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'CX. Of the Irregularities in the Motion of a
Satellite arifing from the [pheroidical Fi-
gure of its Primary Planet : In a Letter
20 the Rev. James Bradley D. D. Aftrono-
mer Royal, F. R.S. and Member of the Roy-
al Academy of Stiences at Paris; by Mr.
Charles Walmefley, F. R. S. and Member
of the Royal Academy of Sciences at Ber-
lin, and of the Inflitute of Bologna.

Reverend Sir,

Read Dec. 14, (YINCE the time that aftronomers have
1758 ‘been enabled by the perfetion of their
inftruments to determine with great accuracy the-mo-
tions of the celeftial bodies, they have been folicitous
to feparate and diftinguifh the feveral inequalities dif-
covered in thefe motions, and to know their caufe,
quantity, and the laws according to which they are
generated.  This feems to furnith a fufficient motive
to mathematicians, wherever there appears a caufe
capable of producing an alteration in thofe motions,
to examine by theory what the refult may amount
to, though it comes out never fo fmall: for as one
can feldom depend fecurely upon mere guefs for the
quantity of any effe, it muft be a blameable ne-
gle@ entirely to overlook it without being previoufly
certain of its not being worth our notice.
Finding therefore it had not been confidered what
effe& the figure of a planet differing from that of a
Vor. 5o. s L fphere
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fphere might produce in the motion of a fatellite re-
volving about it, and as it is the cafe of the bodies
of the Earth and Jupiter which have fatellites about
them, not to be fpherical but {fpheroidical, I thought
it worth while to enter upon the examination of fuch
a problem. When the primary planet is an exact
globe, it is well known that the force by which the
revolving fatellite is retained in its orbit, tends to the
center of the planet, and varies in the inverfe ratio of
the {quare of the diftance from it; but when the pri-
mary planet is of a fpheroidical figure, the fame
rale then no longer holds: the gravity of the fatellite
is no more directed to the center of the planet, nor
does it vary in the proportion above-mentioned ; and
if the plane of the fatellite’s orbit be not the fame
with the piane of the planct’s equator, the protuber-
ant matter about the cquator will by a conflant effort
of its attraction endeavour to make the two planes
coincide. Hence the regularity of the fatellite’s mo-
tion is neceffarily difturbed, and though upon ex-
amination this effe¢t is found to be but {mall in the
moon, the figure of the earth differing fo little from
that of a fphere, yet in fome cafes it may be thought
worth notice ; if not, it will be at leaft a fatisfaCtion
to fee that what is negleted can be of no confe-
quence. But however inconfiderable the change may
be with regard to the moon, it becomes very fenfible
~in the motions of the fatellites of Jupiter both on ac-
count of their nearer diftances to that planet when
compared with its femidiameter, as alfo becaufe the
figure of Jupiter {o far recedes from that of a {phere.
This I have fhewn and exemplified in the fourth fa-

tellite ; in which cafe indeed the computation is more
exact
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exact than it would be for the other fatellites: for as
my firft defign was to examine only how far the
moon’s motion could be affe¢ted by this caufe, I fup-
pofed the fatellite to revolve at a diftance fomewhat
remote from the primary planet, and the difference
of the equatoreal diameter ‘and the axis of the planet
not to be very confiderable. There likewife arifes
this other advantage from the prefent theory, that it
“{urnifhes méans to fettle more accurately the propor-
tion of the different forces which difturb the celeftial
motions, by affigning the particular fhare of influ-
ence which is to be afcribed to the figure of the cen-
tral bodies round which thofe motions are performed.
I have added at the end a propofition -concerning
‘the diurnal motion of -the -earth. This motion has
been generally efteemed to be exactly uniform; but
as there is a caufe that muft neceflarily fomewhat al-
ter it, I was glad to examine what that alteration
could amount to. If we firft fuppofe the globe of
the carth to be exaétly {pherical, revolving about its
axis in a given time, and afterwards conceive that by
the force of the fun or moon raifing the waters its
figure be changed into that of a {pheroid, then accor-
ding as the axis of revolution becomes a different di-
ameter of the fpheroid, the velocity of the revolution
muft increafe or diminifh : for, fince fome parts of the
terraqueous globe are removed from the axis of revo-
lution and others deprefled towards it, and that in a
different proportion as the fun or moon approaches to
or recedes from the equator, when the whole quan-
tity of motion which always remains the fame is dif~
tributed through the fpheroid, the velocity of the di-
urnal rotation cannot be conftantly the fame. This

5L 2 variation



[ 812 }
variation however will fcarce be obfervable, but as it
is real, it may not be thought amifs. to.determine.
what its precife quantity is.

I am fenfible the following theory, as far as it re-
lates to the motion of Jupiter’s fatellites, is imperfect.
and might be profecuted further; but being hindered.
at prefent from fuch purfuit by want of health and
other occupatlons, I thought I might fend. it you in
the condition. it has lain by me for fome time.  You
can beft judge how far it may be of ufe, and-what.
advantage might arife from further improvements in.
it. ITam glad to have this opportunity of giving a
frefh teftimony of that regard which is due to your.
diftinguithed merit, and of profefling myfelf with the
higheft efteem,

Reverend Sir;
Your very humble Servant,

Bath, O&. 21,
: 1758.. C. Walmefley.

Lemma I,

Invenire gravitatem corporis longingui ad circumfe-.
rentiam circuli ex particulis materice in duplicatd:
ratione diffantiarum inversé attrabentibus conflan-
tem.

Sto NIK (¥7d. T aB. xxxiii. Fig. 1.) circumferen-
tia circuli, in cujus puncta omnia gravitet corpus.
fonginquum § "locatum extra planum circuli. In hoc.
planum agatur linea perpendienlaris SH, et per cir-
culi centrum X ducatur re@ta H XK fecans circulum.
in Iet K, et SR parallela ad HX : producatur au-.

tem SH ad diftantiam datam SD, et agantur reta:
D C3>
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DC, XC, ipfis HX, SD, parallele. Tum du&i
chordd quavis MN ad diametrum IK normali eam-
que fecante in L, ex punctis M, N, demittantur in
SR perpendiculares MR, NR, concurrentes in R ;
junctifque SM, SN, erit SM = SN, MR =NR,
SR = HL. Dicantur jam SD, %2; HX five DC, 5;
XL, 5; CX, z; XI, r; eritque HL = b — x, et
SH=*%— z. Eft autem SM ad SH ut attrattio
§_71\71£2_ corporis § verfus particulam M in direGione
SM ad ejufdem corporis attraGionem in direGione

SH, qua proinde erit SH . fed eft SR=HL, et

SM?

SM? = SR* + MR* = SKR* 4 SH®> + ML?; unde fit
SH SH
SM3 f1.2 + sa° + mz%’
ad MN, vis qua corpus S attrahitur ad arcus quim
SHx 2Mm

SM3
SH x 2 Mm x AL* -+ §8° + ML®> % Eft autem
HL*4-SH*+ML*= Ak —2 k2 + 22+ bb—2bx 4 rr,
hincque ponendo k%4 bb= 1/, BL* + SH* =ML* ‘=

o, 3kx 3hx 3rr. 32z 15kk22 15kbzx.
e T Y ety Gl Y e

et du&d mn paralleld

minimos Mm, N#z, exponitur per

I bbx 'S Y . . . .
__5_2_17_::, negle&is terminis ulterioribus ob longinqui-
tatem quam fupponimus corporis S. Quaré, fi feri-
batur  pro circumferentid IMKN, gravitas corporis
S ad totam illam circumferentiam fecundum SH,

five fluens fluxionis SH x 2 Mm x HL.2+ SH*+ ML® *

cvadit £ — % x din }-+ .3.;;_ B m oy
1§ bz

2



[ 814 ]

Simili modo obtinebitur gravitas

15 ki | 15 hbrr
'Y + 40" "
cjufdem corporis S fecundum SR. -, E. L

"Lemma 1I,

Corporis longingui gravitatem ad Spheroidem obla-
tam determinare.

Retentis iis qua funt in lemmate fuperiori demon-
ftrata; efto C centrum {phewroidis, cujus =quatori
parallelus fit circulus IMK. Spheroidis hujus femi-
axis major fit ¢, femiaxis minor 4, eorum differentia
¢, quam exxbuam efle fuppono; et dicatur D cir-
cumferentia aequatous. Centro C et radio wquah
femiaxi minori defcribi conc1p1atur circulus qui fecet
IK in , eritque gravitas in diretione SD; qua ur-
getur corpus S verfus materiam fitam inter circum-
ferentiam IMKN et circumferentiam centro X et
radio X/ defcriptam, aqualis gravitati in lemmate
pmcedenti definite ducte in reGam I/, Sed eft
I:.¢::IX.a, atqued. D :: IX.2; unde I7 x 4.
D x¢::1IX*. aa, hoc eft, ex natura ellipfeos, ob
CX=2z, et IX_..r, szd Dxc::bb— 2z . bb,

adeoque Ii x d = —— x bb — z=, atque 77 = aa

e

a::zs feribi autem poteft in fequenti calculo

bb — =z pro rr ob parvitatem differentiz {femiaxium
in quam omnes termini ducuntur. Gravitas igitur
corporis § in materiam inter c1rcumferentlas fupra-

Dx ——
di¢tas confiftentem exprimetur per T X bb — zz
' I 3kz

— _ 3bb 1522 155bbh

Etfi addat,ur gravitas in fimilem materiam
€x

45kkzz
4"
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ex alterd parte centri C ad zqualem a centro diftan-
tiam, quia tunc CX five = evadit negativa, gravitas

corporis § in hanc duplicem materiam erit ——

X ¢
T
y——_—— 2k bkzx kb 15hhtbs

154322
I o Ts‘+ 77 + 217

152/’1_'?55. Ducatur jam gravitas hec in 2, et fumptd
gravitatum omnium fumma4, fa®d s =14, gravitatio
tota corporis S in totam materiam globo interiori {u-
periorem fecundum direGionem SD zquatori per-

. . & 463 24500%
pendicularem prodit D x ¢ x ‘;—[; 45 ot
Simili ratiocinio gravitatio corporis § in eamdem
materiam fecundum directionem SR =quatori pa-

. . 4 lgb /b3
rallelam invenitur =qualis D x ¢ x ?;7; -+ -2-5%— —_
T

- Tum fi addatur gravitatio corporis S in

globum interiorem, ex und parte feilicet 2 3(113 >

: A 263D . . C e :

ex alterd 22—, habebitur gravitas corporis S in to-
al?

tum {pheroidem. 2. E. I

ct

Corovrr,

Igitur gravitas corporis S fecundum SD eft ad ejuf-
dem gravitatem fecundum SR five DC in materiam

b
{phzroidis globo interiori-incumbentem ut == 2k __ 2

S
kbbb bb* bkkb*
+ 5 ad Z + oy T adeoque fi gravitas prior

exponatur per k, pofterior exprimetur per h — 3

quamproxime. Unde cum fit DC =/, patet gravi-
tatem corporis S in fpheroidem oblatam non tendere
ad
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- ad centrum C, fed ad pun&tum ¢ retz DCin plano
®quatoris jacentis vicinius punéto D.

PROPOSITIO 1

PreBLEM 4.

Vires determinare quibus perturbatur motus Satellitis
circa Primarium fuum revolventis.

Exhibeat j jam fpherois predicta planetam quemvis
figurd hac donatum, et corpus § fatellitem circa pla-
netam tanquam prlmanum gyrantcm Qlal]tltas
materi globo fpheroidis interiori incumbentis 2qua-

lis eft 4b five 3D proximé, et fi materia illa Io-
caretur m centro {pharoidis C, attraheret fatellitem

S fecundum SC vi i[éf—?, que reducta ad diretionem

bD
SD fit 41’;?, et ad dire&tionem DC fit 45;1 Cum
bcD .o
igitur vis 137— non turbat motum fatellitis, utpate

que tendat ad centrum motus et quadrato diftantie
ab eodem centro fit reciproce proportionalis, vires
illp #4440 4D 5 quas refolvitur, etiam motum non

I
4&1) 4kb3 2khhb3
turbabunt. Itaque ex vi D x¢ x T T

4D bb 2hb3?
auferatur vis 41’,3 > etex viDxex %75 + ST
Y75 beh 1
2”;’;’ auferatur —-—-—43 PD , et remanebunt vires D x ¢ x
m 2h5? e
+ X € X — motuum

~-fatcll_1tls S perturbatnces. Defignetur vis D x ¢ %
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'2-3111-1:1 —_— b = —— per reGam Sr (Fig. 2.) ac refolvatur in

vim S¢q tcndentcm ad centrum planetz primarii C et ob
. o 1 25
triangula fimilia Sr¢, SDC, =qualem D x ¢ x &

zili s exiftentibus ut privs, SD =4, DC = 4, SC=/;

et in vim g re&tz SD parallelam et 2qualem D x ¢ x

24 i‘_”_’_ ; atque hzc vis pofterior fubdu@a ex vi

S 1
F* | 2kbhB
Dxcx——%—l-;—{- -

vi perturbatrice in directione SD. Unde cum maﬁ'a

relinquet D x ¢ x ¥ pro

. 2ab . - .
tota planete fit 3%2, gravitas fatellitis tota in plane-

.. 2abD e 7 g 200D .
tam erit < proximé, vel etiam T et hac gravi-

i 7z 6éb
tas eft advmexcx‘—"g—- ut 1 ad —

Deinde vis illius D x ¢ x £~ fecundum SD pars

ca que agit in directione SC et Dxe x+— 4?55’, qua

(I

addita vi Sg dat D x ¢ x EF — = vim perturbatri-

cem tendentem ad centrum planete primarii,atque hec

256D .
vis eft ad fatellitis gravitatem = in primarium ut
3be ___ ghkbe
F S ad 1. Q. E. 1
Cororr.

Defignet CK (Fig. 3.) lineam interfectionis plano-
rum zquatoris planetz et orbite fatellitis, et refolva-
64bc
tur vis SD = ?F’

Voui. s0. - sM planum

qua agit perpendiculariter ad
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planum ®quatoris, in vim DR perpendicularem ad
planum orbite fatellitis, et in vim SR jacentem in
eodem plano. Producatur SR donec occurrat CK
in K, eritque SK normalis ad CK, et planum SDK
normale ad planum orbis fatellitis ; ac propterea ob -
fimilia triangula SDK, SRD, fi 7 denotet finum ad
radium 1 et 7z cofinum anguli SKD, inclinationis
fcilicet orbite fatellitis ad =quatorem planete, erit

Y4
DR=SDx#n = f’l’ﬂ, et SR = SD x m = 6/cbcm,
58 e

exiftente 1 gravitate toté fatellitis in primarium fuum.
Jam quoniam vis SR jacet in plano orbite fatellitis,
hujus plani fitum non mutat ; accelerat quidem vel
retardat motum {atellitis revolventis, fed hac accele-
ratio vel retardatio ob brevitatem temporis ad quan-
titatem {enfibilem non exurgit: vis DR eidem plano
perpendicularis continuo mutat ¢jus fitum, et motum
nodi generat, quem fequenti propofitione definiemus.

PROPOSITIO IL

PROBLEMA.
Invenire motum nodi ex praedictd caufd oriundum,

Per motum nodi in hac propofitione intelligo mo-
tum interfe@ionis planorum @quatoris planet et or-
bite fatellitis; orbitam autem fatellitis quamproximé
circularem fuppono. Efto S locus fatellitis in orbe
fuo SN cujus centrum C, (Fig. 4.) SE arcus centro
C defcriptus perpendicularis in circulum zquatoris.
planete FN ; SB arcus eodem centro defcriptus per-
pendicularis ad orbem SN, atque in SB fumatur
lineola S =qualis duplo fpatio, quod fatelles per-
currere poflet impellente vi DR in Coroll, praced.

7 deter~-
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determinatd, quo tempore in orbe fuo defcriberet
arcum quim minimum pS: per pun&a 7, p, defcri-
batur centro G circulus »p# fecans ecﬁxatorem in #,
qui exhibebit fitum orbitz fatellitis polt illam parti-
culam temporis, nodo N tranflato in 7. Agantur
SC, CN, et SH perpendicularis in lineam nodorum
CN, et Nm perpendicularis in 7p#,  Jam cum fint
lineole S#, Nm, ut finus arcuum Sp, SN, erit Sp.
Sr :: SH . Nm; deinde in triangulo reGangulo
Nmn habetur m . 1 :: Nm . Nz ; unde per compo-

ditionem rationum Spxm.S7:: SH. N7 = Ss;xxsg:
dato igitur arcu Sp, eft N7 five motus nodi ut S# x
SH. In triangulo {pherico reftangulo SFN eft finus
anguli N, hoc eft, anguli inclinationis orbite fatellitis
ad =quatorem planete, ad finum arctis SF, ut radius

ad finum arciis SN, id eft, m .; :: 1. SH, adeoque

. ok .
; =m % SH; eft igitur 7 ut SH. Vis autem S7 per

Coroll. Prop., praced. eft ut {;—, adeoque ut SH

quamobrem eft S» x SH, proindeque et N#, ut SH2,
hoc eft, motus horarius nodi vi prefatd genitus eft
in duplicatd ratione diftantiz fatellitis 4 nodo. Et
quoniam {umma omnium SH*, quo tempore fatelles
periodum fuam abfolvit, eft dimidium fumms toti-
dem SC?, ided motus periodicus eft fubduplus ejus
qui, fi fatelles in declinatione {ud maximai ab zquatore
planete continud perftaret, eodem tempore generari
poffet.  Sit igitur fatelles in maxima fud declinatione
five in quadraturd cum nodo, eritque SN quadrans
circuli, et N7 menfura anguli Npm five Spr,
eritque in hoc cafu Nz five motus horarius nodi
ad Nm, hoc eft, ad angulum Spr, ut 1 ad m;

sM: eft
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eft autem angulus Sp7 ad duplum angulum, quem
{ubtendit finus verfus arclis Sp fatellitis gravi-
tate in primarium eodem tempore defcripti, id eft,
ad angulum SCp qui eft motus horarius fatellitis

circa primarium, ut vis S» ad gravitatem fatellitis in

primarium, hoc eft (per Coroll. Prop. I.), ut Ei_fg_":

) . k b
ad 1, five, quia eft in hoc cafu 7= m, ut 65‘1”;" ad

1. Unde conjundis rationibus eft motus horarius
o . " ben
nodi ad motum horarium fatellitis ut -6—11,'5 ad 1; etfi

S-denotet tempus periodicum folis apparens, et L tem-
pus periodicum fatellitis circa primarium fuum, cum
fit motus horarius fatellitis ad motum horarium folis

ut S ad L, erit motus horarius nodi ad motum hora-
. . 65 : . . .
rium folis ut -—S-If; X % ad 1, et in eadem ratione erit
motus nodi annuus ad motum f{olis annuum, hoc eft,
ad 360°. Quare, fi fatelles maneret toto anno in
maximi fud declinatione ab @quatore primarii, vis
predicta ex figurd {pheroidicd planete primarii pro-
veniens generaret eodem tempore motum nodi zqua-

lem ES;” X % x 360° et ex fupradiis motus verus.
S

nodi annuus erit hujus {fubduplus, nempe %‘; XL X
360°. R,E.L
€orovrr.

Si computatio inftituatur pro lund, aflumendo
mediocrem ejus orbite inclinationem ad =quatorem
terreftrem, erit 7 cofinus anguli 23° 287%; et pofito
femiaxi terre 4= 1, erit diftantia lunz a centro terre
mediocris /== 6o circiter, indeque in hypothefi qng;
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1] . . L] L] b
fit differentia femiaxium ¢ = -2%9, erit isli” X

S
T X
L
360° = 11"t ; et fi fuerit ¢ = ;-;-—7-, manente terrd

uniformiter denf3, erit ille motus = 15’, Hic erit
motus nodorum annuus lunz regreflivus in plano
@quatoris terreftris, qui reductus ad eclipticam, uti
pofted docebitur, pro vario nodorum fitu evadet
multd velocior.

Notabilis multd magis erit motus interfeGionis
orbitarum fatellitum Jovis in plano =quatoris Jovialis ;
et computabitur fatis accurate per formulam fupra
traditam, modo fatelles non fit Jovi nimis vicinus.
‘Sic pro fatellite extimo erit L =16d 16h 327, =1,
! = 25,299 circiter, femiaxium Jovis differentia
¢ =+4%; et pofitd orbis hujus fatellitis inclinatione ad
@quatorem Jovis ®quali 3°, erit # cofinus hujus in-

o e . oo 3ben S 5 ,
clinationis, atque inde prodibit SF X[ *360°=3 4!

circiter, motus {cilicet nodorum annuus fatellitis
quarti in plano ®quatoris Jovis in antecedentia. Si
minus vel magis inclinatur orbis ad Jovis @quatorem,
augeri vel minui debet hic motus in ratione cofinfis
hujus inclinationis.

Czterum patet motum hunc nodorum in plano
®quatoris planete primarii, 2ftimando diftantiam fa-
tellitis in {emidiametris primarii, generatim efle, dato
tempore, in ratione compofitd, ex ratione directd dif-
ferentiz femiaxium planetze et cofinds inclinationis
orbis fatellitis ad planete ®quatorem, conjunétim ;
et ex ratione inverfd temporis periodici fatellitis et
quadrati diftantiee fatellitis 3 centro planetz, item
conjunctim.

PR O-



[ 822 ]

PROPOSITIO IIL

ProBLEMA.

Motum nodorum Lunce fupra determinatum ad Eclip-
ticam yreducere.

Sunto NAD (Fig. 5.) ®quator, AGE ecliptica
fecans =quatorem in A, E =quinoftium vernum,
A autumnale, LGN orbis lune fecans eclipticam in
G et zquatorem in N, LD circulus maximus per-
pendicularis in @quatorem ; et funto DN, LN, qua-~
drantes circuli. Tempore dato vi predictd transfer-
ratur interfeGtio N in #, et defcribatur circulus Lig 7
exhibens fitum orbis lunaris poft illud tempus, fecet-
que eclipticam in g. Ut autem interfeGtiones N et
G fine verborum ambagibus diftinguantur, priorem
in pofterum vocabo Nodum Aquatorium, pofteriorem
Nodum Eclipticum. Dulis itaque Nm, Gd, per-
pendicularibus in orbem lune, eft Nz: Nm:: 12
fin. GNA, et Nm:Gd :: 1: fin. LG, itemque
Gd :Gg :: fin. Ggd : 1; unde conjunéis rationibus
provenit Nz:Gg :: fin. Ggd : fin. GNA x fin. LG,

. GNA X fin. L :
adeoque Gg = N7 x 22 G ! ég’; . Scribantur

s pro finu et # pro cofinu anguli G g4, inclinationis
{cilicet orbite lunaris ad eclipticam, ad radium 1,
pro finu et # pro cofinu arclis EG, p pro finu et ¢ pro
cofinu obliquitatis ecliptice; atque per refolutionem
trianguli fpherici GAN, habebitur cof. GNA =# =
gt 4 psu, indeque fin. GNA = /1 — g¢qt¢ —
2pgstu — pzszuz; fed {cribi poteft 1 pro 7, et re-
jici terminus pzszuz ob exiguitatem finds s anguli

50
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5° 8%, proindeque erit fin. GNA = /pp — 2pgsu;
praetere eft fin. GNA : fin. GA five *v :: fin, GA
five p : fin. GN, ideoque fin. GN five cof. LG =

o IéxNA’ et in. LG =« — -q—%}-?-', ac fin. GNA x
fin. LG = pu — gs quamproximé. Quare fit Gg
= Nnx 24 qs, atque hic eft motus nodorum lu~-

narium tempore dato in plano ecliptice : quod fi

tempus illud datum fit annus folaris,» habetur N7z =

3blc:t x % 360 unde motus ille eclipticus nodorum

annuus, nulli habiti ratione mutationis ﬁtus nodorum

ex alii cauf per id temporis facte, ﬁet X gt + psu
o’ — S 3beq pu —45 S
%2 - [, X 360% vel etiam === kel v

360° proxxme. Q. E. L

Quo motum nodi lunaris in hac propoﬁnone ad
eclipticam reduximus, eodem prorfus ratiocinio mo-
tus nodi fatellitis cujufvis ad orbitam planeta primarii
reducetur.

Cororr. 1.

Exinde liquet nullum effe hunc motum nodi, ubi
fin. LG = o, vel etiam ubi pu = ¢35, quod contingit.
ubi orbita lunaris arcus GN eclipticam et @quatoremy.
zqualis eft 9o° five ubi nodi lunares verfantur
in pun&is declinationis lunaris maxime, five ubl,
arcus AG, cujus cofinus eft #, evadit zqualis 780 5, .
id eft, ubi nodus afcendens lun verfatur in 11° 557
Cancri, vel 18° §/ Sagittarii.  Eritque progreflivus
hic motus, id e(’t fiet fecundum feriem fignorum,,
dum nodus afcendens lunz tranfit retrocedendo ab:

18%
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18° 5/ Sagittarii ad 110 55/ Cancri, regreflivus autem
in reliqud parte revolutionis; et maximus evadit
motus regreflivus, ubi # = — 1, id eft, ubi nodus
afcendens verfatur in principio Arietis; et maximus
progreflivus, ubi # =1, id eft, ubiidem nodus oc-
cupat initium Librz. Itaque cim motus ille nodo-
rum annuus, de quo hic agitur, univerfaliter fit

. 3bc u—qs _ S
equalis 7 XP——T—- X 1. % 360°% hoc eft, per Co-

50
roll. Prop. 2. ®qualis 117/} x pr—95 o 15" pu—gs
$ s

prout differentia femiaxium terre fuerit w45 vel 73,
exiftentibus fcilicet p finu et ¢ cofinu anguli 230 28'%,
atque s finu anguli 5°8’%; eo anno, in cujus medio
circiter nodus lunz afcendens tenuerit principium
Arietis, motus nodorum regreflivus, qui et maximus,
erit 172" vel 17 20"”; ubi vero idem nodus {ubierit
fignum Libre, motus maximus progreflivus erit 41"
vel §3”. In aliis nodorum pofitionibus eodem modo
computabitur,

Cororr. 1L

Si defideretur exceflus regreflis nodi fupra pro-
greflum in integrd nodi revolutione, fequenti ratione
inveftigabitur. Jungantur equinoctia diametro EA,
in quam demittatur perpendiculum GK, et fumpto
arcu G/ quem defcribit nodus eclipticus G quo tem-
pore nodus equatorius N defcribit arcum N#, du-
catur h¢ perpendicularis in GK. Per hanc propofi-

U — 4§ .
z - L1, five, quiaeft 1.

tionem eft Gg. Nz ::

::Gh. G, fit Gg . Nn:: 2255 — 4 x Gb . Gb;

§
adeoque fumma omnium Gg erit ad fummam om-
nium
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nium Nz, hoc eft, motus nodi ecliptici in integri
{ui revolutione erit ad motum nodi zquatorii eodem
tempore factum, ut fumma omnium in circulo
? X Ge
$
arcuum Gb, hoc eft, ut — g ad 1. Signum autem
— denotat motum fieri in antecedentia five regreflum
nodi excedere ejufdem progreflum. Unde cum mo-
tus nodi @quatorii N fit 11’72 vel 14"/ quo tempore
nodus eclipticus defcribit 19° 20’4, motus ille nodi
®quatorii tempore nodi ecliptici periodico evadit 11"%

quantitatum — ¢ x Gh ad fummuim totidem

360° a7 " " 360° Y ",
o 2ol = 334 vel 157 x s =439 quo

pa&to prodit motus nodi ecliptici prefatus zqualis
g % 3’ 34" vel ¢ x4/ 39", proindeque ¢f radius ad
cofinum obliquitatis ecliptice ut 3' 34" vel 4' 39" ad
motum quafitum, nempe 3’ 16", exiltente 15 diffe-
rentid axium terre, vel 4' 16" ed exiftente 1 : at.
que hic eft exceflus regrefliis nodi fupra progreflum
in integri nodi revolutione vi predii genitus. Ex-
ceflu igitur hoc minuatur motus nodi lunaris periodi-
cus 360°, et remanebit motus ille quem generat vis
folis.

PROPOSITIO 1V.

PrRoBLEMA.

Variationem inclinationis orbis lunaris ad planum
ecliptice ex figurd terre [pheroidicd ortam deter-
minare.

Efto ANH (Fig.6.) =quator, AG ecliptica, et
A pun&tum 2quinodlii autumnalis: fit NGRM orbis
lun® fecans eclipticam in G et ®quatorem in N, in

Vour. so. s N quo
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quo fumantur arcus NL, GR, zquales quadrantibus
crrculi.  Jam fi nodus @quatorius N per temporis
particulam vi predi@4 transferri intelligatur in 7z, et
per pun&um L defcribatur circulus # L7, exhibebit
hic fitum orbis lunz poft tempus elapfum, et fi in
cumdem demittantur perpendicula N et R 7, pofte-
rius R7 defignabit variationem inclinationis orbita
lunaris ad echipticam eodem tempore genitam. Eft
autem N7z :Nm::1:m, itemque Nm: Rri:i1:
fin. LR ; fed ob NL =GR, eft NG=LR; unde
conjundtis rationibus eft Nz: Rz :: 1:m x fin. NG;
ex quo patet variationem inclinationis momentaneam
effe proportionalem finui diftantiz nodi lunaris ecliptici
4 nodo ®quatorio. Ad diametram NM demittatur
perpendiculum GK, et exiftente Gb decremento arciis
NG fa&o quo tempore nodus =quatorius N defcribit
arcum N, agatur bk parallela ipfi GK, eritque 1:
GK five fin. NG :: Gb . Kk; proindeque jam erit
Nz : Rr:: Gb: m x Kk, adeoque fumma omnium.
variationum Rr, quo tempore nodus eclipticus G
defcripfit arcum MG, genitarum erit ad fummam
.totidem motuum Nz, hoc eft, ad motum nodi zqua-
torii N eodem tempore fatum, ut fumma omnium
K% du&a in 7, ad fummam totidem arcuum G5, id.
eft, ut » x MK ad MG. Sit NH motus nodi N
tempore revolutionis nodi G ab uno equinotio ad

alterum, eritque variatio inclinationis eodem tem-

“ o e . 2m X NH
pore genita, hoc eft, variatio tota zqualis —prrer

Unde cum exprimat rationem motlis nodi

NH
MGN
®quatorit ad metum nodi ecliptici, prodit theorema
fequens: Eff motus nodi lunaris ecliptici. ad motum
nodi @quatorii, ut finus duplicatus inclinationis medior
cre
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eris orbite lunaris ad equatorem, ad finum variationis
totius inclinationis ejufdem orbite ad eclipticam.

In hoc computo inclinationem mediocrem orbis lu-
naris ad 2quatorem, nempe 2 3 °28’%, ufurpo, cum in
revolutione nodi tantum ex una parte augetur, quantum
ex alterd minuitur, et omnes minutias hic expendcre
{upervacaneum foret. Motus autem nodi lunaris eclip-
tici eft ad motum nodi lunaris ®quatorii ut 19° 20”#
ad 117; vel 147, five ut 6055 vel 4642 ad 1, unde
per theorema fupra traditum prodit variatio inclina-
tionis tota @qualis 27” vel 35” prout differentia axi-
um terre ftatuitur 545 vel 777,  Hac igitur quanti-
tate augetur inclinatio orbis lunaris ad eclipticam in
tranfitu nodi afcendentis lunz ab @quinotio vernali
ad autumnale, et tantumdem minuitur in alterd me-
dietate revolutionis nodi. In loco quolibet G inter
@®quinoftia variatio inclinationis eft ad variationem
totam ut finus verfus arcis MG ad diametrum, ut
patet; five differentia inter femiffem variationis totius
et variationem quefitam eft ad ipfam femiffem varia-
tionis totius ut cofinus arciis MG ad radium, hoc eﬁ

utu-i-;’l’ ad 1. Q.E. L

PROPOSITIO V.

PROBLEMA.

Motum apfidum in orbe fatellitis quamproximé circu-

lari, quatenis-ex figurd planete primarii fphero-
dicd oritur, invefligare.

Per propofitionem primam vis perturbatrix, qui
trahitur fatelles ad centram planetz primarii, eft ad

S§N a2 fatellitis
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{atellitis gravitatem in ipfum primarium, ut 3—% o
okkbe >
58
(Fig. 4.) ponendo fcilicet 72 pro finu inclinationis
orbite fatellitis ad @quatorem primarii, et {cribendo

ad 1, five, quia per Prop. 2. eft ~/;— =m x SH

b [ ——
y pro SH, ut -351—2 x 1 — 3m2yz ad 1; et {umma
harum virium in tota circumferentid cujus radius eft
. e b
1, eft ad gravitatem fateilitis toties fumptam ut %7; X

m* e e . . . .
I — 2’-2—- ad 1. Vis igitur mediocris, qua uniformi-
ter agere in fatellitem fupponi poteft, dum revolu~
tionem fuam in orbitd propemodum circulari abfol-

vit, eft ad ejus gravitatem in primarium ut %—-’I; X

1 — %’i ad 1 ; atque hac vi movebuntur apfides, fi
nulla habeatur ratio vis alterius qua orbis radio eft:
perpendicularis et per medietatem revolutionis fatel-
litis in unum fenfum tendit, per alteram medietatem
in contrarium. Jam quia ex demonftratis in hac et
primd propofitione fequitur gravitatem fatellitis circa
planetam, cujus figura eft {pharois oblata, revolventis

in diftantid / generaliter efle ad ejufdem gravitatem in
T oa 1, B 3m* b B

majori diftantid L, ut z + g x 1 — =ad 7z -3 %

1 — 3—2’—, exiftente B quantitate datd exigui valoris,,

five ut ;ad;—:;—-%xl-—-‘%i-*—%XI —_

l
quamproximé, ideo gravitas fatellitis diminuitur in
majori quam duplicatd ratione diftantiz au&tz quo-
ties » minor eft quantitate /%, id eft, ubi inclinatio
orbite fatellitis ad planetz zquatorem non attingit §4°

445
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44'; diminuitur autem in minori ratione, quoties eft
m major quam /%, id eft, ubi illa inclinatio fuperat
§4° 44/; adeoque in priore cafu progrediuntur apfides
orbis fatellitis, in pofteriori regrediuntur.. Quantitas
autem hujus progrefltis vel regrefiiis fic innotefcet.
Per exemplum tertium prop. 4. lib. 1. Princ.

Math. Newt. fi vi centripetz, que eft ut II-;, addatur

vis altera ut %, hoc eft, qua fit. ad. vim centripetam
% ut% ad 1, angulus revolutionis ab apfide uni ad

. . 1 + e 3600 . ,
eamdem: erit 360° J —— Vel 1T —; quamproximé,
exiftente e quantitate valdé minutd. Porrd cum fit
motus fatellitis in orbitd fui revolventis ad motum

° ° .
apfidis ut ;"ff - ad ff’fe — 360°, hoceft, ut1ade,

erit motus apfidis tempore. revolutionis fatellitis ad
fidera ®qualis 360° % e, et hic motus apfidis erit ad
ejufdem motum tempore alio quovis dato ut tempus
periodicum fatellitis ad tempus datum.  Eft autem.
in hac noftrd propofitione ¢ = -35-";-: X I = 3-;-'-'—;, unde
datur motus apfidum quefitus.. 2, E. L.

CoroLL.

Si ad lunam referatur hec determinatio; habebun-
tur =1, /= 60, m = finui anguli 23° 28’%, et fi
fuerit ¢ = 5}, erit e =735i757, atque motus apo-.
gei luna fpatio centum annorum @qualis 16’ proximé
in confequentia; fi fuerit ¢ =<4y, erit ¢ = 135575
et motus apogai ®qualis 20/, 7. Hac igitur quanti-
tate minuendus eff motus medius apogzi lunz

Ero ut:
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prout obfervationibus determinatur, ut habeatur mo-
tus ille quem generat vis {oljs.

Pro quarto autem Jovis fatellite, erunt b =1,
l=12%,299, ¢c=1%, m="{inui anguli 3°, ¢ =73977,7;
hincque motus apfidis {patio unius anni folaris prodit
33/, 95 vel feré 34/ in confequentia, qui tempore
annorum decem fit 5° 40’. Infuper autem notan-
dum eft vi folis perturbari motum fatellitis fimili
modo quo perturbatur motus lunz ; ideoque, quo-
niam vis folis, qui perturbatur motus lunz eft ad
lunz gravitatem in terram in duplicatd ratione tem-
poris periodici lunz circa terram ad tempus periodi-
cum terrz circa folem, hoc eft, ut 1 ad 178,725 ;
pariter vis folis, qua perturbatur motus fatellitis Jo-
vialis, eft ad ipfius fatellitis gravitatem in Jovem in du~
plicat ratione temporum periodicorum fatellitis circa
Jovem et Jovis circa folem, hoc eft, ut 1 ad 67394,6:
vires igitur, quibus perturbantur motus lunz et fa-
tellitis, funt ad fe invicem, relativé ad eorum gravi=
tates in planetas {uos primarios ut ;75777 ad 573575
five ut 37,708 ad 1. Unde cum viribus fimilibus
proportionales funt motus his viribus dato tempore,
geniti, fi vis prior vel ejufdem vis pars quzlibet motum
apfidis generat 2qualem 40° 40’4 in orbe lunari an-
nuatim, vis pofterior vel ejufdem pars fimilis et pro-
portionalis motum apfidis eodem tempore generabit
aqualem 6’2 in orbe fatellitis, atque decem annorim
fpatio 1° 5/ in confequentia. Addatur 1° 5'ad 5° 407,
et motus apfidum totus in orbe fatellitis extimi Joviali
ex duabus praedictis caufis oriundus {patio decem an-
norum erit 6° 45’ in confequentia. Obfervationibus
Aftronomicis collegit Ill. Bradleius hunc motum
tempore pradido efle quafi 6°; differentia illa qua-

lifcumque
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lifcumque 4.5’ inter motum obfervatum et computa-
tum actionibus fatellitum interiorum debebit afcribi.

ScuorL1U M,

Ex prazcedentibus colligere licet motuum Iunarium
inzqualitates originem fuam omnem non ducere ex
vi folis, fed earum partem aliquam deberi actioni
Telluris quatenus induitur figura {pheeroidicd. Suf-
ficiat hic illarum computaffe valorem, et legem, qua
generantur, demonftraffe: utrum autem hujufmodi
correctiones tales fint ut tabulis Aftronomicis inferibi
mereantur, dijudicent Aftronomi.

Item manifeftum eft preeter inzqualitates eas, que
in motibus fatellitum Jovialium ex vi folis et actioni-
bus fatellitum in fe invicem nafcuntur, oriri alias ex
figurd Jovis fphaeroxdxca ita notabiles ut Obfervationes.
Aftronomicas continuo afficere debeant.

De Variatione motils Terre diurni.

Si terra globus effet omnino fphzricus quicumque:
foret revolutionis axis, manente eidem in. globo
motils quantitate, eadem. maneret rotationis velocitas:
fecus autem- eft, ubi ob vires. folis et lunz terra in-
duit formam {pharaidis oblorge per aquarum:afcen-
fum. Hic enim non confidero figuram telluris ob-
latam ob materiz in ®quatere redundantiam, fed
{phericam. fuppono nifi quatenus per aquarum eleva-
tionem et depreffionem. in. {phzroidicam mutatur.
Jam. verd in fpharoide hujufmodi, quamvis eadem
maneat motis quantitas, mutatd inclinatione axis
‘tran{verfi ad axem revolutjonis, mutabitur revolutionis
velocitas, uti fatis manifeftum eft ;. cim autem. axis

tranf~-
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tranfverfus tranfit femper per ivlem vel lunam, fin-
gulis momentis mutabit firum fuum refpectu axis re-
volutionis ob motum quo hi duo planetz recedunt
ab ®quatore terreftri et ad eum vicifsim accedunt,

ProBLEMA.

Variationem motils terre diurni ex preditld caufi
oriundam invefligare.

Exhibeat fphzrois oblonga ADCd (Fig. 7.) terram
fluidam, cujus centrum T, AC axis tranfverfus jun-
gens centra terre et folis vel lune, Dd axis minor,
EO diameter ®quatoris, et XZ axis motlis diurni.
Centro T et radio TD defcribatur circulus BD4 fe-
cans axem tranfverfum AC in B, et agatur BK per-
pendicularis in TE: tum ex quovis circuli punéto P
du&ti PM ad axem XZ normali qua fecet TA in H,
fit Ppr circumferentia circuli quam pun¢tum P rota-
tione ful diurn defcribit, ad cujus quodvis pun&tum
# ducatur Tp et producatur donec occurrat fuperficiei
{phzroidis in ¢; deinde demifl pG perpendiculari in
PM, et GF perpendiculari in TA, fi per puncta AgC
tranfire intelligatur elhpﬁs elhpﬁ ADC fimilis et
zqualis, erit ex naturd curve, quia {phzrois noftra
'I‘F"

parum admodum differt & fpherd, pg = AB X =

quamproximé. Jam defignet U velocitatem partxcu]a
in terre ®quatore revolventis motu diurno circum

axem X7 ad diftantiam femidiametri TP, eritque

ZX M velocitas particule P circulum Pp7 defcriben-

TP
GM—HM x TK .
tis, et cum fit TF = TP -4 TH, erit

motus
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motus totius lineole pg =qualis pg x

TP =
U x AB X PM — TK?>
~§7T—_E§<— x SM ?ngK + TH, adeoque

fumma horum motuum in circuitu circuli Ppr, hoc eft,
motus {uperficiei inter circulum Ppr et {pharoidem in
direGtione T'p contentz,2quabitur circumferentie hujus
Ux ABXPM TK*xPM* | TK*xHM?*
™ 2TP TP

U x PM

circuli du&tz in

— 2IEX X TR L TH® five quia et HM . TM
:: TK.BK, e¢ TH.HM :: TP.TK, fcribendo D
pro circumferentid circuli BDd, @quabitur ille motus

. . UXABXD —r——— e
quantitati ——%—T:Ezs—— x TK*xPM*+- 2BK*x TM*xPM>.

Deinde horum motuum fumma in toto circuitu
globi collecta, hoc eft, motus totius materiz globo
BDd incumbentis prodibit zqualis w .
3TP* — BK®

TP*
fiftit, fit BK = o, et motus pradi¢tus =qualis
U x 3AB x DD

. Ubi planeta in plano zquatoris con-

Motus autem globi QPR circa eum-

32
dem axem eft (uti facilé demontftratur) UX TP X DD T;x DD,

. TP x DD
adeoque motus terre totius fit I-J——><—-—1—6—>-<-———- -+

T2 PR 2

UxABXDD 3TP: BE , qui cum idem femper
32 Tp? .

manere debeat, denotet V velocitatem in fuperficie

quatoris terreftris ubi planeta verfatur in plano

.. UxTPxDD , Ux3ABXDD _

®quatoris, eritque 0 -+ 32 =

Vor jso. 50
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UxTPxDD | UxXABXDD 3TP*—BK’
16 32 TP*
fcribendo 1 pro TP quatenus eft radius ad finum

'BK anguli BTK, habetur V.U :: TP 4 322 _

B> AB. . 4 . . .
ABXBK" TP -3-—2—-, indeque, quia minima eft

2
altitudo AB refpe&tu femidiametri TP, U —V .V ::
AB xBK*. 2TP, et U -V =V x AB X BK*

_ 2Tp - PO
V autem patet feribi pofle velocitatem angularem
terre mediocrem quia ab ed differt qudm minimé et
D2
LT
quia tempora revolutionum terre circa centrum fuum
fint reciprocé ut motus angulares U, V, fiet differen-
tia revolutionum terre ubi planeta ®quatorem tenet
et ubi ab 2quatore diftat angulo BTK, =zqualis 23h
B2
é%frﬁK . Quoniam igitur eft acceleratio ho-.
raria ad motum terrz horarium mediocrem circa cen-~
trum fuum ut AB x BK?* ad 2 TP five (quia eft finus
2 inclinationis ecliptice ad zquatorem- ad radium x
ut finus BK ad finum diftantie planete ab @quinoc-
tio, quem finum dico K) ut AB x p2x K*ad 2 TP;
adeoque acceleratio horaria rotationis terre crefcit in
ratione duplicatd finfis. diftantiz planetz a pun&o
@quinoctii, et fumma omnium illarum acceleratio-
num, quo tempore tranfit planeta ab ®quinottio ad
folftifium, eft ad fummam totidem motuum hora-
riorum mediocrium, hoc eft, acceleratio tota eo tem-
pore genita eft ad tempus illud ut famma quantitatum
ompium AB x p2 x K* in circuli quadrante ad fum-
mam

; unde

ducitur in quantitatem perexiguam

56’ x
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mam totidem 2 TP, id eft, quia fumma omnium
K2 in circuli quadrante dimidium eft fumme totidem
quadratorum radii, ut AB x pz ad 4 TP. Quamo-
brém, fi denotet P quartam partem temporis plancte
periodici circa terram, erit acceleratio tota mots
terrz circum axem fuum in tranfitu planetz ab zqui-
AB X P x p*
o At
que eadem erit retardatio in tranfitu planeta a folfti-
tio ad @quinoftium. Unde {ponte nafcitur hoc Theo-
rema: Eff quadratum diametri ad quadratum finiis
obliquitatis ecliptice ut quarta pars temporis periodici
Jolis vel lune ad tempus aliud ; deinde, eft femidi-
ameter terre ad differentiam femiaxium ut tempus
mox inventum ad accelerationem quefitam.

Afcenfus aquze AB vi {olis debitus eft duorum pe-
dum circiter, exiftente femidiametro terre mediocri
TP = 19615800, unde prodit per theorema accele-
ratio terre circa centrum fuum gyrantis fa&ta quo
tempore incedit fol ab @quinoctio ad folftitium,
®qualis 1" 55V in partibus temporis ; et fi vi lune af-
cendunt aque ad altitudinem ofto pedum, acceleratio
revolutionis terr® inde orta, quo tempore luna tranfit
ab @quatore ad declinationem fuam maximam, erit
34iv: et fumma harum accelerationum, qua obtinet
ubi hi duo planetz in pun&is folftitialibus verfantur,
cum non fuperet duo minuta tertia temporis cum fe-
mifle five 37 minuta tertia gradis, vix obfervabilis
eritt. &, E. L »

Cum igitur tantilla fit hujufmodi variatio in hy-
pothefi {phericitatis terree; qualis evaderet, terrd ex-
iftente fpheroide oblatd, fruftrd quis inquireret.

50 2 CXI.

no@io ad folftitium genita =qualis
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