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the bodies examined by them, and obtaining only negative results, and
always a certain result with a crystal of the salt, they have insisted
that this is the only nucleus. Others, again, have sought for an
explanation in some catalytic or other mysterious force; while a third
set of observers have declared it to be a matter of uncertainty or
hazard whether a foreign body acts as a nucleus or not. In reviewing
the subject and repeating my experiments in various ways, I see no
reason for withdrawing from the theory which I had the honour of
submitting to the Society eleven years ago, namely, that the action of
nuclei is simply mechanical, and is capable of being expressed by the
familiar word adhesion.

VIII. «“On Definite Integrals involving Elliptic Functions.” By
J. W. L. GrasaER, M.A., F.R.S., Fellow of Trinity College,
Cambridge. Received July 31, 1879.

§ 1. The chief object of this paper is to apply to definite integrals
involving elliptic functions certain special methods which Lave been
employed for the evaluation of integrals of a similar kind involving

circular functions.
§ 2. One of the most elegant and direct investigations of the value

of the integral

i

j log sinz du:=%7log (%)

0

is afforded by the product
sinzsinz—" Loesine (n—D)m_ =,/n . 271,
N " 2n

for, taking the logarithm of both sides of this equation, and writing
T=h,
n

h(log sin i+log sin 2k . . . +log sin 7)== lim. log{y/n . 270}

n
—Lirlog 2.
The same principle also gives the value of the integral
Jﬂlog (1—2acosw+aP)de . . . . . . (1),
0

which =0 or 27 log @ according as @ < or > 1, and it is easy to see in
general that if

#(o+2)p(a+2) . p(at 2=y (),

then ja+?blog b (@) da=b lim.,._, 28 ;f(%) = b‘fl’(( ;’))
2 A2
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For example, from the product

I‘(a)I‘(a—}-l) . I‘(a—i—t-l-):I‘(na) . (2m)Mn—Dipi=na
n n
since, when » is great,

T'(na)=(2n)}(na)me-3t¢ne,
we derive the evaluation,

atl
j * log T'(@)de=1%log (27) +a(loga—1).

The number of products that yicld integrals of interest is not great
and those just noticed are all that I remember to have seen applied to
this purpose. The transformation formulse in elliptic functions lead,
however, in this manner, immediately to definite integrals, as will
appear in the next section.

§ 3. Writing sn, cn, dn in place of sinam, cosam, A am, we have
(“ Fundamenta Nova,” p. 46) :—

{sn2wsndw ...sn(n— 1)w}9—-( DM_D()\!E . (2).

M s
{en2wendw. .. cn(n— 1)(»}2—<:7$]Z> e o (3.
{dn2wdn4w...dn(n—l)w}Qz(];;Y. C .

In the case of the first real transformation (n being an uneven
prime)

Thus, when » is infinite,

4
A=1nr, —2K \ K

but A'=Iog%, so that A=

and we therefore have

* ’
lo g< X) ——;}nﬁ——%—nlogk,

I» K
N\ &

L e -
o

log (k . nlogk'—1log (37),
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whence the products (2), (3), (4), give

K
jlogsnwdw:—%wK’—%K]ogk e (8),

0
K kl
jlogcnwdw=—4l7rK’+%Klog(7>. .o (8),
0
<
jlogdnwdw:%Klogk’ A (O N
0

which are the analogues in elliptic functions of the integrals
4
j log sinzde=3%7log(3) . . . . . . (8),
0

ﬁ" logcoszde=3wlog(3) . . . . . . (9).
The other formulee, such as, ex. gr.,
snusn {u+4w} .. .sn {1¢+4(n—1)w}=(2_m)%sn(%i, 7&),
do not lead to new integrals, for this product gives
j:x log sn (w+2) de=—»K'—2K log k,

in which the sign of sn (u+2) when negative is to be changed, so that
the quantity under the integral sign should be written }log sn? (u+ ).
This result, however, may be readily deduced from (5).

The remaining formule on page 51 of the “Fundamenta Nova”
only produce the equation '

~

K PJ 2 K
jo $log (1—3112;) dw:jo log (1—F? sn? w sn? z)de,

s

which may be otherwise deduced from the formule (44) and (45) of
§ 10.

§ 4. In the second real transformation
_ K

w=

K
, M=1ln, N =g,
so that we find

'
jo Flogsntiwde=—5K'loghk . . . . . . (10),
K/ /2
J logcnimdmzier-f-%K’log(-;ﬂ—) . ...,
0 7

Kt
j log dnizde={rK+4K'logh” . . . . . (12),
0
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but if, in virtue of the formulae

. __.sn(a, k')
sn ie=1 A
cn (2, k')
cn = 1
en (@, k')
dn m:dn (1)
cn (@, k')

these equations be written in a real form, they only reproduce (5),
(6), and (7), as might have been anticipated & prior:.
§ 5. The double products (* Fundamenta Nova,” p. 66)

. 2mK 4 2m'iK' — (—)io=1gy

Is n JA2-1) ?
Ten2 27K+ 2m/ (K’ _ (lcl)i(”" -
n k ’
1 dn2 2mK + 2m'TK’ — k/t(ﬂn_l)’
nJ

give rise to the remarkable integrals

X ('K’

JJ’ Jogsn (z+iy)dedy=—KK'loghk . . . (13),
0)—x

K (1 . W

j § log en (@ +dy)dody=KK'log »/—) o (14),
0J)-x e

X (K

J j Jog dn (z+aiy)dedy=KK'logk" . . . . (15).
0J-K

These may of course also be written
K (K/
J j log {sn (w+1y) sn (w—iy) }dady=—KK logk; &c.
0Jo

§ 6. Using the values of the three integrals in (5), (6), (7), and
observing that

K 2K
log sn 2zde=4%| logsn adu,
0 0
K L [
=% . log sn zde+ % N log sn wdw,

K K
:%j log sn adz +%JO log sn (2K —z)d,

0
K

. log sn ada,



1879.]  Definite Integrals involving Elliptic Functions. 335

we find, by means of the formula

1—k?snta
K ) 4 — 1 ’ 27{?,
that log (L—F2 sn*2)de=—1=K'+Klog ) (16).
0 e

Similar]
v K K
j'o $log en? 2a:d1;=J‘O log cn wdz,

K (K
j‘ log dn 2wclw=j log dn wdu,
0 0

whenece, from the formulse

1—2sn? 2+ snte

cn 2r= R
1—7%snt»

dn Ow— 1—2k?sn? 4+ %2 snt
1—7/? stz

by the use of (16), we find

K /3"
jo $log (1—2sn? 24 k% snt 2)%de= — 7K'+ K log (2;2 Q) . (A7),
K 218
J log (1—2k% sn? x4 1% snt o) de = —Ti-wK/.{_Klog'( o ) .. (18).
0 o
These two integrals may also be put respectively in the forms
K
J $log (en®z—sn?zdn?a)?de . . . . . . (19),
0
K
“ log (dn?z—kPsn?wen’a)de . . . . . . (20),
0

Y

the former expression is written $log (' )? as the quantity in brackets
is negative from 2=4K to a=K.
§ 7. Using the formulse

1—cn 2e=2sn? 2 dn?a +(1—k? sntz),
1+4cn 22=2%m?a + (11— sntw),
1—dn22=2/? sn®z cn?» +(1—7?snta),
1+dn 22=2dn?2 +(1—1? sntw),
en®z=(dn 2z +cn 22) +(1+4dn 22),

dn?z=(%'?+dn 22+ ? cn 22) <+ (1 +dn 22),
and, observing that

j“¢<2 Yle=}| By
0 @ @_2j0 ¢ w) Ty
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we have

2K

J log (1+cena)de=—LirK'—Kloghk. . . . . . (21),
0

9K

j‘ log (1—dna)de=—3~K'+Kloghk . . . . . (22),
0

9K

j log (1+dn2)de= 47K'+Kloghk . . . . . (23),
0

9K 772

j log(dnw+cnm)dm=—-%7rK’+Klog(-7—) CL€24),
0 o

/‘2K
j log (¥ +dn o +72 cn 2)de=17K’'+Klog (kk?) . (25).
0

Since sn(2K—wu)=snu, dn(2K—u)=dnwu, cn(2K— u)=—cnwu, it
follows that

jgx‘ﬁ(snw)dm:ij{(/)(snw)dm .
0 0

qus(dnw)dm=2r¢(dnm)dm e L (26),
0 0

K

2K
jo ¢(enz)de= jo {p(cn2)+¢p(—cnz)}de J
and therefore from (22) and (23) we deduce that

K
jlog(l—dnm)dm:—%rK’—}-%Klogk Lo (2D,
0

K
jo log (1+dnz)de= 17K'+4iKlogk . . . . (28).
But (21) only gives the value of
J:{log (1—cnz)+log (14cna)}de,

and is, therefore, equivalent to (5), while (24) and (25) are merely
transformations of (5) and (28).
We also see that in (24) and (25) the integrals may be written

leog(dnm—cnm)dw e e e (29),
0

X
r log (K?+dna—kcena)dz . . . . . (30),
0

Applying (26) to (17) and (18) in the forms (19) and (20), we see
that

"1 2= — 17K’ + K log ( 2}
Ogog(cnw-{_—snwdnm) de=—37K'+Klog =) - (31),

2K , 2%/t
j log (dna+ksnacena)de = —37K -I-Klog( i ) .. (32).
0
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§ 8. Since
K K
Lqﬁ(m)daz:j p(K—2)de . . . . . . (383),
0
it follows from (27) and (28) that
rlog(dnm—k’)dm:—%wK’+—;-Klog(kk’) L. (34,
0
J.Klog(dnw+k')dm= 1K 1K log (W) . . . (35).
0

Tt may be remarked that the transformation (33) applied to the
functions sn, cn, dn does not suffice to give the values of the integrals
in (5) and (6), although we thus immediately obtain (7); for

K K K K
j log dn wdm:j log dn (K—-w)dm:J log k’dx—g log dn adw,
0 0 0 0

K
giving j log dn ade=3Klog & ;
0
K K K
but j log snwde= j. log en ade— j log dn wdz,
0 0 0

K K K K
and j log en zdw =j log %'da +j log sn adz— s log dn ada,
0 0 0 0

only lead to one equation between the integrals of log sn  and log en «,
viz.,

K K
j log cn wdw—J log snade=3Klog ¥'.
0 0

§ 9. Putting 2=y in the formula

2,02
6(w+y)9(w—y)=egzeoi(1—kzsn2msn2y). .. (36),
it becomes
02)=221—t#suta) . . . . . (37
6%0 ’
whence

K K K K
j. log 6(2m)dw=4sj log ©xde— 3j‘ log 60dz + j log (1—F? sn ) da.
0 0 0 0

-

- <
Now J‘ log ©(2x)d=z =j ¢ log 6zdz,
0 0
so that the equation is
K K
j log ©2dz=K log 60——};J log (1—7i? sntz)da,
0 0

and substituting the value of the last-written integral from (16) and
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! 3
putting for 60 its value, viz. (276 K) , this gives
T
K
j log 62de=-75,7K’'+3K 1o (Qkk ) ... (38).
0
Also He= .k .sn 20wz,

and integrating the logarithm of this equation, using (5) and (38),
we have

K s
Jr log Hade=—3i7K' -+ 1K log (?Jkk K )
0 —

Replace #, y in (36) by ma, ne and the formula becomes

o(m+n)z0(m—n)s= & (11%)% (nax) ~" (1 —1? sn® ma sn? na),

whence, since (p being any integer)
K K
j log ©(pz)dw =J log 6zdw,
0 0
we have
K K
j log (1—7%? sn? ma sn? %m)dw:.?(Klog eO—j log 6mdw> . (39),
0 0
if m and n be different integers, and
K
=8<K log 90~j log Gmdm) . (40),
0

if m and n be equal integers.
Thus we find

K !
J‘ log (1—7%? sn? ma sn? ne)de= —irK'+ 2K 10g<2—77—f> - (41).
0 92

if m and = be different integers, and
A
= 17K’ +Klog (%) L (42),

if m and n be equal integers.
The relation

X
jK log (1—7? sn? ma sn? nm)clw:%J log (L—7?sn*ma)de . . (43)
0 0

is curious. The value of the latter integral is of course immediately
derivable from (16).

§ 10. (Lemma.) If ¢p(x) be an even function of z, and if ¢(» +2K)
=¢ (@), then

j:¢(m +y)de+ [:d)(w —y)dp= Qﬁ(/)(a;)dw,
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for, if w denote the left hand member of this equation,

du__{*d
e N et

=[ 2 g+ ito— L p—y)a,
=p(K+y)—dy) —p(K—y) +p(—y),
=0,

so that « is independent of y and the lemma is proved. Now from
(36),

K K
j log ©(z+y)de +§ log 0(2—y)de= 2j 1og oxdz+2K log 0y
0 0
, K
—2Klog 60+j‘ log (1—7? sn? @ sn? y)dw,
0
and since O satisfies the conditions supposed in the lemma, the left-
hand member of this equation is equal to the first term on the right-
hand side, so that we obtain the formula

j log (1 —7? sn?a sn? y)de=2K 1006 =Klog| (% K) 2Klog 0y (44),

which we may write in the form

IK) —2K 10g9<sn’1§).
T k

sn? g —sn?yq
s (oty) s (=)=

EK log (1—a?sn?2)de=K 10g(2k
0

In virtue of the formula

1—sn?2—sn?y+7i?sn?wsn?y
1—/?sn®zsn?y

cn (z+y) en (w—y)=

—%? sn? 2 4n?
dn (z+y) dn (2— y)— & sn ,i l;zsnzy-i—zzsn%sn?y
— K7 8N° 2 SN Yy

we can deduce by means of (44), since sn?w, c¢n?a, and dne each
satisfy the conditions of the lemma, that

K g
Jo 1log(sn? » —sn?y)?de = — 7K'+ Klog zz:{)——QK logoy . (45),

K
joélog (1—sn?g—sn?y + 72 sn? 2 sn? y)2dw
=—17K'+Klo g<27;c K —2Klogoy . (46),
T
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j:log (A—IPsn? 2 —k% sn? y+ k2 sn? w sn? y)da

=Xlog (z—k;iK—)—-&Klog oy . (47).
The last two integrals may also be written

K
J‘o +1log (en? z—dn? 2 sn? y)2dw,

K
J log (dn? 2—£? en? 2 sn? y) dw,
0

and if these be transformed by the substitution of K—uz for z, they
become respectively

K K
jo 1 log (sn? w——snzg/)%lm-—ZL log dn wdz 42K log #/,

K e
j log (l—kzsn%;sngy)dw—2j log dn dz 42K log %’,
0 0

so that of the four integrals (44), (45), (46), (447), the pair (44),
(47) are convertible one with another, and also the pair (45), (4.«6), by
the substitution of K—a for .

Integrating (44), . . . (47) with regard to y between the limits K
and 0, and using (38) we obtain the following evaluations :—

j j log (1—%* sn? @ sn® y)dedy = —§mKK’'+£K? log 2 ) .o (48),

j r%log(l —sn% —sn?y + k? sn?z sn?y ) daedy = — 7KK’ 4 2K? log(2k ")
0
(50),

w('-'

log (sn? @ —sn? y)?dady= — {7 KK'4+£K?log %) .o (49),

jKjK log (1—7? sn? @ — k% sn? y 4+ 1? sn? & sn? y ) dady
0Jo

= — 7KK’ +2K?log 27“) .. (D,

§ 11. The lemma ab the beginning of the last section may be de-
duced directly from the definition of integration when y is real; for,
in virtue of the equation ¢(@+2K)=¢(z), ¢(e+y)+p(a—y) can
always be reduced to the form ¢p(x+a)+¢(#—a) where a<K; and

K K
J‘ d(w+a)de +J P(e—a)da
0 0

=h{p(a) +p(a+h)+p(a+2h) ... +¢(a+K)
+d(—a) +p(—a+h)+p(=h)+p(0) +¢(%) . . . +Pp(K—a)}.
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Since p(K+a—h)=pRK—K—a+5h)=¢p(K+a+h), &c., and ¢(—h)
=¢(h), &e., this

=k{p(0) +d() ... +d(K=-a)+p(K—a+h) ... +p(K)
+0(0)+d(h) . . . +p(a) +P(a+n) ... +$(K)}
=2j0¢(w)dm.

The lemma is thus evidently true for all real values of ¥, and from
the proof in § 11 it would appear that in general it was probably true
when y was imaginary or of the form a+bi. It is, however, cerfainly
not true in the case of y=2/K/, for

o0(r+ 2K )=—ex® -y,

so that  log ©(2+2/K’) +1log 6(2—27K") =%§<—K,+2 log ©2,

and therefore
j " log 0(2+ 2K do+ j “log 0(w—2iK/)du=2,K' + 2r log Owd.
0 0 0

It is also evident that (44), . .. (47) cannot be universally true, for
the left-hand members of these equations remain unaltered when y is
increased by 2/K', which is not the case with the right-hand members,
since © is not periodic with respect to 27K,

To determine the imaginary values of y for which the lemma and
the theorems (44), . .. (47) deduced from it are true, consider the
expansion of log (%) in a series of cosines, viz. :

2 902 Qo 243 3
log Or=A—y L cos T~ L cos T3 cos T~ & (52),
4 7 &
where AZT%?'TKIS"}'BL 10g (2_@70_3&)
T

From this we obtain (38), viz.:

K
J. log O2de=AK,
0
since rcos 2T =0
o K '
Now log 0(2+a) +log 6(z—a)

—oA_x1 _2¢" {Cosnw(m+a)+cosmr(m—a)}
K K

n1l—g?

=2A -3 l 49%@ cos 772 cos T2

n 1 —g% K K’
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so that the lemma will necessarily hold good so long as the series

is convergent.
Let a=miK', then

Qmun
nra_L mn =M — 1 1 + fl
COS“K"_g(Q +g )= o o
and the series
2 o
2 1 + (_/ az(]—m) cos ’I‘Mr!,b'

which is convergent when m<1.

It follows therefore that the lemma and the theorems (44), . . . (47)
are true when y is of the form a-+ 07, where b lies between K' and
—K/, and « is unrestricted.

In the case of =K’ the series becomes neutral, but it is easy to see
that the lemma and theorems are still true; for, transform (44) by
putting y=:iK'+2, so that

P _ 1
psny=——,
sn
then log @y=log 0 (iK' +2)
=10g' {'L']D-%(),T,IFE(K'_W) sn zez}

T

=Llogk+21" +loo snz+logez+logz— 5K
Thus we have

27“’K)—2K10g 0 im(—K).
(8

K
j log(sn? z—sn2) do= — %W'K, +K log
0

The imaginary term 77 (2z—XK) is due to the fact that sn?z—sn?a
changes sign when x=z so that we might expect the term
(K—2)log (—1) to appear in the equation. Writing, therefore, the
integral in the real form

K
jo $log (sn? z—sn? 2)?,
and throwing away the imaginary term, we have (45). It may be ob-
served that (46) and (47) are also connected by the same substitution
of y=1iK'+z.
§ 12. In the formula (44), viz.:
K
J log (1—#?sn®wsn? y) de=2K{log 60—log 6y},
0

put y equal to 3K, 1K +iK/, WK/, K+LiK’, 1K~ LK/, 1K + 1K’ re-
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spectively ; we thus find, on substituting for sn?% its value in the
different cases

jK log{l—(A—#)sn?a}lde =2K{log60—log6($K)},
0

K
Jo log{l—(1+%) sn?a}de =2K{log00—log 6(sK+:K')},

K
SO log{1+Fksn®z}de =2K{log 60 —log 6(3iK")},
3
j’o log{l—%k sn?a}de =2K{log 00—log 6(K+1K")},

K
j log{1—k(k—ik'") sn® &} de =2K{log 60—log 6 4K —4K")},
0

K
j log{1—"F(k+k") sn?a}de=2K{log 60—log 6({K +1/K')}.
0

To obtain the values of the thetas, put #=1K, y=%K in (36), and
this equation gives

04(1K) Ji’“_e%c)eK
whence
o(3K)= k’%l-}-k')* N GE) B
From this, by taking #=1K in the formula
o(z+tK) =7}7c*q‘*e_-;££ snx Oz,
we deduce that

Pacd y 4
O(AK +iK) = agf%gk’&(l—k')*. TS
T

The value of 6($:K’) may be deduced from (53) by putting 2=1K
in the formula

or= LAY e Z%Cf 1

cn

kK
and changing the modulus from % to %': it is thus found that

o(LiK") "'616;( 2K

o(in, k),
@

7&(1 - .. . .0 (B5),
and thence that

O(K+1 wK')—sz LT

Tinally, from (86) by putting #=1K+1iK’, y=1K+LK’, we find
that
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J— 300 (K +:K")
AR + LK) =90 (B ik )
R4 = =)
fad 2
= B ) . . . . .. (56).
T

Substituting these values in the integrals and reducing, we have
J log{l1—(1—%) sn?z}de=1K log lzjﬁ;,} N 1O

ﬁ:—%log{l—(l—i—k’)snzm}gclxz—%—rK’—}——lleog{12_76_’;}} L),

~

K '
1og{1+ksn2m}dm=~-§7K'+%K10g{2(1/*;72 C e (39),
0o - g

v

K
Ilog{l-—ksn”w}dm:—%rK’—l—%KIog{2(1T70) C L (60),
0 2

Klog{l—k(k—ik’)sngaz}dm — 17K/ 4+ 1K log {27° I (61),

v

10g{1 Bk +il) sn® o} do=— 1K' + 1K log { G k) } (62).

In (58) as the integral is so written that its value may be real, the
term involving 7 that enters from (54) has been rejected.

By the addition of (57) and (58) we obtain (17), while (59) and
(60) lead in a similar manner to (16), and (61) and (62) to (18).
The reason why this happens is easily seen, for since 1—2sn?z+ 4?sntz
is the numerator of cn 2z, we have

2 2
9 dapbg— { 1 5002 { _ s }
1—2sn?a+ P snto= { I 1K SR K
which ={1—7?sn? 2 sn?(JK+4K')}{1—F?sn? 2 sn? LK},

={1—1+F)sn®2}{l1—(1—%") sn?a},
and, similarly
1—isnte={1—F?sn? o sn? ;K'} {1 -F?sn? o sn? (K4 LK)}
={1+ksn?a}{l—Fksn?a},

and

1 -2k sn? o+ 7% snta
={1—-Fsn?ewsn® (1K—LK)}{1-F?sn?2sn? (3K + 47K}
={1—k(k—%) sn?a} {1—Fk(k+ik’) sn® @}.

§ 13. In any integral we may replace snz, cna, dna, by sin, cosa,

dw

(1—Fk?sin® @)}, if we also replace dz by —— A aE and make the
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necessary changes in the limits. This is evident, since

and as am K=1=, am 2K=m=, we see that to the limits K or 2K and
correspond respectively the limits 7 or « and 0.
Thus (5), (6), (7) may be written

i Jogsinw ’
jo (1—;%1_27)* de=—4mK'—$Klog %,

i logcosa@ i
jo F}%Elmg dp=—3wK'+ 3K log k,
i log (1—7%?sin? @) ,
0g(L—/"8IN"Z) 40— K loo
jO (1—F? sin? )* » og o,

while, for example, (57) becomes

wlog{l—(1—%" sinfa} o 1k (2k’%
jo (1—k?sin? z)} al—,—Q °8\1

1+7%/

and the other integrals may be similarly transformed.

In this form several of the above integrals have been obtained by
Mr. William Roberts in his papers * Sur I'Evaluation de quelques
Intégrales Définies par les TFonctions Klliptiques” (“ Liouville’s
Journal,” t. xi,” 1846, pp. 157—173), “Sur IlIntégrale Définie

S mn2
L kgg;;zi%g?d%” (Id., pp. 471—476), and “Note sur quelques
Intégrales Transcendantes” (Id., t. xii, 1847, pp. 449—456), which
contain evaluations equivalent to (5), (6), (7), (16), (38), (44), (48),
(57), (59), (60). In the first of these papers the value of the integral
in (7) is found by means of the transformation %’ tan ¢ tan =1, which
is equivalent to the substitution of K—u for #; and in the last paper
the values of the integrals in (5) and (6) are found directly from the
g-products, viz.:

sn(%&c)zg_gé gin o (1 =207 cos 22 +¢*) (1 —2¢* cos 2v+¢°) . ..
It (1—2¢ cos 22+ ¢%) (L —2¢° cos 2z+¢%) . . .

cn(@ =2<—7£>&g* cos (127 cos 23:+q(4) ¢! +‘2g“’° cos 2w+¢8) . ..
ks (1 —2¢ cos 22+ ¢?) (1 —2¢3 cos 22 +¢°) . . .

P

by means of the integral (1), which gives
bLs
j log (1—24" cos 22+ ¢**) de=0.
0

The equation (38) is also obtained directly from the g¢-product for
©; this is of course practically equivalent to the use of the cosine
series (52) for log O quoted in § 11.

VOL. XXIX. 2 B
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The last two papers relate chiefly to the integral
K
j- log (1+n sn? 2)dw,
0

and one of the methods indicated for obtaining its value depends upon
the formula
2Y amp+2Yamg=Y am (p+¢) +Yam (p—q)—log (1—k?sn? p sn? q),
and is therefore the same in principle as that employed in § 10.
Mr. Roberts generally uses the Legendrian notation and the function
Y, for example the formula (44, viz. :
j log (1—%%sn? » sn? y)de=2K log 00
Oy
is written
mlog (1—7%?sin? 0 sinp) =R [T
: YP) G = (k. 0) 12—
,{o (1=J?'sin? )} p=E(k)[¥(k, 0)]*—2F (k)Y (%,0),
but he remarks (*Liouville,” t. xii, p. 453) that some of the results
could have been obtained more readily by the use of © instead of Y.
Mr. Roberts also gives the values of the integrals
7 Jog (14 cot? 0 sin? ¢) de
0 (1—7?sin?¢)* ’
FW log {1—(1—%"sin?0) sin® ¢} i
0 (1—7k?sin? ¢)* ’
r’frﬂ log (1 cot?0 sin? ¢p) dode
0 (1—7?sin? ¢)4(1—k'? sin? 0)* ’
i (4 log {1 —(1—1"2 sin? 0) sin? b}
j jo (1—Fk?sin? )} (1 —%' sin? 0)5d0d¢'
These can be derived from (44) by the substitution of ¢K’'—y and
K +¢K’—dy in place of y, for
e _.en(y, k
Esn(tK'—iy)= an 8 70’3
Tsn (K+iK' —iy)=dn (y, ¥'),

3
0K — ’Ly)— K 641<1{/(K' " sn (y, 50>y, k'),
1

O(K +iK' —iy) =1 BB

oK' —iy),

whence we find

K 7‘/)
log { 1+%22 01 1) o }d.~
jo og{ {_ng(y k)snm v

P Ne K '
™ (K'—y)*+ K log (Zf) 2K log 6(y, ')—2K log su(y, ) (63),

2Ky
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jK log {1—dn? (y, &') sn?w }de
0

2K'K/

=47 (K'—)*+Klog _)—2K10g6(y,k') L. (64,

s
and integrating with regard to y between the limits K’ and O these

give

KR en? (y, &/ ! 452
R R s Tt Cg M)

rr log {1 —dn? (y, ') sn? o} do= — 4rK? — 17K/ + JKK’ 1og(4#2 (66),
0Jo0 ©

which are in fact Mr. Roberts’s results (““Liouville,” t. xii, p. 456).
In the ¢ Philosophical Magazine,” for December, 1860,* Professor
Sylvester has given the values of two integrals which are equivalent
to (5) and (28). The method depends upon an expansion in a series
and is quite different to any employed in this paper. Professor
Sylvester notices particularly the fact that the values of the integrals
in (5) and (28) should be equal in magnitude.

§ 14. Recently in the “Mathematische Annalen” of Clebsch and
Neumann (t. xi, 1877, pp. 567—570), Dr. Enneper has obtained the
evaluation

<
JI dn?zlog dnade=%1Elog &' +1(1++¥*)K—E
0

by the substitution of K—u for # and further transformations: but the

value of this integral had been previously found in a somewhat similar

manner by Mr. Roberts, in a note in ‘Liouville’s Journal >’ for 1846

(““ Extrait d’une Lettre addressée 4 M. Liouville,” t. xi, pp. 343, 344).
Dr. Enneper, in his paper, by the use of (83) shows that

“arct # d
J‘O are an{dn (z+a) dn (w——a)} ?

=j.K arc tan { dn (w—}—a)ktlin (2—a) } de=17K . . (67),
0

and it may be observed that, by following the same method, we have
at once

* ¢ Notes to the Meditation on Poncelet’s Theorem, including a Valuation of the
two new Definite Integrals

jf‘r?__—}ggcos ° j"'_flog{l—l- ﬂ/l_i(c?i@?}ﬂqs,”
N »/1=15%(cos ¢)? 0 v/ 1=8%(cos ¢)?
“Phil. Mag.,” ser. iv, t. xx, pp. 525—533 (1860). See also, by the same author,

“Note on certain Definite Integrals,” ¢ Quarterly Journal of Mathematics,” t. iv,
pp. 319—324 (1861).

2 B2
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jK arc tan (dn m)olm_j arc tan )d
0 VA&

K
%J { arc tan d;l “) 4+ arc tan d_k__) } da
'%

0 nwy

Il

%f{%vdmaiﬂg 6.
0

Also, # being any quantity, we see from (33) that

jK da JK da
‘ 01+dn”x Jog 4 o

/i dn”z

Il

IJ A dn”z )
=3 7 7 £
k ‘“-I—dn”a, & "‘”-I—dn”a,
=1
‘—2
so that
K
=L = . . . . . . (69,
k/é1b+dnn o 2] ( )
Y ge=1K . . . . . . (70
jok’“‘+dn” 2 ( )’

and, similarly,
K I'n

ok'*+dn” (—a) dn” (» {-a)

_JK do” (z—a) dn” (24 a)
"ok dnr (k—a) Aot (z+a)

e O ()

Further, if ¢ be an uneven function and » any quantity,
dna dn” %)
— d
j 0 B+ dn 'L) ( g )
¢ (dn w_ k% Io (1 n ) o,
WP dnaw
whence

Kgs dnw_ K% )1og (K + dn” ) dw
Kt dnas

A% (dne  E* K (dnz K*
=inlogk jo ) 7 —ﬁ)dw +%njo b T Ina log dn adw,

. . dn 2
and of course there are other formule involving T and
i

M +a) which may be proved in a similar manner.
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§ 15. It was shown in § 5 that
X [w! , I3
j j log en (z+1y)dedy=KK'log =~ ;
0J-K k

the value of this integral when the limits with regard to y are K’ and
0 may be found as follows.
In the formula

cnu= : Qe mu e(“+K+ @'K')’
It ou
put u==g 41y —K—1K,

and, taking logarithms, we find

log en (¢4 iy — K —iK') =4 log ,Zl-_{’K

+3 m(fc-l—zj K—iK")
+1log 6 (24 1y) —log e(m-(-iy—K—iK’) e (72)
K [(K/ K7
Now J‘ j P+ iy —K—K")dudy J j D (w+ iy ) dady
0
if ¢ be an even function, so that (72) gives
jx{jlil log en (@ + %) dedy=4KK' log —-—ier”?
0
+31 7m(l K2K’ 4 L/KK"?—K?K’' —7KK'?)

=%KK’log;i~4li7rKK’ C L (T3).
i

§ 16. I conclude with the determination of the values of the in-
tegrals

jme'ﬂe { Qm(W'KK—:y } de, j we " H { (HKK> } de
0 s 0

when » is a positive integer.
G(ZK,@

=1—2¢ cos 22+ 2¢* cos 4o—24¢° cos 62+ &e.,

whence

e '~’°’”O<-2—Kf§>= 0™ —2ge™*" cos 2aw+ 2¢*e~%* cos dan— &ec.
T

=]
Now j e™%" cos 2badp=>3%me,
0
so that we have

j Q| (QKW“ do=4m}(1—2ge™%* 4 2gte—4* — 2% %" 4 &c.)
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Let =g,
7 being a positive integer, whence
nrK’ )%
o= )
and
j "0 {Zm(nKK’)i} do="1t (1—2g1—2gM D) 4 209004) — g0.)
0 L
o (Fe}
v
4 3
=(7“ n_ﬂz_KﬂH (),

where /41y, Kyyy are what & and K become when g is replaced by ¢*1,
so that k., is the modulus obtained by the first real transformation of
the (n+1)" order.

As a particular case put n=1, and the formula (74) gives

Yool 20 KN Vg ariyr L L om).
Joro{2ZE)]

0

To evaluate the other integral, multiply the equation

m

H(QKm) 2¢* sin aw—2¢? sin Saw+2¢% sin Sam— &e.

by ¢ and integrate, replacing the integrals on the right hand side
by their values from the formula

j we™*" gin 2bade="Lmibe",
0
we thus find
j we~"H (Z—K.o_@)dm=—;—7r*a,(g*e“%“”-—Sgﬁe"”“” +5q¥em ¥ — &e.)
0 m

Put; as before, e =q"

?

n being a positive integer, then

(mrK ! >i‘
= K )
and the equation becomes

’ N #
L w—xzﬂ{m (”KK ) }da:_l < g ) (GHHD —BgatwtD L 5%t g )

T

But 2 —6q2+10g% — &o.= {kk(QK) }

T



1879.] the Values of the Theta and Zeta Functions. 351
(“ Fundamenta Nova,” p. 184), so that

o reem {22 o= (4 b} - 76)

Put »=1 and this formula gives

j:we‘z“H{ (KK)}d 1K7(K“) N

IX. «Values of the Theta and Zeta Functions for certain Values
of the Argument.” By J. W. L. GrAisHER, M.A., F.R.S,,
Fellow of Trinity College, Cambridge. Received July 31,
1879.

§ 1. In § 12 of the preceding paper * On Definite Integrals involv-
ing Elliptic Functions,” it was necessary to determine the values of
6(1K), 03K +iK'), (%K'), 6(K+4iK'), and 64($K 4 £iK'), which
were required in the evaluation of some of the integrals. This led me
to calculate a table of the values of the © and H functions when the
arguments were of the form K+niK’, for the values 0, §, 1, &, of
m and n, and the results are contained in this paper. For the sake of
completeness the corresponding values of the Z function are also
given; and some remarks connected with the g-series to which the
formuls lead are added.

A table of the values of the sn, cn, dn for the above-mentioned
arguments is given by Professor Cayley on page 74 of his ¢ Elemen-
tary Treatise on Blliptic Functions” (1876) : this table* is so useful
that it seemed desirable to supplement it by a similar one for the O,
H, and Z functions.

§ 2. The values found in § 13 are

0(1K) :ﬁ?k/s(uy)&,
OQK+IK) =q7s K# L)L+ ),
0(4iK") —g—‘2 K-y,

N 7/
* T may here note that the value of en (3K + 3¢K’) should be 17_27-' V' instead

vk
1—i /k'
Ve k

of —



