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VI. An Account of a Book intituled, A Trea-
tife of Fluxions, in Two Books, by Colin
Me Laurin, 4. M. Profeffor of Mathe-
matics in the Univerfity of Ldinburgh,
and Fellow of the ROYAL SOCIETY, 4"
a1 Two Volumes, Pages 763.

Prefented Jan, HE Author’s firft Defign, in com-
7. 17423 pofing this Treatife, was to cfta-
blith the Method of Fluxions on Principles cqually
evident and unexceptionable with thofe of the antient
Geometricians, by Demonfirations deduced after their
Manner, in the moft rigid Form, and by illuftrating
the more abftrufe Parts of the Do&rine, to vindicate
it from the Imputation of Uncertainty or Obfcurity.
But he has likewife comprchended in this Work the
Application of Fluxions to the moft important geo-
metrical and philofophical Inquiries. It confifts of
an Introdu&ion, and Two Books. In the Introduion
he gives an Abftra& of the Difcoveries of the An-
tients in the higher Parts of Geometry, with Obfer-
vations on thcir Mecthod, and thofe that firft fuc-
ceeded to it. The Firft Book treats of Fluxions in a
geometrical Method, and the Second treats of the
Computations.

In the Introduction we have an Abftra& not only
of the Difcoveries of the Antients in the higher Parts
of Geometry, but likewife of their Demonftrations.
After an Account of the Propofitions of this kind,
that are to be found in the Twelfth Book of Euclid,

Tt2 there
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there follows a Summary of what is molt material in
the Treatifes of Archimedes, concerning the Sphere
and Cylinder, Conoids and Spheroids, the Quadra-
turc of the Parabola and the fpiral Lincs. The De-
monftrations are not precifely in the fame Form as
thofe of Archimedes, but are often illuftrated from
the clementary Propofitions concerning the Cone,
or Corollaries from them, after the Example of
Pappus, (Coll. Math. Prop. 211, Lib. 4.) from whom
a Propofition is demonftrated, and rendered more
general, concerning the Arca of the Spiral that is
scnerated on a fpherical Surface by the Compofition
of Two uniform Motions analogous to thofc by
which the Spiral of Archimedes is defcribed on a
Plane. This Area, though a Portion of a curve Sur-
facc, is found to admit of a perfe&t Quadratuare,-and
this Propofition concludes the Abftratt. He takes
occafion from thefe Theorems to demonftrate fome
Propertics of the Conic Se&tions, that are not men-
tionced by the Writers on that Subjeét; and there are
morc. of this kind defcribed in the XIth and XIVth
Chapters of the Firft Book.

It is known, that if a Parallelogram, circumf{cribed
about a given Ellipfe, have its Sides parallel to the
conjugate Diameters, then fhall its Arca be -of an
invariable or given Magnitude, and equal to the
Re&angle contained by the Axes of the Figure; but
this is only a Cafe of a more general Propofition.
For if, upon any Diameter produced without the
Ellipfe, you take Two Points, one on cach Side of
the Centre at equal Diftances from it, and the Four
"Tangents be drawn from thefe Points to the Ellipfc,
thofc Tangents fhall form a Parallelogram, which is

' always



[ 327 ]

always of a given or invariable Magnitude, when
the Ellipfe is given, if the Ratio of thofe Diftances
to the Diamcter be given; and when the Ratio of
thofe Diftances to the Semidiameter is that of the
Diagonal of a Squarc to the Side, (or of VEXTES)
the Parallelogram has its Sides parallel to conjugate
Diameters. It is likewifec fhown here, how the Tri-
angles, Trapezia, or Polygons of any kind are deter-
mined, which, circumfcribed about a given Ellipfe,
are always of a given Magnitude.

Thete is alfo a general Theorem concerning the
Fruftum of a Sphere, Cone, Sphceroid, or Conoid,
terminated by parallel Planes, when comparcd with
a Cylinder of the fame Altitude on a Bafe cqual to
the middle Se&tion of the Fruffum made by a parallcl
Plane. The Difference betwixt the Fruftum and the
Cylinder is always the fame in different Parts of the
fame, or of fimilar Solids, when the Inclination of
the Planes to the Axis, and the Altitude of the
Fryftum, are given. This Difference vanifhes in the
parabolic Conoid. It is the fame in all Spheres;
being cqual to half the Content of a Sphere of a
Diameter equal to the Altitude of the Fruffum. In
the Cone it is One-fourth of the Content of a fimilar
Cone of the fame Height with the Fraffum; and in
other Figures it is reduced to the Difference in the
Cone.

In the Remarks on the Method of the Anticnts,
the Author obferves, that they cflablifhed the higher
Parts of their Gcometry on the fame Principlesas the
Elements of the Science, by Demonftrations of the
fame kind ; that they feem to have been careful not
to fuppofec any thing to be done, till by a previous Pro-

blem
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blem they had thown how it was to be performed:
Far lefs did they fuppofe any thing to be done, that
cannot be conceived to be poflible, as a Line or Scrics
to be actually continued to Infinity, or a Magnitude
to be diminifthed till it become infinitely lefs than it
was. The Elements into which they refolved Mag-
nitudes were always finite, and {uch as might be con-
ccived to be real.  Unbounded Liberties have been
introduced of late, by which Gcometry (wherein
cvery thing ought to be clear) is filled with Myfteries,
and Philofophy is likewife perplexed. Several In-
ftances of this kind are mentioned. The Scrics 1, 2,
3,4, 5,6, 7, ¢c. is fuppoled by fome to be actually
continued to Infinity 5 and, after fuch a Suppofition,
we are puzzled with the Queftion, Whether the
Number of finite Terms in fuch a Series is finitc or
infinite. In order to avoid fuch Suppofitions, and
their Confequences, the Author chofe to follow the
Antients in their Method of Demonftration as much
as poflible. Geometry has been always confidercd
as our fureft Bulwark againft the Subtleties of the
Sceptics, who are ready to make ufe of any Advan-
tages that may be given them againft it *; and it is
important, not only that the Conclufions in Geo-
metry be true, but likewife that their Evidence be
unexceptionable. However, he is far from affirm-
ing, that the Mecthod of Infinitefimals is without
Foundation, and afterwards endeavours to juftify a
proper Application of it.

The Grounds of the Method of Fluxions are de-
fcribed in Chap. 1. Book I. and again in Chap. 1.

* See Bayle’s Dictionary, Article Zeno.
Book
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Book II. In the former, Magnitudes are conccived
to be generated by Motion, and the Velocity of the
generating Motion is the Fluxion of the Magnitude.
Lines are fuppofed to be generated by the Motion of
Points. The Velocity of the Point that defcribes the
Line is its Fluxion, and meafures the Rate of its
Increafe or Decreafe. Other Magnitudes may be
reprefented by Lines that increafe or decreafe in the
fame Proportion with themr; and their Fluxions will
be in the fame Proportion as the Fluxions of thofe
Lines, or the Velocitics of the Points that defcribe
them. When the Motion of a Point is uniform, its
Velocity is conftant, and is meafured by the Space
which is defcribed by it in a given Time. When
the Motion varies, the Velocity at any Term of the
Time is meafured by the Space which would be
defcribed in a given Time, if the Motion was to be
continued uniformly from that Term without any
Variation. In order to determine that Space, and
confequently the Velocity which is meafured by it,
Four Axioms are propofed concerning variable Mo-
tions, Two concerning Motions that are accelerated,
and Two concerning fuch as are retarded. The
Firft is, That the Space defcribed by an accelerated
Motion is greater than the Space which would have
been defcribed in the fame Time, if it had not been
accelerated, but had continued uniform from the
Beginning of the Time. The Second is, That the
Space which is defcribed by an accelerated Motion, is
lefs than the Space which is defcribed in an equal
Time by the Motion which is acquired by that Ac-
celeration continued afterwards uniformly. By thefe,
and Two fimilar Axioms concerning retarded Mo-

tions,
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tions, the Theory of Motion is rendered applicable
to this Do&rine with the greateft Evidence, without
fuppofing Quantitics infinitely little, or having re-
courfe to prime or ultimate Rarios. The Author
firft demonftrates from them all the gencral Theorems
conccrning Motion, that are of Ufe in this Do&trine 3
as that when the Spaces defcribed by Two variable
Motions are always equal, or in a given Ratio, the
Velocities are always cqual, or in the fame given
Ratio; and converfely, when the Velocitiecs of Two
Motions are always equal to each other, or in a given
Ratio, the Spaces defcribed by thofe Motions in the
fame Time are always cqual, or in that given Ratio;
that when a Space is always equal to the Sum or
Difference of the Spaces defcribed by Two other
Motions, the Velocity of the Firft Motion is always
equal to the Sum or Difference of the Velocities of
the other Motions; and converfely, that when a Ve-
locity is always equal to- the Sum or Diffcrence of
Two other Velocities, the Space defcribed by the
Firft Motion is always equal to the Sum or Difference
of the Spaces defcribed by thefe Two other Motions.
In comparing Motions in this Doérine, it is conve-
nient and ufual to fuppofe one of them uniform;
and it is here demonftrated, that if the Relation of the
Quantities be always determined by the fame Rule or
Equation, the Ratio of the Motions is determined
in the fame manner, when both are fuppofed vari-
able. Thefe Propofitions are demonftrated firictly
by the fame Mecthod which is carried on in the
enfuing Chapters for determining the Fluxions of

the Figures.

In
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In Chap. II. a Triangle that has Two of its Sides
given in Pofition, is fuppofed to be generated by an
Ordinate moving parallel to itfclf along the Bafe,
When the Bafe increafes uniformly, the Triangle
increafes with an accelerated Motion, becaufe its
fucceflive Increments are Trapezia, that continually
increafe, Therefore, if the Motion with which the
Triangle flows, was continued uniformly from any
Term for a given Time, a lefs Space would be de-
fcribed by it than the Inctement of the Triangle
which is aually generated in that Time by Axiom L
but a greater Space than the Increment which was
atually generated in an equal Time preceding that
Term, by Axiom II. and hence it is demonftrated,
that the Fluxion of the Triangle is accurately mea-
fured by the Retangle contained by the correfpond-
ing Otrdinate of the Triangle, and the right Line
which meafures the Fluxion of the Bafe. The Incre-
ment which the Triangle acquires in any Time, is
refolved into Two Parts; that which is generated in
confequence of the Motion with which the Triangle
flows at the Beginning of the Time, and that which
is generated in confequence of the Acceleration of
this Motion for the fame Time. The latter is juftly
negle@ed in meafuting that Motion (or the Fluxion
of the Triangle at that Term), but may ferve for
meafuring its Acceleration, or the Sccond Fluxion of
the Triangle. The Motion with which the Triangle
flows, is fimilar to that of a2 Body defcending in frce
Spaces by an uniform Gravity, thc Velocity of
which, at any Term of the Time, is not to be mea-
fured by the Space defcribed by the Body in a given

Time, ecither before or after that Term, becaufe the
Uu MO{
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Motion continually increafes, but by a Mean between
thefe Spaces.

When the Sides of a Retangle increafe or decreafe
with uniform Motions, it may be always confidered
as the Sum or Difference of a Triangle and Trape-
zium ; and its Fluxion is detived from the laft Pro-
pofition. If the Sides increafe with uniform Mo-
tions, the Reétangle increafes with an accelerated
Motion ; and in meafuring this Motion at any Term
of the Time, a Part of the Increment of the Re&tangle,
that is here determined, is rejected, as generated in
confequence of the Acceleration of that Motion.

The Fluxions of a curvilineal Area (whether it be
generated by an Ordinate moving parallel to itfelf,
or by a Ray revolving about a given Centre) and of
the Solid, generated by the Area revolving about the
Bafe, are determined by Demonfirations of the fame
kind; and when the Ordinates of the Figure increafe,
the Increment of the Area is refolved in like man-
ner into Two Parts, one of which is only to be re-
tained in meafuring the Fluxion of the Area, the
other being rejected as generated in confequence of
the Acceleration of the Motion with which the
Figure flows. An Illuftration of Second and Third
Fluxions is given by refolving the Increment of a
Pyramid or Cone into the feveral refpe&tive Parts
that are conceived to be generated in confequence of
the Firft, Second, and Third Fluxions of the Solid,
when the Axis is fuppofed to flow uniformly.

In Chap. V. a Series of Lines in Geometrical Pro-
greflion are reprefented by an eafy Conftruction.
The Firft Term being fuppofed invariable, and the
Second to increafe uniformly, all the fubfequent

Terms
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Terms increafe with accelerated Motions. The Ve-
locities of the Points that defcribe thofe Lines being
compared, it is demonftrated from the Axioms by
common Geometry, that the Fluxions of any Two
Terms ate in a Ratio compounded of the Ratio of
the Terms, and of the Ratio of the Numbers that
exprefs how many Terms precede them in the Pro-
greflion.

In the VIth Chapter, the Nature and Properties of
Logarithms are defcribed after the celebrated In-
ventor; and it is obferved, that he made ufe of the
very Terms Fluxus and Fluat on this Occafion. A
Line is faid to increafec or decrcafc proportionally,
when the Velocity of the Point, that defcribes it, is
always as its Diftance from a certain Term of the
Line; and if in the mean time another Point defcribes
a Line with a certain uniform Motion, the Space
defcribed by the latter Point is always the Logarithm
of the Diftance of the former from the given Term.
Hence the Fluxion of this Diftance is to the Fluxion
of its Logarithm as that Diftance is to an invariable
Line; and the Fluxions of the Quantities that have
their Logarithms in an invariable Ratio, are to cach
other in a Ratio compounded of this invariable
Ratio, and of the Rario of the Quantitics them-
felves. * Some Propofitions are demonftrated, that
felate to the Computation of Logarithms; but this
Subjet is profecuted farther in the Second Book.
The Logarithmic Curve is here defcribed, with the
Analogy betwixt Logarithms and Hyperbolic Ratzos.

In the VIIth Chapter, after a general Definition of
Tangents, it is demonftrated, that the Fluxions of the
Bafe, Ordinate, and Curve, ate in the fame Propor-

Uuy 2 tion
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tion to each other, as the Sides of a Triangle refpedt-
ively parallel to the Bafe, Ordinate, and Tangent.
When the Bafe is fuppofed to flow uniformly, if the
Curve be convex towards the Bafe, the Ordinate and
Curvc increafe with accelerated Motions; but their
Fluxions at any Term are the fame as if the Point
which defcribes the Curve had proceeded uniformly
from that Term in the Tangent there. Any further
Increment which the Ordinate or Curve acquires, is
to be imputed to the Acceleration of the Motions
with which they flow. A Ray that revolves about
a given Centre, being fuppofed to meet any Curve
and an Arc of a Circle defcribed from the fame
Centre, the Fluxions of the Ray, Curve, and circular
Arc, are compared together; and feveral other Pro-
pofitions concerning Tangents arc demonftrated
trom the Axioms. The ncxt Chapter treats of the
Fluxions of curve Surfaces in a fimilar manner.

The IXth Chapter treats chiefly of the greateft and
leaft Ordinates of Figures, and of the Points of con-
trary Flexure and Cufpids. The Fluxion of the Bafe
being given, when the Fluxion of the Ordinate va-
nifhes, the Tangent becomes parallel to the Bafe, and
the Ordinate moft commonly is a Maximum or M;i-
nimum, according to the Rule given by Authors upon
this Subje®. But if the Second Fluxion of the Or-
dinate vanith at the fame time, and the Third Fluxion
be real, this Rule does not hold, for the Ordinate
is in that Cafe ncither a Maximum nov Minimum.
If the Firft, Second, and Third Fluxions vanifh, and
the Fourth Fluxion be real, the Ordinate is a May:-
mum of Minimum. The general Rule demonfirated
in this Chapter, and again in the laft Chapter of the

Second
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Second Book, is, that when the Fitft Fluxion of the
Ordinate, with its Fluxions of any fubfequent fuc-
ceflive Orders, vanith, and the Number of all thefe
Fluxions that vanifh is odd, then the Ordinate is a
Maximum ot Minimum, according as the Fluxion
of the next Order to thefe is negative or pofitive.
The Ordinate paffes through a Point of contrary
Flexure, when its Fluxion becomes a. Maximum or
Minimum, tuppofing the Curve to be continued on
both Sides of the Ordinate. Hence the common
Rule for finding the Points of contrary Flexure is
corte@ed in a fimilar manner. Such a Point is not.
always formed when the Sccond Fluxion of the Or-
dinate vanifthes; for if its Third Fluxion likewife
vanifhes, and its Fourth Fluxion be real, the Curve
may haveits Cavity turned all oneWay. The fameis
to be faid, when its Fluxions of the fubfequent fuc-
ceflive Orders vanith, if the Number of all thofe that
vanifh be even. Other Theorems are fubjoined re-
lating to this Subjeét.

The Xth-Chgpter treats-of the Afymptotes of Lines,
thie. Areas bounded by them and the Curves, the
Solids generated by thefe Areas, of fpiral Lines, and
the Limits of the Sums of Progreflions. The Ana-
logy there is betwixt thefe Subjeéts, induced the Au-
thor to treat of them in one Chapter, and illufirate
them by oncanother, He begins with Thrée of the
mof fimple Inftances of Figures that have A{ymptotes..
In ,the tommon Hyperbela) the Qrdinawe is recipro:
cally as the Bafe, and thesefote decreafes while thie
Bafe increafes, but never vanithes, becaufe the Re@-
angle contained by it and the Bafe is always a given
Arca, and it is affignable at any affignable Diftance,

how
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how great foever. The Points of the Conchoid are
determined by drawing right Lines from a -given
Centre, and upon thefe produced from the Afym-
ptotc, takirg always a given right Line ; fo that the
Cutve never meets the Afymptote; but continually
approaches to it, becaufe of the greater and greater
Obliquity of this right Line. The Third is the Lo-
garithmic Curve, wherein the Ordinates, at equal
Diftances, decreafe in Geometrical Proportion, but
never vanifh, becaufe cach Ordinate is in a given
Ratio to the preceding Ordinate.  Geometrical
Magnitude is always underftood to confift of Parts;
and to have no Parts, or to have no Magnitude, are
confidered as equivalent in this Science *.  There is,
however, no Neceflity for confidering Magnitude as
made up of an infinite Number of {mall Parts; it is
fufficient, that no Quantity can be fuppofed to be fo
fmall, but it may be conceived to be diminifhed fur-
ther; and it is obvious, that we are not to eftimate
the Number of Parts that may be conceived in a
given Magnitude, by thofe which in particular deter-
minate Circumftances may be altually perceived in’ it
by Senfe; fince a greater Number of Parts become
vifible'in it by varying the Circumftances in which
it is perceived.

It is hardly poffible to give a tolerable Extra& of
this or the following Chapters, without Diagrams
and Computations: We fhall therefore obferve only,
that after giving fome plain and obvious Inftancet,
whercin a Quantity is always increafing, and yet never

% See Euclid’s Elements, Def. I. Lib. I,
| amounts
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amounts to a cettain finite Magnitude (as, while the
Tangent increafes, the Arc increafes, but never
amounts to a Quadrant) ; this is applied fucceflively
to the feveral Subje@s mentioned in the Title of the
Chapter. Let the Figure be concave towards the
Bafe, and fuppofe it to have an Afymptote parallel
to the Bafe; in this Cafe the Ordinate always in-
creafes while the Bafe is produced, but never amounts
to the Diftance between the Afymptote and the Bafe.
In like manner acurvilineal Area, in a Second Figure,
may increafe, while the Bafe is produced, and ap-
proach continually to a certain finite Space, but never
amount to it: This is always the Cafe, when the
Ordinate of this latter Figure is to a given right Lme,
as the Fluxion of the Ordinate of the former is to
the Fluxion of the Bafe; and of this various Ex-
amples are given. A Solid may increafe in the fame
manner, and yet never amount to a glvcn Cube or
Cylinder, when the Square of the Ordinate of the
latter Figure is to a given Square, as the Fluxion of
the Ordinate of the firft Figure is to the Fluxion of
the Bafe. A Spiral may in  like manner approach to
a Point continually, and yet in any Number of Re-
volutions never arrive at it; and there are Progref-
fions of Frafions that may be continued at Plea{urc
and yet the Sum of the Terms may be always lefs
than a given Number. Various Rules are demon-
ftrated, and illuftrated by Examples, for determining
when a Figure has an Afymptote parallel or oblxque
to the Bafe; when the Area terminated by the Curve
and the Afymptote has a Limit which it never ex-
ceeds, or may be produced till it furpa(s any aflign-
able Space; when the Solid generated by that Area,

the
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the Sutface generated by the Perimeter of the Cutve,
the fpiral Arca generated by the revolving Ray, the
fpiral Line itfclf, or the Sum of the Terms of a Pro-
greflion, have fuch Limits or not; and for mea-
turing thofe Limits. The Author infifts on thefe
Subje@s, the rather that they are commonly defcribed
in very myfterious Terms, and have been the moft
fertile of Paradoxes of any Parts of the higher Geo-
metry. Thefe Paradoxes, however, amount to no
more than this: That a Line or Number may be con-
tinually acquiring Increments, and thofe Increments
may decrcafe in fuch a manner, that the whole Line
or Number fhall never amount to a given Line or
Namber. The Neceflity of admitting this is obvious
enough, and is hére thewn from the Nature of the
moft common geometrical Figures in Art. 292, 203,
¢rc. and from any Series of Frattions that decreafe
continually, in Art. 354,355, &c.

The Xlth Chapter treats of the Cutvature of Lines,
its Variation, the Degrees of Conta&t of the Curve
and Circle of Curvature, and of various Problems
that depend on the Curvature of Lines. This Subjeét
is treated fully, becaufe of its extenfive Ufefulnefs, and
becaufe in this confifts one of the greateft Advantages
of the modern Geometry above that of the Antients.
The Author on this, as former Occafions, begins by
premifing the neceflary Definitions. Curve Lincs
touch each other in a Point, when the fame righe
Line is their common Tangent at that Point;. and
that which has the clofeft Conta& with the Tangent,
or pafles betwixt it and the other Curve through the
Angle of Contaét formed by them, being lefs inflected

from the Tangent, is therefore lefs curve, Thus a
greater
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greater Circle has a lefs Curvature than a lefler Circle s
and fince the Curvature of Circles may be varied inde-
finitely, by inlarging or diminifhing their Diameters,
they afford a Scale by which the Curvature of other
Lines may be meafured. As the Tangent is the right
Line which touches the Arc fo clofely, that no other
right Line can be drawn between them; fo the
Circle of Curvature is that which touches the Curve
fo clofely, that no other Citcle can be drawn through
the Point of Conta&t between them. As the Cutve
is feparated from its Tangent in confequence of its
Flexure or Curvature, fo it is feparated from the
Circle of Curvature in confequence of the Variation
of its Curvature; which is greater or lefs, according
as its Flexyre from that Circle is greater or lefs.

The Tangent of the Figure bcmg confidered as the
Bafe, a new Figure is 1maoxncd, whofe Ordinate is
a Third Proportional to the Ordinate and Bafe of the
Fir. This new Figure determines the Chord of the
Circle of Curvature by its Interfe&tion with the Otr-
dinate at the Point of Conta&t, and by the Tangent
of the Angle in which it cuts that Circle, meafures
the Variation of Curvature. The lefs this Angle is,
the clofer is the Conta& of the Curve and Circle of
Curvature, of which there may be indefinite Degrees.
When the Figure propofed is a conic Sc&:on, the
ncew Figure is hkcw;fc a conic Setion; and it is a
right Line when the Firft Figure is a Tambola, and
the Ordinates are parallel to the Axis; or when the
Firlt Figure is an Hyperbols, and the Ordinates are
parallel to cither Afymptotc. Hence the Curvature
and its Variation in a conic Seion are determined

by feveral Conftru@ions; and, amongt other The-
X x orcms,
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orems, it is fhewn, that the Variation of Cutvature
at any Point of a conic Section is as the Tangent of
the Angle contained by the Diameter which paffes
through that Point, and by the Perpendicular to the
Curve,

When the Ordinate at the Point of Conta& is an
Afymptote to the new Figure, the Curvature is lefs
than in any Circle; and this is the Cafe in which it
is faid to be infinitely little, ot the Ray of Curvature
is faid to be infinitely great. Of this kind is the Cut-
vature at the Points of contrary Flexure in the Lines
of the Third Order. When the new Figure pafles
through the Point of Conta&, the Curvature isgreater
than in any Citcle, - or the Ray of Curvature vanifhes;
and in this Cafe the Curvature is faid to be infinitely
great. Of this kind is the Curvature at the Cufpids
of the Lines of the Third Order.

As Lines which pafs through the fame Point have
the fame Tangent when the Firft Fluxions of the Or-
dinate are cqual, fo they have the fame Curvature
when the Second Fluxions of the Ordinate are like-
wife equal; and half the Chord of the Circle of
Curvature that is intercepted between the Points
wherein it interfe@s the Ordinate, is a Third Propor-
tional to the right Lines that meafure the Second
Fluxion of the Ordinate and Firlt Fluxion of the
Curve, the Bafe being fuppofed to flow uniformly.
When a Ray revolving about a given Point, and ter-
minated by the Curve, becomes perpendicular to it,
the Firft Fluxion of the Ray vanifhes; and if its Se-
cond Fluxion vanifhes at the fame time, that Point
muft be the Centre of Cutvature. The fame is to be
faid when the angular Motion of the Ray about that

Point
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Point is equal to the angular Motion of the Tangent
of the Curye; as the angular Motion of the Radius
of a Circle about its Centre is always equal to the
angular Motion of the Tangent of the Circle. Thus
thc various Propcerties of the Circle fuggeft various
Theorems for determining the Centre of the Cur-
vatute.

Becaufe Figures are often fuppofed to be defcribed
by the Interfc@ions of right Lines revolving about
given Poles, Three Theorems are given in Prop. 18.
26. and 35. for determining the Tangents, Afym-
ptotes, and Curvature of fuch Lines, from the Deferip-
tion, which are illuftrated by Examplcs. A ncw Pro-
perty of Lines of the Third Order is fubjoined to
Prop. 35. The Evolution of Lincs is confidered in
Prop. 36. The Tangents of the Evoluta are the
Rays of Curvature of the Line which is defcribed by
its Evolution s and the Variation of Curvature in the
latter is mecafured by the Ratio of the Ray of Cur-
vature of the former to the Ray of Curvature of the
latter.

Sit Ifzac Newton, in a Treatife lately publifhed,
meafures the Variation of the Cutvature by the Razso
of the Fluxion of the Ray of Curvaturc to the Fluxion
of the Curve; and is followed by the Author, to

avoid the Perplexity which a Difference in Defini-

tions occafions to Readers, though he hints (in Art.
386.) that this Razzo gives rather the Variation of the
Ray of Curvature, and that it might have been pro-
per to have meafured the Variation of Curvaturc
rather by the Rafzo of the Fluxion of the Curvature
itfelf to the Fluxion of the Curve; fo that the Cur-
vature being inverfely as the Ray of Curvature, and
Xx 2 con-
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confequently its Fluxion as the Fluxion of the Ray
itfelf dire@ly, and the Square of the Ray inverfely, its
Variation would have becn direétly as the Meafure of
it, according to Sir Ifzac Newton’s Definition, and
inverfely as the Square of the Ray of Curvatute: Ac-
cording to this Explication, it would have been mea-
fured by the Angle of Conta@ contained by the
Curve and Circle of Curvature, in the fame mannes
as the Curvature itfelf is meafured by the Angle of
Conta&t contained by the Curve and Tangent. The
Ground of this Remark will better appear from an
Example: According to Sit ffaac Newton's Expli-
cation, the Variation of Curvature is uniform in the
Logarithmic Spiral, the Fluxion of the Ray of Cur-
vature in this Figure being always in the fame Ratio
to the Fluxion of the Curve; and yet while the
Spiral is produced, though its Curvature decrcafcs, it
ncver vanifhes; which muft appear ftrange to fuch as
do not attend to the Import of his Definition.— It
is eafy, however, to derive one of thefe Meafures of
this Variation from the other, and becaufe Sir Ifzac
Newtor's is (generally fpeaking) affigned by more
fimple Expreflions, the Author has the rather con-
formed to it in this Treatife, but thought it neceflary
to give the Caution we have mentioned.

The greateft Part of this Chapter is imployed in
treating of ufeful Problems, that have a Dependence
on the Curvature of Lines. Firft, the Properties of
the Cycloid are bricfly demonfirated, with the Appli-
cation of this Do¢trine to the Motion of Pendulums,
by thewing that when the Motion of the generating
Circle along the Bafe is uniform, and therefore may
mealure the Time, the Motion of the Point that

de-
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defcribes the Cycloid, is fuch as would be acquired by
a hcavy Body defcending along the cycloidal Atc,
the Axis of the Figure being fuppofed perpendicular
to the Horizon. In the next place, the Cauftics, by
Reflexion and Refrattion, are determined. If Per-
pendiculars be always drawn from the radiating Point
to the Tangents of the Curve, and a new Curve be
fuppofed to be the Locus of the Interfettions of the
Perpendiculars and Tangents, then the Line, by the
Evolution of which that new Curve can be defcribed,
is fimilar and fimilarly fituated to the Cauftic by Re-
flexion. The Docrine of centripetal Forces is treated
at length from Att. 416. t0 493.

Firft, a Body is {uppofed to defcend freely by its
Gravity in a vertical Linc; and becaufe the Gravity
is the Power which accelerates the Motion of the
Body, it muft be meafured by the Fluxion of its
Velocity, or the Second Fluxion of the Space de-
fcribed by it. 'When the vertical Line is fuppofed
to move parallel to itfelf with an uniform Motion,
the Body will defcend in it in the fame manner as
before ; and the Gravity will be ftill meafured by the
Second Fluxion of the Defcent, or the Second Fluxion
of the Ordinate of the Curve that is traced in this
Cafe by the Body on an immovcable Plain, and there-
forc is as the Square of the Velocity (which is mea-
fured by the Fluxion of the Curve) directly, and the
Chord of the Circle of Curvature that is in the Di-
reCtion of the Gravity inverfely, by a Propofition
mentioned above. When the Gravity a@s uniformly,
and in parallel Lines, the Projettile, in defcribing any.
Arc, falls below the Tangent drawn at the Beginning
of the Arc, as much as if it had fallen perpendicu-

larly
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larly in the Vertical 5 and the Time being given, the
Gravity may be meafured by the Space which is the
Subtenfec of the Angle of Conta&. In other Cafes,
when the Gravity varies, or its Dire&tion changes, it
may be meafured at any Point by the Subtenfe of the
Angle of Conta&, that would have been generated
in a given Time, if the Gravity had continued to att
uniformly in parallel Lines from that Term, that is,
by the Subtenfe of the Angle of Conta&t in the Para-
bola that has its Diameter in the Direftion of the
Force, and has the clofcft Conta& with the Curve;
which lcads us to the fame Theorem as before.

In gencral, let the Gravity (that refults from the
Compofition of any Number of centripetal Forccs,
which are fuppofed to aét on the Body in one Planc)
be refolved into a Force parallel to the Bafe ; then the
former fhall be meafured by the Second Fluxion of
the Ordinate, and the latter by the Second Fluxion
of the Bafe, the Time being fuppofed to flow uni-
formly, fo that the Velocity of the Body may be
meafured by the Fluxion of the Curve. When the
Traje&tory is not in one Plane, the Force is refolved
in a fimilar manner into Three Forces, which are
meaflured by Three Second Fluxions analogous to
them.

Whether the Body move in a Void, orin a Me-
dium that refifts its Motion; the Gravity that refults
from the Compofition of the centripetal Forces which
a& upon the Body, is always as the Square of its
Velocity direétly, and the Chord of the Circle of
Curvature that is in the Dire&tion of the Gravity in-
verfely.

When
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When a Body defcribes any Trajetory in a Void or
in a Medium, by a Force directed to One given Centre,
the Velocity at any Point of the Traje@ory is to the
Velocity by which a Circle could be defcribed in a
Void about the fame Centre, at the fame Diftance, by
the fame Gravity, in the fubduplicate Razio of the
angular Motion of the Ray drawn always from the
Body to the Centre, to the angular Motion of the
Tangent of the TrajeGory: And, if there be no Re-
fitance, the Velocity in the TrajeGory at any Point,
is the fame that would be acquired by the Body, if it
was to fall from that Point through One-fourth of
the Chord of the Citcle of Curvature that is in the
Diretion of the Gravity, and the Gravity at that
Point was to be continued uniformly during its
Defcent.

If the centripetal Force be inverfely as any Power
of the Diftance whofe Exponent is any Number 7
greater than Unit, there is a certain Velocity (viz.
that which is to the Velocity in a Circle at the fame
Diftance as 4/ 2 to vV m~—1) Which would be juft fuf-
ficient to carry off the Body upwards in a vertical
Line, fo as that it thould continue to afcend for ever,
and never return towards the Centre. If the Body
be projeted in any other Diretion with the fame
Velocity, it will defcribe a TrajeGory which is here
conftructed: It is a Parabola when m=:2, a Logat-
ithmic Spiral when =13, an Epicyloid when m=—4,
a-Circle that paffes thiough the Centre of the Forces
when m=75, and the Lemniftara when m—7. In
gencral, it is conftructed by drawing a Perpendicular
from the Centre of the Forces to a right Linc given
in Pofition, and any other Ray to the fame right Linc,

then
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then increafing or diminifhing the Angle contained
by this Ray and the Perpendicular in the given
Ratio of 2 to the Difference between 3 and m, and
increafing or diminifhing the Logarithm of the Ray
in the fame given Rario. The Trajettories defcribed
in analogous Cafes by centrifugal Forces, are con-
firuted in a fimilar manner, Thefe are the Figures
in which the Perpendicular, from a given Centre on
the Tangent, is always as fome Power of the Ray
drawn from the fame Centre to the Point of Con-~
ta&, which are afterwards found to arifc in the Re-
folution of the moft fimple Cafes of Problems of
various kinds,

When the Area defcribed about the Centte of an
Ellipfe is given, the Subtenfe of the Angle of Con-
talt, drawn through one Extremity of the Arc parallel
to the Semidiameter drawn to the other Extremity,
is in a given Ratio to this Semidiameter ; and there-
fore, when an Ellipfe is defcribed by a Force dire&ted
towards the Centre, that Force is always as the
Diftance from the Centre. When the Force is di-
reted toward the Focus, it is inverfely as the Square
of the Diftance. And thefc Two Cafes are confi-
dered particularly, becaufe of their Ufefulnefs in the
truc Theory of Gravity, To illuftrate which, the
Laws of centripetal Forces that would caufe a Body
to defcend continually toward the Centre, or afcend
from it, are diftinguithed from thofe which caufe
the Body to approach towards the Centre, and recede
from it by turns. A Body approaches from the
higher Apfid toward the Centre, when its Velocity
is lefs than what is requifite to carry it in a Circle;
and if its Velocity increafe, while it defcends, in a

higher
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higher Proportion than the Velocities requifite to
carry Bodies in Circles about the fame Centre, the
Velocity in the lower Part of the Curve may cxceed
the Velocity in a Circle at the fame Diftance, and
thereby become fufficient to carry off the Body again.
But while the Diftance decreafes, if the Velocities in
Circles increafe in the fame or in a higher Propor-
tion, than the Velocity in a Trajeftory can increafc,
the Body muft cither continually approach toward the
Centre, if it once begin to approach to it, or recede
continually from the Centre, if it once begin to
afcend from it; and this is the Cafe, when the cen-
tripetal Force increafes as the Cube of the Diftance
decreafes, or in a higher Proportion. But though, in
fuch Cafes, the Body approach continually towards the
Centre, we are not to conclude, that it will always
approach to it till it fall into it, or come within any
given Diftance s for it is demonftrated afterwards in
Art. 879 and 88o. that it may approach to the Centre
for ever, in a Spiral that never defcends to a given
Circle defcribed in the fame Plane, and that it may
recede from it for cver in a Spiral that never arifes to
a given Altitude. An Example of each Cafe is given
when the centripetal Force is inverfely as the Fifth
Power of the Diftance.

When the TrajeGory is defcribed in a Medium, let
% be to a given Magnitude as the centripetal Force is
to the Force by which the fame Traje&ory could be
defcribed in a Void ; and if the Area be fuppofed to
flow uniformly, the Refiftance will be in the com-
pound Ratzp of the Fluxion of z, and of the Fluxion
of the Curve; and the Denfity of the Medium (fup-
pofing the Refiftance to be in the compound Ratiaf

Yy )
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of the Denfity and of the Square of the Velocity)
fhall be as the Fluxion of the Logarithm of =z direitly,
and the Fluxion of the Curve inverfely. Hence,
when any Figure that can be defcribed in a Void by
a Force that varies according to any Power of
the Diftance from the Centre, is defcribed in a
Medium, the Denfity of the Medium muft be in-
verfely as the Tangent of the Figure bounded by a
Perpendicular at the Centre to the Ray drawn from
it to the Point of Contact.

After giving fome Propertics of the Trajectories.
that are defcribed by a Body when it gravitates in
right Lines perpendicular to a given Surface, and their
Application to.optical Ufes, the Author proceeds to
confider the Motion of a Body that gravitates towards
feveral Centres. In fuch Cafes, that Surface is faid
to be horizontal, which is always perpendicular to the
Direction of the Gravity that refults from the Com-
pofition of the feveral Forces; and it is fhewn, that
the Velocity which is acquired. by defcending from
one horizontal Surface to another, is always the
fame (whether the Body move in right Lines, or in
any Curves) s the Squate of which is meafured by the
Aggregate of feveral Areas which have the Diftances
from the refpeétive Centres tor their Bafes, and right
Lincs proportional to the Forcesat thefe Diftances for
their Ordinates.

The Force which adts upon the Moon is refolved
into a Force perpendicular to the Plane of the
Ecliptic, and a Force parallel toit.  This laft is again
refolved into that which is parallel to the Line of
the Syzigies, and that which is parallel to the Line
joining the Quadratures,. The Firft meafures the Se-

cond
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cond Fluxion of the Diftance of the Moon from that
Plane, the Second and Third meafure the Sccond
Fluxions of her Diftances from the Line of the Qua-
dratures, and from the Line of the Syzigies, refpec-
tively. Hence a Conftruction is derived of the Tra-
je¢tory which would be defcribed by the Moon about
the Earth, in confequence of their unequal Gravita-
tion towards the Sun, if the Gravity of the Moon
towards the Earth was as her Diftance from it. From
this a Computation is deduced of the Motion of the
Nodes of the Moon, and of the Variation of the In-
clination of the Plane of her Orbit, which we cannot
defcribe here. It is fufficient to obferve, that thefe
Motions are found to agree nearly with thofe which
have been deduced from other Thcories, and from
Aftronomical Obfervations.

A Fluid being fuppofed to gravitate towards two
given Centres with equal and invariable Forces, it is
fhewn, that the Figure of the Fluid muft be that of an
oblong Spheroid, and that thofe two Centres muft
be the Foci of the generating Ellipfe.. The Nature
of the Figure is alfo fhewn, when the Fluid gravitates
towards feveral Centres, -or when it revolves on its
Axis; but thefe are mentioned briefly, becaufe f{uch
Theories are of little or no Ufe for difcovering the
Figures of the Planets.

In the 12th Chapter, the Author proceeds to con-
fider the more concife Methods, by which the Fluxions
of Quantities are ufually determined, and to deduce
general Theorems more immediately applicable to
the Refolution -of Geometrical and Philofophical
Problems. In the Method of Infinitefimals, the Ele-
ment, by which any Quantity increafes or decreafcs,

Yy 2 is
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is fuppofed to become infinitely fmall, and is gene-
rally exprefled by Two or more Terins, fome of
which become infinitely lefs than the reft, and there-
forc being neglected as of no Importance, the re-
maining Terms form, what is called the D;fference
of the Quantity propofed. The Terms that are neg- -
le@ed in this manner are the very fame which arife
in confequence of the Acceleration or Retardation
of the generating Motion, during the infinitely {mall
Time in which the Element is generated ; and there-
fore thefe Differences are in the fame Razéo to each
other as the generating Motions or Fluxions. Hence
the Conclufions in this Mecthod are accurately true,
without even an infinitely {mall Error, and agree
with thofe that arc deduced by the Method of
Fluxions.

It is ufual in this Method to confider a Curve as a
Polygon of an infinite Number of Sides, which, being
produced, give the Tangents of the Curve, and, by
their Inclination to each other, meafure its Curt-
vature. But it is neceffary in fome Cafes, if we
would avoid Error, to refolve the Element of the
Curve into feveral infinitely fmall Parts, or even
fometimes into Infinitefimals of the Second Orders
and Errots that might otherwife arife in its Applica-
tion, may, with due Care, be correted by a proper
Ufe of this Mcthod itfelf, of which fome Inftances
are given.  If we were to fuppofe, for Example, the
leaft Arc that can be defcribed by a Pendulum to
coincide with its Chord, the Time of the Vibration
derived from this Suppofition will be found er-
roneous; but by refolving that Arc into more and
more infinitcly fimall Parts, we approach to the true

Time
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Time in which it is defcribed. By fuppofing the
Tangent of the Curve to be the Production of the
re&ilinecal Element of the Curve, the Subtenfe of
the Angle of Contaét is found equal to the Second
Difference ot Fluxion of the Ordinate; but in this
Inquiry, the Tangent ought to be fuppofed to be
equally inclined to the two Elements of the Curve
that terminate at the Point of Contatt; and then the
Subtenfe of the Angle of Conta&t will be found
equal to half the Second Difference of the Ordinate,
which is its true Value.

Sit Ifaac Newton, however, inveftigates the Flu-
xions of Quantities in-a more unexceptionable man-
ner. He firlt determines the finite fimultancous In-
crements of the Fluents, and, by comparing them,
inveftigates the Razso that is the Limit of the various
Proportions which they bear to each other, while
he fuppofes them to decreafe together till they vanifh.
When the generating Motions are variable, the Ratio
of the fimultaneous Increments that are generated
from any Term, is exprefled by feveral Quantities,
fome of which arife from the Ratio of the generating
Motions at that Term, and others from the fubfe-
quent Acceleration or Retardation. of thefe Motions.
While the Increments are fuppofed to be diminifhed,
the former remain invariable, but the latter decreafe
continually, and vanith with the Increments; and
hence the Limit of the vatiable Ratso of the Incre-
ments (or their ultimatc Ratso) gives the precife
Ratio of the gencrating Motions or Fluxions. Moft
of the Propofitions in the preceding Chapters may be
more briefly demonftrated by this Method, (of which

feveral
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feveral Examples are given) and the Author makes
-always ufe of it in the Sequel of this Book.

It is onc of the great Advantages of this Mecthod,
that it fuggefts géneral Theorcms for the Rcfolutlon
of Problems, which may be readily applied as:there
is occafion for them. Our Author proceeds to-treat
of thefe, and firlt of fuch as relate to the Centre of
Gravity and its Motion. In any Syftem of Bodies,
the Sum of their Motions, eftimated in a given Di-
ref’uon, is thefame as if all the Bodies were united
in their common Centre of Gravity. If:the Motion
of all the Bodies is uniform and re@ilineal, ‘the
Centre of Gravity is cither quiefcent, or its Motxon
is uniform and re@ilincal. When A&ion is- equal to
Readtion, the State-of the Centre -of ‘Gravity is never
affe@ted by the Collifions of the Bodies, or by their
attracting or repelling each other mutually. It is not,
however, the Sum of the abfolute Motions of the
Bodies that is preferved invariable in confequence of
the Equality ofithe A&ion and Rea&ion, as they feem
to imagine, who tell us, that this Sum is unalterable
by the Collifions.of Bodics, and that this follows fo
cvidently from the Equality of A&tion and Realion,
that to endeavour-to demonftrate it would ferve only
to render it more obfcure. On this Occafion the
Author -illuftrates an Argument which he had pro-
pofed in a Piece that obtained the Prize propofed by
the Royal Academy of Sciences at Paris in 1724.
againft the Menfuration of the Forces of Bodies by
the Square of the Velocities, thewing that if this
Dogtrine was admitted, the fame Power or Agent,
exerting the fame Effort, would produce more Force
in the fame Body when in a Spacc carried uniformly

forwards,
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forwards, than if the Space was at Reft 5 or that Springs
alting cqually on Two cqual Bodies in fuch a Space,
would produce unequal Changes in the Forces of
thofe Bodies.

Various Problems concerning the Collifion of Bo-
dies are refolved in a more gencral manner than
ufual. Mr. Bernouilli had determined the Motions
when the Elafticity is perfe&t, and One Body firikes
Two equal Bodies . in Directions -that. form equal
Angles with its Diretion; or when there are. any
Number of Bodies. impelled by it on one Side in
various Dire&tions, providing equal Bodies be im-
pelled by it on the other Side, in Dire&tions equally
inclined to its own Dire&tion. But:the Problem is
refolved here without thefe Limitations; fome others
of this kind are fubjoined, and this Doétrine is ap-
plicd for determining the Motions of Bodies that
act upon. cach other while they defccnd by their
Gravity.

The general Principle-derived from thefc Inquiries
is, that if there be no Collifjgn, or fudden Commu-
nication of Motion from one Body to another, while
they defcend together, and in any cafe,. if the Elafti-
city be perfed, the Sum of the Products, when cach
Body is multxphed by the Square of the Velocity
acquired by it, is the fame as if all the Bodies had
defcended fireely from the fame refpeétive Altitudes
to their {everal Placess only in colle&ing that Sum,
if any Body is made to afcend, the Product of it mul-
tiplied by the Square of its Velocity isto be fubducted :
And if the Bodies be fuppofed to aftend from their
Places with the refpe@ive Velocitics acquired by them,
then their common. Centre of Gravity will rife to the

fame
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fame Level from which it defcended. In othet
Cafes, however, the Afcent of the Centre of Gravity
will be lefs than its Defcent, but is never greater.
After demonftrating the ufual Rule for finding the
Centre of Ofcillation, the Author treats of the Mo-
tion of Water ifluing from a cylindric Veflel. The
Effe@ of the Gravitation of the whole Mafs of Wa-
ter is confidered as Threefold. It accelerates, for
fome time at leaft, the Motion with which the Wa-
ter in the Veffel defcends; it generates the Excefs of
the Motion with which the Water iffues at the Ori-
fice above the Motion which it had in common with
the reft of the Water; and it acts on the Bottom of
‘the Veflel at the fame time. Then fuppofing the
laft Two Parts of the Force to be in any invariable
Ratio to each other, when the Diameters of the
Bafe and Orifice are given, he determines by Loga-
rithms the Velocity with which the Water iffues at
the Orifice; and fhews that this Velocity will ap-
proach very near to its utmoft Limit in an exceeding
fmall Time. When the Water is fuppofed to be
fupplied in a Cylinder, fo as to ftand always at the
fame Altitude above the Orifice, there is an Analogy
between the Acceleration of the Motion of the Wa-
ter that iffues at the Orifice, and the Acceleration of
a Body that defcends by its Gravity in a Medium
which refifts in the duplicate Ratio of the Velocity.
For when the utmoft Velocities, or Limits, are equal
in thofe two Cafes, the Time in which. the ifluing
Water acquires any leffer Velocity, is to the Time in
which the defcending Body acquires the fame Velo-
city as the Area of the Orifice to the Area of the

Bafe; and if a cylindtic Column be fuppofed lt)o
¢



[ 355 ]

be ete@ted on the Orifice cqual to the Quantity of
Water that iffues at the Orifice in the former of thofc
Times, the Hcight of this Column will be to the
Space defcribed by the defcending Body in the latter
Time, in the fame Ratzo as the Orifice to the Arca
of the Bafe. The Ratio of the Force that aéts on the
Bottom of the Veflel to the Force that generates the
Motion of the Water iffuing at the Orifice, is de-
duced from Sic Ifzac Newtow's Cataralt, and is the
fame that follows from the Principle concerning the
Equality of the Afcent and Defcent of the Centre of
Gravity, which was firft applied to this Inquiry by
Mr,Daniel Bernouilli Comment. Acad. Petrop. Ton.
2. But there are feveral Precautions to be taken in
applying this Doérine.

After fome other Theorems concerning the Centre
of Gravity, and feveral Obfervations concerning the
Curvature of Lines, and the Angles of Contact; the
Author reprefents four general Propofitions in onc
View, that the Analogy betwecen them may appear.
~ The Firft gives the Property of the Trajeories that
are defcribed by any centripetal Forces, how variable
{oever thele Forces, or their Dire&ions, may be. The
Second gives a like gencral Property of the Linces of
fwifteft Defcent. The Third gives the Property of
the Line that is defcribed in lefs time than any other
of an equal Perimeter. And the Fourth gives the
Property of the Figure that is affumed by a flexible
Line or Chain, in confequence of any fuch Forces
afting upon it. If we fuppofc a Body to fct out from
any Point in the Trajeétory, or in the Line of fwifteft
Defcent, with the Velocity which it has acquired
there, and to move in the tight Line which is the
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Dire&ion of the Gravity, that refults from the Com-
pofition of the centripctal Forces, then fhall its Ve-
locity, and its Diftance from the Point where the Per-
pendicular from the Centre of Curvature meets that
right Line, flow proportionally, i.e. the Fluxion of
the Velocity (or of the right Line that meafures it)
fhall be to the Velocity as the Fluxion of that Diftance
is to the Diftance. When the Velocity and Dire@ion
of the Motion is the fame in the Line of {wifteft De-
fcent as in the Trajc&ory, their Curvature is the fame.
Thus in the common Hypothefis of Gravity, the Cut-
vature in-the Cycloid, the Line of {wifteft Defcent,
is the fame as the Parabola defcribed by aProjedtile,
if the Velocitics ‘in thofe Lines be equal, and their
Tangents be equally inclined to the Horizon. In
order to find the Nature of the Catenaria in any
Hypothefis of Gravity, fuppofe the Gravity to be in-
creafed or diminifhed in the fame Proportion as the
Thicknefs of the Chain varies, and to have its Di-
re&tion changed into the oppofite Direttion s then
imagine a Body to fet out with a juft Velocity from
a given Point in the Chain, and to defcribe the Curve.
The Tenfion of the Chain at any Point will be always
as the Square of the Velocity acquired at that Point,
2nd if a Body be projected with this Velocity in-the
Dire&tion of the Tangent, the Curvature of the Tra-
je&ory defcribed by it will be one Half of the Curva-
ture of the Chain at that Point. We muft refer to
the Book for a fuller Account of thefe and of other
Theorems.

In the XIIIth Chapter, the Problems concerning
the Lines of fwifteft Defcent, the Figures which
amongft all thofe that have cqual Perimetcrs pl’OC}‘l}CC
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Maxima ot Minima, and the Solid of lcaft Refiflance,
arc refolved without Computations, from the firlt
Fluxions only. There are alfo cafy {ynthetic Demon-
ftrations fubjoined, becaufe this Theory is commonly
cfteemed of an abftrufe Nature, and Miftakes have
been more frequently committed in the Profecution
of it, than of any other relating to Fluxions. To
give fome Idca of the Author’s Method, fuppofe the
Gravity to a& in parallel Lines, # to denote the Ve-
locity acquired at the lowermoft Point of the Curve,
and # the Velocity acquired at any other Point of the
Curve. Suppofe the Element of the Cutve to be de-
fcribed by this Velocity #, but the Element of the
Bafe to be always deferibed by the conftant Velocity
a. Then it is eafily demonftrated without any Com-
putation, that the Element of the Ordinate being
given, the Difference of the Times in which the
Elements of the Curve and Bafe are thus deferibed is
a Minimum, when the Ratio of thofc Elements is that
of 2 toun; z.e. whenthe Sinc of the Angle, in whici:
the Ordinate interfe&s the Cutve, isto the Radius in
this Ratio. Suppofing therefore this Property to rake
place over all the Curve, the Excefs of the Timc in
which it is defcribed by the Body defcending alongft
it, above the Time in which the Bafe is defcribed
uniformly with the Velocity 2, mult be a Minimum
and this latter Time being given, it follows that the
Time of Defcent in this Curve is a Mznimum. When
the Gravity tends to a given Centre, fubftiturc an
Arc of a Circle defcribed from that Centre through
the lowermoft Point of the Curve in the Place of the
Bafe in the former Cafe; and the Property of the
Line of fwifteft Defcent will be difcovered in the

Zz 2 fame
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fame manner.  The Nature of the Line that among

all thofe of the fame Perimcter is defcribed in the
jcaft Timc, is difcovered with great Facility, by de-
termining from the former Cafe the Property of the
Figure when the Sum or Difference of the Time in
which it is defcribed by the defcending Body, and of
the Time in which it would be defcribed by any
given uniform Motion, is a Minimum ; for the latter
Time being the fame in all Curves of the fame
Length, it followsthat the Figure, which has this Pro-
perty, muft be defcribed in lefs Time than any other
of an equal Perimeter. The general Ifoperime-
trical Problems are refolved, and the Solutions are
rendered more general, with like Facility by the
fame Mcthod ; which is alfo applied for determining
the Property of the Solid of leaft Refiftance, and
ferves for refolving the Problem, when Limitations.
arc added concerning the Capacity of the Solid, or
the Surface that bounds it.

The laft Chapter of the Firft Book treats chiefly of
Gravitation towards Spheroids, of the Figure of the
Planets, and of the Tides. The Author, having Oc-
cafion in thofe Inquirics for feveral new Propertics
of the Ellipfe, begins this Chapter by deriving its
Properties from thofe of the Circle, by confi dermv it
as the oblique Se&ion of a Cylinder, or as the Pro-
jeCtion of the Circle by parallel Rays upon a Plane
oblique to the Circle. In this manner the Properties
arc briefly transferred from the one to the other, be-
caufe by this Projection the Centre of the Circle gives
the Centre of the Elhpfe; Diameters perpcndxcular to
cach other in the Circle with their Ordinates, and the
circumicribed Square, give conjugate Diameters of

the
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the Ellipfe with their Ordinates, and the ciccum{cribed
Parallclogram; parallel Lincs in the Planc of this Circle
are projected by Parallcls in the Plane of the Ellipfe
that arc in the famc Ratio; any Arcain the former is
projc&ted by an Area in the latter, which is in an
invariable Ratio to it; and concentric Circles give
fimilar concentric Ellipfes. It is likewifc (hewn how
Properties of a certain kind are briefly transferred from
the Circle to any conic Se&tion with the fame Facility.

After demonfirating the Propertics of the Ellipfe,
it is fhewn, that if the Gravity of any Particle of a
Spheroid being refolved into two Forces, one perpen-
dicular to the Axis of the Solid, the other perpen-
dicular to the Plain of its Equator, then all Particlcs,
equally diftant from the Axis, muft tend towards it
with equal Forces; and all Particles at equal Diftances
from the Plain of the Equator, gravitate cqually to-
wards this Plain ;5 butthat the Forces with which Par-
ticles atdifferent Diftances from the Axis tend towards
it, are as the Diftances; and that the fame is to be
{aid of the Forces with which they tend towards the
Plain of the Equator.

From this it is demonftrated, that when the Par-
ticles of a fluid Spheroid of an uniform Denfity gra-
vitatc towards cach other with Forces that are in-
verfely as the Squares of their Diflances, and at the
fame time any other Powers a& on the Particles, cither
in right Lincs perpendicular to the Axis, that vary in
the fame Proportion as the Diftances from the Axis,
or in right Lines. perpendicular to the Plain of the
Equator, that vary as their Diftances from it; or when
any Powers a& on the Particles of the Spheroid, that.
may be refolved into Forces of this kind s then rh«i

Eluid
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Fluid will be evety-where 7z ¢ Equilibrio, if the
whole Fotcc that alts at the Pole gc to the wholc
Force that aéts at the Circumference of the Equator,
as the Semidiameter of the Equator to the Semiaxis
of the Spheroid; and that the Forces with which
cqual Particles at the Surface tend towards the Sphe-
roid, will be in the fame Proportion as Perpendi-
culars to its Surface, terminated either by the Plane
of the Equator, or by the Axis. Becaufe the centri-
fugal Force with which any Particle of the Spheroid.
endeavours to recede from its Axis, in confequence
of the diurnal Rotation, is as the Diftance from the
Axis, it appears that if the Earth, or any other Planet,
was fluid, and of an uniform Denfity, the Figure
which it would affume would be accurately that of
an oblate Spheroid generated by an Ellipfis revolving
about its Second Axis.

Afterwards the Gravity towards an oblate Spheroid
is accurately meafured by circular Arcs, not only at
the Pole, but alfo at the Equator, and in any inter-
mediate Places; and the Gravity towards an oblong
Spheroid is meafured by Logarithms. The Gravity
at any Diftance in the Axis of the Spheroid, or in the
Plane of the Equator produced, is likewife accurately
determined by like Meafures, without any new
Computation or Quadrature, by fhewing that when
Two Spheroids have the fame Centre and Focus, and
arc of an uniform Denfity, the Gravities towards
them at the fame Point in the Axis or Plane of the
Equator produced, are as the Quantitics of Matter in
the Solids.

This Theory is applied for determining the Figurc
of the Earth, by comparing the Force of Gravity in

any
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any given Latitude, derived from the Length of a
Pendulum that vibrates there in a Second of Time,
with the centrifugal Force at the Equator, deduced
from the periodic Time of the diurnal Rotation, and
the Amplitude of a Degree of the Meridian; or by
comparing the Lengths of Pendulums that vibrate in
equal Times in given unequal Latitudes; or by com-
paring different Degrees meafured upon the Meridian.
By the beft Obfervations it would feem, that there is
a greater Increafe of Gravitation, and of the Degreces
of the Meridian from the Equator towards the Poles,
than ought to arife from the Suppofition of an uni-
form Denfity. Therefore the Author fuppofes the
Denlity to vary from the Surface towards the Centre ;
and, in feveral Cafes he has confidered, he finds that a
greater Denfity towards the Centre would account
for a greater Increafe of Gravitation towards the
Poles, but not for a greater Increafe of the Degrecs
of the Meridian; and that the Hypothefis of a lefs
Denlfity towards the Centre would account for the
latter, but not for the former, fuppofing (after Sir
Ifaac Newton) the Columns of the Fluid to extend
from the Surface to the Centre, and there to {uftain
cach other. On this Account he determines the Gra-
vitation towards the Earth, when it is fuppofed to be
hollow with a Nucleus included, according to the
Hypothefis advanced by Dr. Halley, with the Dif-
ference of the Semidiameters that might arife from
fuch a Difpofition of the internal Parts. But in this
Cafc, and when the Denfity is fuppofed variable, the
fpheroidical Figure is only affumed as an Hypothefis.
He adds, that by imaginingthe Denfity to be greater
in the Axis than in the Plain of the Equator at cqual

Di-
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Diftances from the Centre, an Hypothefis perhaps
might be found, that would account for moft of the
Phenorzena ; but that a Series of many exalt Obfer-
vations is requifite, before we can examine with any
Certainty the various Suppofitions that may be ima-
gined concerning the internal Conftitution of the
Earth. This Do&tine is likewife applied for deters
mining the Figure of Fupiter.

It follows from the fame Theorem, that if we fup-
pofe the Earth to be fluid, and abftra& from its Mo
tion upon its Axis, and the Inclination of the right
Lines in which its Particles gravitate towards the
Sun or Moon, the Figure which it would aflume in
confequence of the unequal Gravitation of its Par-
ticles towards cither of thofe Bodies would be accu-
rately that of an oblong Spheroid having its Axis
dire&ted towards that Body. The Afcent of the
Water, déduced from this Theorem, agrees necarly
with that which Sit Ifaac Newton found, by com-
puting it briefly from what he had demonftrated con-
cerning the Figure of the Earth. Several Obferva-
tions are fubjoined concerning the Tides, and the
Caufes which may contribute to increafe or diminifh
them, particularly the Inequality of the Welocities
with which Bodies revolve about the Axis of the Earth
in different Latitudes.

This Chapter concludes by demonftrating briefly,
that if the Attra&tion of the Particles decreafed as the
Cube of their Diftance increafcs, or in any higher
Proportion, then any Particle would tend towards
the lealt Portion of Matter in Conta&t with it, with
a greater Force than towards the greateft Body at

any Diftance, how fmall foever from it. The true
Law
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Law of Gravity is better adapted for holding the Parts
of cach Body in a proper Union, while it perpctuates
the Motions in the great Syftem about the Sun, and
preferves the Revolutions in the leffer Syftems nearly
regular ; and the Author concludes with obferving,
that a remarkable geometrical Simplicity is often
found in the Conclufions that are derived from it.

An Account of Book L. will be given in the next
Tranfaction.

a4

VII. De Calculo pregrandi a Muliere cum
Urina excreto Obfervatio D* Antonii Le-
protti, R. §. S. Pont. Max. Archiat. per Ab-
batem Didacum de Revillas, R. §. 8. ad D.
Smart Lethicullier R. §. §. tranfiniffa.

Rome, pridie Cal. Fanuarii An. 1743,
Read Jan. 27. U A quindecim abhinc annis Vidua
43 eft Mulier pauper quinquagefimun
agens annum fumma urinz diflicultate per quadra-
ginta Menfes laborabat; quum nofte ei fupervenit
mictus, imo finceri cruoris profluvium ad tres circiter
libras; fimulque Lapis, cjus, que in adje&a Figura
defcribitur, formz & molis, extrufus cft, cujus pondus
jam exficcati uncias duas & grana novem ac viginti
exzquat*, Mulicr autemingenti per cos menfcs gravi-
tatis fenfu, afliduoque dolore, ad Vefice cervicem
afficiebatur five cubans five cre@tas nunc autem fo-
lido exatto menfe, ca invita, prodere pergunt cum fanie

urine. Vide Fig. 1. in Tas. 1.

unc. den. gr.
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