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“On the Calculus of Symbols.—Fourth Memoir. With Ap-
plications to the Theory of Non-Linear Differential Equa-
tions.” By W.H. L. Russrery, Esq., A.B. Received July 31,
1863*.

In the preceding memoirs on the Calculus of Symbols, systems have
been constructed for the multiplication and division of non-commutative
symbols subject to certain laws of combination ; and these systems suffice
for linear differential equations. But when we enter upon the consideration
of non-linear equations, we see at once that these methods do not apply.
It becomes necessary to invent some fresh mode of calculation, and a new
notation, in order to bring non-linear functions into a condition which
admits of treatment by symbolical algebra. This is the object of the fol-
lowing memoir. Professor Boole has given, in his ¢ Treatise on Differential
Equations,” a method due to M. Sarrus, by which we ascertain whether a
given non-linear function is a complete differential. This method, as will
be seen by anyone who will refer to Professor Boole’s treatise, is equivalent
to finding the conditions that a non-linear function may be externally
divisible by the symbol of differentiation. In the following paper I have
given a notation by which I obtain the actual expressions for these con-
ditions, and for the symbolical remainders arising in the course of the
division, and have extended my investigations to ascertaining the results
of the symbolical division of non-linear functions by linear functlons of the
symbol of differentiation.

Let ¥ (@ 9, 41 ¥ Y5 « « + - ¥) be any non-linear function, in which
Yis Y2 Y3 + » + + Y, denote respectively the first, second, third, ... .=nth
differential of y with respect to (z).

Let U, denote fdy,, i.e. the integral of a function involving @, 7, 1, ¥, +++ «
with reference to y, alone,

Let V. in like manner denote g— when the differentiation is supposed

cffected with reference to v, alone, so that V, U, F=F,

The next definition is the most important, as it is that on which all our
subsequent calculations will depend. We may suppose I differentiated
(m) times with reference to ,, ¥, 1, OF ¥,_q, &c., a0d Y,y Y1, OF Y, gy
&c., as the case may be, afterward equated to zero. We shall denote
this entire process by Z@, Z™), Z™), &ec.

The following definition is also of importance: we shall denote the ex-
pression
d

=1

d d
+y1 +J2 yl+ys Zlg};+ oo +,/»

by the symbol Y..

* Read Feb. 11, 1864 ; see Abstract, vol. xiii. p. 126.
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Having thus explained the notation I propose to make use of, I proceed
to determine the conditions that I’ may be externally divisible by g? or,

in other words, that F may be a perfect differential with respect to ().
It will be seen that the above notation will enable us to obtain expressions
for the conditions indicated by the process of M. Sarrus.

It is obvious that if we expand F in terms of y,, in order that the sym-

bolical division with reference ad;may be possible, the terms involving
9.2, y.5 &e. must vanish,
Hence V,?F=0, and consequently
F=Z7F+y,2F,

where, of course, ZJF, Z',F do not contain ¥,.
Hence we have

%(Un—lzlnF) =Yn-—1Un—1Z,nF =+ ?/nz'nFﬁ
and therefore F becomes
%(Ufa—lzlnF)+Z7?F“—Yfz-«l n—lZ’nF H

and if R, be the first remainder,
R,=ZF-Y, .U, 7 F.
The condition that this may be divisible by [% will be, as before,
VZ_;R;=0; hence R, becomes
z,_ZL¥-—-7, Y, .U, 2, F+y, (2,  LF -7, Y, .U, Z,F).

Now
d

%Un_g(Z’n_lZgF—Z’,,_lY,,_lUn_1Z’nF) =
Y, Ul i ZGF Y, U, o7, Y, U, 2, F
+Yns(L ¥ —7', Y, w1ZF) ;
and if R, be the second remainder, we find
R,=Z ¥ -75_.Y, .U, 7. F
-Y,..U,. 2, ¥ +Y, U, 2, .Y, U, Z F:
the next condition is V,_,R,==0, and therefore
R.=Z; .72, \Z)F
=2y ol Y, U, U\ F -1 X, U, 2, ZF
+Z2-2 41—2U7i~2z/n—-1 n—1 n—lZ,nF
Fn-o Lol LR T, ST Y, U, 2, F
~2y oYy oU ol LR+ 7, 0Y, U, o2 Y, U, 2 F).
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But
a
% {Un—s(z’n—ZZg—JZgF——Zln—ZZg—l n—lUn—IZInF

- Z’n—2Y —2U'Il~2Z,?l—1Z91F+ Z,n-—2Yn—2Un—2 Z’n—-lYn—lUn—l Z’nF) }
= n—SUn—:}(Z’n-—ZZg,—lZgF_‘Zln—ZZ'IoL—]. 71—1U7z—1ZInF
—~2' Y, U, ol LY+ 7, .Y, U, o2, 1Y, U, 2, F)
s T2 TP — T, 20X, U, LT
—7,..Y, U, 2, ¥+ 7, .Y, .U, .72, Y, U, 2 F);
whence we find

Ry=70_ 2, \L)¥ —75, 7 Y, ., U, 2, F
—Z5 oY, 0U, 2 ¥+ 2 Y, U, 2, Y, U, 2 F
~Y,sU, 2, 20 Z3F+ Y, U, 7, 75 Y, U, ,Z',F
+Yn—-3Un-—3Z’n—~2 n—ZUn—-ZZ,n——IZ?lF
-Y,.U,..2,.Y, U, 2, Y, U, ZF.

Hence we infer the following rule for the formation of R,.

Construct the term
Yn —a'Un—rZIn— r+1Yn~— r—|-1Un—-~r+1Z ,n—~r—|—2Yn—r+2 Un—r-l—ZZ’n—r—l—2

..Y,.,U,..72, .Y, U, ZF.

In any symbol Z’,, the accent may be changed into a zero, <. e. we may at

pleasure substitute Z, anywhere for Z',,; but in such case the previous

symbolical factor Y,,_,U,,_, must be omitted. This term is positive or
negative according as the symbol Z' occurs an even or an odd number of
times in it; the aggregate of all the terms thus formed constitute the re-
mainder R,, and the conditions that F may be externally divisible by
(% are
VnF'_"O: Vn-—1R1=09 Vn—2R2=O’ Vn-—3R3=O, &e.
We shall now investigate the conditions that ;i—{—l’ may externally
dx

divide F where P is a function of () and (y).
As before, V,F=0, and in consequence
FP=ZF+y,Z' F.
Now
(i + P) Un-—lzlnF=Yn—1Un—~1Z,nF
dx

+PU,_Z,F+y,Z,F.

Hence we shall have
R,=2F-Y, U, .2 F—~PU,_ZF.

We have VZ_jR,=0 in order that this remainder may contain only the

first power of y,_;, and
R1 = Zg_1Z?zF - Z?z—1Yn—1Un—1Z’nF - Z?L~1PUn—1Z,nF
+:’/n—-l(z’nulz?aF"“Z,n-lYfz-—lUn—lz'nF"'"Z,n—lPUn—lz'nF)’
212
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(d-l_?; + P) U“_2(Z’"—lz?zF’—Z’n—lYn—lUn—lzlnF

-7, .PU,_ 7 F)=
Y, .U, 72, ¥ Y, U, 7, Y, U, 4, F—
Y, 2U,ol, i PU, 2 F+y, (2, ZF
-7,.,Y, U, 4, ¥-7, \PU,_Z' F)+
PU, .7, Z'F—-PU,_ 7 .Y, .U, Z F

—PU, 7, PO, 74 F.

‘Whence we find that } + P divides R, with a remainder,
X

R2 =Z3_1Z2F"‘ Zg—lYn—JUiL«lZInF

-7, ,PU, 72 .F-YX, U, %, [ Z0F
+Y,..U,..72,.,Y,,U,_ 2 F+Y,_ U, 72, PU, Z F
—PU,_7, ZF+PU, 72, Y, U, % F

+P?U,_ .72, ,PU,_ 7 F.

Putting V_,R,=0, we find in like manner,

Ry=Z; 70 Z3F — 75 o705 1Y, U, 7', F

—Zy o7 \PU, 4\ F—75_.Y, U, 7, Z°F

+252Y, U2, Y, WU W2 F A+ 2, Y, 0, G2, PU, 2 F
—Z5 ,PU, 7, ¥+ 75 _.PU, 2, .Y, U, 72 F
+7Z5_,PU, 2, \PU,_Z' F-Y, U, 7%, 7% 7°
+Y,.5U,.2, .2 Y, U, \Z',F

+Y, .U, 72, 7 _ PO, 7 F

+Y, U, 5%, .Y, U, 7, 2P

- Yn—3Un-—3Z,n—~2 )L—ZUn—ZZ/n-—-l n=1 n—lZ’y.F

~Y,.,U,.7, .Y, U, 2, ,PU,_ 72

+Y, U2, o0, U, o2, Z0F
-Y,.,U,.%, .PU, 72, Y, ,U,_ZF

-Y, U, %, .PU, 7, PU, % F

—PU, 7, 7 20 F+4-PU, 7, .28 Y, U, 7' F
+PU, 7,74 PU, A ¥+ PU, 7, Y, U, 7, ZF
-PU,.%,..Y,_, U, .24, Y, U, Z,F

—PU, 72, _,Y, U, 7, ,PU, %4 F

+PU, 7, _.PU, 7, ZF

-PU,.72, ,PU, 7%, Y, U, 7% F

-PU,_7%2',_,PU0 7, ,PU,_ 7 F.

N2

We see at once that the value of R, in this case can be formed from that
calculated in the last example, by writing P at pleasure for any one or
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more of the symbols Y, and taking the aggregate of the terms so formed.
The conditions of division will be, as before,
V,F=0,V,,R=0,V, ,R=0....
Let us now investigate the conditions that F may be externally divisible
d?
by —/.
b

We see at once that T, as before, must take the form ZF 4,2’ F, and
also that Z',F can contain neither ¥, nor y,_,. Hence we shall have
V2F=0, and also V,_,V,F=0.
Now
U, 2 FY =AY, 49,1V, U, 7T
dﬂ,‘2 n—24 n —dl’ n—2 %—1 n—2 n—244 n

=XY,_,U, .2 F+y, XZ' F+y, 72 F.
Hence we shall have
R,=ZF—-XY,_,U, 2" F—y, . XZ'F,
when we must introduce the conditions
V2_R;=0,and V,_,V,_R,=0;
consequently we shall have
R=7Z%_ Z5F—-73_.XY,_,U, 72 F+
Z',.2¢ -7, XY, ,U,_Z' F—Z_XZ',F)y, ..
Now
%lUn_a(Z'n_lng — 7, XY,_,U,_J7,F

—70_ X7, F)=
XY,_ U, 54, ZF—-XY,_,U, %', _XY,_U, .2 F
—XY, U, 7, XZ',F+(XZ',_ZF —
XZ',1XY,_,U, 2 F—XZ X7 F)y,_ o+

(Z’n— IZ?IF - Zln— IXYn—2Un-— QZ,nF - Z?L~1XZ'nF)yn-1'
Hence
R 2= Z?z— lZ?LF - Z?z— 1X‘Y1L——2U11—2Z/1LF

—XY, U, 52, 1 ZoF + XY, U, 7', XY, ,U, 7" ,F
+ XY, .U, 2 X7 F+(XZ,_,XY,_,U, .2 ,F
+ XZ_ X7 F—XZ', L F)y,
Introducing the conditions
Vi_oR=0, V,;V, ,R,=0,

we find
R2= Z?x—2Z?L—1Z:’lF -

7878 XY, .U, 72 F—-275_ XY, U, 72, \Z5F
+75_,XY,_,U, 7, XY, .U, .2, F

+Z5 XY, U, o7 X7 F+ (4, 70 ZoF

— 7 75 XY, LU, A F -7, XY, U, 2, [ZF
+7,..XY, U, 7', XY, U, ,Z"F

+7', XY, U, 2% X7 F+ 7 X7, XY,..U, ,ZF
+ 78 X7 X7, F—Z_ X7, _\Z3F )y s
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Now
a g0 o
WUn—«}(Z n-—ZZn—-lan—'

7 70 XY, U, & P~ XY, U, 7, T
+ 7 XY, U, 7, XY, U, 7, F

+ 7 XY, U, A XA F+78 X7, XY, U, 7 F
+ 720 X7 X770 _ X, T
=XY,_U,_ 2, 20 Z°F

—XY,_ U, 2", 7% XY, U, ,7' F

—XY, U, 2, XY, U, 7, ZF

+XY,. U, 7, XY, U, .7 XY, U, 72 F
XY, U, 7, XY, U, 70 X% F
+XY,_,U,_, 28 X%, ,XY,_,U, 7 F
+XY,_,U,_ 72 _ X7 X7 F
—XY,_,U,_ 2 X7, ZF

+ (X220 IR — X, 70 XY, U, 7, F

— X7 XY, U, 7, 7R

+X7, XY, .U, 7, XY, U, 7 F

+X7Z . XY, U, 20 X7 F '

+X7° X7 XY, U, 7 F
+X7Z0_ X7 XU B—X7_ XU\ 7% g,y

(Al LY -7, 75 XY, .U, 7, F
— Y o XY, U, 2, LR+ 7, XY, U, 2, XY,_U, 4 F
+ 7,2 XY, U, 25 XZ, ¥+ 78 X7, XY, .U, 24 F
+ 7o X7 XA R — X 2y, s
‘We thus find
Ry=70_ 7 72517 —78_.75_ XY, .U, 7' F—
0 XY, U, 4, R+ 75 XY, U, %, . XY,_,U, 2, F
+ 78 XY, U, 20 X4, ¥ —-XY,_U,_ 72, 75 ZoF
+XY,_,U,_ 2, 2 XY, U, 2 F
+XY,_, U, 2, XY, U, 2, _ZoF
-XY,. U, 2, XY, U, 2, XY, ,U, .2 F
—XY,., 0,7, XY, U, 2, X7 T
—XY,_, U, 2 X7, XY, U, %, F
—XY,.,U,_ 25 X7 X7Z'}
+XY,_ U, 2o X7, 70T
+ (X7, 28 _ XY, _sU, o4 ¥ — X7, _ 70 Z3F
+ X7, o XY, U, 2, 1231
— X7, XY, U, 52, XY, .U, 2 F
— X7, 3XY, U, 3% X2, F— X7 X7, XY, ,U, .4 F
o+ X7 _X70_ X7 F4+XZ_ X7, ZFy, s).
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Let us now assume
Rr= Ma- -+ Nrf/n—r'
Then M, is formed according to the following rule :—Form the term
XYn—r— ].Un——'r—lz ’7z—r+1XY1z—rU.1z—rZ ,n—r+2XYn—r+1Un—r+1Z ,n—r+3
e XY, U0, 7, XY, LU, 4 B

Z',, may in any placé be changed into Zj,; but in this case either the
preceding XY,, ,U,,, must be omitted, or the succeeding XY,, ,U,,_;
changed into X. The signs of the terms follow this law. A term not
containing X introduced in place of XYU is positive if Z' occurs in it an
even number of times, negative in the contrary case. But every X in-
troduced in place of XYU occasions a change of sign. The aggregate
of all the terms thus formed will give M,.

We form N thus: construct the term

XZ XY, U, 2 o XY iU e en s Z'F,
and a precisely similar rule holds good. R, is subject to the condition
Vi-iB=0, V, .V, R,=0.
Let us now investigate the criterion that F may be divisible by

4 d
Ja? + Po-ZaE+Q’
where P and Q are functions of (#) and (y).
Proceeding as before, we have
& d o
(zx".‘g + P{% + Q)Un-—2z nF'—
((7‘% + P) (Yn—2+yn—lvn-2)Un—2z’nF+ QU —ZZ,nF

=(XY,_s+PY,.+QU, 2 +y, .(X+P)Z F+y, 2 F.
The form of this equation gives us the following rule to ascertain the
successive remainders. Construct the remainder in the last case as before,
and substitute at pleasure Q in any place where XY is found, P in any
place where X is found. The aggregate of the term thus formed will give
the remainder in this case. .
We now investigate the condition that i%may be an external factor

of F.
We put, as before, F=Z,F +v,7",F, where Z',F must contain neither
Yn-1 NOT ¥,,_o, Which gives the conditions
ViF=o0, V,_,V,F=0,V,_,V,F=0.
Now we have

d’ ’ d’ ,
W (Un—SZ nF) = W(Yn—a'*' @/7»—2Vn—3) Un-az nF
d? , )
=%§ (Yn~3Un—3Z nF + yn—ZZ nF)
= X2Y73~3U1L-——3Z,7LF + ,"/n—-2X2Z’nF + 2‘7/11— 1XZVNF + y¢LZ’n:E"
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And we consequently obtain
R =ZF—-X*Y,_,U, % F—vy, X7 F—2y, ;X7 F.
Introducing the conditions
Vi-1R1=O, Vn—ZVn-«lRl:()g Vs 7;-1Bq=0:
and expanding in terms of ¥,_,, we have
R,=(Z_ZF—73_X*Y,_,U, .2 . F) +
@A F -7, XY, _ U, 2 )y, —Z5_ X7 Fy,_,
— Y iYneslsy 1 XL B —2y, 2 X7 T,
As the coefficient of ¥, in this cannot contain ¥,_,, we may write this
expression,
Ry=(Z_ZF -7, X*Y, U, 2% F) —y, .25 X7, F
+ 2 LR —Z5 2 XPY,_5U, sl B 225 _ 20 X7 F)y,_,.
Let us now assume
Rm= Lm -+ Mmy e Nmyn—m:
where R, is the mth remainder, and N,, does not contain 7/,_,,_; 0T %, _,, 3
Hence, expanding in terms of ¥,_,,, we have
R,= @, L, 4+l 1)
-+ (Zg—mMm + Y, n—mZ,n—mMm)?/-n—-m—l
+ G N F Yo N )
=7y L+ 2 M, s
F+ (Zy il L+ 25 128 N Y e

'{Un m-3(£n»—m 1“4 p—m m+én-—m 1 n—mNm>}

= “_o‘ {Yn-—m—-B + 3/n—m—2V71—1zz—3}U7z—1)1—3

{25 i L 25 25 ,,,NmJ
'—X Yn m—3  n—m—. 3<An —m— 1 N mLm'l"Zn—m IZ?x—mNm)
+ X2 a2 L+ 25 m__lZ,,_,,ZN,,,) Yz
+2X(Zn—m 1 n—mLm+Zn m—l n— mNm)./n —m~1 "
+ (2o i L+ 20y i 75N e
Hence R,.1.=(Z)_,,— X*Y o sU,sZ 12", ) Ly
"_X2Y¢z m—SUn—m-3Z101—-m—lz?z—mNm
— (X7 i i L+ X222 N s
—(2XZ il V=2 M+ 2X 78 20 N e mete
Now consider for a moment the equations
L,.=G,L, + H,M, + K,N,.,
M, ,=6,L,+ H,M,+ K',N,,
N,p=6",L,+H",M,+K",N,,
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and suppose that
Lm-l-1= 7\1Lm—1 4+ p WM+ Van—1
=N\ L, 0+ ,uZM,,,_,z +»,N,_,=&ec.
=\L, o+ pM, 4. N, .

= &e.
Then we find
A== Gme—l -+ HmGlm—1 + KmG”m—l)
A= GG, G+ H,G 1 G s +K LG 1Gs
+ 6, 4,6, .+ 8,H,_ &, +K,H', .G, _,
+6,K,,G",_.+H,K, G, .+ K, K", G,
A G,.G,.1G, oG s+ H, G 1 G,_0G,s

+ K,G", G, oG, 5+ G, H, G Gs
+ H,H,_ .G, G, s+ XK, GG, _;

+ G,K, .G, G+, K, G, Gs
+ K, K", 16", 2G5+ GG, H, oG s
+ H,G,.H, .6, s+X,G",H,G, s

+ G, H,,H, .6, s+ H,H, H, &,
+K, 1, G+ K HY G
+ G, K, H", .6, s+H,XK, H", .G,
+ G,6,.K, .G, s +H,G, K, .G,
+K, G, K, oG s+ G H, K, G
+H,H,_ K, .G, s+K,H, K, .G 5
+ 6, K, K", .G, s+ H K, K, .G
+K, K", 2K, G,

Hence we obtain the following rule for the determination of X, :—Write
down the term G,,G,,_1G, 5. ... - G,—r. Wemay substitute H and X at
pleasure for G anywhere except in the last factor, which is always G.
Whenever we put I for G, the succeeding letter is to receive a single
accent ; whenever K for G, the succeeding letter receives a double accent.
The aggregate of all the terms thus formed will be A,, and we may of
course obtain similar expressions for p,, &ec.

Now if we put
-
G'mzé?z—-m - XzYn—m—B n——m—SZ?L—m—lz

74l

n—ms
Hm= 0,
-Km = X2Yn—m—3Un-—m—3Z701— m—lZg —~m3
Glm = Xng—m-—lzln—m;
H/m =0,
K',=—X2Z 125 s
G”m= - QXZ?L—m—IZI
H”m': + Zzoz—mMm,
K”m= - 2XZ?,,_",_1Z2_M,

n—=my
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we shall find the above equations satisfied ; and consequently the last in-
vestigation gives the law of the formation of the remainders. Each re-
mainder will of course be subject to the three conditions already exhibited.

These results point out the foundations on which symbolical division,
as applied to non-linear functions, must rest. We have confined our at-
tention to external division, as more particularly applicable to these func-
tions. When a non-linear equation is proposed for reduction, we must
ascertain whether it admits of an external factor by employing the method
of division as already explained.

“On the Calculus of Symbols.—Tifth Memoir. With Application
to Linear Partial Differential Equations, and the Calculus of
Functions,” By W.H. L. Russzry, Esq., A.B. Communicated
by Professor Sroxzs, Sec. R.S. Received April 7, 1864,

In applying the calculus of symbols to partial differential equations, we
find an extensive class with coefficients involving the independent variables
which may in fact, like differential equations with constant coefficients, be
solved by the rules which apply to ordinary algebraical equations; for
there are certain functions of the symbols of partial differentiation which
combine; with certain functions of the independent variables according to
the laws of combination of common algebraical quantities. In the first
part of this memoir I have investigated the nature of these symbols, and
applied them to the solution of partial differential equations. In the second
part I have applied the calculus of symbols to the solution of func-
tional equations. For this purpose I have given some cases of symbolical
division on a modified type, so that the symbols may embrace a greater
range. I have then shown how certain functional equations may be ex-
pressed in a symbolical form, and have solved them by methods analogous
to those already explained.

d d
(x@~y;ﬁ (@ +y*)=0,

Since

we shall have

(fvjj ?/dm>(w +yyu=(’ +y)< yj,,)u,

or, omitting the subject,
d d 2 2\ __ (12 2 i i

(wdy —y 3;9) (@' +y") =(@+y") (wdy ~y dw),

+ 2ty =a’+y +w dy

also

d
d/ ydx Y @

d d . .

therefore the symbols @ —Y 7 and #*+%° combine according to the

laws of ordinary algebraical symbols, and consequently partial differential
* Read April 28, 1864. See Abstract, vol. xiii. p. 227,



