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laboratory* does not usually render a water surface unfit to exhibit
the camplbor movements.

The thickness of the oil films here investigated is of course much
below the range of the forces of cohesion; and thus the tension of
the oily surface may be expected to differ from that due to a com-
plete film, and obtained by addition of the tensions of a water-oil
surface and of an oil-air surface. The precise determination of the
tension of oily surfaces is not an easy matter. A capillary tube is
hardly available, as there would be no security that the degree of
contamination within the tube was the same as outside. Better
results may be obtained from the rise of liquid between two parallel
plates. Two such plates of glass, separated at the corners by thin
sheet metal, and pressed together near the centre, dipped into the bath.
In one experiment of this kind the height of the water when clean was
measured by 62. When a small quantity of oil, about sufficient to
stop the camphor motions, was communicated to the surface of the
water, it spread also over the surface included between the plates,
and the height was depressed to 48. Further additions of oil, even
in considerable quantity, only depressed the level to 38.

The effect of a small quantity of oleate of soda is much greater.
By this agent the height was depressed to 24, which shows that the
tension of a surface of soapy water is much less than the combined
tensions of a water-oil and of an oil-air surface. According to
Quincke, these latter tensions are respectively 2'1 and 3'8, giving by
addition 5'9; that of a water-air surface being 8'3. When soapy
water is substituted for clean, the last number certainly falls to less
than half its value, and therefore much below 5°9.

V. “On the Stability of a Rotating Spheroid of Perfect
Liquid.” By G. H. BrYAN. Communicated by Professor
G. H. DarwiN, F.R.S. Received March 12, 1890.

1. In my communication on “ The Waves on a Rotating Liquid
Spheroid of Finite Ellipticity,”+ I stated that it did not appear
possible to give a complete investigation of the criteria of stability of
Maclaurin’s spheroid when the liquid forming it is free from all traces
of viscosity, and equilibrium is liable to be broken by a disturbance of
a perfectly general character. As the problem in question appeared to be
one of considerable interest, I have, since writing the above paper, put
the question to the test of numerical calculation in the case of the
simpler types of disturbance, and the results thus obtained have been
such as to allow of extension to a perfectly general disturbance.

* In the country.
+ ‘Phil. Trans.,” A, 1889, p. 187.
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On page 210 of my paper, I showed that, if we consider only dis-
placements determined by the spheroidal sectorial harmonic of the
second degree, the limit of eccentricity consistent with stability
as obtained from my period-equations agrees with that obtained by
Riemann* and Basset.t+ This, of course, it should do, for the type
of displacement considered in both investigations is the same, viz.,
one in which the deformed surface becomes an ellipsoid, but does not
remain one of revolution. We thus have a mecessary condition for
stability. But we do not know that it is a sufficient condition. In
order that this may be so, it is necessary that the critical form thus
obtained shall be stable for all other types of displacement. The
object of the present paper is to show that such is, in fact, the case.
Were it otherwise, the limib of eccentricity consistent with stability
would have to be determined afresh. It is needless to remark that we
are here exclusively considering what Poincaré calls “ ordinary ”
stability, as distingunished from ¢ secular’ stability.

2. The symbols employed in the present paper are the same as in
my former communication, and the results there proved will be here
assumed. For the sake of convenience, the notation and results
required for the present work are collected below, and references to
the paper in question will be denoted by the letter [1].

The letters «, ¢ are used as defined in [E], § 4, (11), (12), viz.,if ¢
be the eccentricity of the spheroid—

« = sin Tle,
¢ = coba = (1—e?)/e.

so that e = (14+¢%)™ and ¢ is the reciprocal of the quantity denoted
by fin Thomson and Tait’s ¢ Natural Philosophy ’ (vol. 2, § 771).

The functions p.(£), ¢u(£), t°(0), a*(£), are defined as in [, § 57,
equations (24) to (27), viz.:—

1 /dy
() = 5oy d—c) @+ = (=D¥Pu(gv'=1) «oiviinnn (1)

w0 = @+0¥ () @ = G () @ @,

d¢
0.(8) = pn(g)j @2“)&”(0}2 ...... e e (3
w(§) = b’ (§)J @+ _C_?(m —1) ,(§2+1)“ = ) gu(9)
. (4).

* ¢ Gottingen, Abhandlungen,’ vol. 9 (1860), Mathemat., § 9.
+ ¢Treatise on Hydrodynamics,” vol. 2, p. 124.
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The quantities q,(¢) and w,*({) are expressible in a finite form in
exactly the same way as the ordinary spherical harmonics of the
second kind.* We have, in fact,

7)) = (—=1)*{pu(¢) cot~1¢—R} ...... N eeee (8)),

wi(@) = (D=2 @ et = e | (6)

where R, R’ are known rational algebraic functions of degree n—1
and n4s—1 respectlvcly in which all the cocfficients are positive.
For example :—

n@ =% »(§) = —{gcot™ g1},
H1(0) = (E@+ D w() =+ 2{@2'{”1)% cob™1 ¢ — (§2+1)"}

22(0) = 33+, 02(0) =338 +1) cot™ -3¢,

— 9TV () = 2 11V e 3¢ +2
B0 = 3@+, w0 = —g5{ @+ Dot i~ E AT
9 1 36345
O =3+, W@ =+ | 3@ +Deor e

and the corresponding functions of the third, fourth, and fifth degrees
can be readily written down from my table in the ¢ Cambridge Philo-
sophical Proceedings’ (loc. cit.), by introducing the necessary changes
in the signs, and putting “cot =1 in place of ¢ coth ~1.”

3. In [E, § 207 I showed that if we consider only displacements of
the surface determined by a spheroidal harmonic of degree » and
rank s, the condition of secular stability, which, in the preseut nota-
tion, is

PO - (@O =(0) uf () >0 iiiniinns (7.,

is a sufficient, albeit not a necessary, condition for stability when the
liquid forming the spheroid is perfect. That the left-hand member of
this inequality is essentially positive when n—s is odd has been proved
by Poincaré,t and another proof is given below (§9).

In [E, § 16] I showed that, in the case of the zonal harmonic dis-
placements of even degree n, the necessary and sufficient condition for
ordinary stability is

71O =p©) - 1O+ H)wm Q) = (©) - ()}
>0...... (8,

# ¢ Cambridge Philosophical Society Proceedings,” 1888, p. 292.
+ ¢ Acta Mathemat., vol. 7, p. 826. Write R; for £,5({) and 8; for (2n +1)u,s(2).
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and in [E, § 18] that, for & sectorial harmonic displacement, the neces-
sary and sufficient condition is that

P - 1O =1(©) - (- (H1©) @ =11 (©) - 1 ()} >0. (9)3

while [E, § 20] if » = 2, the.last condition leads to exactly the same
results as Riemann’s and Basset’s investigations (as already men-
tioned), and gives for the critical form

1/¢ = 31414567,
whence ¢ = -3183236, approximately ........ (10.),
and the eccentricity = sin 72° 20" 33" = ‘9528867,

4. To prove that the spheroid is ‘“ordinarily” stable until this
critical form is reached, we only have to show that conditions (7),
(8), or (9) (as the case may be) are satisfied by this value of ¢ for
every value of n and s. TFor this purpose I have calculated the
numerical values of the products p.(¢) . ¢.(£), and £,°(¢) . w.(§) for
values of » up to 4, and, in the case.of the sectorial harmonics (s = n),
up to # = 6 inclusive, taking { = -3183236. The results caleulated
to four places of decimals are as follows, the last figure being
only approximate :—

. 5. 630 @ | @ -0~ Q).
1 0 . 21(8) - :1(8) = 1904 —

1 1 (sectorial) *5360 - *3456
2 0 21563 — 0249
2 2 (sectorial) *3632 — 1728
3 1 1566 + *0338
3 3 (sectorial) *2803 — 0900
4 0 1116 + 0788
4 2 1266 + 0638
4 4 (sectorial) *2303 — 0400
5 5 (sectorial) *1967 . — 0063
6 6 1743 + 0161

From this Table it appears that the expression
P1(8) - 2 () =8 () - i’ (§)

i positive, except whenn = 2, s = 0, and in the case of the first five
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sectorial harmonics (n = s) in the Table. Thus in every case in which
the exact conditions of stability have not been investigated, the
sufficient condition for secular stability given by the inequality (7) is
satisfied. It remains to apply the criteria (8) and (9) to the cases
where (7) is not satisfied.

5. First take the case of n =2, s = 0.

The fact that p,(£) .1 (€) —pe(€) . ¢2(£) is negative in the above Table
does not indicate that the spheroid in guestion is secularly unstable
for this particalar type of displacement. Its meaning is that the
spheroid is more oblate than that form for which the angular velocity
is a maximum. As pointed out in Poincaré’s memoir,* the disturbed
form is here also a spheroid of revolution, and there is no form of
“bifurcation” when p,(¢) . 7;(0) —p(£) . ¢,(¢) changes sign.

The condition of “‘ordinary ” stability, from inequality (8) is

P1(0) - 1(©) —po(©) - 1,(0) +5{H1(©) - w (@) =1 (©) - 1 (©) } > 0.

For the particular value of ¢ considered, the left-hand member of
this inequality is

= —0249+2 (*3456) = —-0249 42304 = 2055,
and is positive ; therefore (8) is satisfied.

Kven in the extreme case when the spheroid becomes flattened out
indefinitely, so that { approaches the limit zero, we find

710 - 1(©) —p(8) - 2(©) +3{H1(E) - w1 (€) —p1(8) (O}

1l 21~ aT ™
=03 5+5{a5-0) = —f+i=m

42
and is positive. This accords with Sir William Thomson’s result that
Maclaurin’s spheroid is essentially stable, however oblate, if it is sup-
posed constrained to remain spheroidal.

6. Next consider the sectorial harmonics. As the displacement
corresponding to # = s = 1 is a mere shifting of the mass as a whole,
and we are dealing with the critical value of ¢ for displacements
determined by the harmouic of degree and rank 2, there are only
three cases to consider. Now since

H1E) - ' (§) —p1(8) - 1 (§) = "3456,
we find
P& (=130 4P (O +3{4HH ) - (D) =i (D) - 1(0) }
= —-0900+4°1152 = +-0252;

* ¢ Acta Mathemat.,’ vol. 7, p. 329.
VOL. XLVII 2
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P21(0) - 01 () = 1) - () +EHAN ) - ' () —p1(D) - 1 (D)}
= — 0400+ 0864 = +°0464;

218 - (@ —47(©) - (O +H{H(E) - () =1 (©) - 1 ()}
= —0063+0691 = +°0628.

The values of these expressions are all positive; therefore condition
(9) is satisfied in each case, and the spheroid is * ordinarily ” stable
for the corresponding types of displacement.

It is therefore stable for all types of displacement considered in
the foregoing table, except that for which it is, by hypothesis,
“eritical.”

7. On examining the values of (). u.’(¢) given in the Table, it
appears probable that as we proceed to harmonics of higher degrecs
this product diminishes in value, and that condition (7) is sarisfied
universally in all the cases mot considered above. That such is
actually the case we now proceed to demonstrate. The results are a
slight extension of those obtained in § 10 of Poincaré’s paper, the
method here employed being very similar.

8. Cousider the expression—

tn" (o) - wn"(Co) — 4" ($o) - wa® ($0)s

and let us examine under what circumstances it is essentially positive.
From formula (4) we have

tn’ (o) < (€o) “f’ns(go) (o)

s(¢ - dc
= t)l? j e @ | Ermtaer

_ J »_dg (w@o)\% (w( @_) }
Lo+ W) “\as/
This will be essentially positive if the quantity to be integrated is
always positive, that is, if for all values of { lying between {, and cc,

tu” (&) LA (60) )P
(tmr(@> ( ns(g) 0.
£5(8) £ (o)

W©) 7 B

or

where & >

which will be the case if ¢,°(%)/t," () increases with &.
9. The result proved by Poincaré, and assumed in the preceding
investigations, namely, that if n—s be odd —
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P1(8) - 1 (8) —t5(8) - ua*(E)

is essentially positive, follows at once. For, as just proved, this will
be the case if £,5(8)[py(¥), that is, t,5()/C, increases with ¢ Now,
from formula (2) it is evident that, n—s being odd, () is divisible
by &, and the quotient will be (¢2+1)¥ x a rational algebraic function
of ¢? in which all the terms are positive. This quotient evidently
increases with ¢, which proves the result.

10. Let us now revert to the original question, but suppose in
addition that both m—» and n—s are even. We have just shown
that

" ($o) - wn(§0) > 8a($e) - ua*(£0),

provided that ¢,5({)/t."(§) increases with ¢.
This will be the case if

ERRGS
G
] it (0)

or tn(§) — 40 (8) — v > 0;

or multiplying by &?+1,

dt,s dtm ( 9]

@+ OO — @4 10000 P28 > 0.
Since m-—r and n—s are both even, it readily appears that d¢,*(&)/d¢
and df,(£)/d¢ vanish when ¢ = 0.

Hence the left-hand side of the last inequality will be positive when
¢ > 0 if it increases with {; this condition gives on again differen-
tiating—

1(€) dg{(f“fl) dta* () —h(0) dg{@g“) At (§)} > 0.

Now #,"(¢) and #,5({) satisfy the differential equations

)

{@MJﬂ%(@}==@Mm+n—5§1}mwo;

¢+ 1
since £,5(¢) and £,7 () are essentially positive,

therefore we get {n(n-}-l)-—m(m+ 1)—— ta"(0) .425(8) > 0, or,

25 2
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,,z

{2_*_1 ...........

Writing ¢ for &, we see that inequality (11) is a sufficient condition
that the expression—

tm’(f) . umr(g) —'tn‘?(g) . uns(g)

may be positive in the case of m—r and n—s both even, provided that
(11) is satisfied for all values of ¢ between 0 and co.

11. We have to consider two cases:—

I. Suppose n = m. Then condition (11) will be satisfied, for all
values of ¢, provided that » >s. Therefore £,/(¢) . u./ (%) is always
> 65(8) . u(¢) whatever be the value of ¢, provided that » >s. In
other words, for given values of n, {, the product #°(¢) .. (¢) in-
creases as s increases, and is greatest when s = n (corresponding to
the sectorial harmonics).

II. Suppose n—s= m—r and, therefore, n—m = s—r. Condition
(11) may be written—

st
(n—m){n+m+1 7 i-l} > 0.
The first factor is positive provided that # > m. The second is
necessarily positive, for r, s are not greater respectively than m, n;
therefore n+m+1 > s+, and therefore, a fortiori,

St

&+l

for all values of ¢ Hence, putting s = n— 2k, and therefore r = m— 2k,
we have—

n+m+1 >

L= (E) Ly (E) > £ %(E) (D),

provided that m is <n. Therefore the product #,*~2#(L) . u,~2*(¢)
decreases for any given value whatever of ¢ as » increases. In
particular, £(¢). () decreases as the number » is increased.

12. Let us now apply these results to the spheroid under con-
sideration. From the results of Case 11,

t3(0) - u? () < D) . ul(0),

t1(8) . ug! (§) < £2(0) . u,2(8) (deey pu(D) - 94(0)) 5

and from the Table, £2(&) . %,2(¢) and p(§) . ¢4(¢) are each less than
Pi(€) : ¢1(¢) for this particular value of {. Therefore, a fortior,

70 () =30 i) > 0

} where ¢ = "3183....,
and. 2,(8) - 1) —11(D) . us(O) > 0
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and the spheroid is stable for harmonic displacements of the
degree 5.
From the results of Case II we also have, if n be greater than 6,

(8 ua(€) < 8(8) . 4 (),
and from the Table
t2($) . 45(8) < p(9) . (D)

therefore, a fortior:,
() m(8) < p1(D) - (), if m > 6.
Moreover, by Case I,

£a°(8) -t (§) < ta"(8) . wa($) 5

therefore, a fortiors,
() -t (§) < p1(8) . a(©)s

or £1(8) - 0 () =8 (€) . wa*() > 0,
where ¢ = '3183...., and = is equal to or greater than 6.

Thus the sufficient condition of secular stability is satisfied for all
types of displacement, with the exceptions already considered in which
the “ordinary *’ conditions of stability have been proved to hold good.
Hence the results of the present paper prove conclusively that
Maclawrin’s spheroid, of formed of perfectly tnviscid liquid, will be abso-
lutely stable if its eccentricity be less than 0-9528867. If the eccentricity
exceed this limit, the spheroidal form will become unstable, and the liquid
will assume the form of an ellipsoid.

13. The state of steady motion which then ensues is intermediate
between the forms known as Jacobi’s and Dedekind’s ellipsoids.
The “ spin ” of the liquid will be everywhere constant and equal, say,
to w, and the form of the liquid free surface will be an ellipsoid,
whose principal axes rotate about the least axis with angular velocity
Jw. That this is initially the case is in accordance with the results
of [E, §§ 14, 18], supposing that the roots of the period-equation
become complex, for their real part will indicate that the disturb-
ance travels round with angular velocity fw. It is unnecessary to
discuss this point at greater length here.

It is also to be noted that the results of the present paper quite
preclude the possibility, under ordinary eircumstances, of Maclaurin’s
spheroid ever passing into the form of one or more rings. of rotating
liquid. This might probably take place if we imagined the liquid
surface constrained to remain a figure of revelution. But such hypo-.
thetical circumstances are devoid of interest, and, since it appears from
the results of the present analysis that, when we consider displace-
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ments determined by harmonies of any even degree (n), the “ coefficient
of stability ”” for the displacement symmetrical about the axis is the
last to change sign, it is clear that hardly any less general constraint
would suffice to produce such a result.

VL « A Determination of “v,” the Ratio of the Electromagnetic
Unit of Electricity to the Electrostatic Unit.” By J. J.
Tromson, M.A., F.R.8., Cavendish Professor of Experi-
mental Physics, Cambridge, and G. F. C. SrArLE, B.A,,
Peterhouse, Demonstrator in the Cavendish Laboratory,
Jambridge. Received March 12, 1890.

(Abstract.)

The experiments made by one of us in 1883 having given a value
for “v” considerably smaller than those found in several recent
researches ‘on this subject, it was thought desirable to vepeat the
experiments. The method wused in 1833 was to find both the
electrostatic and the electromagnetic measures of the capacity of a
condenser, the electrostatic measure being calculated from the
dimensions of the condenser, and the electromagnetic measure by
determining a resistance which would produce the same effect as that
produced by repeated charging of the condenser when placed in one
arm of a Wheatstone’s bridge. In the experiments in 1883 the
condenser used in determining the electromagnetic measure was not the
same as that for which the electrostatic capacity had been calculated,
but one without a guard ring, the equality of the capacity of this
condenser and the guard ring condenser being tested by the method
givenin Maxwell’s ¢ Lilectricity and Magnetism,” vol. 1, p. 324.

In repeating the experiments we adopted at first the same method
as before, using, however, a key of different design for testing the
equality of the condensers by Maxwell’s method. We got very
consistent results, practically identical with those obtained in 1883.
We may mention here, since it has been suggested that the capacity
of the leads might explain the low value of “ v’ obtained previously,
that the leads are allowed for by the way the comparison between the
two condensers is made, for the same leads are used in the determina-
tion of the electromagnetic measure of the capacity of the auxiliary
condenser and in the comparison of the capacity of this condenser
with the one with the guard ring, and the capacity of the auxiliary
condenser is adjusted until its capacity, plus that of the leads, equnals
the capacity of the guard ring condenser; and in the electromagnetic
measurements it is the capacity of the auxiliary condenser, plus that
of its leads, which is found.



