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“On the Theory of the Solution of a System of Simultaneous
Non-linear Partial Differential Equations of the First Order.”
By E. J. Nanson. Communicated by Professor Cavrey,
F.R.S. Received June 5, read June 17, 1875*,

Given an equation of the form

2@, Xyy o oo Bpgpy Gpy Gy o oo Gy Bpg1)y
we obtain by differentiation with respect to each of the n--# variables
n-+r equations, together with the original equation n--7-+1 equations,
from which, eliminating the »+1 constants, we have a system of n non-
linear partial differential equations.

Conversely, given a system of » non-linear partial differential equations
with n+4r independent variables, if there exists an equation

2=g(@), By oo Bty Uy Gy o oo Uy Gpg)
with »41 constants, giving rise, as above, to the given system of »n equa-
tions, then this is the “complete primitive” of the given system.

Starting with such a system of partial differential equations, it is in
the present paper proposed to determine the conditions which must be
satisfied in order that the system may admit of a complete primitive, and
also to examine what kind of solution, if any, exists when the conditions
above referred to are not satisfied.

The late Professor Boole has given an elegant method of treating a
system of linear partial differential equations of the first order; but I am
not aware that any one has considered the case of a non-linear system.

Let us begin with the case in which the dependent variable z is not
explicitly involved in the proposed system, which can therefore be pre-
sented in the form

fl(xl’ Doy v oo Dty Prs Pos + -_pn+r)=0>
Jo@y @y o pgry Py Pys - o Prgr) =0,

ceeee (D)
fn(x y Loy v oo Tpbyy Prs Pos o ¢ -Pn-{-r)"-‘-O,
where p1=?%§, P= C;lz &c. ..., the number of equations being «, and
1

the number of mdependent variables being n+r. It is assumed that
S fos - - Jnr considered as functions of @y, @, ... @n4r, P, Dy v P
are mutually independent; if f,, f,, . .. f, were not mutually independent,
then, provided the given system were a consistent one, we could replace
it by a new system containing a less number of equations.

Now the existence of a solution involves the supposition that values of
Pis Pos + v+ Putr can be found which will satisfy the equations (i) and at

* See Proc. Roy. Soc. vol. xxiii. p. 510,
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338 Mr. E. J. Nanson on Differential

the same time render the expression

A R £ SR o I /S (ii)
a perfect differential, dz.
First suppose the functions f, f;, . .. f, are such that for every pair

the condition
[fofil=0 vt (i) *
is identically satisfied. If we determine » new functions

,]/-‘n+19 fn+2: . -ﬁH—r of Xy Loy oo Bnfepy Py Poy + oo Prtr
such that for every pair of the whole series f,, f,, ...f» the condition
(iii) is satisfied, then the values of py, p,, + .. Puyr derived from the n equa~
tions (i) and the » equations

fn+l(mp Loy o oo Bntpy Prs Pos oo °_23n+r)=“1,
: } . (@)

Tntr(%yy @oy + s Bukny Pys Poy + o+ Protr) =l
where a@,, ¢y, .. . @, ave any + arbitrary constants, will render the expres-
sion (ii) a perfect differential, and the value of z found by integration,
viz.
2= (@ Wy o e By Gy Uy oo n ) +D, oL, )
b being a new arbitrary constant, will satisfy the given system (i), and will
be a complete primitive in the sense above defined.

Now the determination of fui1, futes - -+ futr under the above condi-
tions is a part of the problem considered in Boole’s ¢ Differential Equa-
tions,” Supplementary volume, p. 115: the determination is there shown
to be possible, and a method is given for effecting it. Hence we see that
when the $n(n—1) conditions [ f;, fj]=0 are satisfied, the proposed system
has a complete primitive.

‘When the given system is a linear one, these conditions are identical
with those used by Boole, p. 81.

Next suppose that the condition [ f;, f;]=0 is not satisfied for every
pair of the functions £, f,, . .. fu. Let the expressions of the form [ 7, 73]
which are not zero be denoted by ¢,, ¢,, ¢, ... ; then it is plain that no
relation can be found which will satisfy the proposed system (i) without
at the same satisfying the system of equations

$,=0, ¢,=0, ¢,=0,...;
hence the required solution must be sought for as the most general solu-
tion of the system

5i=0, £,=0, ... fa=0, ¢, =0, ¢,=0, ¢,=0, ... ;

* Adopting the notation of Boole, Donkin, and others, the symbol [ £, /5] is used as
an abbreviation for the expression
sk(@fi af; _ dfi BZL;),
day, dpr,  dpy da
the summation extending from =1 to k=n-+7 inclusive.
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if this system is inconsistent no solution exists; if it be consistent, and
the functions

f;’f2""f”’ ¢l’ ¢27 ¢8"'°
are not mutually independent, let it be replaced by the equivalent system
f1=07 f2=03 . 'fn=0; fn+1=0a . 'fn+s=0;
where f,, s . .- fots ave mutually independent. There are now three
cases to be considered.

L If s be greater than », then no solution exists.

IL. If s=r, we have n+7 equations to find p,,p,, ... Pnyr in terms of
&y, %,y o oo Zpyp: if the values thus found are such as to make (ii) a perfect
differential, that is if the functions f,, f,, . .. fu+» are such that for every
pair the condition (iii) is satisfied, then we have an integral of the form

e=¢(@yy gy oo Bpar)F0y ool ceees (VD)

containing the single arbitrary constant d. If the conditions are not
satisfied then there is no solution.

III. If s be less than », we have a system similar to the original one,
only containing s more equations.

‘We may therefore apply the above process to this system, and so either
demonstrate the non-existence of a solution, or find a complete primitive
of the form

e=¢(@y, By o oo By by By« or Upg)+ Dy

that is, an integral of the form (vi), or fall upon a new system analogous
to the given system (i), only containing more equations than either of the
previous systems.

By continually repeating this process, it is seen that we must either
arrive at a solution or prove that a solution does not exist.

‘We have now to consider the case in which the dependent variable 2
is explicity involved in the proposed system, which is therefore present-
able in the form

Ji(@ @y @y o Bprs Prs Py - -Pn+r)=0,}

Sul#y @5 @y« Bngry Py Poy + - Prtn)=0.
Now let

0@, @ gy o Bpg)=0 .o (viii)
be any relation between the primitive variables which satisfies the given
system (vii). Differentiating (viii) with respect to each of the n+-r inde~
pendent variables @,, @,, . .. #n4y We have

d¢ de __ d¢ de__ 0

Efl‘:-{—plgz— =0, ... clmn+;+1)"+r dz

Hence, determining p,, . .. putr and substituting in the proposed system
(vii), we get a system of n equations of which the type is
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d¢ d¢ d¢
dw,  da, day,

f(z: Lyy Doy o 00 Xpgpy — -C%, - %a oo -ﬁ):O. se s (iX)
dz dz dz

Hence ¢ considered as a function of the n+r+1 independent variables
2, @, @,y ... Wny, Must satisfy a system of # partial differential equations
of the first order; and in this system the dependent variable does not
appear explicitly. If, then, there be any value of ¢ which satisfies the
system, it can be found by the method given abeve; and provided it in-
volve z in its expression, the value of z found from the equation ¢=0
will be a solution of the original system. If z does not occur in the ex-
pression for ¢, then the proposed system can have no solution.

Suppose the system of equations of which (ix) is the type to have a
complete primitive of the form

Sd=yY(2, @), By « oo By Gy Qyy oo Cpgy)F g

containing the »-+2 arbitrary constants a,, a,, ...a,+a. Then the equa-
tion ¢==0 gives us the value of z in the form

2=0(2) @y oo By Cpy Cyy oo e Gy 9 oo v vvvnnn .. (x)

And it is to be observed that this value appears to contain one more than
the number of arbitrary constants indicated by the theory of the genesis
of the system (vii) as the proper number. But from the fact that (x)
satisfies the system (vii) of n equations, it follows that the constants a,,
@y, « .+ tpyo must be virtually equivalent to 7+ 1 constants only. An in-
stance of this occurs in the first example given below.

The results of the preceding inquiry may be collected into the follow-
ing rules.

Given a system of % non-linear partial differential equations of the first
order in n+7 independent variables, and in which the dependent variable
does not explicitly appear, to find the nature of the possible solution.

Rule. Let the equations by algebraical reduction be brought to the
form

Si=p+E (@, o g oy - 'Pn-l-’f):():}

n==PptFu(@s « o nprs Prgrs o oo Prpr)=0,
and examine whether the condition
dF¥; _ dF; k_=‘"( dF; ay d¥;  dF; =0. (xii)

blil=a—e— L+ 3 . et I
Lo i day  de; S\ \dangr dpuyr  A@nir Apnir

is identically satisfied for every pair of the functions T, ... F,. Ifit be
s0, then the system will have a complete primitive of the form

2=y Byy v oo Bngers Gpy Bpy v a )40, oL (xiii)

which may be formed by the method of Boole referred to. But if any
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one of the equations of condition (xii) be not satisfied identically, it will
constitute a new partial differential equation to be combined with the
given system (xi). Let such combination be presented in the form

ho o= y HE @ B Py - 'p”+7‘)=03}

Jr1=Pni1 FFai (@ oo Bngry Pugay o oo Pugr)=0.
Treating this system in the same way as we have just done (xi), we either
get a solution of the form

Z=¢(@yy + oo Bpry Gy o oo pmy)+ 0,
or fall upon a system of n+2 equations analogous to (xi) and (xiv). Pro-
ceeding in this way we mustfinally arrive at a solution of the form
R=gp(2yy gy o oo Loy Uy Gy o oo 05)+D,
where « is less than », or else we shall have the system
» +F (2, @, .. 204.)=0,

PrtrtFoug (2 @ oo @0gr) =03
and if the 3(n+#»)(n+r—1) conditions
ClF 7 _ Cle -
duw; dw;
are satisfied, we have a solution
2=¢(@,, By o o Ungr)+0;
but if these conditions are not satisfied, then there is no solution.
Ewample 1. Required the integral of the simultaneous equations

2  \2
2= '%Zf)‘l“'--"}‘—‘h)’
&)

0

d day
. d. dz
z=blz‘5— +...0, T
1

Let
¢(2, @y oo ) =0
be any integral, and let
—dp b,
b= az’ DPr= C—l;r H
then
o= p'+ p'+...+ pi—ePi=0,
szprl +bnpz +...+ bni”” + 2p =0,
and the condition [f,,f,]=0 is satisfied. Also it is easily seen that the
functions f,=p,, f,=0,, . +.fo+1=pn-1 satisfy the requisite conditions.
Hence we take
D=0y Py=0y v Pn=(p,y
_Na+a’+. ot an®

2

r
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@, @,y ...ty being arbitrary constants, and «, determined by the con-
ditions

ab +ad,+ ... Fad,+ A/a12+a22+ cee =0,

These values of p, ...pn, p give

dp=a,dr,+ ...+ anda*+ N 3a?, d~z

cp=a,@, b g+ N 2P .logz-}-C;
whence the solution required is
A S N/E—!ﬁlog z+C=0,
which is equivalent to
logez=c@,+ .. .+ rwpn+D,
D being arbitrary, and ¢, ... ¢, connected by the equations
¢+ 624 .+ o=l
be, +06, + ..o tbpo, =1,

Since there are n~1 arbitrary constants, we have a “complete primitive”
as defined above.
Example 2. Have the simultaneous equations

e ()
day,
dz clz

Leby kot

any solution ?
Proceeding as in the last example, we find

2fi= p’ +p; +. ..+ pa’ —2p°=0,
fo=0p,+bp,+ . +bupat p =0,
and the condition [ f,,f,]=0 is not satisfied. Accordingly we write
fi=1lol]=2p*=0.
From these we find
Uofd=2%% [fnf]=r%
and are thence led to the equivalent system,
2fy= p} + p’ +..ot+ pa’ =0,
fzzb Py +bﬁpa+ oot bnp,=0,
f:} =

Also it is easily seen that the functions

f‘l=.p1’ fr):pz’ ---fn+1=29n-2
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satisfy the conditions
[fs fi]=0.

D=y Py en vy Pr==0y ;

@,y Uy o .. (y—p being arbitrary constants, and @,—1, ¢n being determined
by the conditions

Hence we take

a4 o,k =0,

ab+ad,+ .. . Fayb,=0;
and we find

de=a,de, *a,dze,+ ...+ aydwy,
and therefore

p=a2,+ a2+ ...+ dawn4-C.

As this value of ¢ doesnot involve z, there can be no solution of the given
equations. But the work has shown that the simultaneous equations

do\2 | /do dg\? d¢

(cf_x'— +<dﬂ(:) +- +(da, ( ) @
¢l¢ clq) de dy _~ [ *
clx +0 % d +oth 2 da, + dz

have an “integral ”

p=ax,+ ...+ ay+C
containing »—1 arbitrary constants ; and that the system of simultaneous
equations formed by () and
dy _
s =0
has the same equation for a ¢ complete primitive.”
EBgample 3. Find the nature of the solution of the simultaneous equa~

tions
du (dw du
“gs ()~ G ==
du 2V du ) 2xzd — 9y =0.
(dy ) (l — dw =
Let
= du r— du
P=qw q_dj @&
Si=ap(q+y)—r—z=0, } )
2fi=(q—2)+(r—y) —2xzp—2y=0. a

Then we find
(S fol=(pa— D(q+r—y—2).
Accordingly the condition [ f}, £,]=0 requires that
pr— 1= 0,
or else that
q+r—y—z=0.
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Now the first of these taken along with the equations (8) leads to the
equivalent system
fi=pz—1=0,

fi=gq—z—r+4+y=0,
fo=(g—2)'—y—2=0.
For this system the conditions
[/ fi]=0, [fuf]=0, [f,/.]=0

are satisfied ; and the values of p, ¢, » drawn from it being
P=}’ Q=zi' V?/-l—% "=yi‘ Vy'i'zr
x
we find an integral
u=loga+yz+&(y+z)+0C.
The second equation,
g+ r—y—e=0,
does not lead to any solution.

Example 4. Find the possible solution of the two simultaneous equa-

tions
fi=a"p+y’+er—a4y=0,

= a*py* +atyp —xyt—zrt—ay=0.
Here the condition [ f,, f,]=0 is satisfied ; we have then to find a function

f, such that
[.fv f1=0, [fz’ fa]:" 0,
and it will be easily found that
fo=¢+y
is a common integral. 'We have then
Fy=a;
and p, » must be found from
2P —a+2ri=—a,
(a"p—a)a—2z1"=0;

whence
@ 1
r=—mraets
q: '\/a——y,

r==a/ i1

and we get for a complete primitive

a’z

2 (a— 3 -
U== (1+a)x+ oga— 2 (a—y) +2\/1+a+0'




