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ClIL. The Invention of a General Method for
determining the Sum of every 2d, 3d, 4th,
or 5thy, &c. Term of a Series, taken in
order 5 the Sum of the whole Series bein

known. By Thomas Simpfon, F. R. S.

Read Nov. 16, S the doétrine of Series’ is of very

1758 great ufe in the higher branches
of the mathematics, and their application to nature,
every attempt tending to extend that doctrine may
juftly merit fome degree of regard. The fubjet of
the paper, which I have now the honour to lay before
the Society, will be found an improvement of fome
confequence in that part of fcience. And how far
the bufinefs of finding fluents may, in fome cafes,
be facilitated thereby, will appear from the examples
fubjoined, in illuftration of the general method here
delivered.

The feries propounded, whofe fum (§) is fup-
pofed to be given (either in algebraic terms, or b
the meafures of angles and ratio’s, &¢.) I thall here
reprefent by @ + bx + cx*+ dx3 + ex*, &c. and
thall firft give the folution of that cafe, where every
third term is required to be taken, or where the feries
to be fummed is @ 4 dx* 4 g x® 4 kxS, &c. By
means whereof, the general method of proceeding,
and the refolution of every other cafe, will appear
evident.

Here, then, every third term being required to be
taken, let the feries (@ 4 dx3 4 ga®, &c.), whofe

value
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-value is fought, be conceived to be compofed of
three others.

Ixa+bxpxtexpx* 4 dxpad+ exp—"' &c.
fra+bxgxtoxga® + dxga® + e x g2*, &e.

Ixatbxrx 4 cxrxt 4 dxraB+ exrx't, &c.
having all the fame form, and the fame coeﬁczmt:
with the feries firft propofed, and wherein the con-
verging quantities px, ¢x, rx, are alfo in a determi-
nate (tho’ yet unknown) ratio to the original con-
verging quantity . Now, in order to determine the
quantities of thefe ratios, or the values of p, ¢, and r,
let the terms containing the fame powers of «, in the
two equal values, be equated in the common way :

So fhall,
oxpx + $bxgx + 3bxrx=o0
Fexpxidgexgix*+ goxrixi=o0
3dxpdxd4 Tdx Pad 4 Fdxrixd=dx3
4 X phat - —gexg‘*x-‘*—}— Fexrixt=o0

&c.

And confequently,
ptgtr=o
pz + g?' + r*=o
P+e+r=3

¢t + ri=o0, &c.
Make, now, p’=1, ¢*=1, and 3 =1; that is
let p, ¢, and 7, be the three roots of the cubic equa-
tion 23=1, or 23— 1=0: then, fecing both the
fecond and third terms of this equation are wanting,
not
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not only the fum of all the roots (p + ¢+ ») but
the fum of all their {quares (p* 4 ¢* + r*) will va-
nith, or be equal to nothing (by commen algebra),
as they ought, to fulfil the conditions of the two firft
equations. Moreover, fince p>=1, ¢3=1, and
r*=1, it is alfo evident, that p4'+ ¢+ri(=p+q
+r)=0,p5 g5+ r5 (=p"+ ¢* + %) =0, P+
¢+ 7 (=p3+ ¢+ #3) = 3. Which equations be~-
ing, in effe@, nothing more than the firft three re-
peated, the values of p, ¢, 7, above affigned, .equally
fulfil the conditions of. thefe alfo: fo that.the. feries
arifing from the addition of three afflumed ones will
agree, in every term, with zhaz whofe fum is re-
quired : but thofe feries’ (whereof the quantity in
queftion is compofed) having all of them the fame
Sorm and the fame cofficients with the original feries
a4 bx 4 cx* 4 dx3, &c. (=S), their fums will
therefore be truly obtained, by fubflituting px, ¢x,
and rx, fucceflively, for », in the given value of S.
And, by the very fame reafoning, and the procefs
above laid down, it is evident, that, if every nth term
(inftead of every third term) of the given feries be
taken, the values of p, g, 7, s, &c. will then be the
roots of the equatien 2”— 1 = o *; and that, the

* If ¢, B, ), 4, &¢. be fuppofed to-reprefent the co-fines of the angles

3600, 2 X :7’23: 3% 36° » &c. (the radius being unity); then the
n ”n

roots of the equation z# — 1 — o (exprefling the feveral values of p, ¢,
7, 1, &) will be truly defined by 1, @ 4 V%z —1, 2—Vaz—1,
p+VBE—1, B—V8B—1, e The demonflration of this
will be given farther on.

fum
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fum of all the terms (o taken, will be truly obtained
by fubftituting px, gx, rx, sx, 8c. fucceflively for x,
in the given value of §, and then dividing the fum
of all the quantities thence arifing by the given
number ». ‘

The fame method of folution holds equally, when,
in taking every #th term of the feries, the operation
begins at fome term after the firft. For all the terms
preceding that may be tranfpofed, and the whole
equation divided by the power of x in the firft of the
remaining terms; and then the {fum of every zth
term (beginning at the firft) will be found by the
preceding diretions ; which fum, multiplied by the
power of x that before divided, will evidently give
the true value required to be determined. Thus, for
example, let it be required to find the fum of every
third term of the given feries 2 + bx + ca* 4 dx3
4 ext, &c. (= S), beginning with cx*. Then, by
tranfpofing the two firft terms, and dividing the whole
by x*, we fhall have ¢ + dx + ex* + fx3, &c. =
S—a—bx

XX
fum of every third term of the feries ¢ -} da -+ ex?
4+ fx3, &c. beginning at the firft (¢), that fum,
multiplied by x%, will manifeftly give the true value
fought in the prefent cafe.

And here it may be worth while to obferve, . that
all the terms preceding #har at which the operation
(in any cafe) begins, may (provided they exceed
not in number the given interval ) be intirely dif-

regarded,

(= $'). From whence having found the
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regarded, as having no effe at all in the refult,

For if in that part (—-—-—:—lif) of the value of &,

a
XX

above exhibited, in which the firft terms, @ and 4x,
enter, there be fubftituted px, ¢, 7, fucceffively,
for x (according to the prefiripz) the fum of the
quantities thence arifing will be

a a a
—Fr TR e
b b b

4

which, becaufe p3 =1, ¢® =1, &c. (or p* =},
9> = 7, &c.) may be exprefled thus ;
. —_—
— G XPt+ g+
—tFETEe

But, that p+ ¢4 =0, and p* 4 ¢*+ r* =0,
hath been already fhewn ; whence the truth of the
general obfervation is manifeft. Hence it al{o appears,
that the method of folution above delivered, is not only
general, but includes this fingular beauty and advan-
tage, that in all feries’ whatever, whereof the terms are
to be taken according to the fame affigned order, the
quantities (p, ¢, 7, &c.), whereby the refolution is
performed, will remain invariably the fame. The
greater part of thefe quantities are indeed imaginary
ones; and fo likewife will the quantities be that re-
fult from them, when fubftitution is made in the
given expreflion for the value of S. But by adding,
as is ufual in like cafes, every two correfponding va-

VoL, 5o, sE lues,
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lues, fo refulting together, all marks of impo/fibility

will difappear.

If, in the feries to be fummed, the alternate terms
(viz. the 2d, 4th, 6th, &¢.) fhould be required to be
taken under figns contrary to what they have in the
original feries given ; the reafoning and refult will be
no-ways different ; only, inftead of making p3 -+ ¢
+ 73 (or p*+ ¢* 4 7, &c.) =+ 3 (or 4+ n), the
fame quantity muft, here, be made = — 3 (or — 7).
From whence, p” being = — 1, "= — 1, &c. the
values of p, ¢, r, &c, will, in this cafe, be the roots
of the equation 2”4 1 = o.

It may be proper, now, to put down an example,
or two, of the ufe and application of the general
conclufions above derived. Firft, then, fuppo{‘ ing

the feries, whofe fum is given, to be & + +

x™ X7 T xmE 2

-;+Z......+z+m+l +m+i""‘
X"+ xm o+l ! :

4 m+”+ e 4+, &c. = — H. Log,

1—x (=S5); let it be required from hence, to

find the fum of the feries ( + mx_*;’_*-; + mx_r:;

&c.) arifing by taking every sth term thereof, be-

ginning with that whofe exponent (m) is any integer

lefs than 7 Here, the terms preceding ;?; being

tranfpofed, and the whole equation divided by x7
we
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1 X x2 &3
we fhall have ~ . .
m+m+1 +m+2~1 771»{-3’&b
Iy )
_—=—--I~><H.Log.1—x-—x+’x’&c'. In

x?ﬂ ‘:‘."m
which value, let px, ¢gx, rx, &c. be, fucceflively,
fubftituted for x (according to prefcript) negleCting

. x4 fx? .
intirely the terms — 3 having no effect at all

. 1
in the refult: from whence we get — ;—.—-—M X Log.
. ~

I U I
1-—px——-é—x-.A,,xLog.1-—gx — = X Log.

1 — 7, &c. Which multiplied by x” (the quantity

that before divided) gives — # x Log. 1 — px —

1 I —

n times the quantity required to be determined.
But now, to get rid of the imaginary quantities ¢,
7, &c. by means of their known values « + v/za —1,

@ — V/aa— 1, &c. it will be neceflary to obferve,
that, as the produ& of any two correfponding ones

(oc -+ \/owc—-— I % g—  aa — 1) 1s cqual to unity,
we may therefore write & — /aa — 11" (= ") in-

ftead of its equal “;;;’ and ¢ + Vaa — i (=¢)

. . 1 :
inftead of its equal;;,: by which means the two

5E 2 terms,
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terms, wherein thefe two quantities enter, will

ftand thus; = ¢ — ¢ aa «— 1]" x Log. I — g«
—a+ ax — 1™ x Log.1 — rx.
But, if A4 be afflumed to exprefs the co-fine of an

arch (), m times as great as that (3 o ) whofe co-

fine is here denoted by o ; then will 4 —/ 44 —1
:::*oc—\/cxoc——lm, and 4 4+ VA4 —1 =

= and —X
A1 —xx V1—XX

fluxions of the circular arcs whofe co-fines are » and X, it is evie.
dent, if thofe arcs be fuppofed in any conftant ratio of 1 to #, that

nx X

- = , and confequently that
V1 —xx ‘\/x——XX 4 ! Vixx — 1
- 5 = oo
: C/—le/l——xx V—=1xy1—XX VXX =1
From whence, by taking the fluents, » X Log. x - 4/*x — 1 (or Log.
¥4 Vxx — LI”) — Log. X 4+ &/ XX —1; and confequently
T V= X+ /XX-1: whence alfo, fecing x4 xx— 1
is the reciprocal of x 4 #/xx — 1, and X — VXX =1 of X4
&/ XX~1, itis likewife evident, that x - Vi — ' — x-vVXX-T.
Hence, not only the truth of the above affumption, but what has been
advanced in relation to the roots of the equation " — 1 = o, will ap.
pear manifeft. For if » + A/ xx — 1 be put = =, then will 2 (=

x+ «/xv—-:‘l y=X* VXX —1: wlhere, affuming X — 1 =

co-f. 0 = co-f. 360°= co-f. 2 X 360° = co-f, 3 X 360°, &c. the equae
sion will become z7=— 1, or &# — [ — 0 ; and the different values of x,
in the expreflion (x == 4/xx — 1) for the root =, will confequently be

60° .
the co-fings of the arcs, %, 3—7-19-, 2‘-—393-, &c. thefe arcs being

the

* Becaufe are known to exprefs tle

nx
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@+ Ve — 1l': which values being fubftituted
above, we thence get

— A xlog. 1 —gx 4 log. 1 — rx

FVAA—1%xlog 1 —gx—Ilog. 1—rx;
whereof the former part (which, exclufive of the
faGor A, 1 hall hereafter denote by M) is manifeftly

equal to — A4 x log. 1 — gx x1— 7x (by the na-
ture of logarithms) = — A xlog. 1 — ¢ 4 r.x 4

gra*=— A xlog. 1 — 2ax 4 xx (by fubftituting
the values of ¢ and »): which is now intirely free
from imaginary quantities. But, in order to exter-
minate them out of the latter part alfo, put y —
log. 1 — gx — log. 1 — rx; then will j= I__qqx-
+ ra — 7—7‘)(»’? S 2\/«&——!)(}5’
I—rx I—g 47 XX 55 I —2ax + xx
2\/:5(\/[_-;5¢x:&. Vii—aaX#
= where;—_—mex-
prefleth the fluxion of a circular arch (V) whofe radius
is 1, and fine = ‘i_‘;:i:x 3 confequently y will be
= — 2 /—1 x N: which, multiplied by /44—,
oritsequal /—1 %/ 1— A4, gives2/1—AAdx N;

the correfponding fubmultiples of thofe above, anfwering to the co-

fine X (=—1). In the fame manner, if X be taken — — 1 —

cof. 180° = co-f. 3 X 180° = co-f. 5 X 180°%, &c. then will 27 = —1,.

or "4 1 == o; and the values of x will, in this cafe, be the co-fines.
(o]

of 180, 5% 1jo .5 X 180° &

and,
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and, this value being added to that of the former

part (found above), and the whole being divided by

. — A I —AAx N
7, we thence obtain - 4M+ 2{‘ 5 ori-

X —co-{L  x M + fin.  x 2 N for that part of the
value fought depending on the two terms affeCted
with g and ». From whence the fum of any other
two correfponding terms will be had, by barely fub-
ftituting one letter, or value, for another: So that,
— log. f—:?
—co-f. QxM 4+ fin. @2 x2N
-:; X(=—co-{LQ x M 4 {fin.Q x 2 N'
— co-{. Q"' x M" 4 fin. Qx 2 N
— &c. + &c.
will truly exprefs the fum of the feries propofed to
be determined; M, M', M" &c. being the hyperboli-
cal logarithms of 1 — 2ax 4 xx, 1—28x 4 xx,
I — 29% 4 xx, & N, N, N' &c. the arcs
x/1—aa /1 —Bp
\/l-—zacx-f-xx‘ \/l;zﬁx+xx’

V1YY &c. and &c. the mea-
Vi—zyxFrx L Q‘ < o
3%0

{ures of the angles exprefled by—n—— X, 2% 2=

whofe fines are

3 X 3’—‘2 x m, 8c. And here it may not be amifs to take

xm xm 8 xm+zn

notice, that the feries — + g -+ ey -+
&ec. thus determined, is that exprefling the fluent of

X" X
— ; correfponding to one of the two famous
%"

-
3 Cotefian
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Cot¢fian forms. From whence, and the reafoning
above laid down, the fluent of the other form,

xm—'l

14 %
x’"-)-n xm-)-zn xm+3n

the feries (5;"'" g 4 T¥in T mTan

&c.) for this laft fluent, is that which arifes by
changing the figns of the alternate terms of the
former; the quantities p, ¢, 7, &c. will here (agree-
ably to a preceding obfervation) be the roots of the

equation 2"+ 1=0; and confequently, as 8, & &c.

180° 80°
» ¥ % 'l"g‘&c

(a8 appears by the foregoing note). So that, makmg
2, 2, Q,, &ec. equal, here, to the meafures of the

&ec. the

fluent fought will be exprefled in the very fame man-
ner as in the preceding cafe; except that the firft
term, — log. 1 — ¥ (arifing from the rational root
2 =1) will here have no place.

After the fame manner, with a fmall increafe of

X1 ‘ b .

oy P may be derived,
m and 7 being any 1ntegers whatever. But I fhall
-now put down one example, wherein the 1mpofﬁble
quantities become exponents of the powers, in the
terms where they are concerned.

, may be very readily deduced. For, fince

; , 180°
the ¢ n,3x

180° 180°
angles -—-—-xm, 3 x—-—-—xm,

trouble, the fluent of

The fenes here given is 1= # 4 = — .7:”_3_
'3
a*
234 2 3 5 &c. = the number Whofe hyp. logj
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fs — x, and it is required to find the fum of every
7™ term thereof, beginning at the firff. Here the
quantity fought will (according to the general rule)
be truly defined by the »* part of the fum of all
the numbers whofe refpective logarithms are — p x,
— g%, =7 % &c.; which numbers, if N be taken
to denote the number whofe hyp. log. =1, will be

truly exprefled by N, N7, N7, &e.
From whence, by writing for p, ¢, 7, &c. their equals
Lat Vea—1I, 2=V aa—1, B+ V3B —1,
B— Gk — 1, &c. and putting o = /T — 4a,

f=\/1— @@, &c. we fhall have 712 x N7% 4.

N ¥4 N, & =Zinto N~ "4 N~ ""x
N—éxV: 4 N£x¢1'7+ N—PBx N—B'x¢—1:+
NPV L ke, But N™HVTE L NV

known to exprefs the double of the co-fine of the
arch whofe meafure (to the radius 1) is ¢ x. Therefore

we have ’I;-into N "4+ N *“"x 2 cof. da +

N %% 3 cof. @', &c. for the true fum, or value
propofed to be determined.

The foluion of this cafe, in a manner a little dif-
ferent, I have given fome time fince, in another place ;
where the principles of the general method, here
extended and illuftrated, are pomted out, I fhall put

an end to this paper with obferving, that if, in the
feries
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feries given, the even powers of X, or any other
terms whatever, be wanting, their places muft be
fupplied with cyphers ; which, in order the of num-
bering off, muft be reckoned as real terms.

CIV. Olfervatio Eclipfis Lzmm Die 30 Julii
1757. babita Olifipone @ Joanne Cheva-
lier, Congregationis Oratorii Prefbytero, é
Regia Londinenfi Societate.  Communi-
cated by Jacob de Caftro Sarmiento, M D
E.R.S.

Tubo optico 8 pedum,

h

Read Nov. 16. F Nitium penumbre — o 15 18
1758 Initium dubium eclipfis 9 22 24

Certo jam inceeperat =~ —— 23 34
Umbra ad mare humorum obfervata :
vitro. plano czruleo } 9 3 2

Solo tubo optico obfervata —_—— 31 29

Vitro flavo obfervata ~ — 9 31 48
Umbra tangit Grimaldum obfcrvata}

vitro plano ceruleo — —§ 9 31 20
Solo tubo optico — — 9 31 %0
Vitro plano flavo 9 32 8
Totus Grimaldus tegitur obfervatus

vitro plano czruleo  — -—-——} 9 34 4
Solo tubo optico 9 34 28
Vitro flavo 9 34 47

- Vour, 50, . sF Umbra



