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XXVIIL. Of Triangles defcribed in Circles and about them.
By John Stedman, M. D.

Redde, March 23, 1775,

PROPOSITION L

An equilateral triangle infcribed within a circle is larger
than any other triangle that can be infcribed within the
JSame circle.

ET aBc (TAB. VIIL fig. 1.) be an equilateral trian<
gle, infcribed in the circle ApcBj and let ApE be a
triangle fuppofed larger than asc. Let ADE be drawn
with one of its angles at the fame point with one of the
angles of the equilateral triangle, fuppofe at A, and then
its other two angles will fall either on the fegments Aps
and AEc, or one of the angles will on the fegment =sc.
Firft, let one of its angles fall at p, between A and B; and
the other at k, between A and c, and draw the line BE.
In the triangles ABc, ABE, the triangle ABF is common,
and the two remaining triangles BFc, AFE, are fimilar;
for the angle AFE is equal to its oppofite angle BFc; and
the two, angles Eac, EBC, are equal, being {ubtended by
the fame fegment kc, and fo the two remaining angles
AEF,
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AEF, BCF, muft be equal; wherefore the fides are pro-
portional, and Bc and AE, fubtending equal angles muft
be homologous; but BC is equal to Ac, which is greater
than aE; confequently the triangle BFc is greater than
AFE, and fo the equilateral triangle ABc i§ greater than
the triangle ABE. In the fame manner, the mangle
ABE may be proved greater than ADE; for AHE is com-
mon, and the two triangles ADH, BHE, are fimilar, and
their fides proportional; and Ap and BE, fubtending
equal angles, muft be homologous; but BE is greater
than Bc, which is equal to AB, and that again greater
than Ap; confequently BE is greater than ap, and the
whole triangle AEB. greater than AED; and {o the equi-
lateral triangle muft, @ fortiori, be greater than AED.
2.E. D.

Next, let the triangle ApE be fuppofed greater than
the equilateral triangle ABc, and let the angle ApE fall
fomewhere in the fegment Bpc, (fee fig, 2.) {o that the
fegmient Ec may be greater than 8p; for if it were not,
the angle AED being applied to any of the angles of the
equilateral triangle, the demonftration would become the
fame as inthe firft cafe: wherefore the fegments aAxc,
BDC, being equal, and Bp being lefs than ¢, AE muft be
lefs than pc. - Draw theright line ¢, and then in the
two triangles Apc, ADE, the triangle AFD is commeon,
and the two triangles AFE, DFC, are equiangular and
fimilar, and the fides AE, pc, fubtending equal angles,
are homologous ; but pc is greater than AE; {o the trian-
gle DFc is greater than the triangle AFE, and the whole
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triangle ADC is greater-than ApE} but the equilateral
triangle may be proved greater than Apc from the firft
cafe, and confequcntly greater than ADE. . E. D

PROPOSITION II.

An equilateral triangle deferibed about a circle is lefs than
any other triangle that can be defcribed about the fame
circle. Fig. 3.

LET the equilateral triangle agc bedefcribed about
the circle Hik, and let the triangle BDG be fuppofed lefs
than the equilateral triangle. Draw the line aF parallel
to BC, then the triangles AFE, EGc, are fimilar; for the
oppofite angles AEF, GEC, are equal, as likewife the angle
AFE to the angle Eac; the lines AF and ¢ being parallel,
and falling upon the fame line ¥g, the angles AFE and
EGc are therefore equal, and the fides AE, E¢, fubtending
equal angles, are homologous; but the fide of the equi-
lateral triangle Ac being equally divided at 1, the line
AE is greater than £¢, and confequently the triangle aFe
is larger than the triangle Eac; and the triangle pAE
much larger than goc: therefore, in the triangles psa
and aBc the:part ABGE being common the whole trian-
gle pBG is larger than the equilateral triangle. 2. E. D«

Whatever other triangles can be defcribed about a cir-
cle, may be demontftrated to be larger than an equilateral
triangle defcribed about the fame circle, upon the fame
princiyples as the preceding.

PROPO~
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PROPOSITION IlII.

The fquare of ihe fide of an equslateral triangle inferibed isn
a circle is equal 1o a rectangle undar the diameter of the
circle; and a perpendioular let fall from any angle of the
triangls upon the oppofise fide. Fig. 4.

THE two triangles ADC, AEC, are equi-angular and
fimilar, the angles Acp, aEc, being both right, and that
at A common; therefore AD: AcC:: AC: AE, and Ac'=
ADXAE. .E.D(e),

The {quare of one fide of the triangle being com-
pleated fo as to include the triangle, 1 fay, that part
of the fide of the fquare that falls within the circle
is equal to the radius; and the other part, lying with-
out the circle, is equal to the radius msnus twice the
portion lying between the fide of the fquare, and the
circumference of the circle; or is equal to that part of
the radius that lies between the centre and the fide of
the {fquare minus the remainder of the radius; thatis cL

(a) And univerfally, a perpendicular being drawn from any angle of a right-
lined triangle to the oppofite fide, the re&tangle under the two fides which contain
that angle, is equal to the re&angle under the perpendicular and the diameter of
the circumfcribed circle. (See Tas. vrur. fig. §.)

From a, one angle of the triangle BAC, draw AE perpendicular to the fide
Bc. Round the triangle Bac defcribe a circle, and draw the diameter Ap. I fay,
the reftangles Acx AB, AE X AD, are equal. Join pB. The angle pBa is a
right angle. Therefore it is equal to the right angle cea. The angles at the
circumference ACE, ADB, are equal, becaufe they ftand upon the fame arc AB.
Therefore the two triangles ACE, ADB, are fimilar, and Ac : AE = AD : AB.
Therefore ac X AB=AEX AD, 2D £, D. & HOBSLEY.

15



[ 300 ]

is equal to the radius, and LI=K6—2MG; or LI=KM~-MG.
¥ being parallel to Bc, and confequently perpendicular
to rc, muft divide the chord Lc in two equal patts; fo
that Mc being equal to KE, Lc muft be equal to 2kE; but
xE (by EucL. L. x111. pr. 12. cor. 2. Clav.) is equal to
£D; therefore Lc =xp the radius, The fide of the
fquare 1c being equal to Bc is likewife equal to Nm; but
Lc being equal to kG, the remaining part L1 muft be
equal to NK= MG} or to KM—MG, 2. E.D.
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