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LVI. A Difcourfe on the Locus for three and

four Lines celebrated among the ancient
Geometers, by H.Pemberton, M. D. R. §.
Lond. ez R. A Berol. S. In a Letter
to the Reverend Thomas Birch, D. D. Se-

cretary to the Royal Society.

S IR, Dec. 15. 1763.
Read at R. S. Y worthy friend, and aflociate
15 Dec. 1763. in my early ftudies, the colle&or
of the late Mr. Robins’s mathematical tra&s,
thought it conducive to a more compleat vindica-
tion of the memory of his friend againft an infi-
nuation prejudicial to his candour, to make fome
mention of the courfe, I took in my early mathe-
matical purfuits, and how foon 1 became attached
to the ancient manner of treating geometrical {ub-
jeéts. This gave occafion to my looking into fome
of my old papers, amongft which I found a difcuf-
fion of the problem relating to the locus ad zres &
quatuor lineas celebrated among the ancients, which
1 then communicated to a friend or two, whofe
fentiments of thofe ancient fages were the fame
with mine. What I had drawn up on this fub-
je&t is contained in the papers, I herewith put
into your hands, which if you fhall think worthy
of being laid before our honourable fociety, they
are intirely at your difpofal.

I am your moft obedient fervant,
H. Pemberton.

THE
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T HE defcribing a conic feGtion through the

angles of a quadrilateral with two parallel fides
is fo ready a means of affigning /oc: for the folution
of folid problems, that it cannot be doubted, but
this gave rife to the general problem concerning
three and four lines mentioned by Apollonius, and
defcribed by Pappus; and it may be learnt from
Sir Ifaac Newton, who has confidered the problem,
how eafily the moft extenfive form of it is reducible
to the cafe, which I have fuppofed to give rife to
it.

Sir Ifaac Newton refers the general problem to
this: Any quadrilateral A BCD being propofed,
to find the /ocus of the point P, whereby PRQ_being
drawn parallel to AC and SPT parallel to AB,
the ratio of the reGtangle contained un-
der QP, PR to thatunder SP, PT Tz XXIV.
thall be given; and this by purfuing &
the fteps, whereby he proves, that the point P will
in every quadrilateral be in a conic fection, may be
readily reduced to the cafe of a quadrilateral with
two fides parallel, after this manner. Draw Bz
and DN parallel to AC, then find the point M
in ND, that the re&tangle under MDN be to
;\I}a;, under ANB in the ratio given, and draw Cr

Here R7 willbeto AQ, or SP, as MD to
AN, and B#, or QP, to T# as ND to NB
whence the retangle under R 7, QP will be to
that under SP, T ¢ as that under MD N to that
under ANB, that is, in the ratio given of the rec-
tangle pndcr RPQ to that under S P T. Therefore,
by taking the fum of the antecedents and of the

confequents,
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confequents, the rectangle under » P Q_will be to
that under SP #, that is, to the rectangle under
A QB, in the quadrilateral ABCd, whofe two
fides AC, Bd, are parallel, in the given ratio.

In like manner, if three of the given lines paffed
through one point, as thelines CA, CB, CD, and
the recangle under Q_P R be to that under SP T
Fio. 5, iR agiven ratio, thiscafe is with the fame fa~

=7 cility reduced to the like quadrilateral thus.

Draw BE parallel to AC, that thall cut ST
produced in #, and let the point F be taken, that
the retangle under C A, EF be to the fquare of
A B in the ratio given; then C»F being drawn,
B#, or QP, will be to T# as AC to AB, and
RrtoAQ, or SP, as EF to AB; whence the
reGtangle under Q P, R 7 will be to that under
T ¢ SP, as that under AC, EF to the fquare of
A B, thatis, in the given ratio of the retangle
under Q PR to that under SPT, and the rec«
tangle under Q_P 7 will be to that under SP# or
A QB in the quadrilateral AB CF, whofe two
fides AC, BF are parallel, in the fame given
ratio.

Now let ABCD be a quadrilateral having the
two fides A C, BD parallel, with any conic fec-
tion paffing through the four points A, B, €, D ;
Fig. 3, 4,5, alfo, the point E being taken in the fection,

2" and EF G being drawn parallel to AC
or BD, let the ratio of the re¢tangle under AG B

to the rectangle under F E G be given : then the
conic fe¢tion will be given.

Let the fides AB, CD meet in M, and draw
M I bifecting A C and BD in K and L. Then the

4 , diameter
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diameter of the fedtion, to whicn AC and BD
-are lines ordinately applied, will be in the line
MI; and if NP, QS are tangents to the
{ettion, and parallel to A-C and BD, the
points O, R, in which they interfect M I, will be
the points of their conta&, and the vertexes of that
diameter. But the fquare of N O is to the rectangle
under AN B, and the {quare of QR to the reé-
angle under A Q_B, as the rectangle under EGH
or FE G to that under AGB, therefore in a given
ratio; but the ratio of NM to N O, the fame as
that of QM to QR, is alfo given ; whence the
ratio of the {quare of N'M to the re@Gangle under
ANB, or of the fquare of OM to the reGangle
under K O L, is given, as likewife the ratio of the
fquare of R M to the reGangle under K R L.

Now in the ellipfis the {quare of M O, the di-
ftance of the remoter vertex of the diame- Fi
ter O R from M, is greater than the reG- ~ &
angle under KOL; that is, the ratio given of the
reCtangle under FEG to that under AGB muft be
greater than theratio of the fquare of half the differ-
ence between AC and BD to the {quare of A B.
But in the hyperbola the {fquare of M O is lefs than
the rectangle under KOL ;. whereby the ratio of
the rectangle under FE G to that under Fio
A GB fhall be lefs than that of the {quare ~ © 4
of half the difference between A C and BD to the
fquare of A B [4]. In

[a] As the fquare of O M fhall be greater or lefs than the re&-
angle under KOL, the fquare of NM will be refpeively greater
or lefs than the re&tangle under ANB; thercfore the ratio of the
fquare of N O to the reQangle under A N B, that is, of the
rectangle under FEG to thatunder AGE, will be accordingly

greater

Fig. 3, 4.
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In both cafes, if the point T be fuch, that the
retangle under MO T be equal to that under
Fig. 2 4- LOK, whereby MO fhall beto OT in

the given ratio of the fquare of M O to the
rectangle under L O K, the given retangle under
K M L will be to the re¢tangle under L. T K (by
Prop. 35. L. 7. Papp. [4] ) in this given ratio, and
therefore given ; confequently the points T and O
will be given.

In like manner, if the rectangle under MRV be
equal to that under LR K, fo that MR betoRV
in the given ratio of the fquare of R M to the rec~
tangle under L RK, the given reangle under
KML (byProp. 22. L. 7. Papp.) will be to the
retangle under L VK in the {fame given propor-
tion, whence the points V and R will be given.

Thus in both cafes the points T and V will be
found by applying to the given line K L a rectangle
exceeding by a fquare, to which the given rectangle
under KM L fhall be in the given ratio of the
fquare of M O to the retangle under KO L, or
of the fquare of MR to the reftangle under
KRL; MO being to OT, and MR to RV, in
that given ratio.

But in the laft place, if this given ratio be that
of equality, fo that the {quare of RM beequal
to the retangle under K R L, by adding to
both the reGangle under MRL, that under RML
will be equal to that under KM, LR,and MR to RL
as KM to ML, and the vertex R of the diameter

Fig. 5.

greater or lefs than the ratio of the fquare of N O to the fquare
of N'M, which is the {ame with that of the fquare of the differ-
ence between A K, B L to the fquare of A B.
[&] See pag. 511
RI
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R1 will be given, the conic fection being here a
parabola, this diameter having thus but one ver-
tex.

Hitherto the point E, when theline E F G falls
between A C and B D, is without the quadrila-
teral, and within the lines AB, CD, whenEF G
is without the quadrilateral.

But when E is within the lines A C, BD in the
firft cafe, and without in the fecond, the lcus of
the point E will be oppofite fe¢tions, each paffing
through two angles of the quadrilateral.

When one feétion paffes through A and C, and
the other through B and D; then if the diameter
MI be drawn, as before, and to K L, be applied a
rectangle deficient by a fquare, to which .
the given re&tangle under K M L fhall be in ~ & >
the givenratio of the fquare of M O to the rectan-
gle under KOL, or of the fquareof MR to the
reftangle under K R L, the points T and V, con-
ftituting the retangles under KT L andunder KVL,
being tﬁus found, M O will be to O T, and MR
to RV, in thisgiven ratio (by prop. 30. L.7. Papp.)
O and T being the vertexes of the diameter M I.

But the re@angles under K T L, K VL cannot
be afligned, as here required, unlefs the ratio given
for that of the fquare of O M to the reangle under
KO L, or that of the fquare of R M to the rec-
tan3le under KR L, be not lefs than that of the
reltangle under K M L to the fquare of half K L;
thatis, when the ratio of the fquare of ON to the
reGtangle under ANB, and that of the fquare of
R Q_to the re@angle under A QB, or that of the
given ratio of the rectangle under FE G to that
under AGB is not lefs than that of the reangle

Vor. LIII Ttt under
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under AK, BL to the fquare of half AB, or of the
reGangle under AC, B D to the {quare of AB.

But if one of the oppofite fections pafs through
A and B, and the other through Cand D, thera-
tio of the recangle under F E G to that under
A G B will be lefs than that of the rectangle under
AC, BD to the fquare of AB. ForCL
being drawn parallel to A B, and A D joined
and continued to M, the line DM falls wholly
within the feGtion paffing through Cand D : there-
fore K M is lefs than K L, and the ratio of KD
to K L lefs than that of K D to KM, thatis,
of BD to A B; whence BK being equal to A C,
and C K to A B, the ratio of the reftangle under
BK D to that under CK L, being the ratio of the
reGtangle under EGH, or FE G, to that under
A G B, will be lefs than the ratio of the retangle
under AC, BD to the fquare of A B.

And here the point L is given; for the given
reGtangle under BK D is to that under CK L in
the given ratio of the retangle under HGE, or
that under FE G, to the reGtangle under A G B;
hence CK, equal to A B, being given, KL is
given, and confequently the point L.

Again, BL being joined, and NEOP drawn
parallel to A B, alfo G E F continuedto Q, as A G,
equalto CQ, to F Q_fo willC K be to DK, and
OPtoEG, equal to O B, as KL to BK, con-
fequently the reangle under O P, A G will be to
that under EG, F Q_as that under KL, CK to
that under K B, DK, thatis, as the re¢tangle un-
der A G B to that under F E G ; and by combining
the antecedents and confequents the retangle
under P E N will be to that under Q_E G in the
{ame given ratio. More-

Fig. 7.
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Moreover D K being to A Cas KM to C M, the
ratio of D K to A C, that is, the ratio of the rec-
tangle under BKD to the fquare of AC, will be lefs
than the ratio of KL to CL, or the ratio of
the re¢tangle under CK L to that under A B, C L;
therefore, by permutation and inverfion, the ratio
of the recangle under CK L. to the reGangle under
BK D, that is, the given ratio of the reCtangle
under NEP to that under AN C, equal to that
under G E Q, _is greater than the ratio of that un-
der AB, CL tothe fquare of A C. And hence
the oppofite feGtions pafling through the angles of
the quadrilateral ABCL, whofe fides AB,CL
are parallel, will be given as before.

When the given ratio of the {quare of O M to
the reGtangle under L OK fhall be that of [,
the retangle under KM L to the fquare
of half KL, whereby the given ratio of the
reGtangle under FE G to that under A G B fhall be
that of the reftangle under AC, BD to the fquare
of A B, the points T and V fhall unite in one, bi-
feting K L, and the points O and R fhall alfo
unite in one, dividing the line KLM harmonical-
ly; and then the /ocus of the point E will be each
of the diagonals of the quadrilateral.

In the laft place, if the diagonals AD, BC of
the quadrilateral were drawn, cutting G E
in I and K, and the ratio of the re¢tangle
under K EI to that under AID were given, and
not that of the reCtangle under GEF to that un-
der A G B; then the interfeGtion of thefe diago-
nals, as L, will be in the line drawn from M bi-
feting A C, and BD, and the point L will fall
within the quadrilateral, whereby the /ocus, when an

Ttt 2 ellipfis

Fig. 8.
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ellipfis or fingle hyperbola, will be afligned by the
36th propofition of the forefaid book of Pappus:
and when oppofite feltions, by the 3oth propotition,
or be reduced to the preceding cafes thus.

Since KG will beto GB as CA to AB, and
IGto GAas BD to AB, the rettangle under
K GI will be to that under A G B, in the given
ratio of the re&angle under A C, B D to the {quare
of AB. Therefore when the ratio of the re&tan-
gle under KET to thatunder AID isgiven, the
retangle under A I D alfo bearing a given ratio to
that under A G B, the ratio of the rectangle under
KEI to that under A G B will be given, and in
the laft place the ratio of there¢tangle under GEF
to that under A G B will be given, this rectangle
under G E F being the excefs of that under KGI
above that under K EI[¢]. And thereby the feti-
ons will be determined, as before.

AND thus may the /ocus of the point fought be
affigned in all the cafes of this ancient problem,
which Sir Ifaac Newton has diftinétly explained.
The other cafes, he has alluded to, may be treated,
as follows.

When three of the given lines fhall be parallel,
as AC, BD, and HI, the fourth line being A B,
.. and KELM being parallel to AB, the
¥ig- 9. ratio of the reCtangle under KEL to the
retangle under EG and EM fhall be given};
that is, three points A, B, and H being given in
the line AB, with the line GE infiftingon AB in
a given angle, that the reangle under AGB fhall be
to that under G H and G E in a given ratio: then

[¢] By Prop. 193. Lib, 7. Papp.

take
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take A N equal to B H, and draw N O paral-
lel tOAC, BD, and HI.

Then if NP be drawn, that PO be to ON in
the given ratio, N P will be given in pofition, and
PO will be to ON, that is, EG, as the re&tangle
under KEL to that under EM, E G; fo that the
reCtangle under K E L will be equal to that under
PO, EM. But the rectangle under OK M is equal
to the excefs of that under O E M above that under
K EL (4); therefore the reGtangle under OK M,
or that under N AH, or under NBH, is equal to
that under E M and the excefs of OE above OP,
that is, to the reGtangle under PEM ; the point E
therefore is in an hyperbola defcribed to the given
afymptotes PN, M1, and paffling through A and B.

Again if two of the given lines only are parallel,
but the re&tangles otherwife related to them, than
asabove. Suppofe the ratio of the rectangle under
AG, EF tothat under BG, GE is given. Let
CD mecet AB in L, and let HEI, MFN be
drawn parallel to A B, and L K parallel to A C and
BD. Then the parallelogram EM will _
be to the parallelogram EB in the given Fig- To-
ratio. Take AO to OB in that ratio, and draw
O P parallel to A Cand BD. Here the point O
will be given, and the parallelogram P A will be in
the given ratio to the parallelogram P B; whence
A B will be to B O as the parallelogram B H to the
parallelogram B P, and as the difference between
the parallelograms E M and E B to the parallelo-
gram E B,confequently as the parallelogram G M to
the parallelogram P G ; therefore the ratio of the
reCtangle under A G,F G to the reGangle under

[4] By Prop. 194. Lib. 7. Papp.
E G,
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EG,EP or OG will be given; and in the laft
place the ratio of F G to G L being given, the
ratio of the rectangle under AG and G L to that
under EG, OG will be given. And thus three
points A, L, O, will be given with G E infifting
on AB in a given angle, as in the preceding
cafe.

Moreover, AC and BD being parallel, AB and CD
may be alfo parallel. And then, when the ratio of
the rectangleunder A G B tothatunderG EF
is given, the determination of the /locus is {o
obvious as not tohave required a diftin¢t explanation.
But when the reangle under AG, EF bearsa given
ratio to that under BG, G E; let the diagonals
A D, BC bedrawn, and HELK drawn parallel
to AD. Then the re€tangle under H E L, will be
to that under KE I in the fame given ratio;
and if C.M be taken to M B in the {ame ratio, the
lines MN P, M OQ_ drawn, the firft parallel to
A C, BD, and theother parallel to AB, CD, will
be given in pofition, and the diagonal B M will
bifet bothT K, N O, and H Li; therefore the
retangle under H E L being to that under K E I
as MC to M B, thatis, as NH to N K, here by
divifion the rectangle under HE L will be to that
under IHK [¢] as NH to HK ; therefore equal to
that under N H and I H or K L. Butthe re&t-
angle under N E O is equal to the fum of the ret-
angles under HN L and under HE L [f]; there-
fore the re@angle under NEO is equal to that
under NH, NK, equal to that under APD,
that is, equal to that under PA Q, or that under
P D Q, the diagonal B M bifectingboth P Q_and

[¢] By the prop. of Papp. before cited. [f] By the fajx;:eb

Fig.11.
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AD. But thus the point E is in an hyperbola de-

fcribed to the afymptotes M N, MO, and pafling
through A and D.

THE determination of this &cus for three lines is
folved almoft explicitly by Apollonius in the three laft
propofitions of his third book of Conics. For if the
three lines propofed were AB, AC, BC, and the
peint fought D, that the ratio of the re¢tangle under
EDF (the line EF being drawn parallel
to BC) fhould be in a given ratio to the {quare
of a line drawn from D to BC in a given
angle, the fquare of which line will be in a given
ratio to the recangle under BE, CF; then if BH,
C1I are drawn parallel to AC and A B refpeively,
alfo BDL, CDK drawn through D, the fquare
of BC will be to the retangle under BK, CL as
the re&angle under DF, DE, to that under CF,
BE.

Hence if the ratio of the reftangle under DF,
DE to the fquare of a line drawn from D on BC
in a given angle, is given; the fquare of this line
being in a given ratio to the rectangle under CF,
BE, the ratio of the reftangle under BK, CL to
the fquare of BC will be given; whence a conic
feGtion paffing through D will in all cafes be given.

In the firft place let the point D be within the
angle BAC. Then if BC be bifeGted by the line
A'M, this will be a diameter to the conic __
feion, which fhall touch BA, AC in the Fig12
points B, C, and BC will be ordinately applied to
that diameter ; the vertex of this diameter being N,
the given ratio of the reCtangle under BK, CL to

2 the

12.12,

13, 14.
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the fquare of BC will be compounded of the ratio
of the fquare of MN to the fquare of NA, and of
the ratio of the reCtangle under BA C to the fourth
part of the fquare of BC; and thus the line AM
will be divided in N in a given ratio, and the point
N, one vertex of the diameter, to which BC is or-
dinately applied, will be given.

If AN be equal to NM, the point N will be
the only vertex of this diameter, and the fe&ion will
be a parabola.

Otherwife by taking the point O in A M extend-
ed, fo that the ratio of AO to OM be the fame
with that of AN to N M, the point O will be the

other vertex of the diameter.
And here if the ratio of AN to NM be that of

a greater to a lefs, the point O will fall beyond M
from A within the angle BAC, the conic fe&ion
being an ellipfis.

But if the ratio of AN to NM be that of a
lefs to a greater, the point O will fall on the other
fide of A, and the feCtion will be an hyperbola.

Fig. 13, And in this cafe if the oppofite fection be

drawn, that alfo will be the Jocus of the
paint D within the angle vertical to the angle
BAC.

In the laft place, if D be in either of the collate-
ral angles, AM drawn as before will contain a fe-
condary diameter in oppofite fections, one of which
Fig. 14 thall touch BA in B, and the other CA in

" C. Then if one of thefe fetions pafs thro’
D, the fe@ions will be given. For here P AQ_ be-
ing drawn through A parallel to BC, the given ra-

tio of the re@angle under CL, BK to the fquan}
| 0
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of BC will be the fame with that of the given re&-
angle under BA C to the fquare of AP: therefore
AP is given, and thence the feCtions. For let R S
be the fecondary diameter, to which BC is ordi-
nately applied, and T the center of the oppofite
fections. Then the {quare of BM will be to the re&-
angle under AMTT as the fquare of the tranfverfe di-
ameter conjugate to the fecondary diameter R § to the
fquare of this fecondary diameter; and if a line were
drawn from M to P, this would touch the hyper-
bola BP in P [g], and the fquare of AP will be
to the reCtangle under MAT in the fame ratio;
therefore the given ratio of the fquare of M B to the
fquare of AP will be that of the reGangle under
AMT to the re@angle under M AT, or the ratio
of MT to AT; confequently the ratio of M T
to AT is given, and thence the point T. But alfo
the diameter RS is given in magnitude, the fquare
of RT orof 8T being equal to the reGangle un-
der MT A; whence in the laft place the tranfverfe
diameter conjugate to this is alfo given ; for the fquare
of this diameter is to the fquare of R'T as the given
fquare of BM to the reGangle under AM T now
alfo given.

But a more fimple cafe may alfo be propofed in
three lines, when the ratio of the reGangle Fig. 15.
under EDF fhould be equal to the re®an- & >
gle under a given line, and that drawn from D to
BC in a given angle:

This line will bear, both to BE and F C, a given
ratio, and the rectangle under EDF will be in a given

[£] Apoll. conic, L. IL prop. 0.
Vor. LIII. Uuu ratio
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ratio to the reCtangle under the given line and E B
or CF,

Let the line given be H, and take M B and NC,
that the reftangle under MBC, and that under
BCN be to that under B A and H in the given ra-~
tio of the rectangle under EDF to that under B E
and H, BM and C N beingequal. Thendraw from
M and N lines parallel to BA, C A, which fhall in-
terfe@ EF in K and L, whereby, MK cutting
C A in I, the reGangle under M B C will be to that
under B A and H as the retangle under BMC to
that under M I and H, and alfo as the retangle un~
der EKF tothat under KI and H, that is, as the
reCtangle under EDF to that under Hand BE or
MK, whence by adding the antecedents and confe~
quents the reGtangle under K D L will be to the rect-
tangle under H and M1 in the fame given ratio,
which is alfo that of the reCtangle under BMC to
the fame re@angle under H and M I: the point D
therefore is in an hyperbola pafling through B and C
having for afymptotes the lines MK and N L givenin
pofition, the reétangle under KD L being equal to
that under BM C, or that under MBN.

If the two lines AB and A C are parallel, the
Jecus may be known to be a parabola by the laft
propofition of the fourth book of Pappus.

But if B C were parallel to one of the other, the
locus will be an hyperbola, as the preceding, but
affigned by a fhorter procefs.

, Suppofe the given lines to be AE, AF,

Fig.16. 2nd BC parallel to AF. And let the
re@angle under EDF be equal to that under D G,
and the given line H, the line E G making given

angles with AE, A F. Here take E I equal to Hci
1 : an
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and deduc from both the reGangles that under EI
or H, and DF, whereby will be left the rectangle
under IDF equal to that under H and FG, both
whofe fides are given. Draw therefore IK parallel
to A E, and the reGangle under I D F will be equal
to this given reCtangle, the given lines KI, AF being
the afymptotes to the hyperbola pafling through D.

Coroll. If LM be drawn through B parallel to
E F,L B fhall be equal to F G, and BM equal to
E 1 or H, whereby the hyperbola oppofite to that
paffing through D will pafs through B.

SCHOLIUM.

"The propofitions of Pappus, which have been refer-
red to in pag. 500, 501, 504, l. 2. are given by him,
among others, for Lemmas fubfervient to the loft
treatife of Apollonius De fectione determinata, and the
four here cited refpe and comprehend all the cafes
of the problem, where three points are given in any
line, and a fourth is required fuch, that the re&angle
under the fegments of the propofed line intercepted
between the point fought, and two of the given
points, fhall bear a given ratio to the {quare of the
fegment terminated by the third point.

The cafes indeed of the problem, from the diver-
fity of fituation in the points given to the point fought
and to one another, are in number {ix. The given
extreme of the fegment to conflitute the fquare may
either be without the other two given points, or be-
tween them. And when it is without, the point
fought may be required to be taken without them all,
either on the fide oppofite to the given extreme of the
fegment to conftitute the fquare, which will be one
cale,or it may be required to fall on the fame fide,

Uuu 2 which
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which will be a fecond cafe. If it be required to fall
between this point and the other two, this will be a
third cafe. A fourth cafe will be, when the point
fought fhall be required to fall between the other two
points. Alfo when the given extreme of the feg-
ment to conftitute the fquare lies between the other
two given points, the point fought may be required to
fall, either there alfo, or without, compofing the sth,
and 6th cafes.

The propofitions in Pappus referring to thefe cafes,
though but four in number, fuffice for them all, each
propofition being applicable to the problem two ways.
For inftance the thirty-fifth propofition, as exprefled
by Pappus, is this, being the firftabove cited. Three
points C, D, E being taken in the line A B, fo that
the reGtangle under ABE be equal
to that under CBD, ABisto BE }‘—éﬁl‘)‘l’i——lls
as the reCtangle under DA C to
that under CED. Now AB is to BE, both as
the fquare of A Bto the retangle under A BE, and
as the re@angle under A BE to the fquare of BE.
Therefore if the ratio of AB to BE be given,
the ratio of the fquare of A B to the reCtangle under
C B D will be given, which is the firft of the cafes
above defcribed, and alfo the ratio of the rectangle
under CBD to the fquare of BE given, which is
the fecond cafe. In both cafes the reftangle under
D AC will be to that under CED in the given
ratio of AB to BE. But in the firft the rett-
angle under D A C will be given, and the point E
in the rectangle under CED to be found by ap-
plying a reGangle, which fhall bear a given ratio to
the given rectangle under D A C to the given line CD

exceeding by a fquare; and in the fecond cafe the
' rectangle
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rectangleunder CED is given, and A in the re&-
angleunder D A C to be found by applying to the
given line CD a rectangle exceeding by a fquare,
which fhall bear a given ratio to the rectangle under
CED now given; whence by the ratio of A B to
BE given the point B will be found in both cafes.

The 22d propofition either way applied refers to
the 3d cafe only, the joth relates both to the 4th
and sth, and the 36th propofition to the remain-
ing Gth.

The 45th, and other following propofitions, are
accommodated to the folution of Apollonius’s prob-
lem, when four points are given, and a fifth requir-
ed, which with the given points fhall form four feg-
-ments {uch, that the reCtangle under two fhall bear
a given proportion to the reftangle under the other
two. The various cafes of this problem appear to
have been the fubject of the fecond book of the
mentioned treatife of Apollonius; and, according to
the charalter given by Pappus of thofe propofitions,
thefe lemmas ferve to reduce them to problems in the
firft book, not thofe above mentioned, but thofe,
where three points being given, the re@angle under
the fegments included by two, and a fourth point
fhall bear a given proportion to the re@angle under the
fegment formed by the third point and a given line.

For inftance the 46th propofition is this ; in the
line A B four points R N —
A,C,E,B beinggiven; AC D EF B
and the point F affum- | |
ed between E and B; G
alfo D taken, according to the 41ft propofition, that the
rectangle under ADC be equal to that under B D E 5
if G be equal to the fum of AE, CB, the rettan-

gle
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gle under AFC together with that under EF B
will be equal to the re@angle under G and DF.

Here if it were propofed to find the point F, that the
ratio of the re¢tangle under AF C to that under EF B
fhould be given,the ratio of the reCtangle under AF C
to that under DF and the given line G would be given.

But this analyfis may be carried on to a compleat
folution of the problem thus, If CN be taken to
G in the given ratio of the rectangle under AFC to
that under DF and G, R S S N |
thepoint Nwillbegiven, A ¢ D EF B N
and the re@angle under | |
AF,CN wil be to ' G
thatunder AF, G in this ratio of CN to G; confe-
quently the excefs of the retangle under AF, CN
above that under AFC, thatis, the rectangle under
AFN, will be to the excefs of the reCtangle under
AF and G above that under D F and G, or the given
rectangle under A D, G, in the fame given ratio, and
in the laft place the rectangle under AFN will equal
the given rectangle under AD and CN.

Here I have chofen this propofition in particular,
becaufe the cafe of the problem, to which it is fubfer-
vient, is fubjeét to a determination, when F N fhall
be equal to AF. And then the retangle under
AFN being equal to that under AD and CN, as CN to
FN fo is AF to AD,and by divifion as CF to FN {o DF
to AD; therefore when AF is equal to FN, CF will
beto AF as FD to AD: confequently CD to FD
as FD to AD, and the fquare of DF equal to the
reGangle under ADC, when the problem admits of
a fingle folution only, wherein the rectangle Xr:lgcg
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AF C will bear to that under EF B a lefs ratio than in
any other fituation of the point F between E and B.
Moreover CN is to G as the reGtangle under
AF C to the fum of the re¢tangles under AFC and
EFB; therefore FN being equal to AF, whenthe
problem is limited to this fingle folution, the reCtangle
under AF C fhall be to the reftangles under AFC
and EF B together as the fum of AF and FC to
G, which is equal to the fum of AE and CB;
whence by divifion the ratio of the reGtangle under
AFC to that under EFB, when the problem is
limited to this fingle folution, will be that of the
fum of AF and CF tothe excefs of F B above E F.
Thus directly do thefe lemmas correfpond with A-
pollonius’s firft mode of folution, and lead to the ge-
neral principle of applying to a given line a reangle
exceeding or deficient by a {quare, which fhall be equal
to a {pace given. 'Thisbeing a fimple cafe of the 28th
and 29th propofitions of the 6th book of Euclid’s ele-
ments, admits of a compendious folution. Such a one
is exhibited by Snellius in his treatife on thefe problems
(in Apollon. Batav.) and Des Cartes has exhibited
another more contracted in it’s terms, but not there-
fore more ufeful. It may alfo be performed thus.
If upon a given line AB any triangle ACB be
ereCted at pleafure ; then if the legs CA, CB,
whether equal or unequal, be continued to Fig. 7.
D and E, that the re&angles under CAD
and CBE be each equal to the given fpace,
and a circle be defcribed through C,D,E cut-
ting A B extended in F and G, the reCtangle un-
der BFA and BGA will each be equal to Fio.18
the fpace given. Alfo if in the legs CA, &%
CB the rectangles under CAD and CBE be each
taken
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taken equal to the fpace given, and a circle in
like manner be defcribed through C, D, E, cutting
AB in F and G, the reGtangles under AFB and
AGB will each be equal to the given fpace.
Here it is evident, that the fpace given muft not
exceed the fquare of half A B, when equal, the cir-
cle will touch A B in it’s middle point.

POSTS SCRTIPT

S this application to a given line of a reGtangle ex-
ceeding or deficient by a f{quare, or the more
general problem treated of in the fixth book of the
elements, of applying a fpace to a line fo as to exceed
or be deficient by a parallelogram given in fpecies,
is the moft obvious refult, to which the analyfis of
plane problems, not too fimple to require this con-
ftruction, leads; fo the defcriptions of the conic fec-
tions here treated of, ftand in the like ftead in regard
to the higher order of problems ftyled folid from the
ufe of the conic fections deemed neceflary for their
genuine folution. And thefe are the only modes of
folution, the modern algebra, which grounds its ope-
rations on one or two elementary propofitions only,
naturally leads to. But as the form of analyfis a-
mongft the antients, by expatiating through a larger,
field, often was found to arrive at conclufions much
more concife and elegant, than could offer themfelves
in a more confined track ; the antient fages in geome-
try, that the folid order of problems might not want
this advantage, fought out that copious and judicious

colleion of propertics attending the conic fections,
which
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which, with fome ufeful additions from later writers,
have been handed down to us.

And as the advantages of this ancient fyftem of
analyfis cannot be too much inculcated in an age,
wherein it has been fo little known, and almoft to-
tally negleGted, permit me, Sir, to clofe this addrefs
to you with an example in each {pecies of problems.

Were it propofed to draw a triangle given in fpe-
cies, that two of its angles might touch each a right
line given in pofition, and the third angle a given
point. It is obvious, how difficult it would be to
adopt a commodious algebraic calculation to this prob-
lem; notwithftanding it admits of more than one
very concife folution, as follows.

Let the lines given in pofition be AB, [,
AC and the given point D, the triangle g o)
given in fpecies being EDF.

In the firft place fuppofe a circle to pafs thr h
the three points A, E, D, which fhall inter- oug
fe¢ AC inG. Then EG, DG being
joined, the angle DE G will be equal to the given
angle D AC, both infifting on the fame arch DG
alfo the angle ED G is the complement to two right
of the given angle BA C: thefe angles therefore
are given, and the whole figure EFGD given in
fpecies. Confequently the angle E G F, and its equal
ADE will be given together with the fide DE of
the triangle in pofition.

Again, fuppofe a circle to pafs through the three
points A, E, F, cutting AD in H, and
E H, FH joined. Here the angle EFH

will be equal to the given angle E AH, and the an-
Vor. LIIL Xxx gle.

Fig. lgn

Fig- 20,
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gle FEH equal to the given angle FAH. There-
fore the whole figure EHF D is given in fpecies,
and confequently the angle A DE, as before.

In the laft place fuppofe a circle to circumfcribe
the triangle, and interfect one of the lines,
as AC, in I. Here DI being drawn,
the angle DIF will be equal to the given angle
DEF in the triangle; confequently D1 is inclined
to AC ina given angle, and is given in pofition,
as alfo the point I given; whence I E being drawa,
the angle FIE will be the complement of the angle
EDF in the triangle to two right. Therefore IE
is given in pofition, and by its interfeCtion with the
line AB gives the point E, with the pofition of
DE, and thence the whole triangle, as before.

Here it may be obferved, that the angle D of
the triangle EDF given in {pecies touching a given
point D, and another of its angles touching A C, the
line 1 E here found is the locus of the third an-

le E.

g Again, in the aftronomical lecturesof Dr. Keil, it
is propofed to find the place of the earth in the eclip-
tic, whence a planet in any given point of its orbit
thall appear ftationary in longitude, and a folution
is given from the late eminent aftronomer, Dr. Hal-
ley, upon the affumption, that the orbit of the earth
be confidered as a circle concentric to the Sun.

But for a compleat folution of this problem let the
following lemma be premifed.

The velocity of a planet in longitude bears to the
velocity of the earth the ratio, which is compounded
of the fubduplicate ratio of the /lafus reffum of the

greater axis of the planet’s orbit to the latus rectum
of

Fig. a1,
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of the greater axis of the earth’s orbit, of the ratio
of the cofine of the angle, which the orbit of the
planet makes with the plane of the ecliptic, to the
radius, and of the ratio of a line drawn in any angle
from the center of the fun to the tangent of the or-
bit of the earth at the point, wherein the earth is, to
a line drawn in the fame angle from the fun to the
tangent of the orbit of the planet projeted upon the
plane of the ecliptic at the place of the planet in the
ecliptic.

Let A bethe fun, BC the orbit of any planet,
DE the fame projected on the plane of the ecliptic,
F G being the line of the nodes, B the place of the
planet in its orbit, D its projeCted place: then the
plane through B and D, which fhall be perpendi-
cular to both the planes BC and DE, interfecting
thofe planes in BH, D H, the lines BH, DH will
be both perpendicular to the line of the nodes, and
the angle BHD the inclination of the orbit to the
plane of the ecliptic. But tangents drawn to BC
and DE at the points B and D refpectively will
meet the line of the nodes, and each other in the
fame point I, and the velocity of the planet in lon-
gitude will be to its velocity in the orbit BC, as DI
to BL

Now from the point A let AK fall perpendicular
on BI, and. AL be perpendicular to DI: then
the ratio of DI to IB will be compounded of the
ratioof DI to DH, or of AI to AL, of the ratio
of DH to BH, and of that of BH to BI, that is,
of AK to AL But DH is to BH as the cofine
of the inclination of the orbit to the radius, and the
two ratios, that of AI to AL, and thatof AK to
Al, compound the ratio of AK to AL: therefore

' Xxx 2 the
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the velocity of the planet in longitude is to the ve-
locity in its orbit in the ratio compounded of that of
the cofine of the inclination of the planet’s orbit to
the radius, and that of AK to AL.

Moreover the ratio of the velocity of the planet in
B to the velocity of the earth in any point of its or-
bit is compounded of the fubduplicate of the ratio
of the latus rectum of the greater axis of the planet’s
orbit to the Jlatus reftum of the greater axis of the
earth’s orbit, and of the ratio of the perpendicular
let fall from the fun on the tangent of the earth’s or-
bit at the earth to A K, the perpendicular let fall on
the tangent of the planet’s orbit at B. Therefore
the velocity of the planet in longitude, when in B,
to the velocity of the earth in any point of it’s orbit
is compounded of the fubduplicate ratio of the /asus
rectum of the greater axis of the planet’s orbit, to the
latus reftum of the greater axis of the earth’s orbit, of
the ratio of the co-fine of the inclination of the pla-
net’s orbit to the radius, and of the ratio of the fore-
faid perpendicular on the tangent of the earth’s orbit
to AL, the perpendicular on DI: thefe perpendi-
culars being in the fame ratio with any lines drawn
in equal angles to the refpective tangents.

This being premifed, the place of a planet in the
ecliptic being given, the place of the earth, whence
the planet would appear ftationary in longitude, may
be affigned thus.

A denoting the fun, let B be a given place of any pla-
net in it’s orbit projected orthographically on the plane
of the ecliptic, CB the tangent to the pla-
net’s projected orbit at the point B, which.

will therefore te given in pofition.  Alfo let DE Ee
tue

Fig. 23.
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the orbit of the earth, and the point D the place of
the earth, whence the planet would appear ftationary
in longitude at B.

Join A B; and draw a tangent to the earth’s orbit
at the point D, which may meet CB in F, and
the line AB in G; draw alfo AH making with
DF the angle AHD equal to that under ABC.
Then the point D being the place, whence the pla-
net.appears ftationary in longitude, as FB to FD fo
will the velocity of the planet in longitude in B be
to the velocity of the earth in D, this velocity of
the planet in B being alfo to the velocity of the earth
in D in the ratio compounded of the fubduplicate of
the ratio of the /latus rectum of the greater axis of
the planet’s orbit, to the /atus reftum of the greater
axis of the orbit of the earth, of the ratio of the
co-fine of the inclination of the planet’s orbit to the
plane of the ecliptic to the radius, and of the ratio of
AH to AB: thercfore the ratioof FB to FD will
be compounded of the fame ratios ; and if 1 be taken,
that the ratio of AB to I be compounded of the
two firft of thefe, I will be given in magnitude, and
the ratio of FB to FD will be compounded of the
ratio of AB to I, and of AH to AB. Whence
FB will be to FD as AH to I; and the angles
CBA, or FBG, and AHG being equal, where-
by FG will be to FB as AG to AH, by equa-
lity FG will be to FD as AG to I, and DK
being drawn parallel to F B, BG will beto BK as
¥ G to FD, and thereforeas AG to 1.

But now, as this problem may be diftributed into vari-
ous cafes, in the firft place confider the earth as mov-
ing in a circle concentric to the fun, and likewife C.B,

the tangent to the planet’s orbit, perpendicular to A B.
But
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But here DK alfo will be perpendicular to AB,
and A B meeting the earth’s orbit in L and M, the
reGtangle under K A G will be equal to the
fquare of A M. But BG being to BK as
A Gtol, if BN be taken equal to I, BG will be to
BKas AGtoBN, and ABto KN alfo as AG to
BN, and the rectangle under NK, A G equal to
that under A B and I: therefore the rectangle under
K A G being equal to the {quare of A M, N K will
be to K A as the rectangle under A B, I'to the fquare
of AM, that is, in a given ratio, and KD with the
point D will be given in pofition.

Again, when C B is not perpendicular to L M,
let DO be perpendicular to L M. Then the
retangle ander O AG will be equal to the {quare
of AM. But BN being taken equal
to I, as before, the reCtangle under N K,
AG will be equal to that under A B, I; whence
N K will be to AO in the given ratio of the
reCtangle under AB, Ito the fquareof AM, There-
fore N P being taken to P A in that ratio, the point
P will be given, and KP, the excefs of N P above
N K, will be to P O, the excefs of AP above
A O, in the fame ratio. Hence, as D K is parallel to
CB and D O perpendicular to LM, the triangle KO D
is given in fpecies, and if P D be drawn, the angle
O P D will be given ; for the co-tangent of the angle
O K D will be to the co-tangent of the angle O P D,
as KO to OP, thatis, asthe rectangle under AB, I
together with the {quare of A M to the fquare of AM,
and hence the point D is given by the line P D drawn
from a given point P in a given angle A P D; and if
A D be drawn, A D will be to A P as the fine of the
angle A P D to the fine of theangle PD A; this angle

therefore

Fig. 24.

Fig. 23.
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therefore is given, and the angles AP D, PD A be-
ing given, the angle P A D is given.

Coroll. Here, where the orbit of the earth is fup-
pofed a circle, the ratio of I to A B, thatis, of the
rectangle under A B, I to the fquare of A B, will be
compounded of the fubduplicate ratio of A M, the
femidiameter of the earth’s orbit, to half the latus rec-
tum to the greater axis of the planet’s orbit, and of the
ratio of radius to the co-fine of the inclination of the
planet’s orbit to the plane of the ecliptic; and adding
on both fides the ratio of the fquare of AB to the
fquare of A M, the ratio of the reGtangle under A B,
I to the fquare of AM will be compounded of the
ratio of the fquare of A B to the retangle under AM
and the mean proportional between A M and the half
of this latus rectum of the planet’s orbit, and of the ratio
of the radius to the co-fine of the inclination of the
net’s orbit.

In the next place, though the earth’s orbit is not a
circle concentric to the fun; yet if the projeftion of
the planet falls on the line perpendicular to the axis
of the earth’s orbit, the point A will ftill bife¢t L M.

In this cafe draw to the points L and M tangents
to the ellipfis meeting in P, from whence through
D draw P D meeting the ellipfis again in Q;_and in-
t}elrfe&in% LMinO. Here ifi1 a tangent be drawn to
the ellipfis in Q,, it will meet the tangentat ...

D on tlfl)e line (I}JM in the point G. s Fig. 26.

Now LG willbeto GM as L O to O M, and
the point A bifeGting L M, the reGangle under GAO
will be equal to the fquareof AM. ButB Gis to
BK as AG to I. Therefore BN being taken
equal to I, AB willbeto KN as AG tol, and
the re¢tangle under A B, I equal to that under AG,

4 KN:
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KN: whence AO beingto KN as the rectangle
under G A O to that under AG and KN, AO will
be to KN as the given fquare of AM to the rect-
angle under A B and I, alfo given.

Draw R P parallel to C B, and take PS to A P,
alfo N T to A R in this given ratio inverted. Then
will the points T and S be both given, alfo A O will
beto KN, and RO to KT, as AR to NT, that
is, as A P to PS. Thereforeif TV be drawn par-
allel to CB, thatis, to KD, and V § parallel to
LM, thefe lines will be both given in pofition; and
WDXY being alfo drawn parallel to LM, WD will
be equal to KT, and RO being to KT, as
AP to PS, DY will beto WD as XP to PS, and by
compofition YW to WD as XS to PS, and the given
recangle under YW, or SV, and PS§ equal to that un-
der WD, and XS. Whence SV being parallel to LM,
the point D will be in an hyperbola pafiing thro’ P, and
having for afymptotes the lines VS, VT givenin pofition.

But if- the projetion of the planet fall on the axis
of the earth’s orbit, or the fame continued, AB ex-
tended to the earth’s orbit in L and M will be the
axis of that orbit.

If alfoC B thould be perpendicular to AB, KD
would be ordinately applied to L M; and
the point R being taken, that Q_being the
center of the orbit, the re¢tangle under A QR be
equal to the fquare of Q_M, the fame will be equal
alfo to the retangle under G Q_K ; whence as G Q
to AQ foRQ_to QK, and AGto AQ_as KR
to QK. But, as above, BG beingto BKas AGtol,
and B N taken equal to I, BG willbeto B K as
AGtoBN,and ABto KN alfoas AGtoBNorl.
Therefore if N S be takento AB asIto AQs by

: equality

Fig. 27.
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equality N S will be to NK as AG to A Q;, that is,
as KR to Q_K; and in the laft place NS to K § as
KR to QR, thatis, the retangle under SKR equal
to the given rectangle under NS, Q R; whence the
point K, the pofition of K D, and thence the point
D will be given.

But if D K be not ordinately applied to L M, let
D O be ordinately applied to L M. Then here the
reCtangle under AQR, equal to the fquare of Q M,
will bé equal to that under O QG, and Fio. 28
GQ_to AQ_as QR to OQ, whenceby “'& **
compofition AG to AQ_as OR to OQ. But BN be-
ing now alfo taken equal to I, and NS to AB as
I to AQ, AB will be here in like manner to
KN asAGtol, and NS to KN as AGto AQ:_
therefore NS will be to KN as OR to OQ, and
by converfion NS to KS as OR to QR. But
N S and QR being both given in magnitude, if SP
be taken to N S as QR to P R, the point P will be
given, and alfo by equality S P willbe to K Sas OR
to PR; whence if RV be drawn parallel to D O,
and ST to KD, both RV and ST will be given
in pofition, one pafling through the given point R,
parallel to the ordinates applied to the axis LM, and
the other through the point S alfo given, and parallel
toK DorC B: alfo DTV being drawn parallel to
ML, DT will be equal to K S and D V equal to
O R, thereforeas SPtoDT fo DV to PR, and the
reGtangle under SPR equal to that under TDYV,
confequently the point D in an hyperbola pafling thro’
P, and having for afymptotes thelines S T, RV given

in pofition,

Yyy In
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In the laft place when the line L M drawn threugh

the fun in A, and the projeted place of the planet
in B, is neither the axis of the earth’s orbit, nor bi-
. feGtedin A, the tangents to the points L,M
Fig. 29 pein g drawn to meet in P, let LM be bife&-
edin Q, and thepoint R taken, that the retangle under
AQR be equal to the fquare of Q M, whereby
P D O being drawn, the rectangle under A QR fhall
be equal tothat under OQG, and QG to AQ as
QR to QO, or by compofition AG to A Q as OR
to QO. Therefore if N B be here alfo taken equal
to I, and NSto AB as I to A Q, AB being as
before, to N K as AG toI; by equality NS will be
to NK as A Gto AQ, thatis, asORto Q O. Whence
by converfion NS will be to K Sas O R toQR;
andif P T be drawn parallelto C Band S V be here
taken to N S as Q R to TR, by equality S V will
beto K Sas O R to T R and alfo by converfion § V
to KV asOR to O T. Moreover SV will be given
in magnitude, and the point V given; therefore VW
drawn parallel to C B, or K D, will here be
given in pofition. But WDXY being alfo drawn
parallel to RV, SV will beto KV, or DW, as
YD toXD, and Y Z being taken equal to the given
line SV, YZ willbe toDWasZD toX W, equal
to TV, and the given reftangle under Y Z, TV
equal that under WDZ. Therefore I'Z being
drawn parallel to RP,R I, and its equal Y Z, be-
ing given, the line I' Zis given in pofition, and the
point D in an hyperbola having for afymptotes VW,
I' Z, and pafling through P.

4
Thus
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"Thus is this problem in all cafes folved either by a
right line, or an hyperbola given in pofition, which
fhall interfe& the projected orbit in the point fought.
For though in each cafe the projection of the planet
has here been confidered as within the orbit of the
earth, the form of argumentation will be altoge-
ther fimilar, were the projeGion of the planet without.
And this is agreeable to the method, I have pur-
fued throughout this difcourfe, where I have al-
ways accommodated the expreflion to one fituation
only of the terms given and fought in each article;
the variation necefiary for the other cafes, when one
has been duely explained, being fufficiently obvious.

In the sth volume of the Commentaries of the
Royal Academy at Peterfbourg is given an algebrai-
cal computation for a general folution of this problem
in the orbits of any two planets projected on the
plane of the ecliptic; but with this overfight of ap-
plying to the projeted orbits a propofition from Dr.
Keil's Aftronomical Le&ures, which relates to the
real orbits ().

However from the geometrical folution now given
a calculation for affigning the point D may be formed
without difficulty. L D M being the orbit of the
earth, A is the focus, and R P perpendicular to the

(4) The demonftration of Dr. Keil’s propofition proceeds on
the known property in the planets of having their periodic times
in the fefquiplicate ratio of the axes of their orbits, which con-
fines the propofition to the real orbits; for in each planet the pe-
riodic time through the projeéted orbit is the fame, as through the

real, though the axis in one be not equal to the axis of the
other,

Yyy 2 axis,
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axis. Let this axis be 24 meeting RP in¢, I'Z in
d, P Tineand WV in f. Then the angle 2 AM
1s given, being the diftance between the heliocentric
place of the planet in the ecliptic from the earth’s
aghelion. Alfo P'T being parallelto C B, the angle
AT e, and confequently the angle Ae T, will in
like manner be given, whence the points T, R, T, V
being given, as in the folution above, the points 4,
¢, ¢, and f will be given, the triangles AR ¢, AT e,
being given in fpecies, and fimilar refpectively to the
trianglesAT d, and AV f.  Alfo theretangle under
W.D Z being equal to that under R, VT, if DK
be continued to the axis in g, and D5 be drawn par-
allel to PR, the re¢tangle under fg, 4 d is equal to
that under f ¢, 4 ¢, and both being deducted from
the reGtangle under f b d the excefs of the rectangle
under £/ d above that under f'e, d ¢ will be equal to
that under g 4 d, fothat this difference will be a mean
proportional between the fquareof 54 and the {quare
of b g, whichisin a given ratio tothe fquare of 4 D,
and therefore in a given ratio to the reGangle under
abb, D b being ordinately applied to the axis
ab.

Thus a biquadratic equation may be formed, where~
by the point 4 fhall be found, and thence the point D,
whofe diftance from A is to b e as the excentricity of
the earth’s orbit to half its axis.

Therefore I fhall only obferve farther, that here
occurs an obvious queftion, what, in fo extended a
fearch for principles leading to the folution of any
problem, as the ancient analyfis admits of, can con-

du& to the moft genuine upon each feveral occafion.
But
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But for this end, where commodious principles do
not readily offer themfelves, the moft general means
is to confider firft fimple cafes of the problem in
queftion, and from thence to proceed gradually to
the more complex, as has been here done in the pre-
fent problem, where the feveral preceding cafes lead
one after another to the points and lines required for

the laft cafe, wherein the problem is ftated in its moft
extenfive form.

INDE X
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