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General Conclusions.

The final result of the discussion of the spectra of stars of the
3 Cephei class is to show that they must be placed on the ascending
arm of the temperature curve, at a stage higher than stars like
o Tauri; in which the mean temperature is not very different from
that of the sun. Stars of equal temperature on the descending side
of the curve, of which Castor may be taken as a type, show pre-
eisely the same lines, the enhanced and cool lines having the same
relative intensities, but with inverted intensities of the hydrogen and
metallic lines, and with somewhat less continuous absorption in the
ultra-violet. The difference between stars like & Cephei and those of
the sun is therefore partly due to a difference of temperature and
partly due to a difference of physical condition such as is demanded
by the meteoritic hypothesis. This result enables us to understand
why some members of the & Cephei class should show such a very
special kind of variability.

a Cygni also finds a matural place on the ascending arm of the
temperature curve, at a stage higher than & Cephei, and all the difti-
culties met with in attempting to classify it on Vogel's view of
decreasing temperature alone are removed.
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1. In a paper recently communicated to the Royal Society ¢ On
Lunar Periodicity in Karthquake Frequency,” Mr. C. G. Knott gave
some results, from which he argued that a real connexion between tidal
effects and earthquakes probably existed. These results are based ona
method which has frequently been employed. The records of earth-
quakes are grouped together and expressed by means of a Fourier
series, and conclusions are based on the greater or smaller values of
the coefficients of this series. In order to decide what value is to be
attached to such investigations, it seems necessary in the first instance
to discuss what would be the order of magnitude of the coefficients,
on the supposition that the events have happened perfectly at random
without any connecting law. It is the object of this paper to solve
this question, and to apply the solution to the periodicities which are
supposed to exist in the frequency of earthquakes.

2. If it is required to investigate a possible period of p intervals of
time in a series of members, ¢, &, £, &c., it is usual to arrange the
numbers according to the following scheme, where #/ stands for 44,
4" for top 1, &e.:—
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Ty, Ty, &c., represent the sums of the vertical columns. In the case
discussed in the first part of Mr. Knott’s paper the intervals are
hours, and p is taken to be 25, s.e, approximately equal to the
interval between two successive meridian passages of the moon.
T, would therefore represent the number of earthquakes which have
happened within an hour after the meridian passage of the moon.
The numbers T may be expressed by a periodic series of the form

S = ap+a, cos 0+a,cos 20+ .... +a,cospd
+ by sin 0+b,sin 204+ ... Fbpasin (p+1)0 ... (1),
where S = T, if we substitute ¢ = 2x/p, and generally S becomes T,

by the substitution 0 = 27q/p.
The coefficients are determined by a well-known process, which

gives
pao=Ti+To+eeiviiiniiee +Ty
1pa; =T cos 0+Trco8204 ... +Tpcospo\, 0 =2xfp .... (2).
1 pby = T;sin 0+T,sin20+ .... +T), sinpaj
The amplitude of the first periodic term would be 7 = Vv al+br
Tt is seen that a, is equal to the mean value of all the quantities T

or to s times the mean values of all the quantities ¢.
From the above equations it follows that—

m? _ (Tycos0+Tycos20+ .. + Ty cos p0)* + (T sin 0 + Tysin 20+ .. + Ty sin ph)?
dag? (T + T+ . Ty)? )

ceeen (3).

We may take the quantity p = 1/a, as a measure of the periodicity
corresponding to p intervals. Our problem now is this: “ What s the
probability that p should lie between any two assigned values p, and p,,
on the supposition that the events are all distributed at random.” The
problem may be put into a more general form. The events, like the
earthquakes in Mr. Knott’s paper, have all been put into the same
compartment if they happened within certain interval of time (an
hour in this case), no matter whether they happened at the beginning
or at the end of that interval. This simplification is introduced only
for purposes of more easy arithmetical calculation. Theoretically,
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and if we had a sufficient quantity of material, it would be better to
reduce the lengths of the intervals and to increase their number p.
If this process is carried sufficiently far equations (2) become

Py = n,
3P0y = COB kb, +CO8 Kb+ o0 + COS kiy,
2 Pby = sin wh+sin wfp+ o.ow + SiNKy eevenn.. 4),

where # is the total number of events and « stands for 27/T, T being
the whole length of the period, and ¢, ¢, &c., the times of occurrence
of successive events.

Yquation (3) will become

n . . . N,
- — == {(co8 xt;+ cos ty+ .+ €OS kty)*+ (sin ki, +sin xty 4. . J-sin £f,)2 1
3 )

X
ceeene (D)

The meaning of the expression on the right-hand side is best illus-
trated by means of a diagram. Omn a circle with centre at O and
uait radius, take points P, P, such that the angles between the -
lines OP,, OP, and a fixed direction are kt, kt,, &c. If OP,, OP..
represent forces of equal intensity but different directions, the right-
hand side of (5) gives the magnitude of the resultant force. As,.
according to hypothesis, the events may happen with equal prob-
ability at any time, every position on the circle is equally probable for-
every point P. Under these circumstances it has been shown by
Lord Rayleigh* in a paper “ On the Resultant of a large number of
Vibrations of the Same Pitch and Arbitrary Phase,” that the prob--
ability of the resultant having a value lying between s and s+ ds is

2
Zem®sds veiivereiioonnencess {6,
n

% being the total number of vectors combined. It is a simple matter
to pass from this result to the solution of our problem.

From (5) and (6) it follows that the probability for the value of
n11/2a0 lying between 3np and §n (p+dp) is

n \ -
.é/)g—a‘npzdp secoesecesssooss oo (‘/)J‘

and this is therefore also the probability that »/a, has a value intex~
mediate between p and p+dp.
The expectancy for r/a, is
- —

2 2ok np? = le——ﬂ. R o

ZLM " ar “/n 7 e
* ¢ Phil. Mag.,” vol. 10, p. 73 (1880, II).
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The probability that the value of ,/a, exceeds p is

0
g P e_%"'P”dp:‘e_%"Pz B ¢) B
P

If the bigher coefficients 7, = 4/ a,*+by?, &c., are treated in the
same manner, the same expression is found to hold.

Our final result may now be expressed as follows :—

If a number n of disconnected evenls occur within an interval of time
T, oll times being equally probable for each event, and if the frequency
of occurrence of these events is expressed in a series of the form

t—1t
(1+plcos27r T +ngOS4s7r 'l‘ ev oo Fpucos2pr T”>,
the probability that any of the guantitiés p has a value lying between p
and p+dp is

g /’e—npzﬂd/’ )

and the expectancy for p is
e

In proving this proposition it was assumed that the number of
intervals into which the period T is subdivided is very large, but this
condition is not essential. To suit accurately the process employed
by Mr. Knott, we should have to consider the vectors OP;, OP,, &c.,
to be confined to fixed directions forming angles 27(p with each
other. But it follows directly from the method employed by Lord
Rayleigh that his results must apply to this case also, if p is a
multiple of four. It is further not necessary to enquire whether
(7) holds in the most general case, when p, for instance, is an odd
number, because the process employed by Mr. Knott and others is
justified only on the assumption that the number of intervals into
which the period is subdivided is so large that a further increase of
it would not alter the relative value of the coefficients of the Fourier
series.

3. Unfortunately Mr. Knott has adopted a common but in my
opinion mischievous practice, which renders some farther reductions
necessary before we can apply expressions (7) and (8). Instead
of basing his calculations on the number of earthquakes which
took place in any particular lunar hour, he first takes over-
lapping means of the numbers put down for five consecutive hours.
This practice has its legitimate use, when it is desired to make
periodicities apparent to the eye by plotting down a series of
numbers which by themselves may be too irregular to bring out the
peculiarities which it is intended to show. The averaging of a
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certain number of successive figures eliminates to some extent the
shorter periods, and therefore emphasises the longer ones. But this
elimination is done in a much better and more complete manner by
Fourier’s analysis, and when it is therefore intended to submit the
figures to that process of calculation, the smoothing down of the
original numbers, represents a waste of arithmetical work, uncom-
pensated, as far as I can see, by any advantage.

To judge of Mr. Knott’s results it is necessary therefore to trace
the effect of the process of calculation employed by him. The
problem to be solved for that purpose may be stated thus :—

A number, p, of figares, i, ¥2. ... yp, is expressed in terms of the
periodic series (1). A second series is then formed by taking the
sum of m successive numbers, the first two members of the series
being y1+92+t -+ oo ym and y2+4ys+....Yuy. The original series is
supposed to repeat itself, so that the last member of the derived
series becomes yp+y1+y2-+.o.. +yn_. It is required to find the
relation between the coefficients of the Fourier expansion for the two
series.

It will be sufficient to find the solution of this problem for the case:
that the original series y,, ¥, represent equidistant ordinates of the:
curve y = cos «z, so that

7y = €08 k&), Y = cos (kwy+8), ;== cos (x@;+28) ....
Ym = cos (xxy+ (m—1) é).

The solution of this case really includes the general one, for the:
original series y is supposed to be represented by a number of terms,
each of which is simply periodic, and to each of which the result of
the special case may be separately applied.

The first term of the derived series may be obtained by a well
known process, for

sin §ms
1
n§6

/ —1-;
Y=+t ceeiyn= COS\K%"‘T—?‘“— 3>~
The subsequent terms are obtained simply by altering the value
of 2.
The derived series, 4, 3"/, &c., represents therefore the equidistant
ordinates of the curve

__sin 3md (m+1)8
=enls co8 <:cm+ — 2————>-

It is a curve having the same period as the original one, but
having an amplitude reduced in the ratio sin§mé/sin 3é. - Applying
_ this result to the separate terms of the series (1) and remembering
that 6 represents the difference in phase between two successive
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terms of the original series, it is seen that the coeflicients a, and b

are both reduced in the ratio sin w/sin T4, This result has to be
P P
divided by m to fit it to the case that the derived series is mnot

formed by taking the swm of m successive numbers, but by taking
their mean value.

The effect of smoothing down the irregularities of the observed
mumbers has therefore the effect of reducing the qth coefficients of
the Fourier series in the ratio :

. Tm .
sin 774 /m sin 79
P P

In the case under discussion, m =5, p = 25, so that the ampli-
tudes of the first four coefficients of the series are reduced respec-
tively in the ratios

0-938, 0765, 0517,  0-244.

The number of earthquakes taken into account was 7427, so that
the expectancy for the amplitude of any one of the coefficients, irre-
spective of the smoothing process, would be

/7 [7427 = 00206.

If this number is multiplied by the above fractions, and then
by 1000 in order to make the units agree with those of Mr. Knott’s
paper, we obtain the numbers placed in the first row of Table I;
the second row gives by comparison the coeflicients actnally found by
Mr. Knott.

Table I.
’ Coeflicients. Cy. i Cs. b C;. ‘ C,.
Expectancy for the coeflicients by the | 19°3 157 106 502
theory of probability
Coeflicients found by Mr. Knotte.vss.o.| 10°3 179 109 3-97

The numbers in this table do not support Mr. Knott’s contention,
but seem to me rather to be a striking confirmation of the theory of
probability. It must be remembered that the ‘ expectancy ” only
gives the average value of a great many cases, the individuals of
which may differ considerably from that average. Thus it may be
calculated with the help of expression (9) that in about one case out
of every four the coefficient C; would come out still smaller than the
nnmber found by Mr. Knott, while the coefficient C; would be larger
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than Mr. Knott’s number in two out of every five cases. It will, I
think, be admitted that, until further evidence is brought forward,
the lunar day cannot be considered to affect earthquakes.

4. In the second part of his paper, Mr. Knott treats of the
monthly and fortnightly periodicities. He expresses himself very
guardedly as to the results of this part of the investigation, chiefly
on the ground that the amplitudes found for the period of the
“mnodical ” month are quite as great as those found for the * tropi-
cal” or “synodic” months. As there is no conceivable reason why
the nodical month should affect earthquakes, the conclusion will
reasonably be drawn from this, that any period chosen at random
would give similar results. I think we must take it, in default of
further evidence, that this argument is valid and outweighs the not
very conclusive considerations which seem to Mr. Knott to favour
the reality of these lunar periods, in spite of the weakness of the
evidence to which he himself draws attention. The number of
earthquakes taken into consideration are about 4730, and this wounld
give an expectancy for each of the coefficients equal to 0-0258. A
reducing factor has to be applied which differs for the different
coefficients as has been explained in the case of the periods depend-
ing on lunar day. I obtain in this way the numbers shown in
Table II. For the sake of completeness, I give the amplitudes found
by Mr. Knott for the various months, and also the mean amplitudes
of the different monthly periods.

Table 11.

“Month.” C,. Ca. C;. (%

(1) Anomalistic ..vvevvievvrenennea.. | 462 47-8 129 165
(2) Tropical vvuvuennn. O s B 407 23°1 17-2
(8) Nodical .eevunenn. ceen .| 495 552 283 176
(4) Synodic .... 11-0 521 245 47
Meun of 1), (2, (3) (4) veo| 4074 490 222 140
Expectancy by theory of pmbablllty 245 209 155 93

The striking feature of this table consists in the first place in the
roughly equal amplitudes for the different kinds of months, and
secondly in the fact that the expectancy is in all cases smaller than
the mean of the coefficients found, and in nearly equal proportions
at any rate for the monthly, third-monthly, and quarter-monthly
periods.

5. This points nob so much to the reality of the period found, but
to some common cause which has led to too low an évaluation of the
expectancy. The latter quantity has been calculated under the
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assumption that the earthquakes are altogether independent of each
other and take place at random. Any regularity would be contrary
to this assumption and might affect the expectancy. Thus, for
iInstance, it is known that earthquakes take place in groups, a large
earthquake being generally followed by some minor shocks.

Mr. Knott states that the *“obvious” aftershocks were left out of
account in his calculation; but there may be aftershocks which are
not obvious, and it seems quite likely that every earthquake is
followed by a period during which another is more likely to happen
than at other times. If there is such a tendency it is easy to see
that our calculated numbers for the expectancy will be too low.
Take the case, for instance, that all earthquakes happen in groups of
two, or, what comes to the same thing, let each earthquake in the
investigation of §2 count as two. The quantities I have called p
will not be affected by this change, but the total number of earth-
quakes being doubled, the expectancy calculated according to our
formula is now reduced in the proportion of v'2 to 1, and would
therefore be too small in that ratio. It seems to me to be probable
that the discrepancy between Mr. Knott's coefficients and the calcu-
lated expectancy is explained in this way. Apart from this possible
explanation it would not be safe to draw any certain conclusions
from any instance in which the calculated amplitude has double the
value of the expectancy, for expression (9) shows that the ampli-
tudes will turn out to be even greater than that on the average in
one case out of every twenty-three. The matter to be explained is
not that any one of Mr. Knott’s coefficients is, roughly speaking,
twice as great as the expectancy, but that all coeflicients show this
tendency towards higher values in not very different proportions.

6. It is interesting to discuss, from the point of view of this paper,
the periodicities of earthquakes which apparently depend, directly or
indirectly, on the position of the sun. We owe to Mr. Davison a
very complete discussion of the annual period.* The method
employed by him (in determining the amplitudes of the periodic
terms), though neither direct mor very accurate, is sufficient for our
purpose. Taking as an example the record of 5879 earthquakes in
the northern hemisphere, given by Mr. R. Mallet, the results of this
paper show that if they were distributed indiscriminately over the
whole year the expectancy for the amplitude would be +/#/5879, or
0023, while Mr. Davison, in § 18 of the paper quoted, gives 0'11 for
the amplitude. Similarly, the discussion of 8133 earthquakes, for
which the expectancy is 0-020, yields the number 0'29 for the ampli-
tnde. Here, then, we have the amplitude in one case equal to five
times, and in the other equal to fourteen times, the expectancy.

The probability of the accidental nature of so large an amplitude

# ¢Phil. Trans.,” A, vol. 184, p. 1107 (1893).
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is in the first case only 1 in 300,000, and in the second almos
infinitesimally small. The reality of the period would be thercby
established beyond reasonable doubt, unless the peculiarity of earth-
quakes occurring in groups, as discussed in the previous section, can
be shown to raise the expectancy sufficiently. The fact, however,
that in each hemisphere the phase of the periodicity found is nearly
identical in a great number of cases disposes of all doubt which
might remaiun on that point.

In some of the details Mr. Davison’s results would seem to require
further confirmation. The evidence, for instance, that the strong
and weak shocks follow different laws is mnot very strong when
examined by means of the theory of probability. Mr. Davison
classifies the Japanese earthquakes into three groups, according to
their intensity, and finds that the maxima of the annual period
agree in the two stronger groups and take place in winter, while the
maxima for the weakest group occur in summer. The magnitude of
the amplitude for the former is 0'17, while the expectancy is 0:074
and 0'133 respectively. Here the excess. of amplitude over the
expectancy is not sufficiently marked to allow of any certain con-
clusions being drawn. A similar remark applies to the record of
Zante (see § 45 of Mr. Davison’s paper).

7. The daily periods of earthquakes have been fully discussed by
the same authorin a paper published in the ¢ Philosophical Magazine.’
The following table summarises some of the more important results, the
twenty-four hours period only being taken into account. The epoch
given is that of the maximum, and I have added the expectancy of
amplitude calculated on the principles of this paper.

Number of | Expectancy,
earthquakes, ™ Amplitude. Epoch.
Japan (Tokio), Summer . 543 0°076 0°176 9" 58™ A.M.
Winter.. 661 0069 0°093 10 39
Year.... 1204 0-051 0130 10 14
Japan, Summer. .. 597 0-073 0061 0 2 rpu.
‘Winter ... 578 0-074 0°239 11 50 A.m.
Year ..... . 1175 0052 0°147 11 53
Philippine Islands ..... 210 0-122 0°273 10 49
Ttaly coveviannnne, ees 8177 0020 0324 0 25 e.M.

The amplitudes are seen to exceed the expectancy considerably in
all cases but one. The reality of the daily period must be considered
established, unless the evaluation of the expectancy is faulty, owing
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to the fact that tremors occur in groups (§ 5). The good agreement
between the phases of the periodicity disposes of that doubt.

8. The expression for the expectancy deduced in § 2 may with
advantage be employed in similar investigations to decide the number
of events which it is necessary to take into account in order to
establish a pericdicity of given amplitude. It follows from the laws
of probability that, to be reasonably certain, the amplitudes found
should be at least equal to three times the expectancy. Hence, if ¢
be the amplitude looked for,

¢c=38mln, or m=9r/¢ =283

Thus, for instance, Mr. Knott deduces for his supposed lunar
period a range of 6 per cent., or an amplitude of 003. In order to
establish with certainty such an amplitude, it would be necessary
that the number of earthquakes taken into account should at least be
equal to 30,000, or over four times the number actually used in the
calculations.

9. The difficulty discussed in § 5 would seem to limit in many
cases the applicability of the results found. There are, indeed, in
nearly every case actually occurring in nature, certain regularities in
the manner in which events happen, and this regularity always favours
the higher values of the Fourier coefficients. As it will not be
possible to estimate in many cases the effect of the expectancy, some
other form of treatment will often be called for. The following
theorem will, I think, prove useful in these investigations :—

Let y be a function of ¢, such that its values are regulated by some
law of probability, not necessarily the exponential one, but acting in
such a manner that if a large number of values of ¢ be chosen at
random there will always be a definite fraction of that number
depending on ¢ only, which lie between ¢ and ¢+ T, where T is any
given time interval.

(LT £+ T
Writing A =j ycos xtdt and B = 5 1 sin «tdt,
& 4
and forming -
R = VA 4By,

the quantity R will, with increasing values of T, fluctuate about
some mean value, which increases proportionally to /I, provided
T is taken sufficiently large.

If this theorem is taken in conjunction with the two following
well-known propositions,

(1) If y = cos «t, R will, apart from periodical terms, increase
proportionally to T';

(2) If y = cos A\, M being different from «, the quantity R will
fluctnate about a constant value;
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it is seen that we have means at our disposal to separate any true
periodicity of a variable from among its irregular changes, provided
we can extend the time limits sufficiently.

The proof of this proposition lies outside the limits of this paper.

The application of the theory of probability to the investigation of
what may be called *‘hidden ” periodicities, an instance of which has
here been given, may be further extended, and interesting results are
obtained when a number of periodicities, such as those supposed to
depend on the rotation of the sun about its axis, ave critically
examined. A full treatment of the subject will shortly appear in
¢ Terrestrial Magnetism.’

“The Vector Properties of Alternating Currents and other
Periodic Quantities.” By W. E. SuMPNER, D.Sc. Commu-
nicated by O. Hrnrici, F.R.S. Received May 28, —Read

June 17, 1897.

It has been well known for many years that the variations of a
simple harmonic function, such as A cospt, can be represented by
the projection, on a fixed line, of a vector of constant length A sup-
posed to revolve uniformly so as to complete one revolution'in a
time T given by the relation pT = 2. The angle between the
revolving vector and the fixed line is p¢ at any instant ¢. In the first
edition of Thomson and Tait’s ¢ Natural Philosophy’ (vol. 1, p. 38,
§ 58), it is shown that any two simple harmonic functions of one
period can be compounded to a single simple harmonic function of
the same period, and that the vector, representing the compounded
function, is obtained from those representing the component func-
tions by the ordinary process of vector addition.

This device has proved useful for many purposes, but it has
proved especially valuable in connexion with alternate current
problems. Its application to such cases was first clearly pointed
out by Mr. T. H. Blakesley more than twelve years since. The use
of it in alternate current work has gradually developed into what
may be described as a vector, or network, method of representing
alternate current quantities. In this method the length of the vector
denotes the magnitude of the current or voltage, while the angle
between any two vectors represents the time which elapses between
the instants at which the maximum values of the corresponding
quantities occur. In particular, if one line represents the voltage on
a conductor, and a second line denotes the strength of current
produced in it by this voltage, the power absorbed in the conductor
is measured by the product of the length of the two lines into the
cosine of the angle between them. It is to this possibility of



