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V. “On certain Geometrical Theorems. No.1.” By W. H.
L. RusseLn, F.R.S. Received November 12, 1881.

(1.) The following proof of the equation to a circle inscribed in a
triangle, expressed in trilinear co-ordinates, is very short and simple.

Let «, B8, ¢ be the sides of the triangle, A, B, C the opposite angles,
and let

Po? 4 m? B2+ nloy? — 2mm By — 2nloja— 2lma B =0

be the equation to an inscribed conic. Then when this conic is a
circle, the centre is given by the equations «=F=¢, and the equation
to the line joining the centre, to the point where ¢ touches the conic,
that is to the point la—mB=0, y=0, is

la—mB+ (m—1)qy=0.

Now, when the conic is a circle, this line must be perpendicular to
«; hence from the condition that two straight lines may be perpen-
dicular to each other (Salmon, ¢ Conic Sections,” 6th edition, Art. 61),

m—1Il=1Icos B—im cos A,

or I m _ n
o A . B o C
cos®=_ cos*—_ cos®
2 2

2

which gives for the required circle

cos4 + 2 cos? ]; + ? cos* %

-\
— 2 cos? };‘ cos? ~(2i —2a3 cos? -‘g— cos? % — 2a cos? % cos? %:0.

(2.) The following theorem is given by Dr. Salmon in his ¢ Higher
Plane Curves” :—

If through any point of inflexion A in a curve of the third order
there be drawn three right lines meeting the curve in ab, df, ec, then
every curve of the third degree passing through the seven points A, a,
b, d, f, ¢, e will have A for a point of inflexion. It follows from this
that any curve of the third degree described through the nine points
of inflexion of a cubic will have those points as points of inflexion.

Dr. Salmon has given a geometrical proof of this theorem, and this
is the only demonstration I have ever seen. I have, therefore, obtained
the following analytical proof, which [possesses, I think, considerable
beauty.
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Let A be the origin, Adf the axis of (1), Aec the axis of 3. Let
y=Ulz be the equation to Aab, y=ax+10 the equation to cd, y=na+ b
the equation to ca, y=cx+e¢ the equation to ef, y=ma+ e the equa-
tion to be, then we may find the equation to ad,

y(l—n+a)—low—1b=0;
and similarly the equation to &f,
y(l—m+¢) —lew—Ile=0.

In this way it will easily be seen that the six points, , b, ¢, d, e, f, are
completely determined, and consequently the equation to a curve of
the third degree passing through them (see Salmon, “Higher Plane
Curves,” Art. 162) is

ab.cd.ef+0.ac.be.df+¢.ad.bf .ce+ . ae.bd.cf=0.

But since ab, df, ce pass through the origin ¥=0, and the equation.
becomes

ab.cd.ef+0.ac.be.df+¢.ad.bf . ce=0,

and consequently writing down ab, cd, ef, ac, be, df, ad, bf, ce, as given
above, we have as the equation of the required cubic—

(y—1z) (y—aw—1) (y —cw—c) + Oy (y—nw—D0) (y —ma—e)
+opa(y(l—n+a)—lax—1b) ((I—m+c)y—Ilea—1e) =0

differentiating this equation, and putting z=y=0 to determine the

value of gﬂ at the origin, we have
2
ay _ o
—Z(140)=1—pl2.
dw

. .. . . dh . . .
Differentiating again, and putting d—@;é—:O, @=y==0, sinee the origin
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is to be a point of inflexion, we shall have—

D Y 11— g)ae+ 220 — (1 +0)p ™ + 1— i) cb
J‘mqe (l+a)6—d—m+(l Pl )ae+dm2 @+e) da}+( PP

dy? W\ op . r0®Y —, dy _ dy
+93d?-—n39%+9b%§. mbﬂc—ka+¢el(l n,+a)2z§+rbbl(l m+c)%

or substituting for I—¢I?, and dividing by %%, we have—
ds

W o (14 a)et (1+0)ae+Z . b—(U+c)b+(1+0)ch
de de
+Oa(§i—ne(9+06 g}[—mbo+¢(l-—-n+a)el+¢(l-—-m+ ¢)bl=0.
2 ©

Again substituting [—¢P? for (1+6) g_y, and reducing, we obtain
2
the equation
(0+ 1) (@e+cb—ne—mb) =0.

Hence, if ae+cb—ne—mb vanish, the origin will be a point of in-
flexion, whatever values we give to @ and ¢ ; hence the theorem is:
true.

(3.) From any point six tangents can be drawn to a curve of the
third order; two of these are at right angles to one another, determine
the locus of the point.

Substitute for y in the general equation of the cubic m(z—§)+1,
arrange the terms of the resulting equation according to powers of
(@) and form the discriminant, equate the discriminant to zero, and
we shall have an equation of the form—

m8—am5 4 bmt—cm3 4 dm? —em +f=0.
Let my +my +mg+my+my+mg=a,
a1 Mg+ (10 + 1) (103 ~+ 10y 105+ 1106 ) - 110300+ Mg, - Mgg + 010
+mygmg+mymg=>,
My Mg (Mg + 11, +m +-1M¢)
+ (my +my) (Mg, +mgmy +mgimg +mgmg 4+ mygmg+ mgmg)
+mgm g +mgmymg -+ mgmgmg +mmymg=c,
My Mg (Mg + Mgy + Mg g 4+ mang + mgmg)

+ (my +my) (mgmymg +mgnymg +mgmgmg +mmomg) +mgmggmg=d..

1y g (MM 15 4= Mg 0+ Mg Mg+ M g

+ (my +my) (mgmymgmg) =e,

My Mg msmy=f.
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Since two of the tangents are at right angles to each other, we
shall have mymy+1=0, and let my+my=pn, Emz=p, Emgm,=gq,
Smgmgng=r, mgmmgmg=s. Then substituting, we have the follow-
ing equations :—

ptp=a . . . . . (1), —q+prts=d . . . (4),
—14up+qg=0 . . . (2), —r4ps=e. . . . . (5),
—ptpgt+r=c . . . (3), —s=f . . . . . . (6).

From these equations we obtain at once—
p=a—p.  r=flp—a)—e,  q=1+b—pp=1+b—ap+p®.

Hence we have, substituting in (4)—

(F+1)p2—(a+2af+e)p+ (1+b) +fa?+aec+f+d=0 . . (7).
Also substituting in (3)—
PP—2ap?+ (P +b—f+2)p—a(b—f +1) +e+e=0 . . (8).

From (7) and (8) we easily obtain two equations of the form—
Ap®+Bp +C=0,
A'p*+B'p+0'=0,
then the eliminant is at once seen to be—
(A’C—C'A)?+(BA’'—AB)(BC'—CB') =0,

the equation to the required locus.
I have not thought it necessary to write down the values of a, T, ¢,
&c., as they are obtained by rules perfectly well known.

Note by W. SporTIswoopE, P.R.S.

The second theorem in the foregoing paper follows also as an imme-
diate consequence of a formula given by Cayley in his “ Seventh
Memoir on Quantics” (¢ Phil. Trans.,” 1861, p. 286). If U repre-
sent the cubic and HU its Hessian, then, as is well known, HU passes
through the points of inflexion of U. Also, the function U+ 68HU
will represent an arbitrary curve of the third degree passing through
the same points; and, on the same principle as before, its Hessian will
pass through its points of inflexion. Now the formula in question
is—

H(@U+68HU)=  (1,0,—248,..)(« g)*+. U
—68.(1, 0,—248, . . )(«, B)*. HU.
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But this equation is satisfied by U=0, HU=0; consequently the
equations

2U+6pHU =0, H(«U+68HU) =0,
are both satisfied by the relations
U=0, HU=0.

Hence the theorem given in the text.

VI. “On a Class of Invariants.” By Joun C. MALET, M.A., Pro-
fessor of Mathematics, Queen’s College, Cork. Communi-
cated by Professor CavrLey, LL.D. F.R.S. Received
December 14, 1881.

(Abstract.)

This paper is concerned with two kinds of functions of the coeffi-
cients of Linear Differential Equations, which have certain invariant
properties.

In the first part of the paper it is shown that every Linear Differen-
tial Hquation possesses a certain number of functions of the coeffi-
cients which are unaltered by changing the dependent variable y to
yu where u is any given function of @, the independent variable.
These functions bear remarkable analogies to functions of the differ-
ences of the roots of ordinary algebraic equations, and many problems,
provided they involve only the ratios of the solutions of the differen-
tial equation, may be solved in terms of them; for example, the
condition that two solutions 7, and ¥, of a linear differential equation
of the third order should be connected by the relation =y is
expressed in terms of two such functions of the coefficients of the
equation. This problem is analogous to that of finding the discrimi-
nant of an algebraic binary cubic.

The second part of the paper is concerning functions of the coeffi-
cients of Linear Differential Hquations which are unaltered by change
of the independent variable, and the theory of these functions is
applied to the solutions of problems involving only relations among
the solutions of the equation without the independent variable.

In this part of the paper it is shown how to form the condition that
the three solutions 7, ¥y, ¥5 of a linear differential equation of the
third order should be connected by the relation #y,=1,% which
relation, involving only ratios of the solutions, and not containing the
independent variable, can be expressed in terms of either class of the
functions of the coefficients considered in the paper; these two
methods of writing the condition are accordingly given.
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