order with the corresponding separations in the
two previous doublets, viz., 6'60 and 8°39. Moreover, the satellite separation of 2°37
gives a satellite difference of 1317 and 90 = 1315, so that the normal satellite
differences would run 224, 2748, 368, This, then, would seem to be the wanting
normal chief line, and it is then interesting to note that the line usually accepted as
Dy (4) is a collateral of this. The denominator difference of the two is 2474 and
170 = 2484 (8 = 146). Hence the K.R. line 3688 is the collateral D,, (4)(—174), and
apparently the small intensity is due to the usual decrease produced by a negative
lateral displacement. The modified table is taken on &= —'08. It is remarkable
how close the observed differences come to multiples, but little reliance must be

placed on deductions from them both on account-of the large possible errors and the
smallness of ..

Ag.

Unfortunately the D series in Silver is poorly developed—only the first satellite
has been observed, and the three chief lines after the first have very large possible
observation errors. Nothing, therefore, can be learnt as to the march of the satellite
differences beyond the fact that the observed—2436—is very close to 233, = 2421.
In the modified table £ = ‘1, the differences are very close as is seen to multiples of
d1, but there can be no certainty with such large possible errors.

2z2
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Mg.

In the D series of Magnesium, as arranged by Kavser and Runes and as generally
accepted, there are clearly certain abnormalities. D, (4) is more intense than we
should expect, and its separation from D, (4) is 4539 in place of 4092, whilst that of
D, (4) and D, (4) is very close to the exact value. This cannot be due to observational
error, for this is very small (‘03). Either, therefore, the true line is hidden by this
bright one, which can scarcely be the case, or it is a collateral. In the former case
the true line ought to be that found by deducting » and »,+», from the satellites.
In the second case it would require the addition of 194, to the denominator of D (o),
and the addition would explain the increased intensity. The two results agree, the
wave numbers resulting being respectively 35054'80 and '71. The former would give
a denominator ‘832041 in place of that in the table, but its observational error would
be that of D,, viz., 945, while that of the collateral depends on the observed D,, and
is 190. D(5) gives normal separations within limits. D (6) gives v = 46'87 and
22°15, but normal within the observation errors (2'8) [see Note 1 at end].

But there is another question which arises in connection with Mg. In the Ca
sub-group the first lines have a denominator about 1'9, z.e., with m = 1. In the Zn
sub-group the lowest value of m is 2. In the MgD series, as generally accepted, the
first line is A = 3838, which requires m = 2. If there is a line corresponding to
'm = 1 1t should be in the neighbourhood of 14900. Now PaAscHEN has observed a
strong line at A = 14877°1, but there is no triplet, which would be decisive against
the allocation if we could be certain all the lines must exist. But there are cases
where normal lines are observed weaker than we should expect, or are not seen at all.
The well-known case of KD (3) is one example, and it is curious that if 14877 be
taken as MgD (1) the denominator comes out as given in the table in a very natural
order with the other denominators. The question is considered later under the F
series, and the evidence there adduced is rather against the present suggestion

(p. 398).
Ca.

The value of § is calculated from A, as 58'14, A;+A, would give 58'18, practically
the same. To bring the differences of the first three denominators to multiples of §
it is necessary to diminish the limit given from the consideration of the S series by
1°6 (variation limits given in [IL.] = 5°8). The values can then be arranged as in the
table. One result of this is to increase the value of A, (for the given », = 105'89) to
2793 from 2791, which gives § = 361'30w? in place of 361°17, and thus closer to the
adopted value 361'80. A noticeable peculiarity in this series is the very rapid falling
down of the denominators after m = 4. It is so large and at the same time so
irregular that they cannot be brought into line with the others without diminishing
the limit by a large amount and by different amounts. It clearly points to the existence
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of collaterals, formed by the addition of ouns to the limit D (). As such increase
tends to increase intensity it may account for these surviving when the typical ones
are either too faint or are destroyed to form the collaterals. Tt is useless to attempt
to determine these multiples, because the observation errors are so large themselves
as to be a large multiple of the oun, and at the same time we have no knowledge of
what the typical VD (m) should be. In general in the 2nd group -the successive
denominators are formed by the successive addition of smaller and smaller multiples
of the oun until probably a constant value is reached. In the present case, with the
quantity 1554, that limit is certainly not reached. But it may be instructive, in
order to illustrate the nature of the suggestion, to find what the collaterals ought to
be if the denominators of VD (m) remain the same for m > 4, viz., '091707. The
multiples are found to be 74, 154, 335. The series of the observed D,, lines may then
be exhibited by the following scheme, where d stands for *091707 :—

D (0)=VD (2+d—994,—1559),
D ()=VD (3+d—1553),

D (®)—=VD (4+d),

D () (+78)=VD (5+d),

D () (+158)=VD (6+d),

D () (+838)—VD (7+d).

The line D,,(2) is interesting. PASCHEN gave it as 198599 with the remark
“ Wahrscheinlich doppelt 19856'9, 19864'6,” and he allotted 198646 to D,, and
19856°9 to the Principal series. But in [IL, p. 56] reasons were given against the
latter allocation. In fact the line is very close (probably within observation errors)
to the collateral formed by adding one oun to D, The wave-length of such would
be 19857°8 = D,,(2) (+J) [see Note 2 at end].

Sr.

The value of d is calculated as 277'89 from A,+A, = 125x4,, which gives
3 = 361'64u?. The differences as shown in the table are extremely close to multiples
of 4. Moreover, the limits of variation for the first two are so small that the
variations of RowLAND'S standards from the correct values for his scale may become
of importance. For D (3) the values should be 2 less, whilst for D (2), failing direct
observations for reduction to wacuo, recourse must be had to extrapolation on
Kavser and Runer’s formula,* which has been done. In order to bring the
differences for Dy, (8) and D,, (4) and of Dy, (4) and Dy, (4) to multiples of § within
error limits, it is necessary to take ¢ about —'4 or D () = 81027°25. When this is
done the denominators can be arranged as in the table. The difference of the two

* RANDALL appears to have done this for Dy; but not for Dy, which also makes his value of v; = 392-6
instead of 394-42, which is close to the true value.
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first denominators = 181557 = 653 x278'03. It is possible the real errors attached
to D(2) by RANDALL may be greater and the difference slightly less; but if we
suppose 27803 to be the real value of J it makes § = 361°'82uw?, and, therefore, very
close to the adopted value. It would appear that Dy, (4) has been displaced from its
normal value, judging from the irregularity introduced into the separations. If so
the separations might be 144 in place of 154.

Ba.

Starting with the uncertain value of S () = 28642'63, as given in [II.], the value
of § as calculated from A,;+A, is 68270, and from A, is 684'34, both being near the
most probable values but on opposite sides. The value 683 is taken at first as a rough
approximation. Apparently, the first set of lines have not been observed. Ranparr*
has observed two lines, 292234, 23254°8, which give a separation 87827, which is »,
but no signs of satellites—or, rather, if’ there are satellites, the separation observed
should be much smaller. If, however, the satellites have gone here, and this pair
denote the first two lines of the first triplet, they depend on VD, and the value of
the denominator is 2°085331,1 which would range well with those of Ca and Sr, viz.,
1°946, 1°987, but the second lines of these give 3'082, 3'169, and of Ba 3°093, which
would rather point to a less value than 2°085 for the first line. But if VD (2) is
larger than D (), the lines would be —23254'8 for the first and —29223°4 for the
second, giving a denominator for the first of 1'825551. The differences of the
denominators of the D,; lines for m = 2, 8, 4, will then be 267632, 38612 instead of
6528, 38612, and are therefore more in agreement with the type of the other elements
of this group. Moreover, the former, as we shall see, is a multiple of J, whilst the
other (6528) is as far out as it can be. Both values, however, are inserted in the
tables (see also p. 389). ,

The satellite differences for D (3) are 9492+82 and 7516+40. The values of 144
and 118 are respectively 9562+ 5 and 7518 +4, and hence the first cannot be 144 within
limits of error, although it is so close as to produce a conviction that it really is so.
Now for small variations of the limit D () the separation differences are scarcely
affected, but, as we saw in [IL], there was evidence to show that the limit S (o) was
congiderably less than that found, and, in that case, the separation differences would
be slightly changed. A decrease of D (o) would increase those differences. If,
however, it is so large as to bring up the first to 144, the second is increased so much
that it is not 119 within limits. Consequently, the two conditions confine the choice
of D () within very narrow limits. It is found to be close to a decrease of 32,
i.e., D (o) =2861068. This again changes the values of A,, A, with the given
values of », and v, to 29879 and 11997, giving from A,, ¢ = 6832. The table is

* ¢ Ann, der Phys.,” 33 (1910), p. 745.
+ The values in this and in the table are calculated from the limit as modified below.
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drawn up on this basis. With these data, the suggested allocations for D, (2) give
the following differences between their denominators and that of Dy, (8), viz. :—

With D,,(2) = 29223 6528 = 9°5x 683
D, (2) = —23254 267632 = 392 x 683.

The first, therefore, cannot be a multiple within error limits.

The values shown for D (4) agree very well, but the regularity is upset. Also the
actual lines have changed in appearance, and their intensities are not normal. The
intensities for D, (8) are 10, 6, 4, those for D, (4) 4, 4, 6. We should expect D, (4) to
be stronger, and certainly D,,(4) to be much weaker. It would seem that collaterals
must displace the normal lines. We have, in the foregoing pages, been led to expect
that an addition of an oun increases the intensity and a deduction diminishes it. If
so, we should expect a deduction in D;; and an addition in D, To bring D,, 144
above D,, requires the deduction to be made in VD. This would make the typical
value of the denominator greater by 2738, viz., 4'161071. In the case of D, to
bring it closer to Dy, ¢.e., distant 114, the addition would have to be to D (), and
if so, the value of 294, given in the modified table, would have been a mere coincidence.
But no such addition of a multiple of ¢ (nor of ;) will do this. If, however, 24 be
added to the denominator in D (), it is brought to separation of 108+ 86, giving an
error in A for Dy, (4) of —'02 in place of —'06. If, then, § be also deducted from VD,
the separations will be 114. The separations would then take the form

4234
146 114

664
144 114.

This arrangement is to be preferred in that (1) it explains the abnormal intensities
of D (4), (2) brings the separations into line with other elements. The arrangement
suggested may be stated thus: if Dy (4) and Dy, (4) represent the typical lines, the
observed Dy, is Dy, (4) (—29) with decreased intensity, and Dy is (+28) Dy, (4) (=9),
the increased intensity due to the +28 in D (o) being greater than the decrease due
to —d in VD.

The results for orders >4 are similar to those of the other elements of their groups,
probably collaterals of additions to D ().

Zn.

On account of the small values of ¢, and the considerable observation errors, the
satellite separations in Zinc do not give decisive results. If we take the observed
values for the D,, and D,, sets, the denominator differences are 489, 419 for m = 2,
and 584, 899 for m = 8. Now the second sets, the D,, have much smaller observation
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errors than the satellites of the first—see remark in the table. If the latter be
calculated from them, using the accurate value of » = 88890, the differences come
out to be 525, 369 and 456, 399, quite reversing the order of magnitude for the first
satellite of the lines for m = 2, 8, and, moreover, their differences are larger than d,.
The differences best consonant with the measures—using the derived values from D,—
are 134, = 503 and 104, = 388, giving a ratio of 1'30. Those entered in the table,
however, are 15J; = 581, 94, = 348, both within the limits of observation, and adopted
because they give a ratio 5:3, the same as the other elements of Group 2. The
satellite separations for m = 3 may be the same as the latter within limits, but not
necessarily so.

The order differences do not work in well with the above when ¢ = 0. 1If, however,
& be put = —225, they fall into line with extreme accuracy, as shown in the table.
It is of interest to notice that the differences are multiples of §; = 64,, which seems to
be specially associated with zinc. v

The denominators for m = 6,7 are now 6'915855 (4068) and 7924179 (11320),
showing too large a rise to be due to error observations. Treated as collaterals
with —28, and —84, they become 6°909598, 7°910070, clearly near the probable
limit.

Judging from analogy, we should not expect the differences to stop at 4d,, The
series (7, 6, 4) §; would probably be continued, but the errors are too large to settle
the question. If the series were continued, e.g., by 24, 0, the denominators would be
6°910288—695 and 7'910288—218. DBut the best agreement is to take them as they
are. This would also be in analogy with Ca,in which D («) begins to change when
VD stops changing.

Cd.

In the table ¢ is taken 25 above S(), as given in [IL.]. Tt is seen that the
arrangement fits in with great accuracy, and as d, is as large as 114, the arrangement
may be considered to have some weight. The denominators calculated from the
D, and D, lines (more accurately determined) do not agree with the observed D,
satellites. Tt would therefore appear that the second and third members of the
triplets may also be subject to special displacements. Here, for instance, the lines of
order 8 are brought into line if the observed VD, (8) is VD,,(8) (—4,). The value of
D, (4), calculated from K.R.’s D, (4), cannot be the normal one, even when his
extreme possible error is allowed. This shows again that VD, (4) must be displaced
from VD,,(4), in this case by 104,.

The denominator for m = 6 shows the sudden large rise after a slow change which
Zmn also exhibits, but it cannot be explained, as in that case, by treating it as a
collateral due to a modification of D () alone. The closest collateral of this type
would be due to ¢, and this changes D () by 566 producing in the denominator

a change too far in the opposite direction. In fact it becomes 6°912000, 3471 below
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that of m =5 1 place of 5060 above. But the observation error in this line is so
large that as it stands it may correspond really to a denominator equal to that of
m = 5. If further the series of differences 754,, 314, 124, be continued diminishing
further as looks probable, it would come more nearly in line. For instance, as each
term is about "4 the previous, suppose the next is 59, = 569. The value of D, (6) as
thus calculated differs from the observed by —'19 while the possible error is '30.
This would make the constancy of the denominator begin at an order one higher than
in Zn. The case of Hg will be seen to support this tendency.

There are two sets of doublets, 364974, 8500°09, and 300553, 290324 with
separations 117113 and 1171°95 which are clearly associated with the D series.
If we write down the observed satellite separations in the D,(2) and the D,(3)
lines and of D,, with the above we get the following scheme: 1823, 11°10,
267°13 and 7'98, 6'18, 262'40. At first sight it makes the new lines appear as
collaterals by the change of about 4+A, on D (), but this cannot be the case, because
a change of this amount would very considerably diminish the doublet separations
below 1171. If the D,;—D;; separation be deducted from that of the lines in question
there results 267'13—11'10 = 25603 and 262°'40—6°18 = 256'22. Now the separations
11°10, 6718 depend, as is seen above, on 114, 154, so that the new lines may be
written *D (0)=VD,;(2)(=118)—A, D (0)=VD,(8)(—158)—A, where A is a
constant which on more accurate calculation is found to be 255°80+'2. In other
words, the VD of the new lines is derived from VD, in the same way as that is from
VD,,. This formula is of a type of which there has been no example hitherto. If it
remained there the evidence, in spite of the curious connection with the other
satellites, would scarcely be weighty enough to cause the introduction of a new
departure. 1 hope however to show in a future communication that this expresses a
very common relation between sets of lines, the constant A being in reality a com-
posite one. The question naturally arises do the new terms give rise to an F series
in the same way as the ordinary D ? Tt should be at a distance about 26713 in wave
number above that of F. The line 157138'3 (n = 6362'25) is 266°90 above that of the
line 16401'5 (n = 6095°85) which is allotted by Pascmex to F,(3) and is clearly the
~ first of the lines in question. There is an F(4) line at 11630°8 (n = 8595'57) and
another at 112684 (n = 8872°01)is 266'44 above this. This may be the corresponding
line sought for, but if so the line 11630 must be F;(4) and the lines F,(4), F,(4)
would then be absent. These lines were at firstt assigned by PASCHEN to a new
doublet set of series, but later] to combinations of his new singlet series with D, (),
D, (). This question will be considered as a whole later, but the suggested
explanation given above points rather to the fact that we have to do with a triplet
series in which the third number is too faint to be observed.

* D (o) stands as usual for D ( o) or Dy (o).
t ¢Ann. d. Phys.,’ 29, p. 650 (1909).
I “Ann. d. Phys.,’ 30, p. 749 (1909).
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Hg.

The D series of Mercury shows a marked divergence from those of the other
elements so far considered in that (1) the separations of the satellites increase as they
go from the chief line, (2) the satellites do not seem to correspond in the different
orders, and (8) there are a larger number. The increased tendency which this element
has shown to break up into collaterals appears also here. One is led to infer that
with varying conditions of the production of the light different collaterals appear.

The dependence on the oun is, however, here clearly shown, and the evidence is all
the stronger because the magnitude of 3, itself is large (363) and because all the
apparently unconnected differences come within close multiples of ;. This is clearly
seen in the following table where the denominator differences are exhibited
together :—

3980 = 118,—11 6909 = 198,—15 346 =  8,—17
6201 = 178,482 6530 = 185+ 2 5398 = 158,—45
5782 = 168,—20 6262 = 178,493 9750 = 278,—48
7989 = 220, + 6 18516 = 518,—10.

Tt is still possible within ervors that the differences for the first satellites shall be
the same as for the second and succeeding, viz., 178, but it is very unlikely. For the
second satellites this cannot hold. Tt is clear that the regular law is not contradicted,
but is upset by the formation of new configurations or aggregations in the oscillators.

The table is drawn on ¢ = '8. This brings in the best agreement and, moreover,
brings S (o )—supposing it and D () are the same—closer to the value found from
the first three lines. The value given in [II.] being one modified slightly to bring all
calculated (even for m = 1) within limits. The agreement is seen to be remarkably
close. It is to be expected that the differences for the satellites of the same lines
will be more accurate than the differences between the chief lines themselves, and
this is exemplified in the table. The observation errors after m = 6 are too con-
siderable to draw certain conclusions from. Apparently the denominators increase
by small multiples of ¢ to about m = 8 and then remain constant.

Al

In Al, the satellite differences deviate from the ordinary rule in that they increase
with increasing order for m =2,3,4. They are 94, 800 and 1380, and by no
stretching to the extreme possible errors can the two last be made equal. The
inequality is certain. Moreover, the observed differences are very close to multiples
of 8. If the first satellite position be calculated from D,, its difference is 110, the
observed is 94 and 4 = 106, 94 can be 106 within limits. D, gives in the same way
800 for m = 3, the same as observed and 1468 for m = 4 instead of 1380. The last
may be the same as the observed within limits, but as 525 = 1381'6 and 55d = 1462,
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it is possible there may be this difference and VD, (4) is not VD, (4) as in the typical
cases. The real difference may be any multiple between 524 and 555. In fact J is so
small that there is not absolute certainty.

AID has proved itself' the most intractable series to bring into any simple formula
of the ordinary kind. It was, in fact, the difficulty with this element which first led
me to seek another solution—on the lines now being considered.

It will be seen that it lends strong support to the theory suggested. The table is
arranged with ¢ = 2'66. The exactness of the relations there shown is very
remarkable, and when it is remembered that A is a large number like 1754, the
practically exact multiples referring to the first five lines must carry very great
weight in the argument that AlD at least is subject to a modification of successive
denominators by multiples of certain units. The objections to the arrangement are
two: (1) that £ = 2°66 is outside the error limits of S (), and (2) the denominators
appear to go on diminishing without reaching a limit. A slight alteration, however,
in A will get over the first. For instance, if A = 1754—"5, £ would be about 5 less,
D (o) would be within limits of S (), and the same arrangement would also hold,’
but it could not be much more diminished because with m = 5 and 6 the changes
introduced into the denominators by & would upset the multiples 54 and 29. A
change of A by —'5 would change the ratio to w* from 861°88 to 361°78. D () is,
therefore, probably very close to 48168°62. ‘

If ¢ = —10, the denominators tend to a limit about ‘107 for m = 7 and beyond.
But this is far outside permissible limits of D (), and, moreover, the striking
arrangement with multiples of A is quite upset. = We must therefore conclude either
that the limit is not reached until an order m = 10, or beyond, or collaterals enter.
If the former, multiples of A can enter, but the observation errors are too large to
give certainty. If collaterals based on (98)D () are used with ¢&=2'16 or
D () = 4816362 the mantisse for 7, 8, 9 come respectively to "113569, '113590,
'113956, and for 10 for a VD, = VD,,, 118700. The separation observed for m = 10
is 10796 instead of 11215, either an observation error or a displacement of Dy; or D,,.
A displacement of D,; by +28 on D (o) brings the separation very nearly correct,
although the observation error in the wave number of these two lines is as large as
44, it is probable their difference is much more exact and that the defect shown by

=107 is real. (For m = 10, Dy, is practically = D,,.) The results therefore go to
show that the D, and D, lines for m =7, 8, 9, 10 are collaterals, (98) D (=), except
that for D (10) an extra displacement of 24 is added. Although the numbers above
are so nearly equal we must not place too much reliance on them, as the observation
errors have a very large effect on the denominators for such high orders. If the
suggested arrangement is correct it must mean that K. and R.’s measurements must
have been of a very high order of exactness, which would further mean that the
measures for the D, lines would not be so exact since the observed values of the » for
m =7, 8, 9 are respectively —'68 (possibly real on D,), *7, "13 in error.

3 A2
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I am inclined therefore to think that the exact equality for (+99) is a coincidence,
especially as the difference for m = 6 and 7 is not a multiple of A like the others.
Taking the corrected D () = 48163'62, the mantissa for m = 6 is ‘116154, giving
with *118569 a difference 2585 = (1+%) A—46, which is as far as it can be from a
multiple of A.

If +70 be taken for the collateral, and 5A for the difference, the limiting
denominator is "107884 and the corresponding O—C are —'03, +°03, '07. Now these
make, as against the observed D, lines, the values of » about correct, which gives a
certain amount of weight to this arrangement of collaterals based on (+79).

In the foregoing the conclusions up to m = 6 may be taken as well based. No
definite answer can be given to the question of what happens beyond m = 6, although
the balance of evidence perhaps points to the last, viz., collaterals based on (+73),
and this is strengthened by considerations which follow.

ManninG® has recently observed under diminished pressure certain groups of lines
which by their look suggest doublets and satellites related to the D type. The

Astrongest set, apparently a D,, and D, doublet, are 426005, 424125, giving a
separation of 10405 ("5). If 4260°05 be treated as having the same limiting term as
the D series, the denominator of the VD part comes out to be 2:107364 (21). Now
this mantissa has the limiting value according to the supposition of the preceding
paragraph, viz., 107384. If this is not a mere coincidence, the connection should
throw a great deal of light on the relations of these series, and would warrant a more
searching discussion.

This would, however, lead too far from the immediate point at issue. It will be
sufficient merely to indicate somewhat more clearly the connection. With the limit
(78) D( ) the mantissa of D,(7) is 299A below that of m =2 (see Table IL),
and it should therefore be (with D (o0) = 48163'62) 631328 (25) —83£—299A,
whilst that of MAaNNING'S 4260 is 107364 (21) —42¢  If these are the same
299A = 528964 (46) —41¢&

A = 1752388 —"14¢£4"15,

and this gives § = 361 55w? which is too small. But in this D (7) of the accepted
series is referred to (78) D (o), whereas 4260 is referred to D (o). If it be referred
also to (78) D (), its mantissa is 107868 (21) —42¢

and 299A = 524468 (45) —41¢,
A = 1754°078+ 15—"14¢,

and therefore of the right order with ¢ = 861°89w?
MANNING'S new lines suggest, on a superficial glance, a series of bands, but there
can be little doubt of their connection with the Diffuse series. Their relations to one

another can be discussed: either on the basis of the old D () or of (78) D (). With

* Observed in my laboratory, since published in ¢ Astrophys. Journ., May, 1913.
y y P P
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426005 as Dy, (intensity 10) goes 4241°25 as D, (intensity 9). D, —112'15 should
give D, = 4261°'53. This has not been observed, but it is D, (1)(—1833). In fact,
the error between this calculated value and that deduced from D, is only
d\x = '02, and a satellite difference of 180 is more in accordance with that of
other elements than the small one of 144, in the accepted series. Amongst the other
lines are the collaterals 4280°4 (intensity 9) = (A) (4260) with O—C = —'04, and
43637 (intensity 2) = (5A) (4260) with 0—C = 1.

In.

As in the case of Al, so In shows an increase of satellite differences with the order.
The first three, 53, 264, 260 may be considered as certain, but the next, 324, although
1t is close to the observation, may, as in the case of 'aluminium, be the same as the
others (268) within error limits, owing to the large error in D, K.R. gives the
difference in wave-lengths as 1:04 A.U., whilst Harrrey and ApeNey in the spark
give it as °4, v.e., closer. In the table it is entered as 824 as being closer to the
observations, but if it really is 26J, the O—C is +20 against O = *50. Tt is possible
that many cases of diffuseness may be due to the simultaneous existence of several
collaterals based on differences of §;, which for lines where m is large or for small
wave-lengths give differences in A too small to resolve. In this case, for instance,
with m = 5 a displacement by &, produces collaterals differing by about 006 A.U.,
and several would give the impression of a nebulous line, broadened on one side or
the other. For m = 6 there is clearly some collateral change different in D,, and D,,.
For if D, be calculated from D, it gives a position for D,, of longer wave-length
than Dy, or the inverse of the typical order. No conclusions therefore can be drawn
as to the satellite differences for m = 6, except that D,, is probably of the form
(8) D,,. . Beyond this it is curious that the D, lines persist while the D, lines do not,
which may be accounted for by their being also like m = 6 additive collaterals.

Again, also, the order differences show themselves as close multiples of . The
table is based on ¢ = 0, but it may be brought into still closer agreement by taking
£ a small negative number, about —2 to —'4. The difference between 5 and 6
becoming suddenly so large (59463 order 1244) and the entrance of the peculiarity
mentioned above, suggest that some collateral influence comes in. Further, if we
regard the denominators of D, or of D,; calculated from D, —», after a small
difference of 8824, the differences begin again to increase. This has always in the
previous cases pointed to a collateral displacement in D (). The first object is to
see by what displacement the denominators may be bi‘ought to a limiting uniform
value. If ¢ be put —18, the denominators for m > 5 become 715818, 714394, 716198,
715743, 7222, 7319. Omitting the values for m = 10 and 11, in which the probable
errors are very large, it is clear that, allowing for quite reasonable observation errors,
the denominators are in the neighbourhood of a limiting value. Now, a collateral of
(+24,) in D (o) produces a displacement of —13°48, and this makes the denominator
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for m = 6 to be 716474, and this is 28981 below the observed denominator for D, (5).
Now, 508 = 23850, which is the same as the difference for m = 4 and 5 instead of
being less, as analogy with others would lead us to expect. But the observation
errors are large (maximum of order 185, about) so that room is allowed for this.
There would then be one step from m = 5 to 6 of something less than 504 combined
with a collateral displacement of (+24,) on D (). To indicate the explanation this is
entered in the table, a difference of 508 making the denominator for D (6) = 6°716658.
The observed abnormality as between D, (6) and D, —v = Dy,(6) is that the wave
number of Dy, is 126 less than D,, whereas it should be 8 or 9 greater, with a
denominator about 32¢ greater instead of 1721 less. There is, in fact, a further
defect beyond the normal value of about 86J. Thus, if the difference for D, (5, 6) is
24, that of D, (5, 6) is (x+386)d. The lines would then be represented as follows :—

d, = ‘755767, d, = 740508,
Dy, (6) = (28,) D () =N/{6 +d,—(2+36) 3}%,
D, (m) = (28,) D (o) =N/{(m+d,—xd)}*

The collateral addition intensifies D, and explains its continuance, but in D, the
increase, owing to addition of 28; to D (), is overweighted by the diminution of the
excess 364 in the VD part, and so, after the first, the rest are too faint to observe.
At least, that is a suggestion of a possible explanation.

TL

In Thallium the satellite separations appear to be the following multiples of d :
24, 27, 28, 28, 28. But so far as limits of error permit, they might be 24, 27, 27,
27, 27. A peculiarity appears in the D lines in that the doublet separation for the
first set is 7793708 (48), whereas the normal value is very close to 7792°89. The
difference is therefore real and not attributable to observation errors. Moreover, the
next four show a gradual diminution, although still remaining normal within extreme
permissible errors. The doublet values beyond this depend for the measurements of
the second line on measurements of Cornu. They give separations 15 to 20 less
than normal, but little reliance can be placed on deductions from them, for CorNU’s
results may err possibly by several units in the first decimal place, and with these
small wave-lengths any error in X is multiplied by 22 to 23 in the wave numbers.
I have, therefore, not brought them into the discussion.

The table is based on ¢ = '8, though no attempt has been made to find the best
value. The mantissa of the first line is abnormal, since it is less than the second
instead of greater, and, moreover, its difference from it cannot be a multiple even of ..
Since the satellite difference is very close to such a multiple (9048 = 63+4) it is
probable that the abnormality affects both in the same manner. Now the arrangement
may be made normal by regarding the first line as a collateral (4,) D,(2). The
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addition of &, to the denominator of D () produces a change —19'19, and this
changes the denominator of VD to those given in the table, and as is seen now,
produces a difference of 26, between it and the next. Now, this alteration in D ()
diminishes the value of v by 565, whilst, as we have seen above, it is apparently 69
too much—or VD, (2) is 565+ 69 = 634 below the value of VD,,(2). Now, this is
just the change made by deducting 24, from the denominator of VD, The exact
value is 674, which is within the limits. The way in which, with the considerable
numbers involved (8, = 877), all the different abnormalities are simultaneously made
to fit in with a normal scheme gives some confidence that this is the real explanation.
The scheme of actual lines may be represented thus :—

Actual Du (2) = (+31) Dn (2)>
2 Dlz (2) = (+31) Dn (_2481)’
9 D21 (2) = (+81) D21 (_281)

Contrary to the case in other elements the successive differences are equal atter the
first, and the limiting value of the denominator is reached at m = 7. They can all
from 7 to 14 be, within limits, equal; but there is an apparent rise with the high
orders.

0.

Two series—one of doublets and one of triplets—have been recognised in oxygen.
The table shows that the D lines of both sets fall into line quite naturally with
multiples of A, closely except in the case in the doublet sets of m =7, 8. In both
these cases the denominators are equal within limits, but much larger than those for
m = 6 instead of being less, and the deviation is real since the difference is more
than 15 times the probable error for m =7, and 1'5 times that for m = 6, which
latter has a very considerable probable error 5 as against "07.* The divergence for
m = 8 can be accounted for, as it is probable that there are two close lines here due
to different series, viz., that for this series m = 8 and the other for a parallel series
for which m = 5, and may therefore be stronger. As it throws some light on the
subject 1t may be well to say a few words about it here. RuneE and PAscHEN give
three lines at 6264'78, 626168, 6256°81, with separations 7°83, 12'43, and intensities
1, 8, 1, so that the centre is the strongest. There is a corresponding set at 5410°97,
540880, 540508, with the same separations within error limits and intensities 3, 4, 3,
again with the centre strongest. The strongest lines of these two triplets form a
series with the observed value of D”(8). They are of a diffuse type and in fact

* These are not to be confounded with K.R.s possible errors, The possible errors are probably
larger.
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come between the D" and D series. The limit taken is 22926°11 and the scheme is
as follows :—

0-C. 0.

3969545—8 . . . . 01 03
6A,

4°968512+7 . . . . 0 ‘04
6A, :

5967480+24. . . . 0 ‘5

Moreover, the difference between the first denominator and the corresponding one for
D" is 2924, and this is 17A,. It is of course understood that the digits *11 in the
limit have been chosen so that the 17A,, 64, come very close. The argument
depends on the possibility of doing this. In fact RypBERG’S tables give the limit
22926, so that the modification by 11 is extremely slight. Thus the observed line is
the line corresponding to m = 5 of this series, and it probably hides the weaker line
of D”(8). This accounts for the deviation noted above between calculated and
observed in D”(8). I have no explanation to offer for the corresponding deviation
for m = 7. All the others come so close that it is difficult to imagine that this does
not fall in with the rule. It is equivalent to an error in A of about 1'2 A.U. The
doublet separation for D” is *62 very closely, and the corresponding doublet difference -
is 158, = A say. A lateral displacement of 7A on the limit would just make the
change, but that explanation seems out of place here. The separations 7°83, 12°43
of the new lines require denominator differences in the limit of 373 and 473, and
44, = 380 and 5A, = 475. There is another line at 6267°06, showing a separation of
581 ('8). If this has the same VD as 6261 it requires a denominator difference in
the limit of 277 and 8A,=285. The four lines are therefore (—35A,) (6261),
(—384,) (6261), 6261, and (+54,) (6261).

S.

If Runee and PASCHEN'S estimates of their errors are valid the value of the limit
of the S series is determinable very accurately. Tt is 20085'46 (1°34), but to bring
m =7 as calculated within limits it is necessary to take S (o) more than 1 less.
Accordingly the D lines have been calculated on the supposition that D () = 20084°5,
and it cannot be far from this. To bring the differences within multiples it has been
necessary to diminish this limit by putting £ = —'3. The multiples then come in
partly as multiples of A, and partly of A. The value of A, given in the first part
of the paper is 651, but this gives A, = 35x180°67u?, whereas it should be, if
the rule there established is correct, in the neighbourhood of 1809, or 4y larger,
say 651'7. This value has been adopted in the table, although the old one can be
made to fit in though not so well. The agreement is good, especially when it is
remembered that K. and P.’s estimates are less than possible errors.
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Se.

The lines allotted by RuNar and PAscHEN to the D series present a quite different
appearance from the normal, although there can be little doubt but that they form
the SeD. The weak satellite lines after the first appear on the violet side of the
strong lines, whereas in all other yet known cases they lie on the red side. Moreover,
the strong lines instead of standing by themselves are each the first members of
complete triplets for m = 4, 5, 6,7 (m = 4 is the first set observed). The numbers in
the table are calculated with D (o) = 19274. The value of S () calculated from
(4,5,6) is 19275°10 (2°4), but it requires, as in S, a further diminution of over 1
(¢.e., within error limits) to bring in the fifth line. Hence D () cannot be far from
19274. The value of J is calculated from A+ A, = 161 x 90°40w?, and consequently
must be considered very exact. A, and A, are calculated by transferring 15w? from
calculated A, to A,, making the values 281 x361°62w* and 12x361'61w” The
numbers calculated from the observed values are given in a separate list. A glance
shows that the usual regularity is here quite upset, and one feels convinced that
some disturbing influence must have been at work. If we examine the wave numbers
of the first four sets as exhibited in the following table, we notice that for the first

_ 4{ (14149°27)? (3) 1425284 (8) 1480031 R
=2 (5) 1415619 (3) 1425976 |
{(6) 1580395 (8) 15907°80
m =5 .
(1) 1580495 (1) 1590867 (4) 1595389
{(5) 16768°10 (1) 16872715
m =6 )
(1) 1676917 (1) 1687267 (3) 16917°33
= 7{(7) 1737592 (1) 1748233 (8) 17523815
U L(2) 17379°58 (7) 1748300 (4) 1752720

set, we should expect a weak satellite about 692 behind 14156, which is not likely
to have been observed in that region far in the red. Its difference, 8129, is close to
558, = 3118, and provisionally we may regard this as normal. The next two triplets
(m = 5,6) give separations respectively 1°00 and 1°07, corresponding to a lateral
displacement in D () of § (8, actually gives 925 displacement). For m = 7 the
separation is 3'66 corresponding to a displacement of & (43, gives 87). Moreover,
for this line the intensity has increased from 5 to 7 and gives suspicion of a displace-
ment by addition. If we suppose that the chief lines have a lateral displacement
(+8) D () it means adding 870 to their wave numbers, 7.c., they are now 1580765
and 1677180, and they come 27, 263 in front of their satellites, which, allowing for
errors in observation, is in fair order with the first separation 6°95. For m =7, not
only is the strong line abnormally more intense than for m = 6, but the faint line is so
VOL. CCXIIT.—A. : 3 B
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also—which suggests they are both displaced—a suspicion increased by the abnormal
increase of the difference shown in the table of denominators between 6 and 7.
Provisionally the least change is to suppose the faint line displaced by ¢ and the
strong line by 24, as it must, as was noted above, be § more than the faint line.

For m =8 it is curious that only one line occurs and no triplets. This suggests
that there is no intensification by lateral displacement, and that provisionally 1t should
be taken as normal. The table of difference shows an abnormal increase instead of a
decrease, but this may be due to observation errors. If we now calculate the
denominators for m = 4,5, 6,7, on the above suppositions, displacing the lines for

m =9, 10 also by J, we get

4'629262 (54) 3129 626133 (108)
4326

5624936 (56) 2139 622797 (?)
4406

6:620530 (105) 3475 617055 (?)
4216 .

7'616314 (240) 3805 612509 (480)
5256

8°611058 (728)
3629
9°607429 (643)
9090

10'59833

Thus the changes indicated by the appearance and arrangement of the lines have
brought the denominators and satellites into greater accordance with the general
rule. The practical constancy of denominator differences is exhibited also in T The
only outstanding irregularity appears to be the satellite difference for m = 5.
A lateral displacement of —4, in D () would decrease the denominator by 743, and
increase the difference from 2139 to 2882. It is better to leave the difference
without an attempt of explanation at present.

The second list has been drawn up on this basis, taking £ =—"1 as the errors are
somewhat smaller with this value. The denominator for m =10 is left without
further change. Another displacement of 2, would bring it also 194 below that for
m =9, but the observation errors render any deductions quite unreliable. The
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suggested scheme of actual lines may therefore be represented as follows where
D,;, D, stand for the normal type, and Dy, (m) = D, (m) (=558,) :—

Dy, (4), D;, (4)
3) Dy (5), Dy, (5)
+48) Dy, (6), D,, (6)
(+29) Dy, (7), (+3) Dy, (7)
Dy, (8)
(+3) Dy, (9)

(+d or +58,) Dy, (10).

The order (4) of the first line is so large that the error limits are too wide for absolute
certainty. In fact better agreement on the whole for the satellites would be
obtained by taking the difference as 564y, #.e., 44y, J;, being specially associated with
this group (see p. 331). The line 626928 is separated from 626636 by 6°44, and is
therefore possibly the lateral (+248) Dy, (5).

The table shows of course the known essential difference between the behaviour of
the elements of Group 2 and that of Groups 1, 8, 6, signified by the signs of « in the
formula. It consists in the fact that in Group 2 the orders are formed in succession
by the addition of multiples, whilst in the others it is by subtraction, with the
exception that Cu and Ag of Group 1 are additive. But there are certain other
features which appear between the different sub-groups when higher orders are
looked at. The alkalies all show a gradually decreasing decrement with a sudden
dive. Na then shows a sudden rise continued for several lines, and Cs has a similar
indication. Cu and Ag with only a few lines observed show decreasing increments.
The alkaline earths show decreasing increments and a sudden dive (Mg excepted).
The Zn sub-group shows decreasing increments and then a sudden ascent. The Al
Sub-group 8 show decreasing decrements (Sc decreasing increments). O with S and
Se show decreasing increments. In fact, were it not for the very clear behaviour of
Zn, Cd, and Hg, the evidence would rather point to the conclusion that in each
group, the low melting-point sub-group show subtraction (a positive) and the high
melting-point addition (a negative). If this series depends on a formula sequence, it
1s difficult to see how it can be any simple algebraic one—the mantissa would rather
seem to depend on a term similar to sin ma or tan ma. In the detailed discussion
above, however, it is seen how these changes of direction can be explained by lateral
displacements. It is noticeable that where the irregularity observed in the first lines
as compared with the others in the satellite differences appears, a similar irregularity
exists also In connection with the first order differences. This is evident especially in
the alkalies, where the first differences are so close to exact multiples of A or J as to
cause the conviction that they really are so.

3 B2
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It is a remarkable fact also, and one which will probably be of importance in
throwing light on molecular constitution, that all those elements which do not
exhibit satellites have order differences depending on multiples of A, whereas all the
others (Al excepted) depend on multiples of the oun, d or §,. The elements without
satellites are Na, K, Mg, possibly Al, both series of O, and S. All these depend on
multiples of A, or A,. None of the others do so, and it may be regarded as an
‘argument in favour of Rb possessing satellite series that its differences do not depend
on A directly. It would appear that Rb only begins to show them for m = 8. For
m = 2 the line is not split up into a chief line and satellite, the doublet separation is
normal, and it is instructive to observe that the order separation between the first
set and second line is close to 5A, and only deviates from it in the same way that is
mentioned in the previous paragraph. Also Ba seems to have in the same way no
satellite for m = 2, the separation is quite normal, and this also shows a first order
difference very close to A.* But Ca, on the contrary, which has a first difference
= 99A,, possesses satellites.

It is noticeable also that the high atomic weight elements appear to follow more
regular and simple rules. Thus both Cs and Tl show descent by equal steps in both
cases = 34,.

The result of the discussion would seem to be that there can be no doubt but
that satellite differences as well as the doublet and triplet differences depend on
multiples of the oun. For the other supposition, viz., that in the Diffuse series the
order differences also depend on differences of the oun, it can only be said that a case
has been made out. The supposition in all cases fits conditions, but the conditions
are not all sufficiently definite to give certainty. After the first two or three orders
the observation errors are larger than the d,, and even for these the value of &, for
the low atomic weights is comparable with the errors. In some of these cases,
however, multiples of A which is much larger enter and strengthen the argument.
The strongest examples are those of the alkaline earths (small errors and large A or
&), first lines of Cd, and Hg, Al (series in A), In, TI, and the A series of O and S.

The D (2) Term.—If the foregoing. theory of the constitution of the Diffuse series
is correct, it is further necessary, in order to complete the discussion, to determine
the origin of the first term. The apparently close relation of the I series to the D
series, and the several cases of collaterals of the former which had been noted with
large multiples of A, suggested a trial to see if the denominators were multiples of
this quantity. As in cases where satellites are present, the separations depend on
them and not on the strong line, it is natural to expect that the satellite is a normal
line and the strong line a collateral, and this is found to be justified by the calcu-
lations on this theory.. In Table IIIL the first column of figures gives the value of
the denominator taken from Table II. The second column gives the factors together
with possible variations. Thus the denominator of KDy, (2) = "853302. This has

* But see discussion of BaF below.
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Tasre III.

373

Na

Ba

Ra
Zn
Cd

In
Tl

Se

D1y -988656
Dy ©853302 = 291 (293227 + + 130 — - 364§) = 291A

1Dy, 766216 (7) — 83 = 59 (1295084 +£2-74 — 1-44¢) = 59A
~108 = 59 (12942-06)

Dyp -546989 = 857 (638260 + 233 — -0887§) = 8576
Dy -554286 = 17 (32605-06 + 13-41 —4-47¢) = 17A-108

}Theory of constitution uncertain.

D, -828688
Dyg -945972 = 691 (136899 + 03 — -047£) = 691A,

Dy3 987349, not a multiple.
Dy, ©989572 = 178 (6559-39+ -25 - - 205) = 1784,

Dy3 -825511 = 69(11963 9+ 1) = 694,
*D13 1-041954 = 87 (11976-4) = 874,

Not observed. = 31A,.T
D5 904978 = 260 (348068 + - 38 — -430£) = 2604,

Dy, -902039 = 87 (1036826 + 26 — 1-276£) = 874,
Dis, not a multiple.

Dys 1917794 = 50 (18355-88 + ¢ —2-28f) = 504,

Dys +921662 = 31 (29731-0+ 1-22 - 3-80§) = 314,

Dn *631287
Dy 1631181

360 (1753575 + -069 - - 230€) = 360A
360 (1753280 + <069 — - 230¢) = 360A

I

Dyy+ 165 = 22 (37676 + 218 £ 4-619§) = 22A

Dyg = 888344 = 590 (1505667 + - 136 — 1-881£) = 5908
Dy coll. = +899520 = 597 (150673 + 136 — 1-881§) = 5978

D" -972483 (40) — 120£ .

46 (17166 ?) = 46,
D" -980380 (92) — 121£

63 (173 063) = 634,
New D -969543

D, (4) -553446 = 530 (1044 -24 + -088 — - 811£) = 5304,
D, (4) observed *629262 = 99 (635618 + 54 — 4:565&) = 994,

361

361
361

361-

361
361
361
362

361

361

361
361

361
361

361"

361
‘913

361

362
363

362+

361

<944

-991
746

785

-84

738

968
352

682

382

‘44
50

ST
717

871
650

46 +
+308

113

893

362
361

361

362-

361

360
362

362

361

360-
362

361

361-

362

361

362-
364-

68
40

T4

36

-84

02
34

25

+392

93
46

-879

947

+063

79

* See below under discussion of BaF'—two different triplets in question.

t See below under discussion of RaF.
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observation errors and also possible error due to incorrectness of D (o), e, &
These give the denominator as 291(2932:274130—'864¢). Now 2932'27 is very
close to 2939, which is given as the approximate value of A in Table I. The
denominator is then written 2914, and with this new value of A the corresponding
value of the oun is calculated as 361°944w” instead of the old value 362'68w?, Whlch
for comparison is entered next to it.

- Notes on the Tables.

Na. A is so small that several multiples of it might be taken for D within limits.

Rb. D, does not give a multiple of A although close to it. If, however, Rb has
satellites, the denominator for D,, will be a few multiples of d less than that of Dy,.
That for Cs is 1144 less in the corresponding case. The values in the table are given
for 88 and 104. Judging from the value of the oun it is probably near 84. In any
case the multiple would be 59A. This is a very strong argument that Rb does
possess satellites.

Cs.  Neither Dy, or Dy, give multiples of A.

Mg. Asin Na, A, is too small, and the denominator too large to give anything
definite. ‘

Sr. D,, gives the oun clearly too small, although better than in the original table.
D,,, however, gives a value 361738 quite close to the probable‘ value. A similar
result is shown also by Cd which occupies an analogous position in the next
sub-group. If D,; behaves in what appears to be the normal manner, it would
appear necessary to take the atomic weight to be ‘10 less than BRAUNER'S value, viz.,
87°56 in place of 87°66, which is probably too large a change to be acceptable.

Ba. In Barium the first set is doubtful. That taken above shows no satellites.
The denominator is therefore that for D, and this is a multiple which gives a value
of the oun much nearer the probable value than that in Table I. Evidence will be
given later however under BaF that there is a normal satellite triplet, outside the
region of observation, where D,; has the denominator 2041954, which, from analogy
with the other elements of this group, has a ““ mantissa” 1°041954, and this is again a
multiple of A, This, therefore, is probably the correct value, and the other set will
be collaterally displaced from this by 184, E

Ra. The first line should be far in the ultra red, and has not been observed. The
multiple 314, is determined indirectly (see Bal" below).

Cd. This element shows the same irregularity as in Sr, in that Dy, does not give
an exact multiple of A,, although one close to it. Here, however, we have to go
back to D;, before finding the exact multiple, and D,, gives almost the precise value
of the oun as in Table 1., which was itself very exact.

Eu. Dy is "917794, which is 50A,+ 1344, A, having the value 18329 of Table L
If it is 504, exactly, A, would be 18355°88—2°28¢, making the oun (861°46—"04¢) in
place of 86093 of Table L., a great improvement. ‘
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Hg. D,; gives denominator = 31 x 29731°0, and the latter factor is
7410°87w* = 82 % 90°375u?,

which is much closer to the probable value of the oun, and moreover 82 is the correct
multiple to give 54 x 548°816w* for A,+A,, which has been taken as a basis for d.
This value of A is supported by the discussion of the F series below.

Al.  As the order differences are all multiples of A, and there may therefore be
some doubt as to the real existence of satellites the values for D;; and D,, are
inserted. The denominators for the two only differ by 4§ = 108, or the observed by
96. As the A differences can only refer to the D,; set, it would seem that these
should be taken as the normal lines giving 361777 as the value of the oun.

In. Neither Dy, nor Dy, are exact multiples of A although they are very close to
22A. Dy, is 1722x477°11, or 1723 x476°83. If these be taken as multiples of the
oun, they give the oun as 36201 and 861°80 in place of 36194 of Table L., but the
multiples are too large to found any conclusions upon. It would rather seem that
there is some displacement from a typical multiple. Using A as given in Table L,
viz., 37684, 22A = 829048. So that D,, = 22A—7455 and 7455 = 160—177. If it
is 22A — 168 exactly, A becomes 8'04 less and the oun 361'871«° in place of
361°947. The value of D,,+164 is therefore inserted. If the typical term were 16§
higher, the order differences would run 724, 624, 504, 504, in place of 584, 624, &e.,
and hence more in line with others.

Tl. Neither the observed nor the supposed collaterals are multiples of A. They
are expressed as multiples of §. Although they are large multiples, their values are
quite definite provided we know ¢ priors that the denominators are multiples as
a fact. If the multiple be altered by unity, the resultant quotient cannot come
within the limiting values of the oun.

If the normal Dy, (2) = 7A = 939078, the order difference over D, (3) would be
939078 —888643 (89) = 50435+89, and 33%d = 1344, = 50495, so that the order
difference would come out as usual a close multiple of 8. All this group seem to
show the same kind of irregularity.

O. There are three separate series, see data for Table II., differing by multiples of
A, just as in the order differences. A, is too small to test the multiples of the
denominators themselves.

S. The D(2), D(3) lines for S and Se are beyond observed regions. Sulphur
however shows no satellites, and we may surmise therefore in analogy with others
that the differences for D (2), D (8), D (4) are like the others multiples of A, or A,
As a fact, D, (4) is a clear multiple of A,, and the surmise is justified so far as A, is
concerned. The value of ¢ is not very certain.

Se. Se apparently has satellites, and the order differences are only multiples of .
It should not therefore be expected that D, (4) or D,(4) should be a multiple of A,.
Nevertheless D, (4) is clearly such a multiple and is entered in the table.
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The table shows that where triplets occur the multiples are those of A, and not of
A,, except in the case of the oxygen group of elements, in which A, clearly takes the
place of A, If the law of multiples is correct, the values of the A obtained in this
way must clearly be far more exact than those obtained direct from the separations.
A glance at the deduced values of the oun compared with the former values shows
how much closer to the mean value 3619 the new ones are than the old, and to some
extent this adds to the weight of the evidence. The cases where the multiples do not
appear to enter are those of Rb, Cs, In and Tl.  The case of Rb has been considered
above and a natural explanation offered. Cs, In and Tl have all large values of 4, in
which case we have already seen a tendency for the spectra to depend on smaller
multiples of the oun than the A. In the case of Cs, the oun is smaller than the
multiple and it can give no evidence nor data for the oun. The case is different
however for T1. If the oun enters, the multiple can be no other than that given,
and as is seen the value of the oun is improved. All the elements of the Al group
show a deviation from the normal type in that the first satellite separations are much
smaller for the first order lines than for the second, and seem to point to some
displacement. As the Al orders differ by multiples of A, any irregularity in the
multiple between the first and second orders does not alter the dependence of the
denominator on the multiple of A. In In and TI, however, the differences go by
multiples of & or d,, and any irregularity on them will throw out the dependence of
the first denominator on a multiple of A. As was shown above the addition of 16J in
In not only produces the multiple, but at the same time shows a more usual march of
differences for the orders. In Tl the observed denominator for D,,(2) is less than that
for D, (8) and quite abnormal. The other anomalies occur in that in Sr, D,, appears
to take the place of Dy, and in Cd, D,;. RaD (2) is in the ultra red and has not been
observed. The elements Na and Mg must be left out of account because the
ratio denom./A must be so large that a number of multiples can be found all giving A
within observation limits. Cu shows a multiple, but the theory of the constitution of
the series of Cu and Ag is doubtful and must also be left out.

With the above doubtful cases the values for K, Ca, Sr, Ba, Zn, Cd, Eu, Hg, Al, S
and Se, are clearly exact multiples, and the large values of A in Ba, Cd, Eu and Hg
show that these multiples are real. This rule, exhibited as it is in so many cases, and
in by far the majority of the elements comparable, must correspond to a real relation
and cannot be due to mere coincidence. Against the reality of the relation is the
antecedent improbability that those elements with the smallest value of A should
have the largest values of the denominator, as e.g., in the case of Na and Mg. A
possible explanation is that the mantissa is the nearest multiple of A, to some group
constant. But see also under discussion of the F series. It might however have
been expected on this ground that the denominators would be of the form 1—-M{A).
But the case of Na is clearly against this. Its denominator ‘988656 = 1—'011344
and 11344 is 1526A and cannot be a multiple. It would seem conclusive that the
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denominators of the extreme satellites of the first line are multiples of A, or A, and
that explanations should be sought for apparent exceptions.

The S and P Serves.

The relationships between the doublet and triplet sets of the P series and between
the S and P series were discussed in [II., p. 51] by comparing the differences between
the corresponding denominators. It is now possible to see how, if at all, these
differences are related to the oun.

The P Series—In the alkalies the differences between the corresponding
denominators of the two sets were found to be constant within error limits and
of .course equal to A. In the other elements in which the P series have been
allocated, there was always a drop in the difference, which in several cases then
remained constant for the succeeding orders. The values were given on [IL., pp. 51-53].
They are reproduced here, and it is seen at once how they proceed on quite analogous
lines with successive satellite differences of the D series considered above. The
possible errors of the single lines from which they are deduced are given in brackets.
Thus ZnP (1) are 1'599352 (2), 1'592143 (3), 1'588669 (4), and the differences are
given as 7209 (2, 8), 8474 (3,4). The higher orders, in which the possible errors are
so large as to be themselves multiples of &, are not included. The value of 4, is
given with the symbol for the element.

It will be noticed that the more accurate the observations the closer are the
differences to the multiples of the oun. But the observed variations from true
multiples in the case of the large separations would seem to point to a difference
in the « as well as in the w. In any case it would seem that u must alter
per saltum from order to order, unless the sequence formula is a complicated
function of m.

Zn (8, = 38'75). Cd (8, = 118°8).
7209 (2, 3) 3474 (3, 4) 23109 (4, 5) 10368 (5, 5)
120—5 65420 - 503,—5 1305, —26
5355 (19, 28) 2525 (28, 36) 17423 (25, 25) 6980 (25, 25)
849 35, —5 ) ]
5191 (9, 9 2414 (9, 18 29) | 1
! § ) : (9,9) 269 (922) 35,27 6461 (1837) 53, 44
1 1 :
5154 (30, 30) 2375 (30, 30) 17109 (26, 28) 6407 (28, 25)

Hg (8, = 862°87).

87815 (%) 30002 ()
115—118 145, +143
71967 (%) 24779 ()
28,—122 38,—126 or 20,237
71364 (%) 23817 (%)

VOL. CCXIIL.—A. 3 ¢
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Note how Zn still affects d;. The variations from multiples in Hg seem to have
relation to the transference properly noted above, viz., from A, to A,.

Al (3, = 26°57). T1 (8, = 3876°835).
1751 () 134154 (1)
165, —3 535, 4191
1329 (78, 78) 94018 ()
—25,45 25—191
1877 (23, 23) 91195 (%)
0—3 25,—173
1380 (48, 48) 90615 (1)

In Al the value after the first is 1381 within limits of error for all.

The S and P Connections—The differences of the corresponding denominators in
the S and P are also given in [IL.]. The values are, however, subject to uncertainties
due to uncertain limits in both S and P, in which the ¢ are not the same for both.
In the case of the alkalies there seems a very clear connection with the A, except in
Cs, where as often before & enters. In the other elements it was shown that the
sequences are inverted and the differences are to be taken between the first of the S
and the second of the P. 1In Al, Tl, and Zn, there is again a clear relation, but it is
now to the denominator differences of the P, (2) and P,(2), or 13829, 94018, 2525
respectively, say A’ for each. In the case of Cd and Hg no clear relation is apparent,
although they behave approximately like Al and T1. This want of exact agreement
may be due to the effect of the transference inequalities considered above (p. 333)
in connection with the oun. The relations indicated above are shown in the following
scheme, in which the differences for the S and P are taken from [IL., p. 51-53].

Na . . . . 490162 = "5—13A,

K . . . . 464597 = '5—12A,

Rb . . . . 487501 = 5—-A,

Cs . . . . 491944 = "5—14J (roughly).

Al . . . . 489330 = '5—8x 1334 = 584/,
TI . . . . "594887 = 5494887 = "5+ A’

Zn . . . . 528306 = 5+11x2573 = 5+114/,
Cd . . . . 526358 = '5+26358,

Hg . . . . '603628 = 5+103628.
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The F Series.

In Part 1. the symbol F was used to denote the series whose limit depends on the
values of VD (2) in a similar way to that in which the limits of the S and D series
depend on VP (1). Where the D series show satellites the F series in consequence
consist of doublet or triplet series with constant separations. They comprise some of
the strongest lines in the respective spectra, but as in general they occur in the
ultra-red region they have not received the same attention as the other better known
ones. In the alkaline earths, however, they come well within the visible regions, and
show strong sharply defined lines. They are related also to other strong lines by
collateral and other displacements depending on considerable multiples of A, and so
naturally come under discussion in the present communication. As will be seen later,
the discussion gives the means of obtaining very accurate determinations of the A—
and consequently of the oun—as well as of settling other questions. I propose,
however, not to attempt an exhaustive discussion in the present communication,
partly because the main object now is only to illustrate the influence of the oun, and
partly because it would seem that a large number of lines which clearly belong to the
F cycle are related in a manner neither ordinal nor collateral, nor according to Rrrz’s
combining theory.*

For convenience of reference the wave-lengths of these lines are given in the
Appendix, together with short historical notes.

The Alkalies.—The table below gives the denominators for the two first lines in
each as calculated from PascHEN'S and from RANDALL'S results. BERGMANN’S measure-
ments for other lines are too much in error for the present objects. The limits used
are the calculated values of VD, using the limits D (o) given in Table IT. above and
the values of D (2) in the Appendix.

Na. K. Rb. Cs.
3-997919 (169) — 2195, 3-992817 (252) — 290,  3-987849 (433) — 289¢,  3-977334 (146) — 287¢
4+997967 (2845) — 569¢, 4989237 (696) — 5665, 4983697 (846) — 5645, 49698
5-9710
6-9642

The question that first arises is, do these refer to actually the first lines of the
series ? If, like D, the lowest value of m were 2, the wave numbers of the lines
would be somewhat above, Na, 0; K, 1200; Rb, 2060 ; Cs, 4450. For Na it would
be outside, but the others come within regions observed by PAscHEN.T

He gave for K lines at wave numbers 18463 and 1182'9. The former requires a

* The relation is extremely common in certain types of spectra, e.g., the rare gases other than He. I
hope to return to this in a future communication.
1 «Zur Kenntnis ultraroter Linienspektra IIL,” ¢ Ann. d. Phys.,’ 33 (1910), p. 717.

3 ¢ 2
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denominator 8007542 and the latter 2°987479, the one apparently too large and the
other too small to fit in with the progression of the lines for m = 8, 4. But the
mantissa for the latter is within limits 26 below that for m = 3 [see Note 3 at end].

In Rb there is a line at wave number 2129'0 which would require a denominator
2:997805, well in step with the other two. PascuuN identifies it as Dy, (3)—P,(4),
assuming the existence of satellites in RbD. It would seem to be more probably the
F(2) sought for. There is another line given as 21561 or 21644, If the former is
the more correct it gives denominator = 3°001138. In Cs no line appears with wave
number near 4450. There are two lines, however, with wave numbers 340993 and
332137 which differ by 88'56 + 6, and certainly suggest the doublet series depending
on the D (2) satellite. This requires a separation of 97°96, and if they belong to the
F series there must be a satellite with a separation 9°40+'6 which we should not
expect to observe as being too faint. The lines give a mantissa 2°851708 with a
satellite difference 1003. The latter may be, within limits, 24, a value which in the
alkaline earths seems to be closely associated with F satellites. But the mantissa is
less than that for m = 3, when a larger value should be expected. Even if not F (2)
itself it may be related to the I cycle in a similar way to certain displacements found
in the alkaline earths (see pp. 383, 413), and it should be noted that if so there
seem to be lines in corresponding positions in K and Rb., They are (in wave numbers)
the 1182'9 referred to above for K and 1911°05 in Rb. The latter requires a
denominator 2'971391. In this connection it is interesting to note that Pascrrx
makes the remark that this line at times shows itself double. The separation
calculated from his numbers is 1°12, giving a denominator difference of 107 for
F, () and F,(), s.e, for VD;;(2) and VD, (2). This would indicate a sort of
incipient satellite in RbD. These considerations seem to show that there is some
likelihood that m = 3 does not give the first line of the F series, and they will be felt
to have greater weight when the curious irregularity in the F(2) of the alkaline
earths to be noticed immediately is taken into account. The question is further
discussed on p. 897 in connection with the other elements.

The next question is, is there any indication of F satellites in the accepted lines ?
If so we should only expect to find it in Cs. Now RANDALL gives weak lines 8080°9
close to 8083°1, F,(4), and 8018°9 close to 80206, F,(4). They look like satellites
only on the wrong side. The first changes the denominator by 2000, which is within
easy limits of 1914 = 3. It will be shown that this is a common satellite difference
in the alkaline earths. Further, it makes the denominator 4'9718, thus bringing the
values for m = 3, 4, 5, 6 in order, which is not the case in the table above. There is,
therefore, something to be said in favour of taking the normal ¥ (4) doublet to be at
80809, 8018'9, and that that is then collaterally displaced by 38 to the stronger lines
80831, 8020°6. It is also quite in keeping with analogy in the alkaline earths that a
similar displacement is not shown in the case of the first lines F (38) (if F(3) are the
first lines).
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Group I1. The Alkaline Earths.—The series are most fully and regularly developed
in Ca and Sr.  In Ba and Ra the configurations which give rise to the normal type
seem to be so modified that displaced lines become common, and in cases the normal
line has disappeared. On the other hand, Mg seems to range itself with the Zn
sub-group. It will be best therefore to deal with Ca and Sr first, and as they are
built on a precisely similar plan to consider them together.

The following table gives the wave numbers of the series together with certain
others which are clearly similarly related in the different elements. The separations
are indicated by thick figures. The wave-lengths are given in Appendix IT.

Ca. Sr.
16203-40 21-75 16225-15 14801-57 101-73 14903-30
1620472 15046-98 61-70 1510868
2179902 21-13 21820°15 13-58 21833-73 20530-76 59:78 20590-54
20432-18 100-64 20532-82
20435-10

24391-49 21-50 24412-99 13-66 24426°65 23045-78  99-26 23145°04 58-54 23203-58
25793-67 21-64 25815-31 13-55 2582886 24457-06 10005 24557-11 5925 24616-36
26634-00 22:43 26656°43 14-29 2667072 2530332 100-47 25403‘79 58-61 25462-40
27177-76 21-58 27199-34 15-09 27214-43 2585061
Analogous Sets in Ca and Sr.

17847:46 21-94 17869-40 13-86 17883-26 18061-87 100-20 18162-07 56-61 18218-68
17887-55 21-81 17909-34 18239-35 100-62 18339-97

18968-53 21-58 18990-10 14-01 19004-11 19016-64 100-34 19116-98 59-75 1917673

Ba. Ra.

1308979 260-60 13350°39
13471-69 259:76 13731-45 157-55 13889-00

1347744
1779309
1868680 255-17 18941-97 ' 17300-80 699-93 18000-73
21308-19 252-51 21560-70 i48'32 2170902 22037-41 456-64 22494-05
21350-92 701-89 22052-81
22706 84 2297957
23667-07® 23919-27® 2399583

O Fpy (5) (Ay). ® Ty (6) (94,). ® Fy (6) (8Ay).
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It is clear that these lines also show satellites. Also, it is curious that the first
sets of triplets apparently have the lines corresponding to the second separation
displaced below those forming the first. Thus in Ca the second set (giving v, = 13°5)
have not been observed, in Sr the two (» = 101, », = 60) are separated by a gap of
143, and a similar effect will be found later in Ba. Owing to this fact, the formulee
constants are calculated from the 2nd, 3rd, and 4th sets. They give for Fy,—

. \2
Ca . . . . . 28984‘93—N/<m+'891511+0—8%%6—41),
. 2
St L. 27612‘37——N/<m+‘875560+——~——102548>.

These give the following values of O—C :—

m. 2. 6. 7.
Ca . . . —118 ‘18 22
Sr . . . — 42 ‘05 02

The agreement is good, except for m = 2, and in this case the agreement is sufficient
to show that the allocation for m = 2 is correct.

The limits are: close to those of VD, (2), which is not known with great exactness
because the values of S () or D () given in [IL] for the second group are subject
to possible errors of some units. With formulse in 1/m the values of D (o) = S ()
are given [IL, p. 36] as 8899485 for Ca and 3103727 for Sr, whilst with formulee in
1/m?, the respective limits are 33983'45, 31027°64. The values of VD, deduced
from these are respectively 28939°93, 2761565 with 1/m and 2892853, 2760602
with 1/m?® The limits, therefore, found above for F, (o) lie each between their
corresponding values as deduced from the D series direct. Assuming that the F ()
are more accurate, the values of D () deduced from them are 3398985 for Ca and
3103399 for Sr, in both cases close to the mean of those in [IL]. TIf the series
depend on formule sequences, these limits may be taken as close to the correct
values. If, however, the different orders proceed by multiples of § or A in the way
illustrated in Table II. for the D series, the limits may require modification by a
few units. '

As the separations of the F series depend on the separations of the satellites of the
first lines of the D series, and these depend on displacements by definite multiples
of d, as given in Table IL, it is possible to calculate the values of the former with
extreme accuracy. Table II. gives 130 and 8J as the multiples in question for both
the elements Ca and Sr.  Using the values of ¢ and of the denominators of Dy, there
given, the separations in question calculate out to 2249, 1875 for Ca and 10034,
6201 for Sr. These may be regarded as exact to the 2nd decimal place and
independent of any possible variation of &
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In the case of Ca the observed lines, with differences somewhat less than 22°49 and
1375, seem to indicate the presence of close satellites. If 1620340 is really F,(2),
the separation of the first satellite is 1°82, with possible errors (‘26 +°26), which form
a very considerable proportion of the total amount. A displacement of 88 produces a
separation of 151 and it may be this. But 1620340 has an excessive intensity for a
satellite line, viz., 6, as against 4 for F);,, and, moreover, 1t may possibly be the
collateral S, (2) (—A,) which gives O—C = 03 with O = 10. If the latter allocation
is correct, it would hide Fy,, which should be 1622515 ('26)—22'49 = 1620266 ('26),
giving a separation of 2'06 ('52) due to 48 which gives 2°02. The same considerations
applied to the second set give a separation of 1'36 for the first satellite, in which
again 43 gives 126, and 22 for the second, § giving ‘32. The separations are so small
that no certain conclusions can be drawn as to their origin. The actually observed
numbers may be due to 45 and §, but 8 and 28 are just possible [but see Note 4].

For Sr the first doublet is useless, as the line is due to the early measurements of
LenmaNN, which are affected with considerable errors. The observed separation for
F,, and F,, gives 10173 instead of something less than 100°84. The second triplet
gives 2'92 for the separation of the second satellite from the first and 2:06 for the
separation of the satellite of the second line of the triplet, and from analogy with
other satellite series, this would be the separation of the first and second satellites of
the first line. Differences of 3§ and 28 give separations of 3'06 and 204, so that it
may be concluded that the satellites depend on these differences, a conclusion
supported by the fact that a similar result is indicated as possible for Ca.

Returning to the curious fact noticed above that the first triplets of the series
seem to be dislocated, the second fragment in Sr is found at a distance 143°68 below
its normal position. For the present we note this can be explained by one of two
possible collateral displacements, viz. (—18%4d) F(2) or F(2) (34,), where F stands for
the normal F, or F,. The case of Ba below will give evidence in favour of the latter
- explanation. ~

In addition to the lines of the series itself, there are two sets of triplets and a
doublet which are clearly analogous in the two elements. They are given in the list
above, following the series lines. The first triplets in each are curious as having the
middle line the strongest.* They are also related to others in the way indicated in
the following scheme :—

(8) 1784746

2194

Ca (8) 1784252 1398 (8) 17856°50 1290 (10) 1786940
13'86

(8) 1788326

* A similar peculiarity has already been noted in the associated OD series.
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(6) 18061°87

100-20

Sr  (6) 1804471 5969 (8) 18104'40 5767 (10) 18162°07
56'61

(8) 18218768

(10) 1896853
21°57
Ca (8) 1898531 479 (6) 18990°10 715  (6) 1899725
1401
(4) 19004°11
(10) 1901664
100-34
Sr (10) 1908327 38371 (8) 1911698 1525  (8) 1913223 1070 (8) 19142'93
5975
(4) 1917673

The first lines of the triplets give as denominators, supposing the true limits to
be F, ( °°)+f -

Ca. Sr.
st triplet . . 8145123 (22)—141'8¢ 3'388848 (28)—177°4¢
ond ,, .. 38'317300(30)—166°4¢ 3'572008 (23)—207'8¢
172177 +30p—22q —24'6¢ 183160+ 23p —28q—30°4¢

= 126 (1866°48 +24p—"17¢—"20¢) = 33(5550'30+'69p—"85g—"91¢)
= 126 (186878 —"20¢£)—5¢

where p, g lie between +1. Clearly the differences are the multiples 126A,, 33A,,

for the two elements respectively.
The first lines of the doublets give for Ca 8150824 (22)—1426¢ and for

Sr 3420693 (18)—182'5¢&.
These differ from the denominator of F, (3) by
Ca. . . 769567 +123p—22g—132'6¢ = 562 (1369'33 +22p—"04g— '236¢)
Sr. . . 488383+32p—18¢—90¢ = 88 (5549°81+ '36p—'20q—1°02¢).

That is, they apparently differ by 5624A,, 88A, respectively. We shall see shortly
that the best value for ¢ makes the relation for Sr very exact, whilst that for Ca is
more doubtful.
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The following list contains the wave numbers of certain lines related to the F series
in the two elements with the denominators appended for the chief lines :—

Ca.

@y

—15380'80
1392
—15394°72
—15447°35
2175

A —15469°10

B— 501198
501474 »22771
5034°69 |

1006
5044775

C 617118
2112
619230

D 1813301
20°04
13153705

E 1558059
2066

15601°25
VOL. COXIIT.—A.

1'571602— 177¢

2141121
2141244 — 44°7¢

2194987 — 48°2¢

2'634565— 23°3¢

2'865778—107"7¢

—31237°30
10084
—31338°14

—31345°01
6893
—31413°94
9999
—31513°93

8894766

1527172
9909
1537081

Sr.

1'363986— 11°56¢

1°361954 — 11°51¢

2420625 — 64°7¢

2'981157
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Ca. Sr.
F 1784746 3145123 —-141'8¢ 1806189 3'388848—177°4¢
2194 10018
1786940 1816207
13-86 56'61
1788326 1821868
G 1788755 3150824 —142°6¢ 1823935 3420693 —182°5¢
2181 ’ 100°62
1790934 1833997
H 1896853 3'317300— *? 19016764 3572008 —207°8¢
2157 100-34
1899010 ‘ 19116°98
14:01 5975
19004°11 1917673
r . . . . . . . . ... 21022°14 4048761
59-91 or
2108205 1°499227

Trom these we find the following differences, m denoting the mantissa only :—

Ca. Sr.
7 7 36 within limits
mof F—mofay. . . . . . . . . . . . ... 5(5878'80—83°2¢)
mof D—mof A . . . . 46(136875—143¢)
mof G—mof B . . . . 7 (136871 —14¢) 68—118¢ =0
m ol Fiy(8)—m of ¥ . . . 562(1368'82—"236¢) 88 (554981 —102¢)
H-F . . . . . . . . 126(1366'48—"20¢) 33(5550°30—"91¢)

126 (186878 —"20¢)— 59

D-C . . . . . . . . 321(186940+ 51dr—"110£)*

G-F,2)t . . . . . . 158(136889—"173¢) 89 (555890 —"77¢)
G-F,(2)t . . . . . . 158(136816—"173¢) 89 (555266 —"77¢)
E-D 169 (1368°12—"144¢)

Also the first triplet A in Ca shows the same kind of dislocation as in F (2) of the
other elements. The dislocation is 52°63, corresponding to a denominator difference
of 981, and 164 is 930.

* (X on 13133 may be >1.

T Fi5(2) as calculated from the formula.
1 Allowing 28 for the satellite difference Fig— Iys.
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The number of the cases where multiples of A, enter, as well as their appearance in
the corresponding position in the two elements where corresponding lines are observed
must produce a conviction that they represent real and not chance relations. In the
case of Ca it makes A, close to 13687 corresponding to & = 36177w” If ¢ has any
but a very small value, the first two multiples are upset, but these may be due to
chance. If ¢ be made —6'5 as suggested below, A, will be about 13702 with
d = 362'15w% which is considerably greater than the most probable value. The
probability is that ¢ can only be a small + quantity, ¢ = +1 changing §/w?® by +06.
A similar reasoning applied to Sr rather tends to show that here the value —6°5 is to
be preferred. Tt makes the first multiple = 5x 559460, and the other values of A,
become 5556°44, 5621, 57°66, and 5556 gives § = (361'52+ '24)w? the uncertainty of
this being due to a possible error in the atomic weight of 87°66, with ¢ = —5°5 the
first relation gives A, = 5561°40.

Again the most probable values of the denominators of Fy;(2) are

Ca = 934539% —115'2¢ = 937277 —115°26—2A,,
Sr = 9259461 —114'0¢& = 937060—114"06—2A,.

The numbers on the right are practically equal. If analogous relations are found in
Ba and Ra 1t points to the existence of a group constant about 937300. On the
other hand it would seem that the denominators of VI, (2) are, like those of
VD, (2) multiples of A, also, for

denominator of CaF,, (2) = 934539 + 58 == 683 (136871 —"16¢),
. 5 SrFy (2) = 925946 +58 = 167 (555279 —"68¢),

and ¢ =—6, 5 in Sr makes A, = 5557°21 in line with those above.

The denominator of Caly, (2) is 8A, less than that of CaD,, (2),
2 13 ) SrB‘ll (2) ) 11A2 b3 b2 ) 35 SI‘D <2)

Which of these two interpretations is the more likely must be left until the cases of
Ba and Ra are considered. It should however be noted that there may be some
uncertainty as to what lines really represent ¥, ¥, or Fy,, i.c., as to which of them
the multiple law is to be attached.

There remains to consider the question of the real limits. The reasons for
supposing them to be Dy, Dy, Dy, are so strong that it is necessary to see whether
the values obtained direct from the F series, and those required in Table II. cannot
be brought into agreement.

If the I series possess what has been called in [IL.] a formula sequence, the values
obtained for ¥ (.« ) above cannot be more than a few units in error, and in this case it

* Calculated from formula.
T The observed is probably Fy5(2) since the separation with ¥, (2) is the full value.
3D 2
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must be possible to raise the limits for D () to agree with those calculated from
F (). That is, to raise that for Ca from 33981'85 to 3398985 and for Sr from
31027°25 to 31033°99, or Ca by 8°00 and Sr by 674 or thereabouts. It may probably be
possible to find numbers near those which would still make the order differences of
Ca and Sr multiples of §, but only by supposing that the successive mantissa~
differences in the D series after rising begin to decrease with higher orders, which is
against the rule in other cases. This is so far an argument against this way of
reconciling the different values of the limits. If however the order differences in the
I series behave in a similar manner to that considered above for the D, 4.ec., by
multiples of § or A, the exactness of the ¥ (o) found by means of a formula is no
longer so close, and the question becomes one of seeing if, when they are made 8 less
for Ca and 674 for Sr, it becomes possible to arrange the denominators in the
same way.

If the attempt be made to reduce F () by 8 in CaF, a similar objection to that
raised above will enter, viz., the successive mantissa-differences after falling begin to
rise after m = 5. If however a reduction of about 6°5 be made, reducing the limit to
that found in [II.] for 8 (o), the order mantissse differ successively within observa-
tion limits by 104,, 44, A, A,, 0. Further, in the case of Sra fall of 675 produces
a similar fall and rise in successive denominators. If however ¢ be put —1'33,
the mantissee differences become within limits 34, A,+99, 164, 114, 45, If this is
justified, it is curious that as in the D series where there are no satellites, the
differences proceed by multiples of A, the same rule should hold for Cal, where
satellites are at least not certain. The difficulty can only be stated and the solution
left open. It is possible that the order differences must be compared from the F,, of
one line to the K, of the next, for which there is evidence in Ba and Ra.

Bariwm.—In discussing Ba we start under the disadvantage that the lines
belonging to D (2), with the corresponding satellite separations have not been
observed, for the ultra-red doublet treated in the discussion on the D series does not
seem to belong to the normal D (2). Moreover, the observed lines which are clearly
related to the F series are so dispersed by collateral displacements that it is
questionable whether it is possible to arrange a series proceeding by an algebraical
sequence as in the other cases. The lines exhibited in the table above run on parallel
lines with the corresponding lines in Ca and Sr, and are clearly closely related to the
successive orders of the series, even if they are not the typical ones themselves. An
attempt to obtain a formula from the first three gives a limit = 259067, and gives
a value of the wave number for m = 5 of 22729°52 close to the strong line 22706°84.
It 18 250705 behind the strong line 2297957, which indicates that the last is probably
the normal ¥y, (5), and makes the normal F,, (5) about 250 behind. This is in fair
order with the march of the others. We may therefore feel justified in settling that
the limit of F, (o) is near 259067. The I' separstions are close to 260 and 157,

they are therefore based on satellite differences in the D series of 15 and 90 & is so
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large that there can be no doubt. These numbers are in analogy with the values
for Ca and Sr, viz., 13§ and 85, are in the usual ratio 5:3, and stand to the
observed values for BaD (3) given in Table Il in a similar relation to those in Sr.
Now F, () must be VD, (2), and if the general rule found above that the mantissa
of VD, (2) is a multiple of A, holds, it is possible to obtain a very accurate value. As
a fact, with F, (o) = 25906 the mantissa of F, () is very nearly the multiple of
87A,. If it is made so exactly, taking A, = 11960, then F, (o) becomes about 25922.
This value, with the D satellite differences of 154, 94, give

F, () = 25922
26017

F, () = 2618217
15795

Fy (o) = 2634012

and it is seen how close the separations come to those observed. If we put
F, (o) = 25922 + ¢, the mantissa of '

D, (2) = 1'040539—387¢ =87 (11960'2—"45¢) = 87A,.

The D (2) lines calculated from these and D, () = 28610'63 found above give the
following scheme in wave-lengths on RowLAND's scale in vacuo .— »

Dy Ds. Ds.
4404297 3175894 2841675
41178°36 3024191
3719367

The last one only comes within the region in which RaNparL’s ultra-red lines lie,
his longest wave-length being 29223, belonging to the doublet treated as a possible
D line above. If the rules employed are valid, these values can only err by a few
units. The denominator of VI, (2) is 2923500—113'94 In the cases of Ca and
Sr there is apparent the existence of satellites, viz., F,(2) = Fy;(2) (—3J) and
Fy, (2) = Iy, (2) (—=58), and in both cases the mantissa of one of the I, (2) sets thus
found are multiples of A, If this is general the mantissa for Bal,(2) will be
920085—113'9& This is 77 (11949°1—148¢), sufficiently near to give some weight
to the allocation. If &= —10 thisis 77 x 119639 and the value for Dy, given above
becomes 87 x 11964°7, giving a value of A, = 11964 within limits of error. A, = 11964
makes the oun 68366 = 361'98w? with W = 137'43. The F satellites thus constituted
would, if existing, have separations for m = 2 of 1802 and 1203, and for m = 3 of
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763 and 5°09—but they have not been observed for I (2)—as indeed is the case in
Ca and Sr the first set in which show separations of the full amount. The curious
dislocation of the second half of the triplet from the first seen in Sr shows itself here
also. The analogue appears to be shown in the triplet coming next in the list which
appears to have kept its first member and satellite. The displacement is 88106 +.
This cannot be due to a displacement in F (), for if so the separations due to
1548, 99, would be considerably larger. If it is treated as a displacement on VI the
denominator difference 1s 43403—5'8¢, while 3A,+11J = 43414. It is probably
therefore this. The corresponding displacement in Sr was found to be 8A, The
separation between the first line and the satellite is 575, the satellite being due to
LeamaNN whose measures are not very accurate, it may well be 6°01 corresponding
to a satellite difference of d. The lines may therefore be represented

o (2) (34, 4110),  Fu(2) (3A,4110),  Fy (2) (3,+110),
T, (2) (3A,+129).

If the next two lines are correctly allocated, 18686 should have an unobserved
satellite with a difference 26. This would make 18941°97 or F, 26026 ahead
of the satellite, so that this supports the allocation. The line 2130819 = Fy, (4)
corresponds to a satellite with 5J. This makes, on the supposition of satellite
differences of 23, 39, 2156070 or F.,,(4) 260°89 ahead of the satellite Fy,(4), the
satellite ¥, (4) being absent. The line for m = 5 appears to be displaced to 22706.
The value calculated from the rough formula gives a line 250 behind the strong line
2297957, clearly showing that the latter is a I, (5) line, and 22706 is very close to a
displacement of A, on the calculated. If this be made exact the undisplaced line
would be at 2271997, or 259°60 behind 22979°57. This is within error limits of 260°17.
Hence Fy, (5) has been altogether displaced to 2270684 = Fy, (5) (A,), and 2297957
is F,(5). For m = 6 the formula gives F, (6) = 23858283. There is a doublet at
23667707 (*28), 2391927 (1°14) with a separation 25220, and no others in the neigh-
bourhood. If these are the displaced I (6), the normal F (6) would be 2359582 and
23855'93 and the observed lines 2366707 = F, (6) (94,) and 2391927 = F, (6) (84,).
The calculated normal lines have separation 260711, or practically 260°17. A line at
2399583 is 418 = 260+153 ahead of the calculated F(6). It is therefore the
undisplaced F; (6).

There are a large number of other lines clearly related to the F type. Their
complete discussion would require a more searching investigation than can be given
now. Several sets are related in a manner which is quite common in spark and rich
arc spectra, indicated by the fact that a number of lines may differ in succession by
nearly the same separation—a kind of relation which cannot be due to collateral
displacement by equal denominator differences. There are a few also which seem to
be attached parasitically to S and D lines. There may be uncertainty also as to
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whether the separations shown which differ from 260 and 158, differ through a
satellite effect, or by successive collaterals of 15§ and 9J. For instance, putting

150 = A, F () —=F, (»)(A) =264'10, F,(»)(=A")—F,(x)= 25639,
F, () (—=24") =F, (=) (—A") = 25235,

all which separations occur. In the lines now to be referred to, however, the
separations will be supposed to owe their defect from 260 to the satellite effect, and
thus treated it is clearly seen what an important role the A, term plays.

Amongst the ultra-red lines observed by RANDALL* appear the following in wave

numbers :—
((70) 938755 (4°4)

159:93
(60) 954708 (1'82)

1.4 (60) 977154 ("95) 25770

(5) 9804787 (1°5)
15976

L (60) 9964527 (3)

The figures in brackets before the numbers give intensities and those after the
estimated maximum errors. They clearly belong to the F cycle, and show within
error limits the normal separations. The run of the intensities would point to
negative values, with the first four respectively for fi, fu, fi, fiss but also the 2nd,
4th and 5th might be f, f, f;, whereby 9771 would not come in and the small
intensity for f, would be abnormal. On the first supposition, £, = —9771 gives a
denominator 1752908 (23)—24'5¢ and f,, = —9804 = f,,(—J). On the second,
Ju = 9547 gives a denominator 2588000 (143) —79¢&  Now

752908 (238) —24'5¢ = 63 (119503 + 36 —"36¢) = 63 (119611 +'36—"36¢) —0,

or denominator of fi, = 63 (11961°14'36 —"36£) —28 = 63A,—24.

In the following the wave numbers of some sets of lines with their separations are
given. The low frequencies have been observed by Lunmany and by HERMANN and
Horrrer. LEHMANN gives many weaker ones not observed by HermANN and wvice
versd. LEHMANN’S observations were earlier but are not nearly so accurate as those
of the others.

2. 12636'36 26017 12896°53

3. 14141°15 26094 1440209 15863 1456072

4. 1490326 254:37 1515763 15788 1531551
14934°33

5. 1692193 15608 17077°96
16669°61 25969 16929°30

*.¢Ann. d. Phys.,” 83, p. 745 (1910).
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The following numbers give the

F, () = 25922.
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. 17219°30

17508793

. 18577796
. 1858556

1863262
2366707

26278 1748208
26116 1777009
25812 18836°08 14415 18980287
25592 1884148
26169 1889431
252:20 2391927

corresponding denominators calculated from
Where the separation differs from 260, the satellite value—or,

which is the same thing, the denominator for F,—is inserted as well, but, in order.to
distinguish it, it is printed further to the right-—the changes due to ¢ being the same

for both.

(2) 2:873178—108"1¢

F.(2) 2923500—1189¢

F,(2) 2967999

F,(2) 2968684—1192¢ |
{3'051164-129'55"

—1192¢

3+3

‘051267

[ 154087
55,—46

(4)< 8'154916—143'1¢

265,118
(3159373 —143'7¢_|
( 441229

28,+13

(5)4 441583

2845
(84429541860
(3549987 —203'9¢
(6) 38,413
1 550517
(3610577 —214'5¢ |
71

8,443

L ‘610791

95506 = 8 (11938'3—1'39¢)

e 83165 =7 (118807 —149¢)
= 16 (119607 —154¢)

e 108209 = 9 (12023'2—1°58¢)

—— 28667 = 24 (11944'6—176¢)

107563 = 9 (119517 —199¢)

— 60060 = 5(12012—2'08¢)
= 5(11943'8—2"08¢)+24,

11952

11895 (11969)

12039 (11982)

11962

1197176

11964°6
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863911
(8) 25,+14
3'864437—263¢ |
"865855:
NN
3'866436—263¢
3'878900—266"1¢__| |

14463 = 11929 +153,—28—38'1¢ 11932

879299 o 14495 = 11933+ 158,—2'9¢ 11962
F.(3) ‘892050 L
Fu(3) 3'893395—2690¢
B, (4) 871538 \ 978143 = 82 (11928°'5—3"16¢) 11970
F,(4) 4'875553—-528'3¢ — 968996 = 81 (11962°9+5°93—4'63¢)
Fip(5)(—A,) 5840534—908°3¢ ~——964981 = 81 (11913'3+ —4'63¢) 119596
A—8—14 | 976927 = 82(11913'7— 4'63¢) 11960
F,(5) 5851797—908"3¢
- 2F, (5) "852480
961761
(10) A,

6°974086 (432)—1546°4¢

The differences are given in thick figures. The last column gives the corresponding
value of A, without regard to observation errors when &= —10. In the case of (3)
if the differences be referred to a hypothetical Fy,, displaced 89 from 14141, the two
abnormal values come to 11969 and 11982. It will be remembered that we had an
indication above of ¢= —10 with A, = 11964 in treating both VD,;(2) and VF,;(2)
as depending on multiples of A, It would seem, therefore, that the value of A, is
close to 11964 +38 and the value of F, () = 25912.

The actual differences of successive denominators in the normal series may thus be
represented :—

Fiy(2), F(8)=81(119574—191¢) = 81(11940'6—1"91£)+28, 119597,

Fy(8), F,(4)=82(119285-316¢) = ' , 11960°1,

F.(4), F,(5)=82(119137+36—463¢) , 11960°0+3°6,
in which the last column also gives the value of A,, where ¢ = —10.

The first multiple of 81 with addition of 2 suggests (1) a real F); (2), displaced 23
from 13089, or (2) that there is a normal type ¥y, about A, behind. The latter may
well not be a typical Fy, line since it makes the exact separation 260 with F,. There

VOL. COXIII.—A, 3 E
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is a line by LEHMANN at 18096°55, but its collateral displacement cannot be 28 within
any likely limits of even LEHMANN'S measurements. As to the second supposition,
there is a line at n = 12992°53 by LEHMANN which gives denominator 2'892050.
This gives a difference with F,(8) of 82(11943'5—1'90¢), which with &= —10
would again make A, = 11962'5. It would thus appear that the normal Fy (2)
line is 12992, and the system receives a double<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>