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II. The Doftrine of Combinations and Alternations, Iw-
prov'd and Compleated, by Major Edward Thorny-

croft.

YN order to underffand what follows, it mult be obfer-
ved,

ift, That as in the notation of Powers, aaaabbbcc
is defign’d by a+ b ¢, and univerfally p times the pofition
of a, q times the pofition of b, r times the pofition of c,
by ar be ¢, fo in things expos’d likewife : (unlefs where
*tis propos’d they fhould be all different) which Indices,
as they have here-no relation to Powers, but expre(s only
the Occurrences of thofe things to which they refpectively
belong 5 I therefore call Indices of Occurrences.

2dly, That as often as T fhall hereafter mention the
Combinations or Alternations of the p* gs r or s', (which
confiderd by themfelves are capable of no variation) I
mean of thofe things whofe Indices they are.

3dly, That m is generally put for the whole number of
things expos'd, whether all different or not, 4, e. equal to
the fum of their Indices ; and n, for fuch a number of
them, as each Combination and Alternation muft confift of
Cunlefs prefuppofed equal) which explains what is hereaf-
ter meant by, the Combinations and Alternations of m things
taken n and ny or of m things taken mand m; and the
like Expreflion, by whatever Symbols the number of things
out of which the Combinations and Alternations are to
be made, or of which they are to confift, may be de-
fign'd.
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Lemma 1.

If in a right Line, at any diftances, be plac'd any num-
ber of things, a bcd, & the number of the Intervals
ab, b, cd, & terminated each by two adjacent things,
is onc lefs than the number of things.

For, whereas every. Interval is  terminated by two ad-
jacent things, if to any number of things, be added one
thing more, one Interval only is thereby added. Q.E.D.

Lemma 2d.

The number of the Alternations of m thingsa bcd, &,
different each from cther, taken m and m, is m times the
number. of the Alternations of m—1 things abc, taken
m—1 and m—1,

For, (by Lem. 1ft) the laft Letter d, befides the pofition
it hath, may have m—a2 pofitions, wziz. in the Intervals
which are bétween m—r things abcs but it may alfo
have one more, for it may-be put firft of all, it may there-
fore have m pofitions 5 and thofe in all the different Or-
ders, whereof m—1 things are capable 5 which being all
the pofiible pofitions of d, in allthe varicties of abc, isall
the variety whereof the whole number- of things expofed
abcd, & iscapable. Q. E.D.

Lemma 3d.

The number of the Alternations of m things abc d, &,
different each from other, taken m and m, isequal to m «
M-—Ix MM—2 x M3 x M—4,&. continu’d to m places,

For let mO, exprefs the number of the Altérnations of
m things different each from others; m—1 O, of m—x
things and the like.

"Tiscviflert that if m=1, It will bem O =5 for
there can be but one order of one thing,

Aud if mbe greater than unity, then will ic be(iyy Lem.2 )
MO=m*m—10=msMm~1 xm—20 =nixm—z =

m—2
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m—2 » m—3 O =, €, till we havean Equation con-
fitting of mplaces; 4 e. =Mx M—F x M—2 x M—3 *
&, continw'd to m places. Q: E D.

Lemma 4th.

If ms Exprefs the pumber of the Alternations of m
things a, be v da e3f* &, taken m and m, and = the number
of p, g the number of g, »thenumberof r, it will be

. m¥meg X me—3 X meey X me--d X g X &c. contiau'd to m places.
mae = pXp-rXp--2¥&KckXg X g1 X &K Bst ¥ 11 % &e, ¥ exch &rhcominu:d to
P> Q. 1, & placesrefpedtively.

For the number of the Alternations of any number of
things, however divided into parts, is producd by a con-
tinual Multiplication of the Alternations of thofa things a-
mongftthemfelves refpeively,which compofe each part,into
the number of their Alternations one amongft the others i. e.
in the prefent cafe (‘the feveral occurrences being fuppofed
to compofe the feveral parts, and confequently the number
of the Alternations of the things compofing each part equal
tounity ) m « = to the number of the Alterhations of the
things compofing the parts one amongft the other 5 but the
number of their Alternations one amongft the other, 1s the
fame in this cafe, as if the things expos’d, being all different,
were divided into the fame parts; for the things which
compofe each part in both cafes, are different from the reft
of the things exposd 5 i. e. by Lew. 3d.

X mia X mes X moop X mo.e X Ko covinved tom places

et

n pRp ANz X .| X G % geex X &c.\g XpXraI X &co 17 cach Serfcs Ctdnued

top, q, r places refpectively. Q. E. D,

Lemma 5ths
T he number of the Combinations of m things a bed,
&ve. different each from other, taken n and n, is equal to
mx merxmeaxmey X & onely Serjes continued to o places

B K px Xpea R XA 9 NS .
For if the things expos’d be divided in two parts, v%.
in'the ‘ratio of pand m-—n, ’tis evident that their diffcreng

Aaaaaaaazaaaa 2 Cow.
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binations taken n and n, are produc’d by the Alternations
of the things compeficg the parts one awong(t the other :
And therefore the number of thofe = to the number of
thels = to the number of the Alternations of m things
taken m and m; the Iudices of whofe occurrences are n

d M X me—1 X me-2 ¥ m~—3 X &c contioued to m places -
and m n =0 K neer % & X men X m--n~1 X %c.each Series contizued ton and m-n

places refpectively (by Lem. 4th) 7. e.becaufe n + m—n
= m = Txnoxnsiwste el Series continued to n places

‘n % n-1%¥h--2 ¥ p—3 &C.
Q. E.D.
But the number of the Alternations in every Combina-
tionis =nxn— 1 x n—2 * n — 3 x, &, continued to
n places, by Lew. 3d therefore. - :

Lemma 6th,
'The number of the Alternationsof m things abcd, &
different each from other, takennand n, is =m x m—1
x M2 xm— 3 *, & continuéd ton places. Q. E.D.

Scholium. _

Since in the things expos'd the fame things may occar
more than once, and alfo n be lefs than m, the Indices of
the-occurrences which are in fome of the Combinations of
m things taken n and n, may differ from thofe which are
in others 5 but thofe Combinations, the Indices of whofe
occurrences are the fame, are faid to be in the fame form:
Therefore whereas n is equal to the {um of the Indices
which are in each Combination taken n and n, if n be
exprefs'd by all the different Combinations of fuch Indices
only (being integer numbers) whereof no one may exceed
the higheft Index of the things expos’d, and being more
than one in a Combination, are each of them, which are
in the fame Combination, comprehended in a ditin& In-
dex thereof 5 thefe Expreflions of n will neceflarily be the
feveral forms of the Combinations taken n and n, where-
of m things are capable : Whence is derivid a General

' The.
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Theorem for finding the Combinations and Alternations
of m things taked n and n univerfally: 7, e. Whether m
confift of things all different or not, and whether n be
equal to, or lefs than m.

Theorens.

If n be exprefs’d, according to all the different Forms
of Combination which the things expos'd are capable of,
Sp = the higheft Index { « = the number of p* 314 every

q = the next highelt )8 = the number of q*( form of
r = the next high:ft N3 = the number of 1 Combi-
{ = the next higheft (& = the number of {+ Ynation.

MCe
€ A =the number of all Indicesnot lefs than p Which are
1}B = the number of all Indices not lefs than qC  in the
) C = the number of all Indices not lefs than r’  things
D; the number of all Indices not lefs than {§  Expos'd

M.
andb =a+48 c=b+,y d=cts &

I fay the number of the Combinations of m things ta-
ken n and n, in any one Form of Combination, fhall be

and

AxA—txA—2 ., BosxBowx . C—bxCob—
@ X~ 1 xa~—}§ Rgx B—1 yxy —1

-—C X TC e .
x ¢ % D-¢ =" ¢ continued to fo many Terms

dx d — 1
as there are different Indices in the form of Combination

and each Term to &, g, 4, &, & places refpettively, and
this number multiply’d into

Kool X B2 X D=3 X Deeg X ne-g X -5 X £i=6 &e. continued ton places,

pXpettp-2 ¥ &C"“ X g% Q-3 x &: lB X m;7 % &e.each Series continued to p.g -
&ve. places refpectively, fhall be the number of their Aker-
nations.

But the fum of all the Combinations and Alternations
which are in every Form of n, (hall be the whole number
of Combinations and Alternations of m things taken n
and n.

De-
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Demonflration.

Firft, Then ’tis evident, that thofe Combinations, which
are in different forms, differ from each other..

Again, "Tis evident that the Combinations of m things,
as av be c» dv e3fa gt hr i, & (the Indices fimply confi
der'd) taken n'and n, in a form wherein‘are' p* qrand r°,
{hall be equal to the number of the Combinations of the p,
which are in the things expos'd, taken eand ., multiply'd
into the number of the Combinations of the q taken'gand &
multiply’d into the number of the Combinations of - the r*
taken 4 and y.

But becanfe p and all leffer Indices are comprehended in
every Index which is greater than themfelves 5 therefore is
A = to the number of p* which are in the things expos'd,
and for the fame reafon, would B = the number of the
q, and C the number of r': But the number of the p,
which ate in every form of Combination, is = «; theres
fore is B— o = to the numberof ¢'; alfo becaufe the
number of pr and g together, ‘which are in every form of
Combination, wherein there are g is = « + 8 =|b
therefore is G — b = to the number of 15, and {0 on, how
many foever were the different Indices in any form of Com-
bination.

* But (by Lem. 5th) the number of the Combinations of
the p, which are in th:‘things expos'd, whofe number is
A, taken « and &,is = i\___ le f___ : &v. continu'd to
«places, and the number of the Combinations of the q,

I - Tp—

whofe number is B—«, taken gand 4, is =—-
B'x w1

;%:—;:—3 &re. continued to g places, and the number
of the Combinations of the r, whofe number is C—b,

. .. _C—b xC—b—~m .
takeny and , is "-:-9——7 " y—1 & contmm_:d toy

_places Q: E. D, Bue
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But every Combination, in one and the fame form, af-
fords the fame number of "Alternations: Therefore the
number of Alterpations, in any one form, is fo many times
the number of Combimatius, asis the number of Alcer-
nations in any one of :v-ie Combinations.

But (by lLen. 4tI:) the number of Alternations in any
of thofe Combinericis fhall be

D X D= X A2 ¥ N3 X Gieg deg X e X &, contitiued on places

PX Pl X p=2 x&c-la X gxgq2X &018 K ixper x &c-p’ X each Sexies continued to p q ¢ &¢.
places refpectively. Q. E. D.
" Now to make an application of this general Rule to thofs
particular cafes which have already been confiderd by o-
thers, and which arg contain’d in our 3d, 4th, 5th and 6th
Lemma's, and by us more gencrally demoniftrated 5 I fay

If n = m, there can be but one form of Combination,
and but one Combination in that form 3 and therefore the

. M X Mot X Mee2 X mo-3 X m--g X &c.cortin fd enmoleceg
number of Alternations = === e « srerva, 8 * TR
&, each Series top qr, & places refpettively, i.e.
(fp==1)=mxm—I x M—2xm—3 xM—4 x &c
continw’d to m places, which are the cafes of the 4th and
3d Lemma's. _

‘But if the things expos'd ate all different, and nbe lefs
than m, which is the cafe of the 5th and 6th Lewmma’s,
then alfo can there be but one form of Combination, and
it will be A == m & & — n, and the whole number of Com-

L. AxA=1xA—2x ¢ . mxm=1xm—2xE7¢
binations =_; T v e, MO TN n— 1 xn < 2 <65
each Series continued to n places, and therefore the num-
ber of Alternations == m x m—I.x M—2 » S, continw’d
to n places. L ) i

But fully to Tllufirate this Theorem, which, as dcliver-
ed in general, may fecm fomewhat too Abftralted, to be
commonly uaderftood, I fhall fubjoyn on¢ fhort Exam-

pie.

Ex.
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Example.

Let the things expos’dbe aa a bb b cc, oraccording to
our way of notatién a* bs ¢z 5 *Tis requir'd to find the num-
ber-of their Combinations and Alternations taken 4and 4.

Then (becaafe in the things expos'd, there is no one
thing occurs more than thrice, nor more than three things
different from each other)will all the forms of: Combinatie
on, which the things expos'd are capable of, be thefe,

3.1
viz., 92. 2 Then
2. 1.1,

In the 1ft formwill p =3,q =1,& =1, =1, A=2B=3

Inthe 2d formwillp = 2, — ;2 = 2, —— , A= 3, reees
Inthe 3d formwillp=12,9q =1,2=1,8=2,A =3,B =3
The number of Combinati- __ A , Be—a_2 .2
ons in the it form - T e B T 14
The number of Combinati- _AxA—1 _'3x2 _,
ons in the fecond form T ax x a—1  2x1 3
The number of Combina- _ A  B—axBra—1 _2x1 _
tions inthe 3d form ™ a ' B x Bl 2x5 3

e

- ' ’ : - ‘e . L
And the whole number of Combinations = 10

Alfo the number of  Alternations.
N X =1 XNw2 X 03 g %3¥aXy

Inthe 1t form = 4 x m;lazxqﬂ:q. xmll" =4 % 4:16

nxn-—xxn-nxn—-;.; 4%3%Xo%y
Inthe 2d form=3 «x "-”““"‘“p —— =4F‘““2—m : =3x6=18
N X NeeY X Nee3 ¥ f1e-3 4%x3%X2%Xr1

inthe 3d form =3 x=—=.." g™ =3 x5, =3 12=36

And the whole number of Alternations = 70

Many are the Propertics of this Theorems, in common

with others, as, To find the Uncie of a Multinomial
rais’d
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ra1sd to any integer power. To raife an Infinite Serics to
an integer power, though of an interrupted Order, with-
out introducing any thing immaterial, or which muft af-
terwards be expung'd; and many others, But then fo
many Terms of the Series mutt be taken in at firft as thall
ferve to the purpofes of the intended approximation,
otherwife as often as it fhall fall thort of that, the Opera-
tion muft be began de novo.

Many likewife are the Properties peculiar to this Theoren,
and great Varicty of Problems might be fram'd 5 and I
fcruple not to fay, many may occur -in Praltice, which
are folvable by this, and no other Method whatever.

Hence may be found the number of Words whercof the
24 Letters are capable, from cne Letter in each Word, to
any number of Letters given.

tlence may be found the number of all Numbers, to
any given number of Places, which may be produc’d freia
any number of Figures given.

Hence alfo the Compafs of a Mufical Inltrument being
given, the Time and number of the Bars, whercof cach
Tune fhall confift, the number of Tunes may be found
which that Inferument is capable of.

To give an inftance of the prodigious varicty that chere
is in Mufick, I have Calculated the number of Tunes in
Cominon Time, confiting of eight Bars each, which may
be play'd on an Inftrument of ene Note Compafs only,
and it is this, wiz. 27584. 270157. 013570. 368586,
999728. 299176, whereasthe Changes on 24 Belis is but
620446, 401723, 239439. 360000, which is but

of the number of Tunes, and yee -

1
444588. 604583 ,
Wallis in bis Algebra demonflrates, could not be dify -7 .
in 31§57, {COCO0. COOOGO years. -
if then the Infkrument were of as many Notes <.ovy -
as any Inftrament now in ufe, how prodiaiciey 0 - oo

Bbbbbbbbbbbb
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number of Tunes be encereas'd 5 the Calculation of which
(tho much more intricate and operofe) would be equally
atrainable by our Thecrem.

I Of Ofifications or Petrifaltions in the Coats of
Arteries, particularly inthe Valves of the Great Ara
tery, by William Cowper, Surgeon, and F. R.S.

Ow far Anatomical Enquiries inform in -the true
caufes of Difeafes, which have been afcribed to

the want of Spirits in fome,and Radical Moifture in Aged
People, ¢¢. may be in fome meafure feen by two Ob-
fervations, among others, publitht in the Tranfactions
No 280: The firft there mentioned, pag. 1195, is of a
young Gentlewoman, in whom the Parietes, or Mem-~
‘branes, that compofe the Trunks of the Arteries of the
Arm near the Axilla, being very much thickened, fothat
the Diameter of its Bore was leflened to mor« than a third
part of its natural fize; infomuch that a part of the
Trunk of the Artery cut Tran{verfel very much refem.-
bled a bit of the {tem of a Tobacco-pipz, its fides were
fo thick, and its Bore confequently fo much lefiened :
The other was of the Trunks of the Arteries of the Leg,
pag. ib. that were Obftrulted by Petrifattions or Offifi-
cations, in a perfon about the 67th year of his Age.
Since which I have met with feveral of the like Inftances
in people of years, particularly in the Leg of an old
Gentleman, whofe Toes and Foot were Sphacelated, the
Arteriesof whofe Leg I bave {till by me, and have fent
them herewith Injected, as much as they could be, with
Red Wax; in which the Offifications diminithing their
€hannels in fome places, and totally obftrudting them in
others,



