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XXV. The Properties of the mechanic Pow-
ers demonfirated, with fome Obfervations
on the Methods that bave been commonly
ufed for that Purpofe: in a Letter from
Hugh Hamilton, D. D. F.R.S. and
Fellow of Trinity College, Dublin, #
Matthew Raper, Efg; F. R. S.

SIR, Trinity College, Dublin, 13 July, 1762.

Read April 21, J Have here ventured to fend you fome
",“;6’:’ I remarks on the methods that have been
commonly ufed in treating of thofe engines that are
called the mechanic powers: and alfo an account of
the principles on which, I think, we may beft explain
their nature and mannerof acing.

The many ufeful inftruments that have been fo
ingenioufly invented, and fo fuccesfully executed,
and the great perfection to which the mechanic arts
are now arrived, would naturally incline one to think
that the true principles on which the efficacy and ope-
rations of the feveral machines depend, muft long
fince have been accurately explained. But this is by
no means a neceffary inference: for, however men
may differ in their opinions about the true method of
accounting for the effe@s of the feveral machines, yet
the pratical principles of mechanics are fo perfectly
known by experience and obfervation, that the artift
istherebyenabled tocontrive and adjuft the movement?
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of his engines with as much certainty and fuccefs as
he could do, was he thoroughly acquainted with
the laws of motion, from which thefe principles may
be ultimately derived. However, tho’ an enquiry into
the true method of deducing the practical principles
of mechanics from the laws of motion, thould not
perhaps contribute much to promote the progrefs of
the mechanic arts, yet it is an enquiry in itfelf ufeful,
and in fome meafure neceflary: for, fince late authors
have ufed very different methods of treating this fub-
je@, it may be fuppofed thatno one method has been
looked upon as fatisfattory and unexceptionable. I
fhould therefore with to contribute towards having this
fubje&t treated with more accuracy than has been hi- -
therto done.

The moft general and remarkable theorem in ma-
chanics certainly is this, ¢« That when two weights, by
¢ means of a machine counterpoife each other, and
<« are then made to move together, their quantities of
¢« motion will be equal”. Now an zquilibrium al-
ways accompanying this equality of motions, bears -
fuch a refemblance to the cafe wherein two moving
bodies ftop each other, when they meet together with
equal quantities of motion; that Doctor Wallis, and
after him moft of the late writers, have thought the
caufe of an @quilibrium in the feveral machines,might
be immediately afligned : by faying, That, fince one
body cannot produce in another a quantity of motion
equalto its own,without lofing its own at the fame time;
two heavy bodies, counteracting each other by means
of a machine muft continue at reft, when they are fo
circumftanced that one cannot defcend, without cauf-
ing the other to afcend, at the fame time; and with the

fame
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fame quantity of motion; and therefore two heavy
bodies in fuch cafes muft always counterbalance each
other. Now, this argument would be a juft one, if
it could properly be faid, that the motion of the af-
cending body was produced by that of the defcending
one; but, fince the bodies are fo connefted that one
cannot poffibly begin to move before the other, I
apprehend, that, if the bodies arefuppofed to move, it
cannot be faid that the motion of one is produced by
that of the other: fince whatever force is fuppofed to
move one muft be the immediate caufe of motion in
the other alfo; that is, both their motions muft be
fimultaneous effets of the fame caufe, juft asifthe two
bodies were really but one. And therefore if I was
to fuppofe, in this cafe, that the fuperior weight of
the heavier body (which may be in itfelf much more
than able to fuftain the lighter) fhould overcome the
weight of the lighter and produce equal motions in
both bodies; Ido not think that from thence I could
be reduced to the abfurdity of fuppofing, that one
body, by its motion, might produce in another, a mo-
tion equal to its own, and yet not lofe its own at the
fame time. But thofe who argue from the equality
of motions on this occafion fay further, that, fince
the two bodies muft have equal motions when they do
move, they muft have equal endeavoursto move even
whilft they are at reft, and therefore thefe endeavours
to move, being equal and contrary, muft deftroy each
other, and the bodies muft continue at reft, and confe-
quently ballance each other. Inanfwer to this I muft
obferve, that the abfolute force with which a heavy bo-
dy endeavours to defcend from a ftate of reftcan only
be proportionable to its weight ; and therefore I think

Vou. LIII, Q_ it
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it is necefary that fome caufe fhould be affigned why
(for inftance) the endeavour of one pound to defcend
fhall be equal to that of four pounds; and efpecially
as the fulcrum on which both weights at requires no
greater force to fupport it than that of five pounds.

From thefe confiderations I infer, that the reafon
why very unequal weights may ballance each other,
thould be affigned not from their having equal mo-
menta when made to move together, but by proving
a priori without confidering their motions, that either
the reattion of the fixed parts of the machine, or fome
other caufe, fo far takes off from the weight of the
heavier body as toleave it only juft able to fupport the
lighter. However, as this equality of momenta which
always accompanies an equilidrium, affords a very ele-
gant theorem, it ought to be taken notice of in every
treatife of mechanics, and may ferve as an index of
an eguilibrium. But I would not have it applied to
a purpofe for which it is unfit; as it has been in ano-
ther inftance by Doctor Keil, who from thence gives
the reafon why water ftands at the fame heighth in a
narrow tube and a wide veflel with which it commu-
nicates. Andanargumentof the fame kind is applied
ftill more improperly by Dr. Rutherforth and others,
to thew why a drop of water included in a {fmall
conical tube will move towards the narrower end;
and yet the true ways of accounting for both thefe
phznomena are extremely obvious and eafy.

The fimple mechanic powers are ufually reckoned
fix, the lever, axle and wheel, pully, wedge, inclin-
ed plane, and fcrew. The only method I have met
with of explaining the nature of thefe machines on
one principle, is that which I juft now examined; and,
as that appears to me unfatisfattory, I fhall conﬁdgr

the
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the nature of each machine feparately in the order I
have fet them down. _

The lever is faid to be a right line, inflexible and void
of weight. Its fundamental property is this; when any
two forces ac againft each other on the arms of a lever,
they will continue in zquilibrio, if their quantities are
inverfely as the diftances between the points to which
they are applied and the point round which the lever
turns, which point is called the fulcrum or prop.

Several methods have been ufed,by different authors,
to prove, that this property muft neceffarily belong to
the lever. We find, in the works of Archimedes, a
proof brought for this purpofe, which hasfince been
made ufe of by feveral writers of mechanics; who, I
find, have fomewhat altered the form of his argu-
ment, the fubftance of which is generally exprefled
as follows. — ¢« When a cylinder of any uniform
“ matter is fupported at its middle point, it will con-
“ tinue at reft; for all the parts on one fide muft ba-
¢ lance thofe on the other, being exaltly equal to
¢« them both in weight and fituation, fo that the
« whole weight of this cylinder may be looked up-
¢ on as ating on the middle point on which it is fup-
¢ ported.” From henceitis inferred, that the weight
of fuch a cylinder will at upon whatever fupports it,
in the fame manner as it would do if it was all con-
tralted into the middle point of its axis. If therefore
we fuppofe the cylinder to be diftinguifhed into two
unequal cylinders or fegments, the diftances between
the middle points of thofe fegments and the middle of
the whole cylinder will be inverfely as the lengths of
the fegments; that is, inverfely as their weights: but,
as it was faid above, the weight of each cylinder
aCls in the fame manner as it would do if contracted
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contracted into the middle point of itsaxis; and there-
fore, if the weights of thefe cylinders be contratted
into thefe points, they will continueto fupport each
as before. And thence it is concluded, that any two
weights, acling againft each other on a line fuftained
at a fixed point, will counterpoife one another, when
they areinverfely as the diftances of the points on
which they act, from the point on which the line
refts. 'To this argument there feems to be a manifeft
objection ; for, when the whole cylinder is diftinguithed
into two fegments, part of the weight of the greater
fegment a&ts on the fame fide of the fulcrum with the
lefler fegment; and therefore when the whole weight
of the greater fegment is contracted into its middle
point on one fide of the fulcrum, and acs all of it
againft the lefler fegment, it requires at leaft fome
proof to fhew, that this contradted weight will be
ballanced by the weight of the lefler fegment. Mr.
Hugens,inhisMifcellaneous Obfervations on Mechanics
takes notice of this objection to Archimedes’s method,
which, he fays,feveral mathematicians had endeavoured
to remove,but without fuccefs. He therefore, inftead
of this method, propofed one of hisown, which de-
pends on a poftulatum that he ufes in common with
Archimedes, that I think ought not to be granted on
this occafion; it is this: ¢ When equal bodies are
¢«¢ placed on the arms of a lever, the one which is
« furtheft from the fulcrum will prevail and raife the
¢« other up”. Now this is taking it for granted, in
other words, that a {mall weight placed further from
the fulcrum will fupport or raife a greater one. The
caufeand reafon of which fa& muft be derived from the

demonftration that follows, and therefore this demon-
ftration
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ftration ought not to be founded on the fuppofed felf-
evidence of what is partly the thing to be proved.
But perhaps it may be faid, that the poftulatum may
be granted merely on this account; the center of
gravity of thetwo bodies (which in this cafe is the
middle point between them) is not fuftained ; and
therefore the body which is on the fame fide of the
fulcrum with the center of gravity will defcend.

In anfwer to this I muft obferve, that this property,
which the center of gravity has of defcending, when
not placed dire&ly above or below the point of fufpenfion,
cannot be proved to belong to it in any cafe, nor can
we even thew that there is only one center of gravity
between two bodies joined by a right line, until it is
proved in general that the center of gravity of any two
bodies is a point fo placed between them that their
diftances from it are inverfely as their weights: but
this in effe includes the principal property of the
lever, which therefore cannot be proved from any pre~
vious fuppofition,that the centerof gravity will defcend,
even when the bodies are equal, and we know it is
the middle point between them.

I muft now proceed to confider what Sir Ifaac New-
ton hath delivered on this fubje& in his Principia, after
the 2d cor. to the 3d law of motion which Dr.Clarke (in
his notes on Rohault) and all the fubfequentwriters, have
quoted as an elegant proof of the property of the lever;
and therefore what appears to me at prefent an ob-
je&ion to this proof I fhall mention with great dif-
fidence, andin hopesof being fet rightif Iam wrong,
Sir Ifaac fuppofes two weights, as A and P. Tas. 1V.
Fig. 1. to hang by threads, from the points M and N,
in.a wheel or circular plane perpendicular to the ho-

rizon,



[ 110 ]

rizon and movable about its center O; and then pro-
pofes todetermine the forces which thefe weights have
to turn the wheel round its center. In order to do this,
he fuppofes that it is indifferent from what points in
the perpendicular lines M A and N P the weights
are hung, for that they will ftill have the fame power
to turn the wheel about its center. His words are:
< Quoniam nil refert utrum filorum punéta K, L, D,
¢« affixa fint vel non affixa ad planum rote; pon-
« dera idem valebunt ac fi fufpenderentur a punctis
«“ KetL, velD et L”. Now whether the points
of the threads K, L, D, are fixed or not to the plane
of the wheel is certainly of importance, as it muft
make a difference in the points of fufpenfion of the
weights, and confequently in the degrees of obliquity
with which the weights act; for theloweft point of
the thread that is fixed to the plane muft be confidered
as the point from which the weight hangs; as the
parts of the thread above that point are quite ufelefs
not being at all aed upon. And from thence I fhall
endeavour to fhew that to fuppofe the weight A will
have the fame power to turn the wheel from what-
ever point in the line M A it hangs, is in effe pre-
fuppofing what is intended to be proved. For it ap-
pears, from what he fays immediatelyafter, that, when
the weight A hangs from the point D, if its whole
force be exprefled by the line AD, and be refolved into
two forces, D C and A C, the former only will have
any effe in turning the wheel, as it acts perpendi-
cularly on the radius O D, while the latter is loft, its
dire&ion beingparallel to O D. But it is evident, that,
when the fame weight hangs from the point K, as it
acts perpendicularly on the radius O K, its whole force

4 is



[ 111 ]

is exerted to turn the wheel, and none of it loft by ob-
lique a&tion. ‘Therefore the force which the weight
A, exerts to oppofe the weight P, and turn the wheel
when it hangs from D, is, to the force it exerts when
it hangs from K, as theline DC to A D, orasQ
K, to O D, (fim. triang. ADC, D O K) thatis the
force exerted by the weight A, hanging from the
points D, and K, are inverfely as the radiit O D, and
O K. And therefore to fuppofe, that thefe two forces
will have the fame effe® in turning the wheel and
oppofing the weight P, is the fame as fuppofing that
two forces will haveequal effc@s in moving the arms
of a lever (on which theya& perpendicularly) when
they are inverfely as the lengths of thofe arms, —
But this is the very conclufion Sir Ifaac draws from
his premifes, for he fays: ¢ Ponderaigitur A & P,
« que funt reciproce ut radii in direCtum pofiti O K,
¢« OL,idem pollebunt et fic confiftent in zquili-
« brio, qu eft proprietas notiffima libre veéis et
« axis in peritrochio”. This property of the lever,
which is here exprefled in general terms, includes two
cafes. For the arms of the lever may be either per-
pendicular or oblique to the directions of the weights.
The firft of thefe cafes is the fimpleft, and fhould
be firft demonftrated : And I do not fee how there can
be any room for applying the refolution of forcesin
demonftrating this cafe, in which no part of ei-
ther weight is loft by oblique action. But when
this cafe is proved, we have from thence, by ths
refolution of forces, an eafy way of fhewing, in
the fecond cafe, when the arms of the lever are
oblique to the directions of the weights, that the
weights will counterballance each other, when they
are reciprocally as the perpendicular diftances of their

lines
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lines of direCtion from the center of motion, «— From
either of thefe cafes, we may deduce an obvious reafon
why the weight A, fhould have the fame power to
turn the wheel, from whatever point it hangs in the
line M A; the truth of which, I am perfuaded, can-
not be proved independent of thofe cafes, and there-
fore think it ought not to be ufed as a poftulatum in
demonftrating the general property of the lever,

Mr. Maclaurin,in his View of Newton’s Philofophy,
after giving us the methods which Archimedes and
Newton have ufed for proving the fundamental pro-
perty of the lever, propofes one of his own, which,
he fays, appears to be the moft natural one for this
purpofe. However as to his method I fhall only ob-
ferve, that from equal bodies fuftaining each other at
equal diftances from the fulcrum, he fhews us how
to infer that a body of one pound (for inftance) will
foftain another of two pounds at half its diftance from
the fulcrum, and from thence that it will {uftain one
of three pounds at a third of its diftance from the
fulcrum : and thus he goes on deducing, by a kind
of induion, what the proportion is in general be-
tween two bodies that fuftain each other on the arms
of alever. But this argument (which I do not think
by any means fatisfatory) he obferves cannot be
applied when the arms of the lever are incom-
menfurable.

Thefe are the methods of demonftrating the fun-
damental property of the lever, which are moft worth
taking notice of; and, fince they feem liable to ob-
jections, and the other methods I have met with are
ftill more exceptionable, I fhall propofe a new proof
of this property of the lever, which appears to me

avery
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a very fimple one, and depends on a poftulatum that,
I believe, will be readily granted, |

If a force be uniformly -diffufed over a right line,
that is, if an equal part of the force ats upon every
point of the line, and if the whole force aéts accord-
ing to one and the fame plane; this force will be fuf-
tained, and the line kept in @quilibrio, by a fingle force
applied to the middle point of the line equal to
the diffufed force, and a&ing in a contrary direc-
tion.

In order to fhorten the following proof, I muift pre-
mife by way of Lemma, that, if a right line be
divided into two fegments, the diftances between the
middle of the whole line, and the middle points of
the fegments, will be inverfely as the fegments. This
is felf evident when the fegments are equal ; and,
when they are unequal, then, fince half of the whole
line is equal to half of the greater and half of the leffer
fegment, itis plain that the diftance between the mid-
dle of the whole line and the middle of one fegment
muft be equalto half of the other fegment, fo that
thefe diftances muft be to each other inverfely as the
fegments, all which appears evident from the infpec-
tionof TasB. VI. Fig. 2.

Let now the line G H, whofe middle point is D,
be divided into the unequal fegments G L, and L H,
whofe middle points are Cand F, and let two forces
or weights, A and B, which are to each other as the
fegments G L and L H, be appliedto their middle
points C and F, and let them a& perpendicularly on
the line G H. Then (by the Lemma) the weights
A and B will be to each other inverfely as CD, and

F D, (the diftances of the points C and F, to which
Vor, LIII. R they
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they are applied from the middle of the whole line)
if then a third force or weight E, equal to the fum
of theforces A and B, be applied to the point D, and
als on theline in an oppofite dire@ion; I fay thefe
three forces will fuftain each other, and keep the line
in =quilibrio. For let us fuppofe the force E to be
removed, and inftead of it another force, equal alfo to
the fum of A and B, to be uniformly diffufed over
the whole line G H, and to a¢t directly againft the
forces A and B, then the part of this force which acts
on the fegment G L, will be equal to the force A,
and therefore will be fuftained by it (poftulatum); and
the other part, which is diffufed over the fegment L H,
will be equal to and fuftained by the force B, fo that
the forces A and B will fuftain this diffufed force
and keep the line in zquilibrio. — Let now two other
forces a& on this line in oppofite directions, one of
them the force E ating on the point D, asit was
firft fuppofed to do, and the other an uniformly dif-
fufed force equal to E (and confequently equal to the
other diffufed force), then thefe two additional forces
will alfo ballance each other, and therefore the =qui-
librium will ftill remain. So that the two forces A
andB, and a diffufed force a&ing on one fide of the
line fuftain the force E, and a diffufed force acting on
the other fide: but it is manifeft, that, in this zquili-
brium, the two diffufed forcesacting on oppofite fides
are perfectly equivalent,and therefore,if they are taken
away from both fides, the @quilibrium muft fill re-
main. Hence itappearsthat the three weights or forces
A, Band E, anytwo of whichare (by the conftruction)
to each other inverfely astheir diftances from the third,

will fuftain each other, and keep the line on which
they
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they act in quilibrio : which is the firft and moft
fimple cafe of the property of the lever; for here the
direCtions of the weights are fuppofed to be perpen-
dicular to the line on which they a&t, and it is evident
that, if one of the points C, D or F, be fixed or con-
fidered as a fulcrum, that the weights acting on the
other two points will continue to fupport each other.
I thall not trouble you with proving the fecond cafe
of the property of the lever; itis moft eafily deduced
from the firft: for, when two weights a& on the arms
of a lever in oblique dire@ions, and are to each other
inverfely as the perpendicular diftances of their lines
of direction from the center of motion, then, by the
refolution of forces, it is eafily proved, that the parts
of thofe forces which a& perpendicularly on thearms
of the lever, and which only are exerted to turn the
lever, are to each other inverfely as the lengths of
thofe arms; and therefore by the firft cafe they muft
ballance each other.

I fhall now mention fome well known truths in
mechanics, which, Ithink,cannot beproved otherwife
than by deducing them from what hath been here
demonttrated.

COR. L

It appears from hence, that the powers with which
any two forces move or endeavour to move the arms
of a lever, are asthe re®angles, under lines propor-
tional to the forces, and the perpendicular diftances of
their lines of dire&ion from the fulcrums

R 2 C OR.
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COR. IL

When therefore two bodies a&ing on the arms of a
lever fuftain each other, if one of them be removed
farther from the fulcrum, it will preponderate ; but if
it be brought nearer to the fulcrum, the other weight
will prevail : becaufe the product to which its forceis
proportional will be encreafed in the firft cafe, and
diminithed in the fecond.

C OR. IIL

We learn from hence, to find out the center of gra-
vity of any two bodies joined by an inflexible right
line; and to prove that its definition will agree to ene
point only in the line. For if a point be takenin the
line fo that the diftances of the bodies from it may
be inverfely as their weights, that point will be their
center of gravity, becaufe, when it is fuftained, the
bodies will be in 2quilibrio. But if the line be fuf-
tained atany other point, then is the fulcrum removed
farther from one body and brought nearer to the other
than it was when the bodies ballanced each other;
and therefore, by the preceding Cor. that body from
which it is removed, or which ison the fame fide with
the center of gravity, will defcend. Confequently
there is but one point in the line, which being fuf-
tained, the bodies will continue in @quilibrio, and
therefore but one point only can be their center of
gravity. Hence alfo it appears, that the center of gra-
vity will always defcend, when it is not dire&ly above
or below the point by which the body is ful-

tained,
I {hall
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1 fhall now endeavour to be as concife as poffible
in what I have to fay of the other mechanic powers ;
having, I fear, been too tedious in my account of the
lever, which however deferves to be particularly con-
fidered, fince to it may be reduced the ballance, the
axle and wheel, and (according to fome writers) the
pulley.

The ballance I do not confider as a diftinét machine,
becaufe it is evidently no other thana lever fitted to
the particular purpofe of comparing weights together,
and does not ferve for raifing weights, or overcoming
refiftances, as the other machines do.

When a weight is to be raifed by means of an axle
and wheel it is faftened to a chord that goes round the
axle, and the power which, is to raife it is hung to a
chord that goes round the wheel. If then the power
be to the weight as the radius of the axle to the ra-
dius of the wheel, it will juft fupport that weight ; as.
will eafily appear from what was proved of the lever,
For the axle and wheel may be confidered as a lever,
whofe fulcrum is a line pafling through the center of
the wheel and middle of the axle, and whofe long
and fhort arms are the radii of the wheel and axle
which are parallel to the horizon, and from whofe
extremities the chords hang perpendicularly. And
thus an axle and wheel may be looked upon as a kind
of perpetual lever, on whofe arms the power and
weight always act perpendicularly, tho’ the lever turns
round its fulcrum. And in like manner when wheels
and axles move each other by means of teeth on their
peripheties, fuch a machine is, really, a perpetual com-
pound lever : and, by confidering-it as fuch, we may
compute the proportion of any power to the weight

it
4
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it isable to fuftain by the help of fuch anengine. And
fince the radii of two contiguous wheels, whofe teeth
areapplied to each other, are as the number of teeth
in each, or inverfely as the number of revolutions,
which they make in the fame time; we may, in the
computation, inftead of the ratio of thefe radii, put
the ratio of the number of teethon each wheel; or
the inverfe ratio of the number of revolutions they
make in the fame time.

Some writers have thought the natare and effe@s of
the pulley might be beft explained by confidering a
fixed pulley as alever of the firft, and a moveable pulley
asone of the fecond kind. But tho’ the pulley may bear
being confidered in that light; yet, I think, the beft
and moft natural method of explaining its effects (that
is, of computing the proportion of any power to the
weight it can fuftain by means of any {yftem of pulleys)
is, by confidering that every moveable pulley hangs by
two ropes equally ftretched, which muft bear equal
parts of the weight : and therefore when one and the
fame rope goesround feveral fixedand moveable pullies,
fince all it parts on each fide of the pullies are equally
ftretched, the whole weight muft be divided equally
amongft all the ropes by which the moveable: pullies
hang. And confequently if the power which aéts on
one rope beequal to the weight divided by the number
of ropes, or double the number of moveable pullies,
that power muft fuftain the weight.

Upon this principle, the proportion of the power
to the weightit fuftains by means of any fyftem of
the pullies, may be computed in a manner fo eafy and
natural as muft be obvious to every common ca-
pacity,

The
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The proportion, which-any power bears to the re-
fiting force it is able to fuftain by means of a wedge,
has been laid down differently by different authors;
fome of whom therefore muft have been miftaken :
and none of them feemto have treated the matter fo
generally as they might have done. Without exa-
mining their feveral opinions, I fhall proceed to con-
fider what proportion a power afting on a wedge
muft have to the refiftance it fuftains.in three different
cafes, to which I think all thofe relating to the wedge
may be reduced.

Fir/?, When the refifting bodies a& perpendicularly
on the fides of the wedge, and recede alfo in lines per-

endicular to the fides.

Secondly, When the refifting bodies act on the wedge
in oblique directions equally inclined to the fides, and
recede in lines perpendicular to the fides.

Thirdly, When the refifting bodies are confined, by

lanes put under them, or otherwife, to recede in
particular diretions obliqueto the fides.

CASE 1L

Let the equicrural triangle A, B, C,[Tas. VI. Fig.
3.] reprefent a wedge on whofe fides the two equal
refifting forces E and F a& perpendicularly with lines
of dire&tion meeting at the point D, at which the
power P aéts perpendicularly on the bafe A C. Then,
fince thefe three forcesare fuppofed to fuftain each
other and keep the wedge in ®quilibrio, they muft be
to each other as the fides of a triangle to which their
direGtions are parallel, and therefore they will be to

cach other as the fides of a triangle to which their
directions
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direGtions are perpendicular; that is, the fum of
the forces E and F will be to the power P, which fuf-
tains them, as the fum of the fides of the wedge to
the bafe, or as one fide to half of the bafe; that
is, as the radius to the fine of half the vertical angle
of the wedge. Hence, when in cleaving timber the
wedge fills the cleft, in which cafe the refiftance of the
wood aéts perpendicularly on the fides of the wedge,
the power which drives the wedge muft be to the
cohefive force of the timberin a proportion fomewhat
greater than that above mentioned, in order that it
may divide the timber, whofe parts will then recede in
lines perpendicular to the fides of the wedge.

CASE IL

Let now the refifting forces of E and F be fuppofed
to a& obliquely on the fides of the wedge in the direc-
tions E K and F L; and let thefe forces be exprefled
by the lines E K and F L, and let each of them be
refolved into two forces, exprefled refpectively by the
linessEG, GH, and F H, H L, whereof the forces
G H and HL, by a&ing parallel to the fides of the
wedge, areloft : while the other forces, E G and F H,
by acting perpendicularly on the fides of the wedge,
keep the power P in zquilibrio; thereforeby the firft
cafe thefe parts of the whole refifting forge are to the
power P, as radius to the fine of half the vertical an-
gle of the wedge. But it is evident that the whole
refifting force is to its parts exprefled by E G,
F H, as radius to the fine of the angle E K G, or
F L H; and therefore (compounding thefe ratios)
the whole refifting force will be to the power which

fuftains
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fuftains it, as the fquare of radius, to arectangle under
the fine of the angle which the diretions of the re-
fifting force make withthe fides of the wedge, and the
fine of half the vertical angle of the wedge. Now,
fince the force of the wedge is exerted in lines perpen-
dicular to the furface of its fides, thefe refifting bo-
dies will naturally recede in that direGtion; as we
{uppofe them, in this cafe, free to move in any direCtion
whatever,

CASE T

Let us {uppofe laftly, that the refifting bodies are
confined, by planes put under them, to recede in the
dire¢tions K E, L F, then the power which drives
the wedge and the refifting force will be in =quilibrio,
when the former is to the latter, as the fine of half
the vertical angle of the wedge, to the fine of the
angle EK G, F LH, that each fide of the wedge
makes with the direGion in which the refifting force
is confined to recede. For in the firft cafe it was
proved that the power P, which drives the wedge,
is to the force with which it protrudes bodies in direc-
tions perpendicular to the fides, as the fine of half the
vertical angle of the wedge to radius, Let then
the line G E, which is perpendicular to the fide A B,
exprefs the force with which the power P protrudes
the refifting bodies in the dire¢tions GE, and H F,
and let this force be refolved into two forces, exprefled
by the lines G O, and O E, one perpendicular and
the other parallel to K E, the diretion in which the
refifting bodies are confined to move; then the force
G Oisloft, andonly OE has effeét in protruding the

Vor. LIIL S refifting
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refifting bodies in the dire&ions KE, and L F. ‘This
force therefore being to the force exprefled by G E,
as the fine of the angle (E G O, or) E K G, to the
radius, and the Force G E being (as was faid before)
to the power P, as the radius to the fine of half the
vertical angle of the wedge; it follows, that the force
with which the refifting bodies are protruded in the
directions KE, and L F, is to the power P, as the fine
of theangle EK G, or FL H, which thefe direc~
&tions make with the fides of the wedge, to the fine of
half the verticalangle of the wedge: and cunfequently,
if the refifting forces, which a& on the wedge accord-
ing to thefe directions, are to the power P in this pro-

portion, there will be an zquilibrium between them.
Hence we may obferve, that, if from D (the mid-
dle point in the back of the wedge) a line be drawn,
as D A, meeting one of the fides; the refifting forces,
which muft recede in directions parallel to D A; will
be to the power which fuftains them, as D B, the
height of the wedge, tothe line D A ; and this power,
if at all increafed, will remove thefe refifting bodies.
When therefore the refifting bodies muft recede in
lines parallel to the back of the wedge, their refift-
ance will be to the power which fuftains it, as the
height of the wedge, to half the breadth of it’s back.
This proportion of the power to the refiftance in this
laft mentioned cafe, is confirmed by an experiment ufed
by Gravefande and others, to thew the nature of the
wedge. For, in this experiment, a wedge is drawn
down between two cylinders, which roll on rulers par-
allel to the back of the wedge, and are kept together
by weights. And probably it was from their attend-
ing to this experiment, without confidering other 'cges,
at

4
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that they concluded the fame proportion between the
ower and refiftance would obtain in general.

I have already mentioned the proportion which the
power that drives the wedge muft have to the refift-
ance in cleaving timber, when the wedge exacly fills
the cleft; which cafe however feldom happens; for
the wood generally fplits to fome diftance before the
wedge. And then, in order that there may be an
®quilibrium between the power driving the wedge
and the refiftance of wood, the former muft be to
the latter, as the fine of half the vertical angle of
the wedge, to the rnfine of the angle which the fide
of the cleft makes with the fide of the wedge, The
truth of which is eafily underftood from what was
proved in the third cafe of the wedge; for the cofine
of the angle, contained between the fide of the cleft
and the fide of the wedge, is the fine of the angle
which the fide of the wedge contains with the direc-
tion in which the wood recedes; becaufe, as the cleft
opens, the wood muft recede in lines perpendicular to
the fides of the cleft; and in the direGion of thofe
lines doth the refiftance of the wood act on the fides
of the wedge.

The inclined plane is reckoned by fome writers
among the mechanic powers; and I think with rea-
fon, as it may be ufed with advantage in raifing
weights,

Let the Line AB [T as. VL Fig. 4.] reprefent the
length of an inclined plane, A D its height, and the line
BD we may callits bafe. Let the circular body GEF,
be fuppofed to reft on the inclined plane, and to be
kept from falling down it by a firing C S tyed to its

center C.  Then the force with which this body
S 2 fretches



[124 ]

ftretches the ftring will be to its whole weight, as the
fine of A BD, the angle of elevation, to the fine of the
angle which the ftring contains with a line perpendicu-
lar to A B the length of the plane. For let the radius
C E be drawn perpendicular to the horizon, and CF
perpendicularto AB: and from E draw E O par-
allel to the ftring and meeting CF in O. Then, as the
body continues at reft and is urged by three forces, to
wit, by its weight in the direction CE, by ‘therealtion
of the plane in the dire&tion F C, and by the reation
of the ftring in the direGion E O; the reaction of the
ftring, or the force by which it is fliciched, is to the
weight of the body, asE O to C E: that is, as the
fineof (theangle C E F, which is equal to) A B D,
the angle of elevation, to the fine of the angle E O C,
equal to 8 C O, the angle which the ftring contains
with the line C F perpendicular to A B, the length
of the plane. :

When therefore the ftring is parallel to the length
of the plane, the force with which it is ftretched, or
with which the body tends down the inclined plane, is
to its whole weight, as the fine of the angle of ele-
vation, to the radius, or as the height of the plane
to the length. And in the fame manner it may be
fhewn that, when the ftring is parallel to BD, the
bafe of the plane, the force with whichit is ftretched
is to the weight of the body, as A D to B D, that is,
as the height of plane to its bafe. If we fuppofe the
ftring, which fupports the body G E F, to be faftened
at S, and that a force, by a&ting on the line A D, the
height of the plane, in a direétion parallel to the bafe
B D, drives the inclined plane under the body, and by
that means makes it rifein a diretion parallel to A D\

Then
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Then, from what was proved in the third cafe of the
wedge, it will appear, that this force muft be to the
weight of the body, as A D to B D, or rather in a
proportion fomewhat greater : if it makes the plane
move on and the body rife.

From this laft obfervation we may clearly thew the
nature and force of the fcrew; a machine of great
efficacy in raifing weights or in prefling bodies clofely
together. For if the triangle AB D be turned round
a cylinder whofe periphery is equal to BD, then the
length of the inclined plane B A will rife round the
cylinder in a fpiral manner; and form what is called
the thread of the fcrew : and we may fuppafe it con-
tinued in the fame manner round the cylinder from
one end to the other; and A D the height of the in-
clined plane will be every where the diftance between
two contiguous threads of this fcrew, which is called
a convex fcrew, And a concave fcrew may be formed
to fit this exa@tly, if an inclined plane every way
like the former be turned round the infide of a hollow
cylinder, whofe periphery is fomewhat larger than that
of theother, Let us now fuppofe the concave fcrew
to be fixed, and the convex one to be fitted into it,
and a weight to be laid on the top of the convex fcrew :
Then, if a power be applied to the periphery of this
convex fcrew to turn it round, at every revolution
the weight will be raifed up thro’ a fpace equal to the
diftance between the two contiguous threads, that isto
the line A D the height of the inclined plane BA;
therefore fince this power, applied to the periphery,
alts in a direction parallel to B D, it muft be to the
weight it raifesas A D to BD, or as the diftance
between two contiguous threads, to the periphery of
the convex (crew,

N.B.
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N. B. The diftance betwen two contiguous threads
is to be meafured by a line parallel to the axle; if
we now fuppofe that a hand-fpike or handle is in-
ferted into the bottom of the convex fcrew, and
that the power which turns the fcrew is applyed to
the extremity of this handle, which is generally the
cafe; then as the power is removed farther from
the axis of motion, its force willbe fo much en-
creafed (vide what was faid of the lever, cor 1.)
and therefore fo much may the power itfelf be
diminifthed. So that the power, which, acting on
the end of a handle, fullaine a weight by means of
a ferew, will be to that weight, as the diftance be-
tween two contiguous threads of the fcrew, to the
periphery deferibed by the end of the handle, In
this cale we may confider the machine as compofed
of a fcrew and a lever, or, as Sir Ifaac Newton ex~

- prefleth it, Cuneus a vecte impulfus.

1 have now given you my fentiments, as to the prin-
ciples on which, I think, theefficacy of the mechanie
powers may be moft properly explained; and hope
that, where I have prefumed to difter from others, you
will think I have fome appearance of reafon on my
fide. I find my paper has been drawn out much be-
yond what I at firft expeé&ed, and I fear much beyond
your patience ; and therefore fhall detain you no longer
than to aflure you that I am, Sir,

with the fincereft regard, your

moft obedient humble fervant,

Hugh Hamilton,
XXVI, 4n
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